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1 INTRODUCTION

In CNC the parametric cunve or surface
adualy machined difiers from the idedl
mathematical entty. Generation of tod locus
for machining of parametric planar curves
usualy preserts two levels of approxdmation.
Thefistled simpled by the gopradmeion
of the parametric curve into a sequence of
loner ader aves (ines, dolkr arcs,
parabolic segments), which are the usual
primiives induded in the didionary of a CNC
machine. The second level of approximation
lies on the fact that these primitives are
exressed as a sequence of elementary,
discrete movemenis of the machine ool axes.
These two approximations eventually add up,
increasing the machining enrors. Acoording o
these facts, this investigation presents an
agorithm that directly expresses parametric
paner cuves as sequences of axs move
mens. Ths problem can be absraded as
one of approaching a continuous cunve in a
dsoreie spece. By avoding inemediie seps,
the errors inherent to both approximations
are reduced, therefore producing the best
possiie cuve gven a CNC preasion range (o
BLU @ ) Thedgediedtsnestginso
explore the expression of parametric planar
curves directly into discrete movements of
BLU size of the machining tool axis. The net

final godl s to nroduce a new Guimiive,

namely parametric 2D curve, to enrich the

vocabulary of the Gcode in a CNC machine

0]

(1 BLU:BascLenght Unt sthe axs resaionin
aCNC machine tod.

space.

This investigation presents an algorithm
that directly expresses parametric planar
curves as sequences of axis movements
This problem can be abstracted as one off
approaching a continuous curve in a discrete

D.

The example presented interpolates bezier

aunves, athough the algoihm is addressed
work with any type of parametric curve.
Quantiication of the meits of the algorthim

s atiermpied. Sedion 2 ofthe arfide suveys
theeding leare ontisiopc. Sedon 3
presents the algorithm and its different
dharadersics. Sedn4 dsausses e resUls
obtaned in the examples. Sedion 5 dans the
genera condusons ofthe aride, and Sates
posshe advanoss n the topc presenied.

2 LITERATURE SURVEY

The general problem of approaching a

coninuous planar aunve by a series of dsareie
positions varies according to whether the
aresepesdin jmdda

parametric form.

() Forimplcit curves there is an immediate
antecedent in the algarithms used to display
geometic primitives on discrete spaces. This
i the case of Breserham's and Midport
algorithms to draw straight ines and drdes
on raser ggaics devies as seguenees o

screen pixels (JOY, FOL.91, MOR.85). These

apoihms meke use o symmelies o
the pimiive © reduce calouiations and
acoskrae the delerminaiion of the pixels
0 hghight: Forexample, naade, the

complete set of ( Xy ) pixel postions forming
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the periphery can be inferred from the pixels

of one octant. Anather optimization of the
algorithms regards the staterment of fomuiae
that only make use of integer arithmetic.
Cleatly,for general planer cuves, the specel
conditions that favor Bresenham’s and
Midpoint algorithms are not present: in
fomulae manipulation forineger aithmetic,

In addiion to sofwarebased procedures
(Bresenham's and Midpoint), hardware ones
are avalable which perform the interpokaion

of animplct plener funcion by Lsing arrays

of DDAs (YOR.76). In summary this scheme
obiains the goal function by integrating its
derivatives by hardware. A similar software
approach, caled pattem recogniion trecks a
confinuous planar implict cunve by staircase
dgpboements on a deaee gid (KAPAL).

@ In processing ine drawings (mage
corssing of Ine andfor ane segments

which need no to be connected), (FRE.G9) one
approaches the given mathematical curve
g the sequence dhe gid dsoele pars.

The cunve panis onthe grid are chosen on

te bess o how te nedaninginesed

the gid ine between o adpoent mesh nodes.
Ofthe two mesh nodes, the one doser o the
Intersecion pont is chosen and used for the

bwed dedtinepdaion

The general problem of approaching a
continuous planar curve by a series of
discrete positions varies according to
whether the curve is expressed in: (i) implicit
or (i) parametric form.

Alarge oostade to apply the implicit cunve
schemes mentioned above is the fact that
parametic planar cunes are nat aweys
aonvertte © impldt fom, and heeoe

the iedngues are ot aneys appicabe.

This investigation proposes a method
approach a parametic cuve by choosing
asgeedwaexanagdnatha

way thet the error of approximation is
minimized among them. The algorithm
coedly approaches bezier as wel as spine
anes adissdaegysindieet o te

e of auve used khoudbeoioed et
atthough it reminds Touissaints work
(TAU) tfoaees on BLU g e e

ten on soeen pes

Current CNC machines use the original
curve to create new curves based on
pimive cunves such as ades, nes,

elipses and paraboas. The most modem
machines interpoiate the oniginal cuves

g nat anly pimives but also nuis.

The CNC machine use those interpolated
daia O aeate asequence of puses
commard the machine's motor(s) (BEA.97,
BEA96).

To achieve this, is necessary 1o use anather
Interpoiion method, this generates a double
interpolation and in consequence a double
enor. The oA emor coud be esimeied

as the sum dof these enors. Using the
method described in this paper, only one
interpolation is necessary from the original
curve to the discrete movements in the
machnes axs redudg the emor o BLU/
SN45°.  (SEEFAGI0)




3 METHODOLOGY

Gvenaparer paameicane QU ,andadsaeizaion ofthe 2D spece (agid of sze BLU),
the godl 510 produce the sequience of gid iniersedtion pornts thet approadhes QU - The proposd
algarithim obtains the best approach for Qv gvenagd GThis s 0, because the algorithim
doosssheachseptegid nesedon et s dosetb e aune QU . Thereiore, e errorof

gppadmaion othe auve s only the inherent o the fniie resalution ofthe madhne tiod. This
IS in contrast with ather approaches which add the eor inherent o the approximiation of the
ane QGu)bydhersetdpimives (nes ddes and paratooes).

The agpihm wsed for the BEZER ineypobion besicaly indLckss the fonigundons

function interp_segment ( CunveC,GIdG,
LEXIEY,
ListPues X ListPuises Y)
1 neECGA)
2 X=]
3 Y=
4 Pulses X4
5 Pulses Y]
6  KW=rudCOG)
7 u=0
8 whe (u<=10)do
9 {rv(ay)=kstgdinersedioniound}
10 u=u+du
11 ¢ WCL)
12 fioo lage Loy Gdyl)
13 u=u-du
14 u=du/2
15 eietis grieGRil)
16 (yh =round(y)G)
17 Puises X =[Pulses X, sign with_enmor(xi-d, ERROR_DIST)]
18 Puises Y =[Pulses Y, sign with_enorfytyi, ERROR _DIST))]
19 X=xt
20 yi=pt
21 XX A
22 YY)\
23 |
24 end{while}
end{function}
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fundionbodkeantoo_large ump(ayi), G, (yt)

1 i(¢>Qaipi>Gad

2 (notequal}ERROR DIST)) and

3 (notequallytyi ERROR _DIST))

4 )

5 retum( TRUE);

6 e

7 rem( FALSE);

8 f

end{function}

fndonhis g(yGHdD)

1 if ( (equal(xtxi,GERROR_DIST)) or
2 (equal(ytyi,G,ERROR _DIST))
3 )

4 retum( TRUE);

5 de

6 reum(FALSE )

7 f

end{function}

OBSERVATIONS

1 Thefuncion sign with errorfv, ERROR_DIST) retums
Q iegua(,0,ERROR DIST)
1 0
-1 w0
The sequences sobuld, Puses X and  Pusss Y aethe inpuisforthe sep motos diving the
axes Xand Yofthe CNC machinetod.

2 The Lroin rigke( CGd) ) asiys asaig\ele d; sdatebohd
teare  C adtegidse G. Tre saing vaLe dealy dpands on te conid
pos o te ane Gard b ceed © part sverd iekors on e peaEer
wihheachgidinend




FIGURE 1
Curve and Interpolation. BLU size=0.02 mm
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3 The fundion oo bge ump ( X3y ),
(4t )eantest X @ y)desfom
X @ )by adsene sidy boer
ten QGreld htace te ppa
meer  du 5 deaeased, gven the B
tetrepesasasgp o bge n
the parametric space.

4  Thefundion his_ gnid
determines whether
fom X
e G

() QX )
Xt o W)liesanay
© )i appodmeiely by a

5 Tree(  X)=mudf)nG
the gid inersedion dosest o the port
QU .Thstndonscaledwhen
anahoizord gid e (
vericalare( i ).

)choosss

Qv ks
wt)aa

The maen daegy o te agoibm 5 ©

detect the places in which the curve

crosses the vertical ( X=k*g ) or horizontal
()Y )golheseehe 15 fiscssoed

that the curnve crosses say a harizontal gid
ine( y=kg |, forsome integer
compoent( X )dtepartisatraced e
dosestverical gidine Aconvarse siugion

B podload | e e aosses avericdl

odre

cu)

K), the other

Once the grid intersection is recorded, the
puises required o diive the madhine fom the
previous intersection to the current one are
determined (See 1718). Each ety of the
puise tan mey ke ae o tee vales

fro pusse, puke foverd, puse bedwerd;
(0O1-1). Wih this convention, the aunve

is represented by two sequences:

Qv

G,

frXae 110000141
fryas 0011201000~

4 RESULTS

The algorithm presented above was tested
with three Bezier cunves. Figures 1, 4and 7
present the mathematic versions, as wel as
the approximations resuiing of the algorithm
expaned Fgues 2,3 5,6,8 and 9 pesart
the comesponding pulse trains to machine the
curves with a CNC machine of 0.02 mm BLU.
The maximum eror is found when the curve
approaches a grid vertex while the algoritim
chooses its diagonal one as dosest to the
curve. This could happen because the
iniersecion ofthe curve wih grid boundaries
(See Fure 10) wokd prociice gid ner-
sin( XKk inte kiean

B CONCLUSIONS

The present aride hes preseried an
algorithm for the direct interpolation of
parametric curves with a CNC machine. The
exact nature of the cunves is nat relevant o
the algoithm given the fact thet its
mathermatical form does nat explcity appear
in it. The algorithm presented is the best
approximation that a parametric curve may
haewihagiddgvenBLUvaLe Thissso
because t eiminates the gpproxdmaion ofthe
Qi) anewhgvenpimivesnes ddes,
ec) whth heve © ke, in un, gopceded
by the pulse trains driving the axes of the
CNC madhire. In this agaitim the ane
C(u) s directly approximated by the pulse
tars, hergiore eimneing one source o
the machining eors.




FIGURE 4

Curve and Interpolation. BLU size=0.02 mm
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FIGURE

10

ESTIMATION OF MAXIMAL DEVIATION BETWEEN CURVE C(u)
AND CHOSEN INTERSECTION(X .,y ,)

Max error = G/sin(45)

Closest(xk, yk)
\

~

Grid size G=1BLU

N
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(xk, yk)chosen by the algorithm
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