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Abstract In this article we characterize a countable ordinal known as the big Veblen
number in terms of natural well-partially ordered tree-like structures. To this end, we
consider generalized trees where the immediate subtrees are grouped in pairs with
address-like objects.

Motivated by natural ordering properties, extracted from the standard notations for
the big Veblen number, we investigate different choices for embeddability relations
on the generalized trees. We observe that for addresses using one finite sequence
only, the embeddability coincides with the classical tree embeddability, but in this
article we are interested in more general situations (transfinite addresses and well-
partially ordered addresses). We prove that the maximal order type of some of these
new embeddability relations hit precisely the big Veblen ordinal Q. Somewhat
surprisingly, changing a little bit the well-partially ordered addresses (going from
multisets to finite sequences), the maximal order type hits an ordinal which exceeds
the big Veblen number by far, namely 9029 Our results contribute to the research
program (originally initiated by Diana Schmidt) on classifying properties of natural
well-orderings in terms of order-theoretic properties of the functions generating the
orderings.
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1 Introduction

Well-quasi-orders are common (and sometimes reinvented [6]) ordering structures
which play a prominent role e.g. in computer algebra, formal language theory, tran-
sition systems, graph theory and mathematical logic. Well-partial-orders are well-
quasi-orders which are in addition antisymmetric. Hence, they are partial orders
which are well-founded and do not admit infinite antichains. For the purpose of this
article the difference between these notions will not play any role. In fact, any well-
quasi-order can be considered as a well-partial-order after the obvious factorization.

In the late seventies Diana Schmidt (using results of De Jongh and Parikh) started
a research program to classify the closure ordinals of ordinal functions in terms of
underlying monotonicity properties [9]. She calculated the maximal order type, i.e.
the lengths of the maximal possible linear (thence well-ordered) extension, of sev-
eral tree embeddability relations for various classes of trees and she classified closure
ordinals of several classes of monotonic increasing functions. At that time these re-
sults occurred as mere results in the theory of orderings, but later the proof-theoretic
significance of her results have been clarified independently by Friedman [11] and
by Rathjen and Weiermann [7]. In essence the well-foundedness of the maximal or-
der types of the embeddability relations in question turned out to be equivalent with
the corresponding well-partial-orderedness. Therefore, the maximal order type is in
some sense the maximum of proof-theoretical ordinals of (natural) theories which do
not prove the well-partial-orderedness. These results indicate a general and intrinsic
significance of the invariant provided by the maximal order type.

Another very intriguing facet of maximal order types is their relationship with
Feferman’s natural well-ordering problem. It is well known in the proof-theoretic
community that this is a very deep conceptual problem which is now unsolved for
decades. So at a more pragmatic level it seems interesting to collect interesting prop-
erties of existing examples of natural well-orderings. With regard to this idea the
research initiated by Diana Schmidt (and previously by de Jongh and Parikh) fits
very well.

Typically an ordinal notation system 7 is a term representation of the least set 7’
of ordinals such that O € T and such that f(z1,...,t,) € T provided that fy,... 1, were
already in 7" where f is a constructor symbol (from a given signature). For example
the constructor symbols could be functions symbols but more general operations can
be allowed. Of course in general not much can be said about the order type of 7. The
situation changes somewhat surprisingly if we require conditions like increasingness,
ie. t; < f(t1,...,t,) and monotonicity, i.e. f(t1,...,t,) < f(t],....t,) provided that
t; <t/ for all i < n. Order-theoretic properties like these can impose a priori upper
bounds on the order type of T. Diana Schmidt calculated bounds for closure ordinals
for such monotonic increasing functions [8].

In her Habilitationsschrift [9] she reproved these results via calculating maximal
order types of underlying well-partial-orderings and commented that by going over
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to well-partial-orderings she has been able to prove stronger results (with sometimes
even simpler proofs). The basic idea is to take the set 7' in question and to restrict
the ordering between terms to those cases which are justified by the monotonicity
and increasingness conditions (subterm property). The new ordering becomes a well-
partial-order and the maximal linear extension provides an upper bound for the order
type of the original set 7. It is interesting that in case of several examples of natural
well-orderings the order type of T usually coincides with the maximal order type of
the underlying well-partial-order. So in some sense, natural well-orderings produce
the maximal possible order type out of the syntactical material given for defining 7.

This line of research has been taken up in [14] where the last author extended
Schmidt’s approach to transfinite arities. In more detail, motivated by order-theoretic
properties of the functions considered by Veblen and Schiitte (see, for example, [10,
12] for further details), a well-partial-ordering (which we would denote in this article
by T (M°(7 x -))) has been considered, which corresponds to the ordinal ¥ (27) using
the ordinal notation system of [7]. The underlying set of this well-partial-ordering was
introduced as follows: let 0 and y be two distinct symbols. For a countable ordinal ©
let 7(M°(t x -)) be the least set T such that 0 € 7 and such thatif & < --- < §, <
and 11,...,t, € T, then (y,(&1,11),...,(&:,t,)) € T. Let the underlying ordering <.
be the least binary reflexive and transitive relation on 7 (M°(t x -)) such that

Lt <o (W) (Bt)) (1< 0 < ),
2. ifh:{1,...,m} — {1,...,n} is a one-to-one mapping and if & < é/;(i) and t; <;
t;l(l.) forall i =1,...,m, then

<£7 <€1,t1>,~~~7<§m,[m>> <t <£7< {7ti>v'“a< r/wt1/1>>

Note that in the last condition the comparison is based on comparing multisets of pairs
consisting of ordinals (the ordinal addresses) and previously defined terms. In [14] it
is shown that the maximal order type of 7 (M°(7 x -)) is bounded by ¥(27) so that
it can give rise to an ordinal notation system for (7). Furthermore (by allowing
the case T = Q), it has been indicated in [14] that the order type T (M°(Q x -)) is
bounded by the big Veblen number © (2).

In some sense, these results are not fully satisfying since they refer (what the ordi-
nal valued addresses in the terms concerns) to an underlying structure of ordinals and
not to terms of the corresponding ordinal notation system! Therefore, the representa-
tion of (") using 7 (M°(7 x -)) provides an ordinal notation system which can be
only be developed if we have an a priori effective term description for the segment 7.
And in the case of T (M° (£ x -)) it is even more difficult to use this set to built up a
constructive notation system.

In this article we take a fresh look at the situation and we succeed in replacing
the ordinal addresses by addresses consisting of previously defined terms (or of ele-
ments from a given well-partial-order). More specifically, we define two well-partial-
orderings 7 (M°(- x -)) and 7 (M(- x -)) using multisets of pairs for which their maxi-
mal order types are equal to the big Veblen number 19(.(29). As a corollary, we obtain
a new and intrinsic characterization of the ordinal notation systems for the big Ve-
blen number. Furthermore, we study what would happen if we replace the multisets



4 J. Van der Meeren, M. Rathjen, A. Weiermann

by sequences. To this end, we investigate the well-partial-order 7 ((- x -)*), which is
based on finite sequences of pairs of previously defined terms. The third author won-
dered in the ninetees if any ordinal notation system which respects the construction
of finite sequences of pairs of terms is bounded in order type by ¥(2<). Somewhat

surprisingly we show in this article that the relevant order type is equal to ¢ (.Q“QQ ) ,
which is considerably bigger than the big Veblen number.

In subsequent work the authors intend to characterize the Howard-Bachmann or-
dinal in terms of tree-like well-partial-orders and to give proof-theoretic characteri-
zations of the relevant systems of second order arithmetic. Moreover, we intend to
determine finally the maximal order types of the Friedman-embeddability relation
with the so called gap condition [11] or even the maximal order types of the embed-
dability relations studied by Kriz and Gordeev [5,3]. The present paper will be the
first step in attacking these goals.

Technically, this article is organized as follows. In section two we start with some
preliminaries and we include a slight correction of a previous proof of the third author
regarding the maximal order type of the set of finite multisets over X with respect to a
so called term ordering. (We include this side calculation because the term ordering is
used in section three.) In section three we prove that the maximal order types of two
well-partial-orderings, induced by comparisons of multisets of pairs, are equal to the
big Veblen number, which is the limiting number for the Schiitte-Veblen hierarchy.
In section four we show that the maximal order type of a natural well-partial-order,
which is based on comparing finite sequences of pairs, hits the bigger ordinal number

) (QQQ ), which is far beyond the Schiitte-Veblen hierarchy.

2 Preliminaries
2.1 Well-partial-orderings

In this section we recall some basic facts from the theory of well-partial-orderings.
These orderings are defined as follows.

Definition 1 A well-partial-ordering (hereafter wpo) is a partial ordering (X, <y)
such that for every infinite sequence (x;) % of elements in X, there exists two indices
iand j such thati < j and x; <x x;. We denote the wjpo (X, <x) by X if the ordering is
obvious from the context. We call a sequence (x;);<¢ of elements in X (where o < )
bad if there do not exist i < j < o such that x; <x x;. If a sequence is not bad we call

it good.

In the literature one frequently encounters the similar notion of a well-quasi-
ordering (which lacks antisymmetry). For the purpose of this article the difference
does not play any role since after an obvious factorization well-quasi-orderings can be
considered as well-partial-orderings. Some standard facts about well-partial-orders
are gathered in the following lemma.

Lemma 1 [. A well-partial-ordering does not contain infinite bad sequences.
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2. A well-partial-ordering is well-founded and does not admit infinite antichains.

3. Every extension of a well-partial-ordering to a linear ordering on the same do-
main is a well-ordering.

4. Every partially ordered extension of a well-partial-ordering on the same domain
is a well-founded ordering.

5. Every infinite sequence of elements in a domain of a well-partial-ordering con-
tains a weakly increasing subsequence.

Well-partial-orderings therefore play an important role in termination proofs. In
a groundbreaking paper, de Jongh and Parikh [4] have been able to isolate a mathe-
matical invariant of well-partial-orderings which is crucial in determining the proof-
theoretic strength of well-partial-orderings.

Definition 2 The maximal order type of the wpo (X, <x) is equal to
sup{a: <xC=, = is a well-ordering on X and orype(X,=<) = a}.

We denote this ordinal as o(X,<y) or as o(X) if the ordering is obvious from the
context.

The following theorem by de Jongh and Parikh [4] shows that this supremum is
actually a maximum.

Theorem 1 (de Jongh and Parikh [4]) Assume that (X,<x) is a wpo. Then there
exists a well-ordering < on X which is an extension of <x such that otype(X,=) =
o(X, <x).

The maximal order type is given by a set-theoretic definition. In case of con-
cretely given well-partial-orderings, it is quite a few times possible to calculate these
ordinal more explicitly. To do so, it turns out to be useful to approximate well-partial-
orderings by suitable cofinal subsets, the so called ‘left sets’ of elements.

Definition 3 Let (X, <x) be a wpo and x € X. Define L(x) asthe set {y € X : x £x y}
and I(x) := o(L(x),<[L(x)).

The role of these sets become clear by the following structural theorem.

Theorem 2 (de Jongh and Parikh [4]) Assume that X is a partial ordering. If L(x)
is a wpo for every x € X, then X is a wpo. (The converse is trivially true.) In this
case, o(X) =sup{l/(x)+1:x € X}.

Therefore the maximal order type is equal to the height of the tree of finite bad
sequences and so in nice cases, the maximal order type can be calculated in a re-
cursive way. Moreover, in many natural cases the maximal order type provides a
bound for the proof-theoretic ordinal of the system of analysis needed to prove the
well-partial-orderedness of the given well-partial-order. To obtain bounds on maxi-
mal order types, it turns out to be useful to consider mappings which preserve well-
partial-orderedness. We call these mappings quasi-embeddings.
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Definition 4 Let X and Y two posets. A map e : X — Y is called a quasi-embedding
if for all x,x’ € X with e(x) <y e(x’) we have x <y x'.

This definition looks artificial at first sight but it turns out to be the appropriate
notion to work with, as is indicated by the next lemma.

Lemma 2 [fX andY are posets and e : X — Y is a quasi-embedding and Y is a wpo,
then X is a wpo and o(X) < o(Y).

2.2 Bounds for the maximal order types of multisets and finite sequences

In this section we recall some elementary theory for maximal order types. The ma-
terial is basically known, but we use the opportunity to correct a minor error from a
previous calculation of the last author. The study of maximal order types of multisets
and sequences is relevant for considering tree-based well-partial-orderings later, since
normal trees consist of a root and a sequence (or a multiset) of immediate subtrees.

Definition 5 Let Xy and X| be two wpo’s. Define the disjoint union Xj + X as the
set {(x,0) :x € Xo}U{(»,1) : y € X; } with the following ordering:

(-xai) S (y7j) <:i:‘jandx SX,' .

For an arbitrary element (x,7) in Xp + X;, we omit the second coordinate i if it is clear
from the context to which set the element x belongs to.

Define the cartesian product Xy x X; as the set {(x,y) : x € Xp,y € X, } with the
following ordering:

(x,y) < (*,y) & x<x, X andy <y, y.
Definition 6 Let X* be the set of finite sequences over X ordered by
(X5 Xn) <y 1, -oym) = AL <ig < <ip <m)(Vje{l,...,n})(x; gxy,»j).

Remark that the meaning of <} is (<x)*. If the underlying ordering on X is clear
from the context, we write <* instead of <%.

De Jongh, Parikh and Schmidt provided precise bounds for the maximal order
types of these well-partial-orderings.

Theorem 3 (de Jongh and Parikh[4], Schmidt[9]) If Xy, X; and X are wpo’s, then
Xo+ X1, Xo X X1 and X* are still wpo’s, and

o(Xo+X1) =0(Xo) ®o(Xy),

o(Xo xX1) =0(Xp) ®0(X1),

where @& and ® are the natural sum and product between ordinals, and

0" if o(X) is finite,

o(X*) = 0@ if o(X) = € +n, with € an epsilon number and n < ®,

(X .
0®  otherwise.
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We now consider two different embeddings on multisets. The first one is called the
term ordering by Aschenbrenner and Pong [1]. The second one is called the multiset
ordering in the term rewriting community.

Definition 7 Let M° (X, <x) be the set of finite multisets over X ordered by
m<gm <= (3f :m—m')(Vx € m)[x <x f(x)].

Remark that f is an injective function. We also notate <§, as <°® and M°(X,<x) as
M°(X) if the underlying ordering on X is clear from the context.

Definition 8 Let M (X, <x) be the set of finite multisets over X ordered by
m<y<xm < m=m or (Vxem\(mnm'))3y e m'\(mnm'))(x <xy),

where \ and N refer to multiset operations. We sometimes notate <x <y as << and
M(X,<x) as M(X) if the underlying ordering on X is clear from the context.

These two multiset-constructors on well-partial-orderings produce again wpo’s
(since there is a quasi-embedding to X*) and their maximal order types in terms of
o(X) are known. The easier case concerns the multiset ordering.

Theorem 4 Let (X,<x) be a wpo. Then M(X) is also a wpo and o(M (X)) = 0°X),

Proof In [13], the third author proved that it is a wpo and o(M(X)) < @°X). For the
other direction, it suffices to show o(M(X, <)) > ®°X) where < is a linear extension
of <x on X having order type o(X). This is because there exists a quasi-embedding
from M(X, =) into M(X,<y). Hence it sufficient to prove that for every ordinal a,
there exists a quasi-embedding from @ into M(a). Let e be defined in the following
way
e: w” - M(a),
0 = H )
B=cnr @P' 4+ 0P [Bi,.... B,

where CNF stands for Cantor Normal Form. One can prove easily that e is a quasi-
embedding. a

Definition 9 Let & be an ordinal. Define o’ by

/. J oo+1if & = €+ n, with € an epsilon number and » a natural number,
I otherwise.

Notation 1 Let oo =cyp 0% + --- + @* be an ordinal (CNF stands for Cantor
Normal Form). We use the notation O, for the ordinal ®* + --- + @%. Note that

@z&@ﬁandthatoc<ﬁ implies & < B. Also 0 = 0.

Lemma 3 Assume X is a wpo with o(X) = 0® +--- + @%. Then there exist finitely
many elements x1,. .., Xy in X such that

O(Lx(xl ) (RS ﬂLx(xm)) =p*

and
o(Ux(x1)U--UUx (xp)) = @ + -+ %1,
where Ux (x;) = {y € X : x; <x y}, the complement of Lx (x;).



8 J. Van der Meeren, M. Rathjen, A. Weiermann

Proof Corollary 2.17 in [4]. O

Theorem 5 Let (X,<x) be a well-partial-ordering. Then M°(X) is also a wpo and

o(M°(X)) = 0°X).

A proof for Theorem 5 can be found in [16]. However, the proof contains a small
error for some exceptional cases. For the sake of convenience, we give here a full
correct proof by adapting the old proof.

Proof (of Theorem 5) (i) M°(X) is a wpo and o(M°(X)) < 0°X),

We prove this by induction on o(X). If o(X) = 0, then M°(X) = {[]}. Hence, M°(X)
is a wpo and the inequality holds. Assume o(X) > 0 and o(X) =cyr ©* +--- + @™
with n > 2. Using Lemma 3, we obtain elements x1,. .., X, in X such that o(Lx (x;) N
<+ NLx (%)) = @* and o(Ux (x1)U---UUx (%)) = @™ + - -+ @%~1. Define X; as
Ux (x1)U---UUx (x;,) and X5 as Ly (x1) N+ - -N Ly (x,, ). From the induction hypothesis,

we gain that X; and X, are wpo’s and o(M°(X;)) < 0°%) for every i. Because X is
the disjoint union (as a set, not as a partial ordering) of X; and X;, one can define a
natural quasi-embedding from M°(X) in M°(X;) x M°(Xz). Hence, by Lemma 2, we
gain that M°(X) is a wpo and

IH —7~ =
o(M°(X)) < o(M°(X1) x M®(X,)) < 0°XV) @ @°X2)

— — —

— wo(X|)EBo(X2) — wo()ﬂ)ﬂao(){z) — wo(X).

Assume now o(X) = @%. If a; = 0, then the claim trivially follows. So, suppose

a; > 0. In this case, we show that L(w) is a wpo and o(L(w)) < @°X) for all w €
M*(X) by induction on the length of w. Hence, the claim follows by Theorem 2. If

w is a multiset of length zero, then L(w) is a wpo and o(L(w)) = 0 < @°¥X). Assume
w=[wi,...,w,] with n > 1 and define w’ as [wy,...,wy—_1]. Then v = [vq,...,vy] €
L(w) iff one of the following holds:

1. wy, £x v; for all i,
2. wy <xviand [vi,...,Vi—1,Vit1,---,Vm] € L(w') for a certain i. Choose i minimal
with this condition.

If the first case holds, then v can be seen as an element of M®(Lx (w;,)). If the second
case holds, then v can be seen as an element of X x L(w') by the identification v =
(viy[V1,--+,Vie1,Vit1,- - -, Vm|). Hence we can define a map

e:Liw) = M°(Lx(wy))+ (X x L(W")),
Vo= v if the first case holds,
v = (Vi,[V1,.. ., Vie1,Vitl,. .., Vi) if the second case holds.

It is easy to check that this is a quasi-embedding. From the fact that o(Lx (wy,)) < 0(X)
and the main and side induction hypothesis, we obtain that M°(Ly (wy,)) + (X x L(w"))
is a wpo. Hence, by Lemma 2, L(w) is a wpo and

o(L(w)) < o(M°(Lx (wn))) & (0(X) @ o(L(w"))).
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Because of the main induction hypothesis, we know that

— —

O(MO(LX(Wn))) < w?Lx (wn)) < 0°X)

Furthermore, from the side induction hypothesis, it follows that o(L(w')) < @°X).

We claim that o(X) ® o(L(w')) < @°X). If the claim is valid, then o(L(w)) < @°X)

because 0°X) is an additive closed ordinal number. We know that o(X) = @™, so

©°™) is a multiplicative closed ordinal. So the claim follows if we can prove that
o(X) < @*X)_If af = ay, then o is not an epsilon number, hence o < @* =

—

0% = 0/()?). So o(X) = 0% < 0°X)_ If ] = oy + 1, then oy < @™ = 0(X). So
again o(X) = 0% < 0°X),
(i) o(M°(X,<x)) > @°X).

For this it suffices to show o(M°(X, <)) > ®°X) where < is a linear extension of <y
on X having order type o(X). This is because there exists a quasi-embedding from
M°(X,=) into M°(X, <x). Hence it sufficient to prove that for every ordinal «, there
exists a quasi-embedding from @® into M° (o). We do this by induction on a. If @ =
0, then the assertion is obvious, hence we can assume that & = @* +--- + ©@% > 0.
Applying the induction hypothesis on the fact that ©*2 + - - - + @* < o, we obtain a
quasi-embedding

VE R SN M (0% + -+ 0%).
Ifn =1, then @@+ +0% — 0 — g0 — 1.
a) Suppose o) = oi1.
Assume f§ < 0% = @®" +“’aé+"'+‘"a'/'. Then
B=0"y+ob + . +ob,
with B, < --- < B; < ©™. The inequality f < ® yields
y< wwa£+~-~+w°"/l _ ww“2ﬁw°‘n.
Define e : ®% — M°(ct) in the following way. If f(y) = [81,..., 6], let e(B) be
(% +81,...,0% +8.B1,.... B

Note that e(f3) is a multiset over o, because 6; < @®2 +- -+ ®% and f; < ®* < o If
n =1, then f(y) = f(0) =[], hence e(B) = [Bi,. .., B]- We claim that e(f) <°® e(p’)
implies B < B'. Assume that B/ = 0°“' Y + &Pl + - + 0Py, Bi >--- > B and
f(yY)=16(,...,8,]. Then

(% +81,...,0% +8.B1,...B] <° [0 +8],...,0" +8,.B,....Bl].
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We know that f3{,..., B/, < @™, hence
[0 +61,...,0% + 8] <° [0* +5],..., 0" + &,
S0
f)=1[61,....8] <°[8f,.... 8] = £ (V).

Because f is a quasi-embedding, we obtain y < y. If y <y, then < /. If y=7,
then

f=1[61,....6]=1[0],....80] = f(¥)
and
[0 +8),...,0% +&,B1,....B] <° [@* + &],..., 0" +&,B1,...,B)]
implies
B, B <°[Bi,--- . By

This yields 0P + -+ 0P < ©Pl + -+ @P7 hence B < .

b) Suppose o) = o + 1.
In this case, o equal to € +m with € an epsilon number and m a natural number.

g 1 % ’
Suppose B < 0% = @@ FO2++0" Thep
m+1
B=o"" y+8,

. 4 ,l, o n m+1 m+1 m
for certain y < @O A _ 0Pt o g s o peaml (0t _ pestmel
In this case, we also have the function f and assume f(y) = [y1,...,%]. Now & <

(0"*1) — gloo™)
€ =& , hence

§= Swﬁ]+klal,k1 +£wﬁ1+k1_1a17k1_1 4. +8wﬁ‘a170

+...

+ 8wﬁ1+k1a11k1 + gwﬁ/+k1_1al’k1_1 +... +£a)ﬁ/al’0’
with a; ; < € forevery i and j, a4, #0fori=1,...,1, k; < ® and 0™ > Br>->
B; > 0. Note that if m = 0, then [ = 1 and 8; = 0. Define now

e:0% = M°(a),
B —e0"+n,... 0"+,
eBi+aik . eBr+aiy +aip -1, B +ai +aig—1+---+aip,

s
eBi+aiy B +aik, +aig-1,--- EB+ary +aig -1+ +aip)

Note that e(B) € M°(), because €™ + 7 < €0 + 0 + -+ 0% = o and €f; +
Aijg +aij—1+ - +ai; <efi+e=efi+1) <ew” <o If n=0, then f(y) =
f(0) =], hence e(B) = [eB1 +ai x,,€P1 + a1k, +a1p,—1,--- EB1 +ar g, +a1 -1+
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cedarg,..eBFay, e faiy a1, B +aik + a1+ +a).
We claim that e(8) <° e(B’) implies f < B’. Assume that e() <° e(B’) with '

0"y 4+ 8,8 <0t f(Y) =¥, .., Y] and

I _ n0BIK 1 0B +ky—1 1 B 1
O =¢ By lal,k’l+£ Bi+k al,k’l—l+"'+8 ﬁlal,o
+...
Bk, 1 B+, —1 wB!)
+e?hrt "y, TE ity Apgo,F+E Prap o,

with a; ; <8f0reveryiandj,a;7kl( #0fori=1,....,I', K, <wand ®" > B{ >--- >
B, > 0. Then

[Ewm+'}/1,...,8wm+’)/k,8B1 +a17kl,...,£ﬁ1 +ayg +---+aip,...,
eBi+a,....eB+ay+---+a)
/ / / / /
SO[Ewm—i-)/h...,Sa)m—l—ﬁ/,Sﬁl+a17k,1,...,8ﬁ1—|—a1,k,l +--~—|—a1’0,...,

eBy +“;',k;/ oo EBY +a;,7k;/ +odl )
implies
[ea)er}/l’.“,gmeryk]
<’le@"+1,...,e0™ + Y],

because £/ +a; ,, +a;,, |+ +a;; <€ew™. Hence
i WK P

f(’)/) = h/lv"'a’yk] SO [’)/1""’%4] :f(j/)

Because f is a quasi-embedding, we obtain that y < ¢. If y < ¥/, then B < B'. If
y=17, then

fm=m,..ul=Mm.. %=1
This yields

[eBi+aik,--- B +aik +---+aip,...,
eBi+ak,--ef+ay + - +a
<° [sﬁ{+a’l7k,l,...,sﬁ{+a’l7k,] ot dy s

!/ / ! / !/
gﬁl/ +al/’k;l yeee 78B1/ +al,7k;/ + .. +al,,0]'

The case n = 0 implies directly this inequality because Y=y = 0.

Suppose that €f; +a; g, is mapped, according to the <°-relation, to £f/ + a;,k,’- +
~--+af»’j. Then B +aix, < €ff +a;’kl{ +---+af’j, so Bi < B! because otherwise
ep/ +a§,k§ +-4aj; <e(/+1) < efi < ePi+ai g, acontradiction. Hence B <

B! < B{.If B1 < B{,then 6 < &, hence B < B'. If B; = P, then i must be 1 and every
eBi1+ai, +---+ay jmustbe mapped on a €f] +d , +---+aj ,» because otherwise
: , X, ;
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eBy +ay+-ta; < Eﬁi/—l-a;k{ +-taip with i # 1, hence fB; < ﬁil < ﬁ]/ like
before, a contradiction. So l

[EBi +aip .- eBi +aix +---+aio)
SO[SBI,+a,1,k’la"'vgﬁll+a,17k’l +'”+a/1,0]7

hence
o /! / /
(@1 ks ees@igy o Aaro] <O ldy s d) g A )

From this it follows that ky < k}. If k; <k}, then 6 < &', hence B < B’. Assume now
ki = k’l. Then the multisets have the same size. If the multisets are equal, then it is
easy to see that aj ; = a} ; for every j. Otherwise, you can prove by induction on

k1, that this implies the existence of an index j such that a; , = a’l_k,l, e a el =

a’l_i+l and a; j < a'l‘]-. In the former case, we gain [ef +ao,,..., € +aoy, +---+
’ ’ ! ! ! !
axp,...€B+aiy,. ... B +api, +---+ap] <° [€ﬁ2+az7k/2,---78ﬁ2 —i—az’k,z +ot
/ / / / / / :
a0 - ,8[31, +al/_’k;/,...,sﬁl, —|—al,7k;, + .- +al,’0], from which we can conclude 8 <

B’ by induction on [ +/'. In the latter case, we can also conclude that § < . 0

2.3 Recursively defined trees

We are interested in well-partial-orderings based on trees for which the maximal
order type is equal to the Schiitte-Veblen ordinal number ©(2%). For the sake of
convenience, we first recall the definition of the ¥-function. Afterwards, we introduce
the new well-partially ordered tree-like structures. More information about the theta-
function and its connections with the ¥-function (developed by Buchholz [2]) can be
found in [7].

Definition 10 Let 2 denote the first uncountable ordinal. Every ordinal 0 < a0 <
€01 can be written as Q% ) +---+ Q% f, with f; < Q and & > ¢t} > - - > 0. De-
fine the set of coefficients recursively as K(o) = {f1,...,B,} UK (1) U--- UK (0t,).
Define k(o) as the ordinal max(K(a)). Let k(0) be 0.

Definition 11 Let P denote the set of the additive closed ordinal numbers {®? : o €
ON'}. For every ordinal o < €g 1, define ¥ (o) as

min{¢ € P: k() < & and VB < at (k(B) < { — ¥(B) < {)}.

In the sequel we restrict ourselves to ordinals below €q 1. It can be shown by an easy
cardinality argument that 9o < €. The definition of ¢ yields easily that the ordering
between ¥-terms can be described as follows.

o< Bandk(a) < Op

Lemma 4 We h doa < ¥f <—
o rave P {[3 < aand o < k(B).
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One can find a proof of the previous lemma in [7] (Lemma 1.2.7), but note that
they approached the theta-function differently than in this article. We need the fol-
lowing additional lemma’s. Both of them can be proved by direct calculations.

Lemma 5 Suppose o and B are ordinals below €q 1. Then

k(a®B) < k(o) Dk(B),
k(a® B) < max{k(o) @k(B),k(a) k(B) ® w}.

Furthermore, k(a),k(f) < k(o ® B) and k(a) <k(a® ) if B > 0.

Lemma 6 Suppose o and B are countable ordinal numbers with o, < Y for an
epsilon number v. k(o((Qa+B)*)) < 7.

From now on we only consider wpo’s which are countable. Our exposition would
also apply after suitable modifications to uncountable wpo’s when one replaces the
first uncountable ordinal Q by the next regular cardinal above the cardinality of the
wW[PO’s in question.

For introducing specific classes of trees later, we need the following definition of
a class Map of operators which map given well-partial-orderings to new well-partial-
orderings in a constructive way.

Definition 12 Define Map as the least set satisfying the following:

1. - € Map, (- plays the role of a place holder).

2. If Xis a (as we agreed earlier on) countable wpo, then X € Map,

3. If Wi,Ws € Map, then W + W, Wi x Wp, W , M(W;) and M°(W)) are also ele-
ments of Map.

Every element W of Map can be seen as a mapping from the set of partial orderings to
the set of partial orderings: one gains the partial ordering W (X) by putting the partial
order X into the -. For example, if W = (-* x X), then W(X) is the partial ordering
(X* x X). Furthermore, if X is a wpo, then W (X) is also a wpo.

A crucial fact is that every element of W (X)) can be described using a term in finitely
many elements in X. In our example, the element ((x1,...,x,),%x) € W(X) = (X* x
X) can be described by a concrete term using the elements x, ..., x,. Therefore, an
arbitrary element of W (X) can be represented as w(xp, ..., x,), with a term w and x; €
X. By abstracting elements away, ‘an element of the mapping W’ can be represented
as w(-,...,-). E.g. for our element, this is equal to ((-,...,-),%). This element of the
mapping W maps elements of the partial ordering X to an element of the partial
ordering W (X).

Note that a map W is effectively given in the finitely many components which enter
via the second step of the definition into its construction. Later in this article, we need
the so-called Lifting Lemma.

Lemma 7 (Lifting Lemma) Assume that W € Map and let q be a quasi-embedding
from the partial ordering Y to the partial ordering Z. Then for every yi,...,yn,
Yiree oY €Y and all elements w(-,...,),v(-,...,) in W, w(g(y1),---,9(yn)) <w(z)
v(q(¥))s---q(y)) implies w(yt, ..., 3n) <w(y) V-5 Vo)-



14 J. Van der Meeren, M. Rathjen, A. Weiermann

Proof This can be proved by a routine induction on the length of construction of
W. For example, let us assume that the Lifting Lemma is valid for W; and W5. To
prove that it is also valid for W = W x W, pick y1,...,Yn;,Yn 41, -, Yn +n, and
YisewesYmysYmg 10+ Ymy+m, arbitrarily from ¥ and choose wi(-,...,), vi(ss...,°)
in Wy and wy(+,...,), va(+,...,) in W,. Assume
wi(g(1),---:q0n ) w2 (qOmy 1)+ q(Vny 4n2)))
<wzy) (1@ q0m ) v2( @Oy 1)+ Ay my)))-

This inequality yields

wi(g)s - q0m)) <wy 2 Vi@ am,)s
w2 (GO +1)s -+ GOmm)) Swa2) V2@, 1)+ 4y my))-

By the induction hypothesis, we obtain

Wl(y17~--;yn1) §W1(Y) vl(yllv"'ay:nl)a
W2()’n,+la~~~a)’n1+n2) SWz(Y) vz(y:111+17"'7y:nl+m2)7

and therefore,

(Wl(ylv' . ~aYn1)7W2()’n1+17- . ~,Yn1+n2))
w10V ) V2 Oy 15+ Yoy my))-

Another example is the following. Assume that the Lifting Lemma is valid for W;.
We want to prove that it is also valid for M(W;). Pick yi,...,ys - -,)%,...v5, and

y’ll,...,yﬁ,ll],...,y’ll,...,y;,lll arbitrarily from Y and choose wy,...,wg,vy,...v; in Wy,
Assume

m= [Wl(q(y})v""q(yflq))v'-'awk(q(ylf)"' : 7Q(ylr(zk))}
<mumzym = i(@On), a0 i@y, ,a i)l

Hence, the two multisets are equal or (Vx € m\(mNm'))(3y € m'\(mNm'))(x <y, )
y). In the former case, the proof easily follows because wi(q(y}),---,9(vy.)) =w,(z)
vj(q(y/lj),...,q(y%j)) implies w,v(y’i,...,yﬁli) =W, (¥) vj(y/lj,...,yi,{j) by using the in-
duction hypothesis twice.

In the case of (Vx € m\(mNm'))(3y € m"\(mNm'))(x <y, (z) »), the same observa-
tion implies that wi(g(y}),...,q(y,.)) is an element of mNm’ iff w;(y}, ... ,yi,i) is an
element of the intersection of 7 and m/, where

— 1 1 k k
m= [Wl(yh"'7yn])7"'awk(y]a"'7ynk)}7
m =) Oy

Additionally, vj(q(yllj),...,q(y%j)) is an element of m Nm’ iff vj(y;j, e 7y,/,{j) is an
element of mNm/. Take wi(y},...,y,.) € m\(mNm'). Then wi(q(y}),...,q(v},)) €
m\(mNm'), hence there exists v;(g(y{),... ,q(y%j)) € m'\(mNm') such that

w,»(q(y’i), .. ,q(yili)) SWl(z) Vj(‘]()’?)»-wﬂ()’%))
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The induction hypothesis implies that w;(y},....¥5.) <w,v) vj (y/lj bee ,y%j). Further-
more,
i S
viyis.vm) € m\(@nn),
because v‘,-(q(y/lj), e ,q(y;;’;j)) € m'\(mNm'). We can conclude that 711 <y, () 7.
O

In the following definition we introduce the tree-structures we are interested in.
We formulate the definition with regard to a general W € Map and we will later
restrict ourselves to specific choices of W. The results which we will prove will hold
for general W but carrying out a general proof will be rather messy.

Definition 13 7 (W) is recursively defined as follows:

1. ois an element of 7(W),

2. ifw(-,...,-) is an element of W and 71, ..., 1, are elements of 7 (W), then the term
o[w(ty,...,t,)] is an element of 7 (W). Most of the time, we notate this element
as ow(fy,...,t,): the element w(-,...,-) of W has quite often enough brackets in

its description.

Note that w(ry,...,t,) is an element of W(7 (W)). We say that 7 has a bigger com-
plexity than 1,...,t,.

Definition 14 We define <y on 7 (W) as follows:

1. o <gqy) t forevery t in T (W),
2. if s <7 t; for a certain j, then s <7y o[w(t1,...,t)],
3. if W(l] yeen ,ln) SW(T(W)) W/(li, o ,l,’n),

then o[w(z1,...,ta)] <7 (w) oW (t],- .., 15,)].

Example 1 The partial ordering 7 (M°(- x -)) can be seen a couple (7, <7) such that
T and <7 is chosen in the least possible way satisfying

-o€eT,
— ifty,...,t0p € T, then o[(t1,12),..., (tan—1,t20)] € T,

and

—o<yptforeveryteT,

- ifs <y tj, then s <r O[([1,12>,...,(tzn_l,l‘zn)],

- if [(2‘1,2‘2),...,(tznfl,tzn)] SMO(TXT) [(I{,té),...,(l‘émil,tém)],
then o[(11,22),. .., (tan—1,t20)] <7 O[(11,85), -, (Esy_1:85)]-

The general conjecture is that for every W in Map (with the exclusion of some
obvious exceptions) the structure 7 (W) is actually a wpo and its maximal order
type is equal to ¥ (o(W(£2))). In this article, we prove that this conjecture is true
for W =M°(-x-), W=M(-x-) and W = (- x -)*. Furthermore, we also prove for
related subcases that 7 (W) is a wpo and @ (o(W(£2))) is an upperbound of its maxi-
mal order type.

Also note that the trees with the ‘normal’ embeddability relation (like in Kruskal’s
theorem) can also be captured with this structure: it is equal to 7 (W) with W(X) =
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X*\{()}, the set of finite sequences over X without the empty sequence. This is be-
cause a tree, as in Kruskal’s theorem, can be seen as root with a finite sequence of
immediate subtrees. We have to cancel out the empty sequence, because otherwise
we have two trees with no immediate subtrees, namely o and o[()].

Notation 2 Suppose t = o[w(t1,...,t,)] is an element of T (W). By xt, we mean the
element w(ty,...,ty) of W(T (W)). (This comes down to deleting the root of the tree
in question.)

3 An order-theoretic characterization of tree-like wpo’s based on multisets of
pairs

It this section, we show that the partial orderings 7 (M°(- x -)) and T (M (- x -)) corre-
sponds to the Schiitte-Veblen ordinal, i.e. we prove that ( Me(-x-))and T (M(-x))
are wpo’s with corresponding maximal order type ©(Q2%).

Definition 15 Let o be an ordinal. Define & by

» oa+1ifo< o,
o= .
o otherwise.

Notation 3 Let @ =cyp @ +---+ @% be an ordinal. We use the notation & for the
ordinal @% +-- -+ @%.

Some easy consequences:

Lemma8 [. «is always a limit ordinal,
2. o < B implies o < 3,
3. 0% = .Qafor every countable ordinal Q.

Notation 4 Let y be an ordinal number. Define 7T as yand }/"? as Y’ @Y.
The following theorem is needed for proving the main Theorem 7.

Theorem 6 Assume that Xy ; and Yy ; are countable wpo’s. Let

=Ly

where X' denotes the product X x --- x X with | X’s. Then T(W) is a wpo and
o(T(W)) < B(o(W(R)))-

Proof We will prove the theorem by main induction on the ordinal o(W (£2)). With-
out loss of generality, we can assume that Y ; are nonempty wpo’s. If o(W (2)) < £,
then W (X) does not contain X (or W does not contain -) and it is equal to a count-
able wpo Z: in this case, L = 0 and % ¢ = 0. Therefore, W (X) = Y& Vo which
we call Z. Hence 7 (W) = Z U {0}, with O smaller than every element in Z. So
o(T(W)) = 0(2)+1 < B(0(2)) = Ho(W(R))).

XXX](Z)XX kal,

HMN
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If o(W(Q)) > Q, in other words X really occurs in W(X), then 3(o(W(R))) is
an epsilon number. We want to prove that L(z) is a wpo and /(1) < B (o(W(L)))
for every ¢ in 7 (W). We do this by induction on the complexity of 7. The theo-
rem then follows from Theorem 2. If t = o, then L(¢) is the empty wpo and [(f) =

0 < ¥(o(W(£))). Assume that t = o([(t} ,x1),..., (t},x,)], (7, ... ,t}),y) with L(tl-j)
wpo’s and [(t]) < 9 (o(W(R))), x; € Xup and y € Y. We will show that L(z) is a
wpo and [(t) < 3(o(W(R2))).

Suppose that s = o([(s},%1),. .., (s}, %m)], (s%,...,s%),y), with X; € X 7 and y €

YE,E- 1 <7(w)Ss is valid iff ¢ <T(W) s{ foracertainiand jora=a, b= b, y <Yy, and

(tlz,...,tg) < (s%,...,sg),

[(tll’xl)v"W(tr%vxn)] <° [(S%vﬂ)v”'a(srlnvxim)]'

Therefore, s € L(t) iff s{ € L(t) for every i and j and one of the following holds

1. a #a, B

2 a:ﬁ,byéé,

3.a=a,b=by¥y,

4 a=ab=Dby<y (i, 1) £ (s1,---,5),

5 a:E,b:b,ygy,(tlz7. .,tg)g(s%,. ,s%),
[(t117x1)7 ,([,%,Xn)] ﬁo [(S%aT)» 7(smva)]

If (4.) holds, there must be a minimal index I(s) such that
2 2 2 2 2 2
S ST slifg) -1 S Sis)-1:i(s) £ Sigs)-

If (5.) holds, we must be in one of the following groups

1. (t],x1) £ (s},%7) for every i,

2. there exists i1 such that (1] ,x1) < (s}, %) and (t;,x2) Z (s}, %) for every i # i
(choose i} minimal),

3. there exist iy and iy such that (1] ,x1) < (s} , %), (t5,%2) < (5,,%;,) and (13,x3) %
(s!,x7) for every i # iy, i (choose iy, i, minimal with respect to the lexicographic
ordering on the couples (i,i,) for which this holds),

n. there exist indices iy,...,i,_ such that (tll,x]) < (sill i) (tzl,xz) < (s}z,)T-Z), e,
(a1 Xn1) < (s} ,%, ) and (ty,%,) Z (s},%) forevery i # iy,...,in—1 (choose
i1,...,ip—1 minimal with respect to the lexicographic ordering on the (n — 1)-

tuples (i1, 42,...,i,—1) for which this holds).
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It is easy to see that (¢},x;) £ (s},X;) is equivalent with saying s} € L(t}) or (¢} <5}
and X; € Ly, , (x;)). Define W'(X) as

K L
Z ZMOXXXI{J)XXIXY](J
k=0,k#al=0

L
+ ) MO(X x%qy) X X' % Yy
1=0.1%b

+ M°(X X Kgp) X XP Ly,,(y)

b
-I—Z’]W<> X X Xq b) x xb-1 XLT(W)(IIZ) X Ya,b
=1

n
Z X X Xab MO(LT(W)(IE) X Xa,b) XMO(X X an_h(xk)) ><Xb X Ya,h

The five terms separated by + correspond to the five groups (1. - 5.) in which s can
lie in. The index [ in the fourth line corresponds to I(s). The index k in the fifth line
corresponds to which case (1. - n.) we are at that moment.

So recall that s € L(r) iff 5] € L(t) for every i and j and xt Ly (7w)) Xs, where
we characterized xt Ly (w)) Xs by the five cases 1. - 5., hence it is characterized
by W'. Therefore, xs (with s € L(r)) can be interpreted as an element w'(sy,...,s,)
of W/(L(t)) with every s equal to a certain s/ € L(r) and w'(-,...,-) € W'. Let
w'(s1,...,s,) be this interpretation of xs and w”(s},...,s/,) the interpretation of xs’
for an arbitrary s’ € L(r). It can be proved in a straightforward way that the inequality
W (st,.-,8r) Swrerwy W(s),-.s,) implies x5 <y 7wy x5, hence s <7y) s’
Because a similar argument (completely written out) can be found in the proof of
Theorem 7, we will skip the detailed verification of this fact.

There exists a quasi-embedding f from L(z) in 7(W’): define f(o) as o. Assume
5= o([(51 T, s sty Tl (- 152).3) € L(0)

and suppose that f (sf ) is already defined. Let w/(s1,...,s,) be the interpretation of
xsin W/(L(z)). Then {s1,...,5,} C {s},....s0.5%,. ., 2} and define f(s) as the ele-

ment oW (f(s1),..., f(s,))) in T(W').

We show that f is a quasi-embedding. We will prove, by induction on the sum
of the complexities of s and ', that f(s) <7 f(s') implies s <7y 5. If ei-
ther s or s’ is equal to o, this is trivial. Suppose f(s) <7 f(s') with f(s) =
oW (1), (5))] and F(5') = ol (F(5 )+, /(5 ). Then'£(s) <) /(5)
for a certain i or w'(f(s1),.-.,f(s:)) <wr 7wy W (f(s1),-..,f(s],)). In the former
case, we obtain by the induction hypothesis, that s <) s§ <7-<W) s'. In the latter

case, f is a quasi-embedding on the set S = {s,...,s2 U{s{,...,s2} C T(W) to the
set £(S) C T (W’) by the induction hypothesis. Therefore, by the Lifting Lemma

W (st,..580) Swrrowy WS- 80).
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Hence, s <) s

Because of Lemma 2, we obtain o(L(r)) < o(T(W’)). If we can prove the in-
equalities o(W'(2)) < o(W(£2)) and k(o(W’ (.Q )) < B (o(W(£))), we gain by the
main induction hypothesis

o(L(t)) < o(T(W"))
< 9(o(W'(R)))
< B(o(W(R))),

and that L(¢) is a wpo by Lemma 2. Hence, we are done.

a) o (W'(Q)) <o(W(R)).
For notational convenience, we write sometimes Y instead of o(Y) for wpo’s V.
o(W'(2)) < o(W(L)) is equivalent with saying (using Theorem 3 and 5)

02t @ QP @1y, , (v)

b —
@ @ 0?%%ab @ QP 1@ lT(W) (l‘lz) @Yap
=1

—

n —_
(@ © %) & 0D .
k=1

Q®§a,\b(xk) ® Qb ®Ya b

< wQ@Xa_b ®Qb ®Ya,b'

It is easy to see that there exists a finite N such that for every %,

(Q X Xa,b)m@) wlT(W) ([]1)®Xa,b ® Qb ®Ya,b < QN'

Note that all occurring wpo’s are countable. Furthermore,

@2 ap %) _ %, (%)

7

Q&% — O Fan
I0) a‘b_Q al,b7

using Notation 1 and 3. Because m is a limit ordinal and Iy, (x) < >/’<:b, we obtain

Q®1Xa,b (x)

Q&%) T0olT s Q0 202 @Y,
< lea.b () +N
< Q¥a
— 02,

The last ordinal number is additive closed, hence

n E— — - —_—
@(9 ® Xa,b)k_l ® a)lT(W)(tkl)®xa.b ® wg®lxa,b (Xk> ®Qb ® Ya,b < w'Q®Xu,b'
k=1
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Similarly,

b . — —
(EB 02 er @ Q" @ Ly (1) ®W> ot st
=1

from which we can conclude

—— b ——
(wQQQXu,b ®Qb ® lyatb (y)) ® <® wQ@Xa,b ®Qb71 ®IT(W)(t12) ®Ya,h>
=1

n o — —
oy (@(Q ® X%b)kfl ® wlT(W) (t,i)@X‘,,b ® a)Q@lXa,h (xx) ®Qb ®Ya,b>
k=1

. b
< (0P ely,, (y)) ® (EB 0?%ab @ QPN @ Ly (1) ® Ya,,,>
=1

—

&) (I)Q®X"’h

< (wQ(X)Xa,b 20t I, (y)) o (wfz@xa,b ®Qb>
0]

This strict inequality also holds in the exceptional cases b = 0 and n = 0.

b) k(o(W'(R2))) < B(o(W(£2))).

K L . K L .
o(W(Q)) =P P o e @Y, =PHP eV,
k=0 1=0 k=0 1=0

from which we obtain
Vi, Xt &1 < k(o(W(R))) < B(o(W(R2))).

Furthermore, % ; < %:1 Now, o(W/(Q)) is equal to

K

L
@ @kaﬁbl (39 Yk,z

k=0,k+a 1=0

L __
P @ QX,LIEBZ ® Ya,l
1=0,1b
o QFap®b ® lYa.h (y)
b _
e@ Q% V@ Ly (1) ® Yap
=1

— —

n I
@@Q(k_l)@lxa‘b (x¢)®b ® X[I;—bl ® wlT(W)(fkl)‘@Xa.b ® Yap.
k=1

(D
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Hengev,k(o(W’(Q))) B (o(W(2))) by Lemma 5, inequality (1), o( ) <oX)®
o, 0o(X) < o(X) @ @, lyw)(t; ") < 9(o(W(£))) and the fact that ¥ (o(W(L))) is an
epsilon number. g

Theorem 7 The partial orderings T (M(- x -)) and T (M°(- x -)) are wpo’s and
o(T(M(-x-))) < o(T(M°(- %)) < B(Q?).

Proof By induction on the complexity of the elements in 7 (M(- x -)) and T (M°(- x
-)), one can define easily a quasi-embedding from 7 (M(- x -)) in T(M®(- x -)).
Hence if T(M°(- x -)) is a wpo, then T (M(- x -)) is a wpo and o(T (M(- x -))) <
o(T(M°(- x -))) by Lemma 2. To prove the inequality o(7 (M°(- x -))) < ¥(Q%)
and the well-partial-orderedness of 7 (M°(- x -)), we show that L(r) is a wpo and
I(t) < 9(Q%) for every t in T(M°(- x -)) by induction on the complexity of ¢.
The theorem then follows from Theorem 2. If 1 = o, then L(¢) is the empty wpo
and [(t) =0 < O(29). Assume t = o[(s1,t1) ..., (sn,1,)] With L(t;), L(s;) wpo’s and
1(t;),1(s;) < 9(2%2).

Take an arbitrary v = o[(uy,v1), ..., (thm,vm)] in T(M®(- x -)). Then

t <v<&t <uy;ort <vy; foracertain i
or (A :A{L,....n} = {1,....m}H(Vie{l,...,n})((si,t;) < (uf(,-),vf(i))).

Hence v = o[(u1,v1),..., (Um,vm)] is an element of L(¢) iff u;,v; € L(¢) for every i and

(Vf : {1,.. . ,n} — {1,. .. ,m})(ﬂi S {1,...,n})((sl~,ti) ﬁ (uf(i),vf(,-))).
Therefore, v € L(t) (v # o) iff u;,v; € L(t) for every i and one of the following holds:

1. (s1,t1) £ (uy,v;) for every i,

2. there exists i1 such that (si,#1) < (u;,,#;,) and (s2,72) £ (u;, v;) for every i # iy (i
minimal chosen),

3. there exist i; and i» such that (s1,71) < (uj,,1;,); (s2,02) < (uiy,ti,) and (s3,13) £
(uj,v;) for every i # iy,ip (choose i1,i, minimal with respect to the lexicographic
ordering on the couples (i1,iy) for which this holds),

n. there exist indices ii,...,i,—1 such that (si,f1) < (ui,t;,); (s2,02) < (iy,1iy);

oo (Sn—tsta—1) < (i, o1, ) and (sn,t,) £ (u;,v;) for every i # iy, ..., i1 (pick

the indices iy, ...,i,—; minimal with respect to the lexicographic ordering on the
(n— D)-tuples (i1, i2,...,i,—1) for which this holds).

Also note that o € L(z). Define
n
Z (X x X MO ((L(sp) x X) + (X X L(1))) .

k represents which case (1.-n.) holds. Define the map f: L(t) — T (W’) recursively as
follows. First, let f(o) be o. Secondly, suppose v = o[(u1,v1),..., (Um,vm)] € L(¢) and
that f(u;), f(v;) are already defined. Assume that v lies in group k (hence we have in-
dices iy,...,ix_1) and take {ji,...,j;} as the subset of {1,...,m}\{i1,...,ix_1} such
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that u;, € L(sy) for every p. Define {ry,..., i} as {1,....m\{i1,... ix—1,j1,-- -, ji}-
Note that v, € L(#;) for every p. Let f(v) be the following element in 7 (W’):

o ((Fi)o S i ))se (i ) f (i)
[(uj1 af(vjl))a' . '7(ujlaf(vjl))v (f(ur1)7Vr1)"'7(f(urt)7vrt)] ) . 2)

Assuming that f is a quasi-embedding and using Lemma 2 and Theorem 6, we
have that L(¢) is a wpo and

o(L(t)) < o(T(W')) < ® (@gzk—zwa®<1</s;§>\eaz<zk>>> .
k=1

Seeing that
I(s) @ (1) < B(Q9),

it can be shown in a similar way as in the proof of Theorem 6 that

& (@QZI{Z(DQ@U(/S}_%Z(I/{))) < 19(9!2),
k=1

hence o(L(t)) < 9(Q%).

We still have to prove that f is a quasi-embedding. We show that f(v) < f(V)
implies v < V' by induction on the complexity of v'. If f(v) < f(o) = o, thenv =0 <
V. Assume V' = o[(u},V)),...,(u .V )] € L(r) with (V') defined as

m' " m!

o (PGl S OG- s Py, ) ),

-1
[(u/fll 7f(V/]/l))7 (RS} (u/j;/af(v/j;,))? (f(u/r/l )7‘/:"1 ) LR (f(u;;,)av;;,)] )
and suppose f(v) < f(v'). We show that v < V' holds. If v = o, this is trivial. Say that

f(v) is defined as in (2). Because f(v) < f(v'), we obtain f(v) < f(u},) or f(v) <
f(¥,) for a certain p or k = k" and

(f(uil)’f(vil)) < (f(ul’ )7f(vl/ ))7

(f(uik—|)7f(vik_1)) < (f(u;;(,_])af(v;’ ))a

and

[(ujl 7f(vj1))7" 3 (ujlvf(vjl))’ (f(l/lr] )7vr1)"'7(f(urr)vvrr)]
< [y SO D)y SO ). ) ) o (£l )

In the two former cases, we obtain by the induction hypothesis that v < u;, orv < v;,,
hence v < V. In the latter case, from the induction hypothesis follows (uip,vip) <
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(ul, ,v}, ) for every p = 1,...,k — 1. Furthermore, there exists an injective function
P P

g:{jts- sty = {15 Jps 1, .- 1y} such that g(j,) = jj for a certain [

and g(rp,) = r) for a certain [ with'

(10 (5,)) < () F ()

and

(f(ur,),vr,) < (f (it )5 V(i)

for every p. Using the induction hypothesis, we gain

(u.fp’vj1>) S (u/g(]p) ’ V;(]II))

and
(”errp) < (u;,(rp)7v;<rp)).
Therefore
[(ujl Vi )’ ceey (ujzvvjz)’ (”rl 2 Vry ) EER) (urrvvrr)]
SO [(u;,l 7V-/i/l ), ey (M;;/,V;;/), (l/t;/l ,V;/I ) ey (u;,l/ ,V;;l)].
Together with (u;,,v;,) < (u;,p,v;;)) forevery p=1,...,k =k, we can conclude that
(1, v1)s s (s vin)] < @), (g V)],

hence v < V'. O

Now, we will show that ©(2) is also a lower bound of the maximal order types
of these wpo’s. First an additional lemma.

Lemma 9 Suppose 1 < o < 0(Q%) and a € P, the set of additive closed ordinal
numbers. Then there exists unique 0 < ; < Q and o; < Q such that oo = 3 (Q% B +
"'+~Qa”ﬁn): o> >

Proof In [15], the third author proved this for ¥ (). By standard properties of the
¥-function, it holds that for every ordinal & < ¥ (gg 1) N P, there exists a unique & <
€041 such that o = B¥(&). (A proof of this fact can be found in an unpublished article
of Buchholz.) Denote £ as Q%1 B +---+ Q% B, with0 < ; < Q and oy > -+ > .
We only need to show that oy < Q. If oy > Q, then Q¥ B +---+ Q% B, > Q9. So,
a < 9(29) can only holds if o < k(2%). But k(2%) = 1 < «, hence o has to be
smaller than €. O

Theorem 8 o(7 (M(- x -))) > #(2%).

! Because (uj,, f(vj,)) and (f(uy, ), vy, ) are incomparable.
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Proof Define

g:9(Q%) = T(M(-x-)),
0+ o,
1 o[(0,0)],
o =cnr O+ +@%, n>2 1 0[(g(on),0),..., (g(t),0)],
a=0f =9(QUB +--+Q%B,) > 1—0[(g(cr),g(B1)):- - (8(t), g(B))].

In this definition we assume that f§; > 0 as in Lemma 9. Obviously we see that § =0
iff g(B) =0 and B = L iff g(B) = o[(0,0)]. If we prove that g is a quasi-embedding,
we can conclude the theorem by Lemma 2. We show that g(a) < g(a') implies
o < o by induction on o & o'. The cases o and/or @’ equal to 0 or 1 are trivial,
so we may assume that o, o’ > 1.

! !
a) & =cyr % + -+ 0%, m > 2.

i) X =cNF OM 4+ 0%, n>2.

If

g(Ot) = o[(g(ocl)7o)7,,,7(g(05n)7o)] < O[(g((xi)70)7...,(g((xr/n)70)] Zg(OC/).

then g(a) < g() for a certain i or

[(8(en),0),..(g(0m),0)] < [(8(e),0),..., (8(at,),0)]. 3)

In the former case, we obtain from the induction hypothesis that o < o < a'. In the
!

latter case, let p denote [(g(at1),0),...,(g(ot),0)]N[(g(a]),0),...,(g(a,),0)].
If the intersection p = [(g(a1),0),...,(g(0),0)], then there exists a set of different
indices {ii,...,i,} such that (g(c;),0) = (g(ai’j),o) for every j = 1,...,n. By the
induction hypothesis we obtain o/; = a{j. So, a < o'
Suppose now p C [(g(et),0),...,(g(ct;),0)] and say that i is the minimum index
such that (g(a;),0) ¢ p. By inequality (3), there exists a j such that g(o;) < g(a}).
Hence, by the induction hypothesis, we obtain ; < OCJ/-. Because (@;); is a descending
sequence, we gain

0%+t 0% < Y.
Furthermore, for every k < i, there exists a I, # j such that g(ox) = g(oy ) with
lx, # I, if k1 # ko. From the induction hypothesis, it follows that oy = ocl’k. Hence

o o ' ’ /
o=+ +0* <1+ 40 i1 +0% <o+ -+ 0% =qa.

i)l <a=wP=03(Q%B + - +Q%B,).
B: > 0, hence g(B;) # o. Assume g(a) < g(a'). Then either g(a) < g(ct/) for a cer-

tain i or [(g(0t1),8(B1)), -, (g(0t),8(Bn))] < [(g(OCi), 0),..-,(8(e,),0)]. In the for-
mer case, we obtain from the induction hypothesis that & < &/ < @’. The latter case

is impossible because g(f;) £ o.
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b) 1 < =P =9(QUB[+---+Q%B.).
We know that g(B/) # o.

i) =cyr @% +---+ 0%, n>2.
Suppose g(a) < g(o). Then either g(a) < g(o) for a certain i, or g(o) < g(B/) for
a certain i, or

[(s(cn),0),-.. (g(om),0)] < [(g(en),&(B1)),-- - (g(0rs,), 8(Bn))]-

In the two former cases, we obtain by the induction hypothesis that o < o] or ot < fB/.
In both cases, o < k(QH B! +---+ Q%) < S(QUB/ 4+ Q%B) = o If

[(8(a1),0),-- (g(om),0)] < [(s(r1),&(B1)); -, (8(0t,).8(By))]

holds, we see that

[(g(0n)0),-., (g(0m),0)] N[(g(et), g (B)): - (g(01s,), 8(Bn))] = O,

because g(f/) # o. Hence, for every i there exists a j such that g(a,) < g(a}). By the
induction hypothesis, we attain o < (x < o/.If of >0, then o is an epsﬂon number,
so a < a'. Suppose &' = ¥(Q°By) with Bi > 0. Then g(a’) = o[(o,g(By))], hence
g(a;) = o for every i. We obtain ¢ < 0 < .

i)l <o=wP=0(Q4B + - +Q%p,).

If

g(a) =o[(g(0n),8(B1)),---, (8(an),g(Bn))]
) =ol(s(n),8(B1)),- - (s(et,) 8(By))];

then either g(a) < g(o/) or g(a) < g(B/) for a certain i or

[(g(01),8(B1)).-, (8(0n), 8(Bn))]
< [(g(a),8(B1)); - (g(04,),8(Byn))]- @)

In the former cases, ¢ < o < o’ or o < B/ < o’ by the induction hypothesis.
In the latter case, let p denote the intersection [(g(1),g(B1)),---,(g(a),g(Bx))]N

[(s(ai), 8(B()), - (g(4,), 8(By))]-
If p=1[(g(a1),8(B1)),---,(g(06),8(Bx))], then there exists a set of different indices

{i1,...,in} such that (g(e;),g(B;)) = (g(o ),g(ﬁi’j)) for every j=1,...,n. By the
induction hypothesis we obtain a;; = a and B; = = Bi/j . Thus

Qa1B1+"'+Qa”BnSQ(X{B]/—F"'-FQOC:"[%.
Furthermore,

K(QHUB+---+Q%B,) =max{a,Bi | i=1,...,n}
< max{a B |i=1,....m} < QU+ +Q%p),
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from which we can conclude that
o= DR+ + Q%) S V(QUP]+--+ QN B)) = .

Suppose now p C [(g(a1),g(B1)),--.,(g(04),8(Bs))] and say that i is the minimum
index such that (g(a;),g(B;)) ¢ p. By inequality (4), there exists a j such that g( ;) <

g(aj) and g(B;) < g(Bj). but (g(04),g(Bi)) # (g(at}), &(B;)) & p. Hence, by the in-
duction hypothesis, we obtain that &; < o} and ; < B, but (¢, i) # (), B}).
Because (0); is a strictly descending sequence, we gain

Qai“ﬁiﬁ +- .._|_906an < Q%
hence

QUi+ Q% B, < Q4B

Also, for every k < i, there exists a [y # j such that g(ay) = g(«;, ) and g(Bi) = g(B; )
with I, # I, if k1 # k». From the induction hypothesis, it follows that oy = al’k and
B = Bj,- Hence

QAP +---+ Q% B,
< QB+ QY B+ Q%]
< QUB+ -+ Q%P

Furthermore, by inequality (4) and the induction hypothesis, we know that for every
i, there exists a j such that o; < o} and f3; < B, hence

max{ai,...,0,B1,...,B} <max{a],...,a,,Bi,..., B}
So
K(Q By + -+ Q% B,)
<k(QUpj+-+Q%p;,)
<ﬁ(gaiﬁ{+---+mr’nﬁ,;).
We conclude

o= 0 (QU B4+ Q%) < B (QUB[ 4+ Q%) = .

Corollary 1 o(7T (M(- x-))) = o(T (M°(- x -))) = 9(Q*).

Proof Follows from Theorems 7 and 8. a
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4 An order-theoretic characterization of tree-like wpo’s which are based on
finite sequences of pairs

In this section, we show that using finite sequences instead of finite multisets implies
a wpo that has a bigger maximal order type! The following theorem is needed for
proving the main Theorem 10.

Theorem 9 Let Ylj and Z; be countable wpo’s and n; and m; be natural numbers. If

N
wx)=Y ((Y"l XX A7) xx (Y X X+7Z0) X" x Z,->,
i=0

then T (W) is a wpo and o(T(W)) < 3(o(W(R2))).

Proof We will prove the theorem by main induction on the ordinal o(W (£2)). With-
out loss of generality, we may assume that \Y’] and Z; are non-empty wpo’s (unless
W(X)=20). If o(W(Q)) < Q, then W(X) does not contain X (or W does not contain
-) and it is equal to a countable wpo Z: in this case, n; = m; = 0 for all i. Therefore,
W(X) =YY Z;, which we call Z. Hence 7 (W) = ZU {0}, with 0 smaller than every
element in Z. Then o(T (W)) = 0(Z) + 1 < ¥ (0(Z)) = 3(o(W(R))).

If o(W(£2)) > Q, in other words X really occurs in W (X), then ¥ (o(W(£2))) is an
epsilon number. We want to prove that L(z) is a wpo and /(t) < B (o(W(L))) for
every ¢ in 7 (W), by induction on the complexity of ¢. If # = o, then L(¢) is the empty
wpo and /(1) =0 < ¥ (o(W(£2))). Assume

= o((ﬁv---7@)7(t17-"atmk)vz)

with 7 = ()1, (7})p,) and either (7;); = z/ or (;); = (y/,t]) with L(r}), L(r])
wpo’s and l(t,-),l(tl-j) < ¥ (o(W(R))), ylj € Y’j‘., zl’ € Z’j‘. and z € Zy. Suppose s is an
arbitrary element in 7 (W), different from o. Then

S = O((H7...7E),(Sla'~~7sm1)vz/)v
?j:((?j)la"'v(rj)Qj)’ )
(57)i =7 or (57 ,s))

with? € 7;,y/ € Y/ and e Yh. s € L(r) holds iff s; € L(z), s/ € L(1) and one of the
following holds:

1. k#1,

2. k=17 € Lz,(2),

3. k=l,Z§Zk Z, (t1;~~~7tmk) L (Sl,...,smk),

4. k=10z2<z77,(t1,.. stm) < (15 Smp)s (T1s- e sTmg) £ (5150 5mp)-

If (3.) holds, there must be a minimal index I(s) such that

0SSty ()~ 1 < Sigs)—151(s) & Si(s)-
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If (4.) holds, there must be a minimal index k(s) such that

HSH; 7tk() l<sk lvtk gsk

In this case

% = ((@)1 IARRR} (%)/’k(s)) g ((%)1 IRRES (Sk(s))qk(s)) = %
is valid iff one of the following cases holds

L ()1 £ (), for every J,
2. there exists an index j such that ()1 £ (5x(y)); for every j < ji, (fys))1 <

(Sk(s))j, and (tk )2 & (sk ))j forevery j > ji,

P(s)- there exist py(;) — 1 indices ji < -+ < jp, 1 such that (fr(s))1 £ (Si(s)); for
every j < ji, (Gs))1 < (Sis))ji» (fr(s))2 £ (Sis))j for every jo > j > ji, ...,
(Ti(s)) prgey—1 < (Sk(s))jpk( -1 and () puy) % (i) for every j > jp, -1

If (7;); = z/, define L askaX+LZk( IV (7); = (v),t]), define L] as (L (y)) x
J
k J k
X) + (Y§ x L(t])) +Z}. Define W'(X )as follows

N
Y ( (VixX+2Z0) % x (Yﬁ,ixX—&—Zi,i)*xX’”"xZ,-)
itk

0
(Y ><X—|—Zk) X - (Yk ><X+Zk) mekazk(z)>

ny

i

+

S /N

f’ ((Y" ><X+Zk) X - X (Y',;k ><X+Zﬁk>* x XM L(t;) ka>
i=1

ny pPj
+2i (Vi x+75) o (Vi xx 478, )

j=li=
X (YA X +Z5)7 1 x (L))" -+ x (L))

X (Yj+1><X+ZjH) X oo X (Yﬁk xX+an) xX”’kak}.

The four cases separated by a + represents the four groups in which s can lie
in. The index i in the third term represents /(s). The index j, respectively i, in the
fourth term represents k(s), respectively case 1. - Pi(s)- We can interpret xs with
s € L(t) as an element of W/(L(¢)) like in Theorem 6 and 7. With this in mind, we
can define a map f : L(r) — T (W') as follows. First define f(o) as o. Then, assum-
ing s as in (5) and assuming that f (s,-) and f(s!) are already defined, let f(s) be
ow(f(s}),...,f(s}))], where w(s|,...,s ) is the interpretation of xs as an element in
W/(L(t)) and {s},....5.} C {51, Sm, 51, f1 }.

It can be proved in a similar way as in Theorem 7 that f is a quasi-embedding.

By Lemma 2 we obtain

o(L(t)) < o(T(W')).
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If o(W'(Q)) < 0o(W(Q)), we gain that 7 (W') is a wpo (hence L(z) is a wpo) and
o(T(W')) < B(o(W'(£2))) by the main induction hypothesis. If additionally the in-
quality k(o(W'(£2))) < B(o(W(£2))) holds, then

o(L(1)) < o(T(W)) < B(o(W'(Q))) < B(o(W(R2))).

So the only two remaining things we have to prove are o(W'(Q)) < o(W(2)) and
k(o(W'(Q))) < B(o(W(R))).

a) o(W'(R)) < o(W(L)).

For notational convenience, we will write sometimes Y, respectively Z* instead of
o(Y), respectively o(Z*) for wpo’s Y and Z. It is easy to see that Ylj‘- Q&I () <
J

Yt © Q@74 and (lyﬁ(y{)(@Q)@(Ylj‘-@l(tij))@Zl]‘- <VS@ Q@75 and Q™ © 7, <
Qo < (Y’;®.Q @Z’;) . hence

(Y"@.QEBZ") ®o(L)) @ ®o((L))® Q™ @7, < (Y’]‘-@)Q@Z’]‘-) .

We attain

ng Pj % * i—1
@@[(yllc@_q@zl;) ®...®<v’< 18Q®Z5 1) ®(Y’;®Q@Z’;)
j=1i=1

®o((L{)*)®--~®o((L{)*)®(Y’;H@Qeaz’;H) ®~--®(Yﬁk®9@zﬁk)
® Q" 7]
< (Y’f@ﬂ@l’f) ®-~~®(Y’,‘,k®.o@zﬁk) ,
hence
k ) k AN
((Y1®Q®Zl) ®---®<Ynk®9@znk) ®Q”’k®sz(z))
My * *
@@((Y’{@Q@Z’f} ®~~-®(Y’;,k®9@z’;,k) ®Q’”k*‘®L(t,»)®zk)
i=1
ng Pj % *
@@@[(Y’f@ﬂ@l’f) ®-~~®(Y’},1®Q@Z§,1)
j=1i=1
®(Y"®Q@Zk) @o((L))) @---@0((L})")
®(Y"+,®Q@Zﬁ,) ®-~~®(Y’,§k®9@2ﬁk) ®Q”’k®zk}
< ((Y’f@ﬂ@l’f) ®~~®(Y’,§k®_@@z’,§k) ®Q"’k®LZk(z,))
@ ((Y’{@Q@Z’f) ®~~-®(Y’;,k®9@z’;,k) ®Q'"k)

< (Y’f@Q@Z’{) ®--~®(Y’,§k®9@z’,§k) ® Q" R Zy.
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This inequality yields o(W'(Q2)) < o(W(£2)).

b) k(o(W'(R))) < B(o(W(£2))).

This can be proved similarly as in Theorem 6. a
Theorem 10 7 ((- x -)*) is a wpo and o(T ((- x )*)) < 19(!299).

Proof We show that L(r) is a wpo and [(t) < 19(!299) holds for every 7 in 7 ((- x
-)*) by induction on the complexity of ¢. The theorem then follows from Theo-

rem 2. If 1 = o, then L(¢) is the empty wpo and () =0 < 19(.(299). Assume t =
o((eh,eh), ..., (#%,55)) with L(t}) wpo's and I(]) < (22%) and suppose that s =
o((st,sd), ..., (s%,sh)). Thent < siff < sj for certain i and j or

((t112)s o (11,15)) S ((51,52), - (51, 52)).-
Hence, s € L(t) if s{ € L(¢) for every i and j and one of the following holds
1. (t},83) £ (s},s5) for every i,

2. there exists an index /; such that (t!,1}) £ (st ,sb) for every i < Iy, (t,1)

(slll .55 ) and (1},13) £ (s%,sb) for every Iy < i,

IN

k. there exist indices /; < --- < ly_1 such that (¢],2)) £ (s%,sb) for every i < Iy,
h

(tll,tzl) < (s ,s2) (t7,13) ﬁ (st sh) for every I} < i< by, (t},63) < (slf,slzz)
(s < (sll" ! sg‘ ) and (¢F,15) £ (s%,s%) for every [y < i.
Also (ti,15) & (s{ 7sé) is valid if one of the following holds

a. sl eL(rl)
b. t} <s{ and s2 e L(t).

Let W'(X) be

for
Y, = (L) < X)+ (X x L(z5)))" .

Define the mapping f : L(t) — T (W') recursively as follows. First let f(o) be o.
Assume s = o((s},s3), ..., (s},55)) € L(r) and f(s’) is already defined for every i and
Jj- We only consider that 2 and always b. holds. We will use the same indices as there.
The other cases can be treated in a similar way. Define f(s) then as

o (1S G6D)o( F0), (F), 765,
(3 SO (55, £(5))) )
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One can prove that f is a quasi-embedding in the same manner as Theorem 7. By
Lemma 2 and Theorem 9 we obtain that L(t) is a wpo and

o(L(t)) < o(T(W')) < B(o(W'(R))).

The only remaining thing that needs a proof is ¥ (o(W'())) < 19(!2912 ). Itis known
that o(L(t))) < 9(22%) < @, hence (o(L(t])) ® Q) @ (2 ®0(L(t]))) + 1 < Q2. We
gain

(o)ee)s@eord) <o =2,

hence o(W/(Q)) < Q9% Furthermore, o(W'(R2)) is equal to

((tehee)e@eiw) @ Qe. .
1

k
j=

20 ((l(t{) QQ)®(Q ®1(r{)))*)

e (920*” 2 Qe eln) ®--o (Q ® (I(r]) @z(g‘))) ) .
j=1
Because l(tl-j) < 19(.(299) and 19(!299) is an epsilon number, we have l(t{) @l(té) <
19(.(299). Hence, using Lemma 6, we see that k(Q ®(l(t{)®l(tg))) is strictly

smaller than 19(.(299). Furthermore, from Lemma 5 it follows that the coefficients
of o(W'(€)) are strictly smaller than 19(!29Q ). O

We proved that 19(.(299) is an upper bound for the maximal order type of the
wpo T ((- x -)*). The next theorem claims that this ordinal is also a lower bound.

Theorem 11 If W(X) = (X x X)*, then o(T(W)) > 9(Q2%).

Proof We define a quasi-embedding g from 19(.(299) to 7((- x -)*) in the following
recursive way: let g(0) be o. If & =cyr @* + -+ + ©% with n > 2, define g(a)

as o((g(at),0),...,(g(a;),0)). Now let a = ¥(f) < 19(!299). Then f§ < Q2 =

w“’ﬂz. If B < Q, define g(o) as o((g(B),g(B))). Hence g(1) = o((o,0)). Assume
B>a.

. 02 . . .
For every ordinal 6 < w®" with & > , there exists unique ordinals k < ,
= 5.
5 <02, 8,...,8 < 0 with § > 0 such that

S:wwg'k6k+~~+w“’§'161+50. (6)

. 0 .y =
Note that k > 0, because otherwise § < @® = ®, a contradiction. From § < 02 we
obtain two unique countable ordinals &; and &, such that 6 = 28, + &,. Now, define
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f(8) eW(R)= (2 x Q)" forevery d < w®® recursively as follows. If § =n < ,
let £(8) be ((o,0),...,(0,0)), where (o,0) occurs n+ 1 times. If & > @, notate & as
in (6) and let f(J) be

) ((

FE) (1481, 1482) " f(8-1) - (1481, 1+ 82)) f (),

where ~ represents the concatenation of the strings. Remark that the length of the
finite sequence f(8) with & > 0 is strictly bigger than 1. Before we give the defini-
tion of g(a) = g(¥(B)), we first want to prove that for the largest countable ordinal
occurring in f(8) € (2 x Q)*, call it Max(f(8)), is less than or equal to k(5) + @.

M (6))+1 . .y
Furthermore, we want to prove that k(§) < ©® aUO e prove both inequalities

by induction on 8. If § < w, they are trivial. Assume § > ®. Then, as in (6),
LD

6:ww951+52-k6k+”__~_w Jr52-151_’_60

:_QQ*HWa@.k&(JF.“JrQQ*”Wa@lal +&.

From the induction hypothesis, we can conclude that
Max(£(8)) < max {1481, 1+ 8, k(&) + 0. k(8) + 0}

and k(5;) < < 0" for all i. Using the second part of Lemma 5, we see that
K(80), .. k(8;) < k(8) and k(22 ""1-02 k) < k(8). The latter implies that
K(Q70 . 0% k) = max{—1+ 8y, 0% -k} < k(5).

Hence, 1+ &; < k(6)+ @ and 1 +8 < k(0) + ®. We conclude that Max(f(0)) <
k(6) + . Using the first part of Lemma 5, we obtain

k(6)
< k(Q.Q*H‘Tl-a)g-kSk) @... @k(Q_Q*HWa@.l& ) B k(S)
< max{k(Q2 O 4 k(8,),k(Q2 O o 1 (8) @ o)
éb...
emax{k(Q2 O 5 k(5),k(Q2 O 9 k(8) @ o)
© k()
< max{k(—1+ &) & k(&) k(0% - k) B k()
k(—1+8) @k(8) ® @, k(0% k) 9 k(&) @ 0}
®D...
@ max{k(—1+8,) k(&) k(0® - 1) Bk(8)),
k(—1+8)@k(8) @0, k(0% 1) @k(8) ® 0}
© k()
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(f(8;)+1 wMax(f(8))+1

Because k() < 0@ <o and k(1+61) = 1+ & < Max(f(8)) <
@ O 0 d k(0% i) = 0% .| < @M 8) L j < oMU g gotete)

is an additive and multiplicative closed ordinal number, we can conclude that k(8) <
Max(f(8))+1
0® .

We still want to prove one more thing, before we give the definition of g(a): if
§ < ©®*"™ for certain countable ordinals ¢ and 1), then for all pairs (8}, 8%) occur-
ring in £(8) we have (8!,8!) <or (1+&,1+1), where <y, is the lexicographical
ordering between pairs. We prove this by induction on d. If § < , then this is triv-
ial. Assume that ® < 6 < ©®” " Then 00,...,0 < a)“’QHn, hence for all pairs
(81,81) occurring in f(8),...,f(5), we have (8!,8!) <o (1+&,1+1). Further-
more, from & < 0@ we see that (81,8) <iex (£,1). Hence, (14 81,14 &) <jex
(1+¢,1+n). Therefore, for all pairs (8!, 8%) occurring in £(8) we have (8!, 81) <oy
(1+¢,1+m).

2
Now we are ready to define g(a) for o = §(B) with B < 0" and B> Q:
assume that £(8) = ((B{,B3),..., (B!, BY)) € W(Q). Then define g(a) as

o ((g(Bi):8(B2)), - (8(Bi).(B2)))

g(a) is well-defined, because for every i and j, [3]’ <k(B)+ o < ¥(B) = o. Obvi-
ously, we see that @ = 0 iff g(at) = o and oo = n < w iff g(a) = o((0,0),...,(0,0)),
where (o,0) occurs n times.

The last part of this theorem consists of proving that g is a quasi-embedding:
from Lemma 2 we can then conclude this theorem. We show that g(a) < g(o') im-

. Q . . .
plies a < @’ for all &, &’ < ¥(22") by induction on a @ &'. If & or o' is equal to
0, this is trivial. So we may assume that &, o’ > 0.

/ !
a) o' =cyr O + -+ @%, m > 2.

i) X =cNF O+ % n>2.

If

gla) =o((g(a),0),. .., (8(0m),0)) <o ((g(a),0),.... (s(at,),0)) = g(a').

then g(a) < g(a/) for a certain i or
(

(8(a1),0),..., (8(m),0)) < ((g(a1),0),- -, (8(01,,),0)) -

In the former case, we obtain from the induction hypothesis that o < oc[ < o. In the
latter case, there exist indices 1 <ij < --- < i, < msuch that g(o;) < g(oci’,,). By the

induction hypothesis, we gain that o;; < oc{j for every j. Hence o < o',

i) o= (B).
If B =0, then o =1 < o’. Assume that 0 < B < Q, then g(a) = o ((g(B),2(B)))-
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Hence, g(a) < g(a') = ((g(a]),0),.-.,(g(ay,),0)) implies g(a) < g(a) for a cer-
tain i because g(f8) £ o. The induction hypothesis implies o < o < o’. Now suppose
that B > Q and f(B) = ((B,B5),---, (B, BY)). Atleast one f is strictly bigger than
0, s0 g(a) < g(a’) implies g(or) < g(c) for a certain i. Therefore, o < o < o' like
before.

b) a’ = 0(B").
It f7 < . then g(ar) < g(a) = o((g(B'),2(B"))) implies g(ax) < g(B') or that
o = ¥(B) with B < Q and g(B) < g(B’). The other cases are simply not possible
because in these cases, the length of the corresponding finite sequence of g(o) is al-
ways strictly bigger than 1. We can conclude that o < @’. Assume from now on that

B’ > and f(B') = ((B"Bs"),---. (B{™ By™)).

i) & =cNF O+ % n>2.
Suppose g(a) < g(a'). Then either g(a) < g(ﬁj”) for certain i and j or

((g(al)ao)a e (g((Xn),O))
< ((8(B"):8(Bs").--- (g(B™),8(B2")))-
The induction hypothesis and the fact that every ordinal in f(f') is less than or equal

to k(B’) + @ < o implies in the first case @ < ﬁj{i < o/, what we want, and in the
latter case

((aq,0),...(0ty,0))

< (BB (BI™. B2")).

Hence, for every i there exists an index j such that o; < ﬁllj <k(B)+w<a. We
know that ¢ is an epsilon number, because 8’ > Q. So, a < o'.

ii) oo = 3(B).
If B < Q, then
g(a)=0((g(B).g(B)))
<g(a)=o((g(Bi"),g(B")), -, (g(Bi").8(B")))

implies either g(o) < g( ,Bj”) for certain i and j or

((8(B):8(B))) < ((s(B"):8(B");-- - (8(BI"),8(B2"))) -

The induction hypothesis in the former case implies o < ﬁ]’-i < o and in the latter

case, it implies B < B!" < o = ¥(B’) for certain r and 5. Hence, in the latter case
B(B) < ¥(B’) because fp < 2 < B’ and k(B) =B < 3(B).

Assume now that B > 2 and £(8) = (B!, B1).-... (B BY)). g(@0) < g(e’) then
either implies g(«) < g(B}') for certain i and j or

((8(B1),8(B2)); -, (8(B1),8(B3))) < ((8(Bi").8(B3")):-- -, (g(Bi™).8(B3"))) -
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In the former case, the induction hypothesis implies o < B;’ < o. In the latter case,
it implies

f(B)= ((ﬁllvﬁg)’v(ﬁ?aﬁgn < (( {l, él),...7( 1/'"7 é’”)) :f(ﬁ/) 7)
Therefore, for every i and j, there exist » and s such that [3; <BIr < (B =d.
Hence k(B) < wwMax(f(B))H _ wwMaX,-,j{ﬁ_j-Hl

2
we now could prove that f(8) < f(6’) implies 6 < &’ for all §,8’ < 0®?", we are
done because (7) then implies § < ’. Hence, a =9 (B) < 9(f') = o'.

< o, because o is an epsilon number. If

So assume that f(8) < f(8'). We will prove by induction on & @ &' that § < &'.
Assume that 6’ < . Then f(8) < f(8") = ((0,0),...,(0,0)), where (o,0) occurs
&’ + 1 many times. Hence f(§) is also of the form ((o0,0),...,(0,0)), s0 § < ® and
6 < &'. Assume that ' > . If § < o, then § < &' trivially holds. Assume that

0 > . Like in (6), there exist unique ordinals k,/ < @, 1,62, 6{,8; < 2, &,..., 6 <

o 08+,
02" with § >0, 8),...,8/ < ©® " with § > 0 such that
5,45, 51+5,
S — wwﬂ 1t 2-k6k+...+a)w9 1+52']51+50 (®)
Q8! +8] Q5]+8]
§ = ® ! 2'151/+...+a)“’ ! 2'151/—1-5(/). 9

f(8) < f(&’) then implies
S8 (148,148)) " f(8-1) - (14 61,1+ &))" £(8)
S FE) (48,14 8) " f(81)...(1+8[,1+8)" f(&).  (10)

Q5(+8) . L . . . .
Because f(8/) < @® ' 7, all pairs occurring in f(§]) is lexicographically strictly
smaller than (1+8],1+85). So if a certain ((1+ 8y, 1+ 8,)) occurring in f(8) would
not be mapped onto ((1+ 8,1+ 8})) in the inequality (10), then ((1+ 8,1+ &))
is lexicographically smaller than a pair in f(8/) for a certain i, hence ((1+ 8,1+
8)) < (1+8],1+8}). Therefore, § < §'. Assume now that every ((1+ 81,1+ &))
occurring in f(8) is mapped onto a ((1+8],1+85)) in £(8') following the inequality
(10). Hence (14 81,14 8)) <jex (148],148))). If (1481,1+82)) <pex (14
8,1+ 8})), then § < &'. Assume ((1+ 81,1+ 8)) = (1+8],1+8)). If k <1,
then § < &, so assume from now on that k = . Therefore, inequality (10) implies
f(8) < f(8]) foralli=1,...,k. From the induction hypothesis, this implies §; < &/.

We can conclude that § < &’. This ends this proof. m]
Corollary 2 o(T((- x -)*)) = 9(Q%%).
Proof Follows from Theorems 10 and 11. a
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