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Abstract

Model Order Reduction Methods, like the Proper Ogtimal Decomposition (POD), enable to reduce
dramatically the size of a FE model. The price &y [ a loss of accuracy compared to the origifal F
model that should be of course controlled. In thégper, we apply an error estimator based on the
verification of the constitutive relationship torapare the reduced model accuracy with the full rhode
accuracy when POD is applied. This estimator ietken an example: a permanent magnet synchronous

machine.

1 Introduction

To study electrical devices with the help of numa@riapproach, the Finite Element Method combined
with a time-stepping scheme is often used. The coatipn time of the large system of equations
obtained from the discretization of the Maxwell ajons can be prohibitive with a fine mesh and albm
time step is applied. To decrease the computatime, tModel Order Reduction (MOR) methods can be
an alternative since they enable to create a moidemall size from a complete Finite Element (FE)
model. The price to pay is a loss of accuracy coegpdo the original FE model. In the literatureg th
Proper Orthogonal Decomposition is one of the nmmbular MOR methods to solve problems in
engineering [1]. The POD consists in performingr@jgrtion of the solution of the original model (FE
model for example) onto a reduced basis, yieldirgduction of the size of the equation system. The
shapshot approach is often used to determine Hweetie projection operator between the originaisbas
(generated from the mesh in the case of a FE mauohel)the reduced basis [2]. For example, when

solving a FE model in the time domain, the idetoisvaluate the solution of the original model tloe



first time steps (the snapshots) and then to extram these snapshots the projection operatorn;Ttine
reduced model is solved for the other remainingtsteps. In computational electromagnetics, the POD
method combined with the snapshot technique has tbeeeloped in order to study linear and non-linear
problems or magnetostatic and quasistatic prob[8ra7$. In the case of a rotating electrical machithe
shapshots correspond to the solution of the origimadel for different positions of the rotor [8,9The
accuracy of the POD method depends on the numigealan on the distribution of the snapshots on the
whole interval of rotation. This aspect has beemlesised in [9] where the influence of the snapshot
distribution on the accuracy of the reduced moudl¢he case of a rotating permanent magnet synchsono
machine has been clearly shown. Therefore, whetyiagpthe POD, an error estimator can be very
useful not only to control the loss of accuracysuerthe original FE model, but also to optimize the
distribution of the snapshots.

In this paper, an error estimator based on thdieaiion of the magnetic constitutive relationshsp
developed in magnetostatics when POD is applieds €stimator enables to evaluate the distance
between the numerical solution (obtained from thegimal or the full model) and the exact solution
without knowing it [10,11]. This estimator is theised to compare different snapshot distributions in
terms of accuracy. In the first part, the erroiineator is developed for a magnetostatic problema In
second part, the reduced numerical model obtainech fthe snapshot POD approach is presented.
Finally, a permanent magnet synchronous machinstudied to illustrate the proposed approach.

Different distributions of the snapshots will badied and compared using the proposed error estimat

2 Error estimation

2-1 Magnetostatic Problem

Let consider a coupldH(B) verifying the two equilibrium equations in magostatics on a domain D and

the conditions on the bounddry(I"=I,[II', andO0=Iyn ) that is to say:

curl H=J andnxH=0onT} (1.a)
div B = 0 andh.B=0 onlg (1.b)

with J the current density anadthe outward unit vector. The behaviour of the makes assumed to be
linear and we denote hy the permeability. If the coupldd(B) verifies the behaviour laB=pH on D
then it is equal to the exact solutidfief,Bey) Of the magnetostatic problem. We consider nowtéine €

such that:



e?=|B - pH||“_12 (2)

with [[Y] .2 = [Ypydban L%-norm since the permeabilifyis a strictly positive function. Then, it can be
. D

shown that [10]:

€2 =[B = Beyl+” +[H ~He, 2 3)

The relationship (3) shows that the scalas equal the sum of the two terms representingltsi@nces
either betweeB andBey or H andHg,. If € is equal to zero then the couplé¢,B) is equal to the exact
solution HexBey. If € is not equal to zerg, is an error estimator because it is a bound ofdte&nce
between the admissible field and the exact soly®yn

In practice, this error estimator is commonly usecevaluate the discrepancy error introduced by the
discretisation of space when applying the Finitentgnt Method. The admissible coupld,B) is
calculated from the solution of the dual formulagon magnetostatics [10]. In the case of the vecto
potential formulation, from (1.a), the magneticdidensityB is expressed such Bs= curl A with A the
vector potentialand nxA=0 on ', with. Then, according to (1.b), in the case of Weetor potential

formulation, the following equation is solved:
curl (W curl A) =J (4)

In the case of the scalar potential formulatioonfr(1.b), the magnetic field is expressed such &s=
Hs -grad Q with Q the scalar potentiaturl Hs =J, nxHs=0 onl, andQ = cte onl";,. Then, according

to (1.a), in the case of the scalar potential fdation, the following equation is solved:
div (u (Hs—grad Q)) =0 (5)
The solution of the scalar (resp. vector) poterfbainulation gives a magnetic field (resp. a magnetic

flux density B) verifying (1.a) (resp. (1.b)). Then, from the ptai H,B) obtained by solving both

potential formulations, the error is estimatecchiculating the scalarusing (2).



2-2 FE Model for an electrical machine

We assume that the domain D is divided into twaspahe static part and the moving part. In the
following, we consider only rotation but the methodn be also applied for translation or for a
combination of both. We denote by an argllne angular position of the moving part with regge the
static part. Then, the magnetic field distributa@pends on the angde Neglecting the eddy currents, the
modelling of the electrical machine consideredhi@ following is based on the magnetostatic fornaorat
(see section 2.1) and is solved using the Finiameht Method. The movement is taken into account
using the locked step technique. The angular post; (1<i<N) are then equally distributed in the
interval [0,21. At each angular positioB=6; (1<i<N), both potential formulations are solved. Forheac

formulation, the following linear equation systes8]:

M(8) X(8)=F(8) (6)

with M (B) the stiffness matrixi-(0) the source vector and(8) the vector of the Degrees of Freedom
(DoFs). The number of DoFs is denoted by n. TheddoRhe scalar potential formation are the vahfes
the scalar potentidD at the nodes of the mesh. The magnetic figldbtained from the scalar potential
formulation atB=6; verifies (1.a). In the vector potential formulatjahe DoFs are the circulations of the
potential A along the edges. The magnetic flux denBitpbtained by the vector potential formulation at
0=6; verifies (1.b). For any angular positién it is straightforward to extrapolate a coupt&(f),B(8))
verifying (1.a) and (1.b) for any positi@l[6;,6..1] as:

— Hi+1_ Hi _ +H. (7)
H(e)-—em_ei (6-6,)+H,

_Bis—B; -0)+B
B(O)— 0., 0, (9 ei) B,

By applying (2), we can obtain an estimation of éneorergw(0) in function of the positio® due to the

FE discretisation. A global erreeem cLocan be obtained by integrating the eigany(6) on a period.



3 Model Order Reduction

In order to reduce the computation time requiredsdtve (6), the Proper Orthogonal Decomposition
method is used [1][2]. The vect&(B) is approximated in a reduced basis by using foveég(8) of size

Ns (Ns<<n) and a discrete projection operd#bsuch that:
X(0) =W X(6) (8)

To construct the operat®, the snapshot approach is typically used [2]. THiepiwblem (6) is solved
for Ns angular position8. The Ns solutions are so-called snapshots. Wetddnys the 1xNs vector of
position indices of the snapshots (j#Sthe index the positiofi of the [ snapshot). Then, a snapshot
matrix M is built from these Ns snapshots such Mat(X!):<ns With X! the solutionX (6;) and i the !
entry of the vecto8. Applying a Singular Value Decomposition, the mai s can be decomposed under

the form:

Ns
M,=VEW=Y % VW ©)

i=1

With Ve @and Wsais Orthogonal matrices arih.s the diagonal matrix of the singular valugs The "
row of W corresponds to the components of theéctor of the matris s projected in the reduced basis
formed by the Nvectors of the matri¥X. Then, the operatd¥ is a selection of r vectors of the matvix
corresponding to the singular valuEs higher than a given threshold (fixed arbitrarilfginally, by

combining (6) and (8), the reduced model to beesblan be written as:

M(8) X:(8)=F(6) (10)
with M,;(8)="WM (B)W andF.(8)="WF(B). The size of the equation system (10) is rather Istoatpared to
(6) since r<<n. In Figure 1, we give a flow chaatlgering all the different steps of the snapshoDPO

described above.

The system (10) is solved for each angular posiirfh giving a solutionX(6;), then by applying (8) an

approximation of the solutiok(8;) of (6) is obtained. The question of the approxioraquality is then



posed since the discrepancy comes not only fromFtediscretisation but also from the process of
reduction. The solution of the reduced problem gidboth potential formulations at each time step
enables to calculate a coupld’ (0),B’(8)) verifying (1.a) and (1.b) for any angular pasité (see (5)).
Then an erroepmor(8) can be defined calculating (3) for each positidnglobal erroreyor cLo can be

also defined by integratirg,or(6) over a period.

Solution of Ns full FE
model  for the N
angular positionseo;,
ids

Choice of the angula]r S={S,,....S
positions to calculate
the N, snapshots

X1,... XNS with Xi=X (Bg)

Selection of the r most

representative vectors of M=VEIW | Singular Value
V=(Vi...\vn) to € Decomposition of the
construct the operatar matrix M =(X1,....,.XNs)

W=(V,... V")

lw

Determination of the
reduced model from th
full FE model M(8)
X(0)=F(6)

—

Reduced model
M (B) X,(B)=F(B) with M (68)="WM (B)¥
F.(0)='WF(6)

D

Figure 1: Flow chart describing the process toialtze reduced model from the full FE model by

applying snapshot POD

5 Application

The 8-pole permanent magnet synchronous machidesdtat no load operation is presented in Figure 2.
The full FE model with 40449 nodes and 53672 pridgras been solved for 180 angular positions
0801[0,90°] (the angle step is equal to 0.5 degreeg dim of the study is to analyse the error relédettie
choice of the snapshots. Three configurationsHerconstruction of the reduced basis are considéed

the first configuration, the reduced basis is dateed from Ns snapshots corresponding to the st



angular positions. For the second configuratiomr, taduced basis is determined from Ns snapshots
uniformly distributed in [0,90°] that is to say titae angular position of the snapshots@&re90(j-1)/N;

with jO[1,Ng]. For the last configuration, we consider all posis considered in the FE model as
snapshots but only the r first vectors\ are considered to construct the projection ma#ix

The last configuration has no practical interestanse it requires the solution of the full FE mdoelall
angular positions. This configuration, however,dedo the best reduced basis for a given IN the
following, the last configuration will be consiéer as a reference enabling to evaluate the accuafacy
the two first configurations which are practicatglevant because they only require the solutiothef

full problem for Ns positions (Ns<<N).

Figure 2: Permanent magnet machine

Figures 3, 4 and 5 give the erre@ggm(6) of the reference model (i.e. full model) and émerseyor(0)

for different values of Ns and for the three couafaions. For all configurations, the error of teduced
model decreases with the number of snapshotshEdirst configuration where the snapshots corredpo

to the first time steps, the ermyior(0) is equal terem(6) obtained from the full model for these angular
positions. But for® greater than Ns*90/Neyvor(0) differ significantly fromeggw(6). For the second
configuration, we notice that the error given frdhe reduced model are the same as the one of the
reference model for the snapshots used to detertheneeduced modeBj(=(j-1)*90/Ns with jO[1,Ng]).

The maximum of the error is located at the cenegwben two successive snapshots and this maximum
value decreases with an increasing number of so#gsRor the last configuration, the error obtained

from the reduced model is close to the referenc&lf=12.
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Figure 5: Evolution of the error estimation for tihéd configuration

We denote b¥evorcLo anderem cLo the global error obtained from the reduced andregice models.
Figure 6 presents the rat&xdu cLo-Emor.cLol/ EMor,.cLo @S a function of the number of snapshots for all
configurations. In order to compare the error oa thagnetic field, an error estimation based on the
magnetic flux linked to the first stator windingdgfined. For all positions of the rotor, the L2smoof

the difference of the magnetic flux linkage obtairieom the two formulations is computed Bp=|dP4-

@gl, with @54 and®q the vectors of the magnetic flux linkage for adlsgions obtained from the vector
and scalar formulations. Figure 7 shows the ré&:y-AD vor|//APrem as a function of the number of
snapshots for all configurations. For both errdinestors, the dependences of the error on the nuofbe
snapshots are similar meaning that the error egimgarepresents correctly the discrepancy on the

magnetic flux linkage even after reduction. Theerrdecrease when the number of snapshots increases



With the first configuration, the error decreasksvly compared to the others ones. For the secodd a
the third configurations, the shapes of the errare similar: the error obtained from the third
configuration is smaller than the one associatetth whe second configuration when the number of
snapshots is larger than 2. As explained befoeegthor of the third configuration can be considesis
the reference error of the reduced model. Withgtheond configuration, it is possible to obtain esro
close to those of the third configurations when Nsesnapshots are uniformly distributed in [0,90A].
order to compare the reduced basis generated tienseécond and third configuration, Figures 8 and 9
show the distributions oturl W; for i={1,4} obtained from the vector potential rfoulation. The
distributions are similar for the three first vast@nd a difference firstly appears for the fowéttor.
Physically, the distribution oturl W; can be interpreted as a homopolar field compon&he
distributions ofcurl W, andcurl W3 are similar but shifted with an electrical angferd2. They can be

interpreted as longitudinal and transverse fietdritiutions of the magnetic field density.

Figure 6: Evolution of the error estimation Figure 7: Evolution of the error

|8FEM,GLO-€MOR,GLO|/ SMOR,GLO (%) |Aq)FE|\/|'Aq) MORl/ACDFEM (%) Of the magnetIC ﬂUX

linkage linked with the first winding
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Figure 9: Distributions ourl W; for i={1,4} obtained from the third configuration

In order to evaluate the magnetic flux linkage ot#d from the second and third configurations, Fegu

10 and 11 show the magnetic flux linkage deducechfthe vector potential formulation for different
numbers of snapshots and for both configuratiohg. Magnetic flux linkage are similar nevertheless,
shown in Figure 8, the result obtained from thedtlsionfiguration converges toward the referenctefas
than the one of the reduced model. In order toiokda acceptable shape, the reduced model deduced
from the third configuration requires 8 vectorghe reduced basis whereas for the second configarat

16 vectors are necessary. Figure 12 presents sti@bdiion of the magnetic flux density obtainednfr

the reference configuration and the differencehefdistribution between the reference and this ftioen
second and third configurations. The number of shafs is 16 for the second configuration and 12 for
the third configurations in order to keep the samamgge of the error. We can see that the maximum

difference is not located where the magnetic flargity is maximum.
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6 Conclusion

In this paper, an error estimator based on therepisncy of the constitutive relationship has been
introduced in order in evaluate the quality of dueed model obtained from the snapshot POD method.
This error estimator has been applied successtollgompare different snapshot distributions for a

rotating permanent magnet synchronous machineadtidieen found that a uniform distribution of the

shapshots is almost optimal and enables to geltseshich are very close to the original model baly

with a dozen of snapshots. The error estimatorbmawery useful in numerous other applications. For

11




example, it can be applied to determine adaptitredysnapshot distribution. Indeed, according tovary
distribution of snapshots, the error in functiontleé position can be estimated. For the positiohsres
the error is the highest, the full problem can bleed to enrich the set of snapshots. The erromasbr
can be used to compare different MOR methods likegshot POD, PGD or other reduction methods in

the case of rotating electrical machines.
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