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BOUNDS AND ALGORITHMS FOR THE K-BESSEL FUNCTION
OF IMAGINARY ORDER

ANDREW R. BOOKER, ANDREAS STROMBERGSSON, AND HOLGER THEN

ABSTRACT. Using the paths of steepest descent, we prove precise bounds with
numerical implied constants for the modified Bessel function Kj,.(z) of imaginary
order and its first two derivatives with respect to the order. We also prove pre-
cise asymptotic bounds on more general (mixed) derivatives without working out
numerical implied constants. Moreover, we present an absolutely and rapidly con-
vergent series for the computation of K;,.(x) and its derivatives, as well as a formula
based on Fourier interpolation for computing with many values of r. Finally, we
have implemented a subset of these features in a software library for fast and
rigorous computation of K;,.(x).

1. INTRODUCTION

“If we can qualify a special function as being important when it appears in mathe-
matical and physical applications, then the modified Bessel function of the third kind
of imaginary orders is a quite important one” [I7]. In mathematics, this function
plays an important role in analytic number theory [27, 19, 35 5], and in the spectral
theory of automorphic forms [23]. It appears in the study of harmonic analysis on
arithmetic manifolds [22], and in ergodic theory [43]. In physics, we encounter it in
arithmetic quantum chaos [4, 39], and in cosmology, K;.(z) enters when studying
metric perturbations in hyperbolic universes with a horned topology [33, 2].

In view of upcoming applications in analytic number theory [6], we need precise
bounds with numerical implied constants on K;.(x) and algorithms for its rigorous
computation at an accuracy of several hundred decimal places for a vast range of
arguments and imaginary orders.

Plenty of literature exists for K, (x) [42) 15 [, 12], some of which present uniform
asymptotic expansions [3 13| [I7]. In particular, [3] gives precise bounds on the error
terms and one could in principle follow [29] to get quite precise numerical bounds
on the error in the asymptotic expansions of K;.(z) and its derivative with respect
to x. Besides, a whole range of methods have been employed to bring the numer-
ical integration forward [24] [16], for instance, deforming the contour of integration
[26], rearranging the oscillatory integrand [25], using Fourier transform methods [9],
using the method of steepest descent [20], [21, pages 117(bottom)-123]. Moreover,
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2 A. R. BOOKER, A. STROMBERGSSON, AND H. THEN

a generalised Simpson rule for numerical quadrature of oscillatory integrals was de-
veloped [14], a variety of series and continued fraction expansions have been utilized
[41], 10, [11], and hypergeometric expansions established [32].

However, we could not locate a reference that readily satisfies our demanding re-
quests concerning precise bounds with explicit numerical implied constants on K;,.(z)
and its derivatives. In particular in the forthcoming work [6] we also need precise
bounds on the derivatives of K;.(x) with respect to the order, and on mixed deriva-
tives; such bounds are underrepresented in the literature and we aim to close this
gap.

While better and better algorithms for computing higher transcendental functions
become available, they still seem to be off from our goals of being highly accurate,
rigorous, and fast. Difficulties arise especially when the imaginary order of Kj.(z)
becomes large. We seek to advance the subject by deriving absolute and rapidly
convergent series for K;,.(x), and to boost the speed of rigorous high accuracy com-
putations by Fourier interpolation.

The modified Bessel function of the third kind is defined by

1 o0
(1) K. (z) = 5/ e®®dt,  where o(t) == —xcosht +irt,
see [42, p. 181]. It satisfies the modified Bessel differential equation
(2) 2y +zy + (1 —2%)y =0

and decays exponentially for large arguments

K (z) ~ 1/%6_13 for x — 0.

A second linearly independent solution of the differential equation is the modified
Bessel function of the first kind
(3)¥

(3) I () = (%) Z JIT(L+j +ir)’

j=0

which grows exponentially for large arguments

1
I (z) ~ \/%ex for x — 0.

We assume that » > 0, > 0. While [;.(z) is complex, K;.(z) is real and an even
function with respect to r. In fact, it is the imaginary part of I;.(x), up to a factor,

inh
Im I, (z) = — "L I, ().
™

Guided by an unpublished manuscript of Hejhal [20] and by the literature [37],
we use the paths of steepest descent to convert into non-oscillatory integrals.
For reasons of convenience, however, we deviate from some piece of the path of
steepest descent and replace it by a simpler one on which the absolute value of
the integrand is sufficiently small [20]. Exponential bounds on the integrands as
well as the resulting bounds on K. (z) and its derivatives are stated in section
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and are proven in the Appendix. Section [3| focuses on the computational aspects of
K;.(x). Applying the Poisson summation formula to the imaginary part of the power
series results in an absolutely and rapidly convergent series for Kj,.(z), which, by
bounding the exponentially small truncation errors, serves as an algorithm for the
rigorous high-accuracy computation of Kj.(x) and its derivatives. We also describe
a second algorithm based on Fourier interpolation for computing K;.(z) for fixed x
and many values of r. Finally, a subset of these findings has been implemented and
can be downloaded as a software library from [g].

2. BounDs

2.1. Paths of steepest descent. The saddle point contours of can be found in
Temme [37] and we recapitulate them here. Saddle points follow from solving the
equation ¢'(t) = 0 which yields

r

t, =1 ((—1)" arcsin(—) + mr) , neZ, ifr<uzx,
x

tt = j:arcosh<£> +ir(2n+3), n€Z, ifr>uw
T
2.1.1. The monotonic case: x > r > 0. In this case we set
r
« = arcsin| — ) € (0, Z],
(3) € @3

and it suffices to consider the saddle point t5 = iae. The path of steepest descent is
defined by the equation Im ¢(t) = Im ¢(to) which gives
u

t=1u+iv where wv(u)= arcsin(sina ), —00 < u < 0.

sinhu
Integrating with respect to this path yields the representation

1 [ , dt >
(4) K (z) = —/ elutiv(w) — gy — / " duy
2 )_ du 0

where n(u) 1= ¢(u + iv(u)) = —x coshucosv(u) —rv(u), [37, eq. (2.7.)].

o0

2.1.2. The oscillatory case: 0 < x < r. In this case we set

W= arcosh(£> > 0.
x
The saddle point contour through the saddle ¢ is defined by the equation Im ¢(t) =
Im ¢(t) which results in
Tu=FS
sinhv ’

(5) t=:u+iv with sinv=

where T :=r/x = coshp > 1, S := pcosh p — sinh 4 > 0. Note that the dependence
on n is implicit upon solving for v(u).

The path of steepest descent is a countable union of pieces of saddle point contours
and runs from —oo through the saddle points {¢t; },>0 up to ico and from there
symmetrically down through the saddle points {t; },,>0 to +00, see [37]. Since r > 0,
the integrand e?® is exponentially small in v and vanishes at ico. Using the path
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of steepest descent results in the integral representations [37, egs. (3.3), (3.5)] which
could be used to bound Kj;,.(z).

However, when proving our bounds we have found it more convenient to not follow
the path of steepest descent all the way up to ioo, but to use the pieces with imaginary
part less than some positive constant, only, and to replace the omitted part by a
straight line [20]. The price to pay for this simplification is that we will not bound
K, (z) for + < 1. (Fortunately, other representations of K;.(z), such as the series
, are easy to bound for x < 1; see the proof of Prop. |5{on page |35 for an example
of this in practice.)

We set u, := % > (. Then the path of steepest descent for u > u, reads t = u+iv
with

(6) ( 7 — arcsin(Z=2) if u € [un, pl,
v(u) = T .
arcsin (L5 if u € [p, 00).

One checks by differentiation that v(u) is strictly decreasing for all u € [u,, o). We
remark that v(u) is smooth for all u > u,; the fact that it is smooth at u = p follows
from the construction and basic principles of complex analysis. Note also the special
values v(u,) = m, v(u) = 7, and v'(u) = —1; the last identity follows e.g. from the
fact that ¢"(ty) = —iv/r?2 — 22, a negative imaginary number.

If we now fix some u. € [u,, p], we can define

u~+w(|u|) i |u] > u,,
(7) te(u) = . .
u+iv(ue) if Ju| < u,,

which is a continuous path from —oo to +00. If u # +u,. the path is smooth, and for
|u| > w, it coincides with the path of steepest descent. Replacing in the contour
of integration by the path ¢.(u) results in the representation

1 [ dt
K. (z) == e®(te(w) Z2€ 1y,
(z) 2 /_ o du
The justification of this step via Cauchy’s integral theorem is easy, since lim, ., v(u) =
0 and Re ¢(u+iv) = —x cosh u cosv — rv is rapidly decaying as u — Fo00, uniformly
with respect to v in any compact subset of [0, ) (and z,7 fixed).
Utilizing the symmetries t.(—u) = —t.(u) and ¢(—t) = ¢(t), we arrive at the

integral representation

(8) Ki-(z) = Re {/ ePtutivtue)) gy 4- / ettt (1 ¢ iv'(u))du} :
0 Uce

which we are going to bound.

2.2. Bounds.

2.2.1. The monotonic case: x > r > 0. The integrand of reads "™ with

9) n(u) = —x coshu cosv(u) — rv(u).
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By construction, we know that 7(u) has a maximum at v = 0 and we easily compute
n(0) = —zcosa —ra, 7/(0) =0, 7"(0)=—zcosa=—vx2—7r2
It turns out that n(u) lies below the parabola described by 7(0), ' (0), n”(0).
Lemma 1. Assume x > 1r > 0. Then for all u € R we have

n(u) < —zcosa —ra — % r2 — r2u’,
The proof is given in the Appendix on pages 15]

In the case of x/r near 1, we also need another bound, to show that once u gets
larger than 0 by a not too small amount, n(u) decays quite a bit more rapidly than
what is given by Lemma [I To appreciate the following Lemma, note that for any
fixed x = r > 0, we have,

u? u

4v/3
(10) = —gr - Q—\é_ruﬁ +O0(u"), asu—0".

Lemma 2. Assume x > r > 0. Then for all u > 0 we have

43

(11) n(u) < —zcosa —ra — ——ru’.

27

The proof is given in the Appendix on page [I5]
For bounding the partial derivatives of K;,(x) we will also need bounds on v'(u).

Lemma 3. (Cf. [20].) Assume x > r > 0. Then for all w > 0 we have

(12) 0>/ (u) > —373,
and
(13) 0> wv'(u) > —V/3.

The proof is given in the Appendix on page [I5]
Based on and Lemmata and [, we can bound K (z) and its derivatives
forx >r > 0.

Proposition 1. For all x > r > 0 we have:

1
(14) 0< KW(ZU) < e_%re—m—krarccos(r/x) mm( 7T/2 F(;? T'_%>’
6

(15)

(L
‘ng (:L‘)’ < e*%re*m+7“arccos(r/z) Hlln( 37T/2 ’ 33F2(3) 7%>,
or Va2 —r? 23



6 A. R. BOOKER, A. STROMBERGSSON, AND H. THEN

and

0? x
(16) wK”<‘r)’ < 6—57'6—\/:52—7'2+7"arccos(r/x)
(0D VA VARt
min (z% — r2)1/4 (22 — r2)3/4° 9231
Furthermore, for any fixed integers ji,jo > 0 and any € > 0, the following holds for
all r >0, x > max(e,r):

Hirtie

1 ) 252—1
—KW
OritQz72 (z)

/02 _ 2.2
< e—gre—\/xg—ﬂ—&-r arccos(r/x) maX( x re,rs
J1,J2,€ xj?

(17)

The proof is given in the Appendix on pages 17 We remark that a <, ,,... 0
means that there exists a positive function C(py, o, .. .), independent of all other
variables, such that |a| < C(uq, p2, . ..)b holds true.

2.2.2. The oscillatory case: 0 < x < r. For u > u,, we study n(u) := Re ¢p(u+iv(u))
along the curve @, . As before,

(18) n(u) = —z coshucosv(u) — rv(u).

This function has a maximum at v = p and we compute

™

() = =5 ') =0, 7"(n) = —2wsinhp = —2vr? —a?.

Lemma 4. Assume 0 < x <r. Then for all u > u, we have

(19) nu) < —5r = Vi = (u—p)’,

and for all uw > p:

T 43
P < I IV — ),
(20) n(u) < —5r = —-r(u—p)
The proof is given in the Appendix on pages . Note that the constant %g in
(20) is also optimal, as is seen by considering the limiting case = 0 (cf. (L0)).
For bounding K, (x) we need bounds on v'(u) as well. As we have already pointed
out, v(u) is strictly decreasing, and in particular v'(u) < 0 for all u > wu,.

Lemma 5. Assume 0 <z <r. Then:
(a) v'(u) is strictly increasing for all u > u,.
(b) If 0 < p < 1.8 then —2.9 < v'(u) < —1 for allu € [3p, ).
(c) If p > 1.8 then —3.3 < v'(u) < —1 for all u € U, .

The proof is given in the Appendix on pages 27|
Based on (8) and Lemmata [4] and [5| we can bound Kj, () and its derivatives for
1<x<r.
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Proposition 2. For all 1 < x < r we have

5 . 1
T Yo <r—3rs,

1

2
1 . 1
4r—3 zfa:Zr—%'rS,

(21) ‘Kzr(x)‘ <e?’ {

Wl

17+5log(r/x) . 1
T A5 5 e < r—=r ,
(22) )QKW(Q;)‘ coEr] Ve fo<r—3 1
or 12773 ifo>r— %rﬁ,
and
4448log(r/2)? 1,1
(23) a—ZKm«(x)‘ <e 2" é/rf—T fr<r 27"?,
or 22r~3 ifx>r— %7“3.

Furthermore, for any fived integers ji,j2 > 0 and any € > 0, the following holds for
allr >z > ¢:

y aj1+j2 7£rmaX( 4/7"2 — 1'2, T%)ij—l | Ar\ Ji
K. o 2
( ) arjl ax]2 ZT($) <<]17]275 e x]? < Og X ) .

The proof is given in the Appendix on pages 27H30]

We remark that while the constant “y/7/2” in the bound on Kj.(x) in Prop.
is optimal in the limit of large r (cf. [3]), the constant “5” in the first bound in
Prop. [2|is about twice the asymptotically optimal constant v/27. Note that it would
be possible to use Lemma {4 to prove a sharper, but more complicated, bound of the
form e 2" é/% plus an explicit correction term (of lower order of magnitude as
r — oo and (r — x)/r'/3 — 00); the main work necessary to obtain such a bound
would be to replace Lemma |5 by an explicit bound on v”(u) for u < p.

3. ABSOLUTELY CONVERGENT SERIES

3.1. Small argument. Taking the imaginary part of the power series results in
an absolutely convergent series for K;.(z),

x mes" = —(x)2)H
25 2" Ky () = ————=1 ; : —|, Vr>0.
(25) c (z) sinh(7r) o LZ:; JIT(L +ir + j) )
Using one term of Stirling’s expansion we have I'(s) = (2m)zs* 2e /) where
|R(s)| < ﬁ [30, p. 294]. Hence
(26)

DL+ ir o+ 5)] = 205 4+ 1)7¥3[j 4 14 ir] 2 e omsG1hin) 26+ D™ w55~ iy,
Using this, we can bound the contribution from all terms with j > J in (25)) as

L _ (we/2?
fOHOWS, ertlng X = m

o0 _(m/2)ir+2j
o [Z D+ ir + )

J=J

and assuming X < 1:

11 X7
J+1)(1—e2)1-X

ez’

sinh(7r)
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Hence, for sufficiently small x the series converges rapidly.

For large x, however, I;.(z) increases exponentially, while K;,.(z) decreases expo-
nentially. This discrepancy results in catastrophic cancellation of significant digits
in the summation of the finite parts of , making this series unsuitable once x
becomes large. This can be overcome by employing Poisson summation.

3.2. Large argument. Let F': R — C be a Schwartz function, and define F(¢) =
o= Jo F(t)e~*"dt. Further let B > 0 and ¢, € R. Then the Poisson sum formula
yields

(27) 3" F(to + 2nkB) = Ze g A(——).

kEZ nEZ

Let us apply this with F(t) := Fy(t) := e2" 'K, (') for some fixed s € C with
Re(s) > 0. We get

” 6%7" s—1. 7570 dx
Fs(g) = o7 R ir(et) £t 27‘(‘ / Kw' 5

=5 (s—zﬁ—i-zr) (s —i& —ir),

where g(z) := 2?/>7'T'(2/2). Thus, reads

es’ intq m m
2 Fy(to + 27kB) = - S PRGN
(28) Z s(to + 2wk B) 2#3%6 B g<3+zr+ B)g(s w4 B)

kEZ

Next, from , we have

Fi(t) = Tie5T 25— [Z (¢'/2) i Z (et /2)s—ir+2

sinh(rr) | <= jIT(1+ir+j) <= jI0(1 —ir+j)

Summing this over t =ty — 27kB for k = 1,2, ..., we obtain

7TZ€2T2S 1 |: (6t0/2)s+ir+2j 1

Fy(to — 2nkB —
; ( 0 ™ ) —~ ]'F(l +qr +]) e2mB(s+ir+2j) _

sinh(7r)

0 t0/2 s—ir+2j 1

- Z IF 1 —r +]) e2mB(s—ir+2j) _ 1|’

and substituting into , this proves
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Lemma 6. Forr >0, s € C with Re(s) > 0, to € R, B > 0, we have

ZFs(to + 27kB) = 267:3 Ze‘irgog(s +ar + %) g(s —ar + %)

k=0 ne”
7.”627’25 17 > (6t0/2>s+ir+2j 1
— j!F(l 4 gr ‘|‘j) e2mB(s+ir+2j) _ |

sinh(7r)

0 t0/2 s—ir+2j 1
- Z ll" 1 —r ‘|‘]) e2mB(s—ir+2j) _ 1:|

Although this was derived for Re(s) > 0 only, we see that both sides continue
to meromorphic functions of s on all of C, and hence the formula must be true
everywhere. Particularly nice values are s = 0 and s = 1. With the latter, we set
x = e divide by z and substitute the definition of g(z), which proves

Proposition 3. Forr >0, x >0, B > 0, we have

(29) e 2r+27rkBK ( 271'I~cB)
k=0
e2” x\—"m/B_ (1 i/n 1 i/n
O () (3G
47r3x%(2> (2+2 B+T) <2+23 "
T S R N
sinh(7r) pr JIT(1 + ir + j) e2mB@i+1+ir) —
Using the trivial inequality |K;.(z s-¢ ¢, forx > 1 and B > 5- we have
- Tr42rkB 27rkB Tz kB exp(2mkB) _ 2 Tr4rB—z exp(2nB)
S ciremba, \/%wz ek ¢ 2 frvan-sumtin)
k=1 k=1

Hence, by taking B sufficiently large, (29)) can be used to compute an approximation
of e2"K;,(x) to any desired level of accuracy.

Suppose now that we sum the terms of the right-hand side for |n| < N. Using the
inequality

'F(% + zt)’ = < V2re ™2,

COSh(?Tt)

the terms with |n| > N are bounded as follows:

ez” T\ —in/B 1 i/n 1 i/n
D r (a3
AnBz 2(2) <2+2 B+T) (2+2 B "

[n|>N

s
ez2" _xlnl 2 . N
S Z e 2B <K —e2 2B |
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Utilizing , for B > % we can truncate the sum over j and bound the terms with
J=4J,

mez" = (w/2) 1 17 X/
T a— E - - <
sinh(7r) py JIT(1 + ir + j) e2mBERi+1+ir) — (J+1)(1 —e2m)e?B1 — X
assuming X = % < 1. If we take B > 3= max(1,log(x/2)), the series (29)

converges rapidly for x > 1.

Summing the finite part of can result in significant cancellation of terms.
However, the point is that the terms of do not grow exponentially large (as they
do in (25))), so even though there is cancellation, we can use the formula to achieve
a fixed absolute accuracy without substantially increasing the precision.

We have implemented a numerical software library for computing K, (x) which
can be downloaded from [8]. For x < 2 it uses and for z > 2 it uses (29). We
take rigorous control over the error when summing the terms in the finite part. For
this, we increase the number of digits suitably and sum up using interval arithmetic
[28].

Formulas and were derived for r > 0. Because Kj,.(x) is an even function
with respect to r, it is straightforward to compute it for r < 0 as well. Values
of r very near 0 are more cumbersome to deal with, since the truncation bounds
given above blow up as » — 0. Fortunately, we can side-step this problem using the
algorithm presented in Section [3.4!

3.3. Derivatives. Using the inequality [0K; (z)/0z| < \/Ze™* (1+2), for z > 1
and B > % we have

a i r+27TkBK 27rkB)

X
0 k=1

< legr Z eSTrk:B—a: exp(2nkB) 1+ le—QTrk:B < 27T€ Sr+3mB— xexp(27rB)
2 = x x

This, together with taking the derivative with respect to x on both sides of , can
be used to compute an approximation of 0K, (x)/Jx to any desired level of accuracy.
Here the terms with |n| > N are bounded as follows:

S G GG )

[n|>N

s
e2"

1B

and for B > % we obtain

0o irt2] ir+2j—1
—(x/2 J 1
m E 2 (@/ ) N O
py JIT(1 +ir + j) e2rB@ititir) 1

e’ )1/2

17 Ga) T2 X
xe2 B 1 —e-2mr 1 X’

sinh(7r)
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SRR <1 e e B> (L ln(a/2),the seris

converges rapidly for x > 1.
For small arguments, we take the derivative of on both sides and get

assuming X =

egTaﬁxKir(x) = % Im [i _;:%‘ijl(i/?l:rjﬂ)—l ., Vx>0.
Using the bound
‘Weg" m [i —i.rJQFQj ($/2>ir+2bj_l E (JTH)U_Q +2 X/ |
sinh(7r) py JIT(L +dr + j) xr l—e2?7" 1-X
with X = ——@e/2® 1, we see that that this series converges rapidly for suffi-

DI+ 1tir]
ciently small z.

Higher derivatives and integrals of K. (x) with respect to x follow recursively from
the differential equation upon inserting the values of K;.(z) and 0K;.(z)/0z as
initial conditions, while derivatives and integrals with respect to r are best computed
from the formulas given in the next section.

3.4. Fourier interpolation. The algorithms described in Sections [3.2] and [3.3] are
fast when one is interested in computing K;.(x) for a fixed r and many x. In this
section we present an algorithm for the opposite situation, i.e. for fixed x and many
r. It is particularly well-suited to computing Kj;,.(z) for values of r that occur unpre-
dictably, using as input a pre-computed table for regularly spaced values of r and the
same x. This is useful, e.g., for computing eigenvalues of the Laplacian on hyperbolic
surfaces [38], 40].

The main idea is to use a Fourier interpolation. More precisely, suppose F' : R — C
is a Schwartz function. Then by a generalization of Shannon’s sampling theorem [34],
for any r,0 € R, X > 0 and ¢ € Z>, we have

(30) FO@) — % Z F(%) sinc(m(Xr —m))

meb+7Z

< 2/ |uzﬁ’(u)} du,
|u|>7mX

where F'(u) = o fp F(r)e™ ™ dr and sincz = ®2%_ Note that if F' decays rapidly
away from some 79 € R then this gives a rapid method of computing F'“)(ry), pro-
vided that we can produce a good estimate for the right-hand side of . We will

apply this idea to an appropriately weighted version of K,(z) := 2 cos(ns/2)K4(x).
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Let w be the Gaussian w(r) = e ("70)/2"* for some h > 0, ro € R, and set
F(r) := Ki(z)w(r). By (30)), for £ € {0,1} we have

B poRat)| = FO0y
= Z F(%) (mX)¢ sinct? (W(XT’O — m)> +4p /OO uz‘ﬁ(u)‘ du
meo+7 X
- mEZHZ I?im/x(x) exp (—%];7‘0)2) (mX)* sinc® <7T(X’f’0 — m))

+4ﬁ/mue‘ﬁ’(u)‘ du
X

with —1 < 8 < 1, and formulas for higher derivatives may be worked out similarly
using the Leibniz rule.

Note that is a convolution, so we can use it together with the FFT to “up-
sample” a course grid of values of [?W( ) to a finer grid, which can in turn be used
for rapid smgle point evaluations. Moreover, choosing # = 1/2, we can conveniently
compute KW( ) and 8KW( )/Or for all r, including r = 0.

Our present task is to work out a bound for the error, 4 f:; uz|f7’ (u)} du. We begin
with the integral representation

(32) Rox) = / cos(z sinh £)e* dt.
valid for all s with | Re(s)| < 1. The integral is only conditionally convergent, but we
can improve the convergence by integration by parts. More precisely, if we integrate
by parts n times, the result can be expressed in the form

~ > cos™™(z sinh t)
3 K (z) = . (tanht, s)e® dt,
(33) @)= [ Tt s)e

[e.9]

where cos(™ = (—1)"cos™ is the nth anti-derivative of the cosine function and
fn(&, ) is a polynomial function of £ and s, defined by the recurrence

fO =1 and fn = (ng — S)fn—l + (62 _ 1)afn71

23
From this we see that f,, is essentially a Jacobi polynomial,

(g =P = 3 (55 ) s T

k=0 l=k+1

It is also related to the Legendre spherical function P? (&) via
fa(tanht, s)e = T(n + 1 — s)P3(tanht).

In particular, when s = 0 we get n! times the classical Legendre polynomials,
P, (&), which satisfy the bound |P,(§)| < 1 = P,(1) for £ € [—1,1]. We conjecture
that this can be generalized as follows:
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Conjecture 1. Let n € Z>y. Then

| <G am)

forallé € [-1,1], r €R, j € Z>p.

(34)

We give the following evidence in favor of the conjecture.

Lemma 7. Inequality is true if any of the following holds:
(i) r=0,
(i) j =0,
(iii) n < j + 100.
In particular, Conj. (1] is true for all n < 101.

The proof is given in the Appendix on pages 33l
Remark. It is easy to check Conj.|l|for any given value of n, and thus we are free to
assume it as long as we include this verification as part of the algorithm for evaluating

. The key point is that <‘8 f”( ,ir) 2,

it has all non-negative coefficients as a polynomial in r, which can be verified in
every non-trivial case for a given n. To see that this implies Conj. [I, note that if
¢ : [—1,1] — R is any smooth function such that (¢, P;) > 0 for all k£ then

<Z(k+ 3) (6. POR1) = 800

Pk> turns out to be non-negative; in fact

o0

Z(k+1) (¢, P Pp(€

k=0

6(E)] =

Proposition 4. Let F(r) = K (z)e= %20 for some x> 0, h > 0, ry € R, and
assume n is a positive integer for which Cony. |1 is true. Then for any positive real

number R > |ro|, we have
D@2n+1) 1 ,(1 k) 2R
n(n+1)(2n + )—|——n2(——i——> —|—nlog——nu].
x

(35) [F()] < (4n) " exp | 0 7 (5t g

The proof is given in the Appendix on pages 35|
Note that for ¢ € {0,1}, X > 0, this gives the estimate

RN 44/2 N
4/ﬂXu€‘F ‘du<n3/4(7rX+n1)

Den+1) 1 ./1 h\? 2
X

xexp 1212 2

h R

When R is large compared to h?, the right-hand side of the above is smallest for n ~
h? (7TX log =* 2k ) where it is about exp( h? (7TX log 2R) / 2) this is consistent with

the Gaussaan decay that F would have if KW( ) were band-limited with bandwidth
log 2 -

Since the bound is valid for any R > |r¢|, we may estimate the error term in (31
once and for all by taking R to be the largest value of ry that we require. The final
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ingredient that we will need is a bound for the error incurred by truncating the sum
in .

Proposition 5. Let notation be as in Prop. . Then for any ¢ € {0,1}, 6 € R and
X, M € Ry, we have

(36) Z ‘F (%) (71X )" sinc® <7r (Xro — m)) ‘

mef+7Z
|m—Xre|>M
16 - ]\2/122
¢ € 2r2X
<— _(XVmerM) T
WM.Il/B( ) 1_6_h2A)I(2

The proof is given in the Appendix on page [35]

APPENDIX A. PROOFS
Our first task is to prove Lemma [I] We first prove the following auxiliary result.

Sublemma 1. For all 0 <7 <1 and u > 0 we have

T2u? 9 1 oy
vV1—724/1— <l-71 —i-gTu.

sinh? u

Proof. Squaring and expanding, we see that our task is to prove

2 2
—36+12u2+36%+72 (36—12u2+u4—36 - ) > 0.

sinh” u sinh” u

Clearly this holds for all 0 < 7 < 1 if and only if it holds for both 7 = 0 and
7 = 1. However for 7 = 1 the inequality is trivial, and for 7 = 0 the claim is
equivalent to (u2 - 3) sinh?u + 3u? > 0 which is easily seen to hold for all u > 0
using repeated differentiation; indeed the fourth derivative of the left hand side is
8u(8 sinh u cosh u 4 2u cosh? u — ), which is clearly non-negative for all v > 0, while
all the lower order derivatives vanish at u = 0. 0

Proof of Lemma [1. Dividing through by z and writing 7 := £ € (0,1], we see that
our task is to prove that the function

1
f(u) := coshucosv(u) + Tv(u) —cosa — Tar — 5\/ 1 — 72u?

is non-negative for all real u. Note that f is even and f(0) = 0; hence it suffices to
prove f'(u) > 0 for all u > 0. We compute

sinh® u 4 72(u? + sinh® u — 2u cosh u sinh ) JI= 2
_ —V1—T12u.

F(w) = =
sinh?® uy/1— ﬁ

Clearing the denominator and using Sublemma |1} we see that it suffices to prove

2,2
sinh® u 4 7%(u? + sinh?®  — 2u cosh u sinh u) > <1 — 72+ %)usinh3 u.
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Overestimating (1 —72)usinh® u by (1 —72) sinh* u and then simplifying, we see that
it suffices to prove, for all u > 0:
6 sinh® u + 6 sinh? u + 6u? — 12u cosh u sinh v — u® sinh® « > 0.

However this follows by noticing that the left hand side vanishes at u = 0, and that
its derivative is, for all u > O:

3(sinhu)?(8sinhucoshu — u® coshu — 8u — u” sinh )
1 1
= 3(sinh u)2{2 sinhu(coshu - §u2> +6 COShU(Sinhu — 6u3> - 8u}

> 3(sinhu)2{2 sinh u + 6u coshu — Su} > 0.
0

Proof of Lemma[3 Let us write f(u) for the difference between the right and the
left hand side of . Arguing as in the proof of Lemma |l we see that it suffices to
prove f'(u) > 0 for all u > 0, viz. to prove

sinh® u 4 72(u? + sinh? u — 2u cosh u sinh ) S 43

Z TU .
. 2,,2
smh?’u,/l— Y

sinh“ u

Here we again write 7 := £ € (0, 1]. Clearing the denominator and squaring, we see
that it suffices to prove 7%a(u) + 72b(u) + c¢(u) > 0 for all u > 0, where

a(u) = (v + sinh? u — 2u cosh u sinh u)2 + S0P sinh? u;

b(u) = 2(sinh u)* (u” + sinh® u — 2u coshusinh u) — 2u* sinh® u;
c(u) = sinh® u.

Using Taylor expansions and interval arithmetic one checks that

(37) a(u) +b(u)+c(u) >0  and  2a(u) + b(u) <0,

for all u > 0 (cf. [7]; for this and all later verifications using interval arithmetic, we
used the intpakX Maple package [18]). For fixed u > 0, the second of inequality
in together with the obvious fact that a(u) > 0 imply that the function 7 +—
74a(u) 4+ 72b(u) + c(u) is decreasing for T € [0, 1]. In particular this function takes its
minimum at 7 = 1, and using also the first inequality in we conclude 74a(u) +

72b(u) + c(u) > 0, as desired. O
Proof of Lemma[3. We have
o' () = 7(sinh u — u cosh u) _ sinhu — wcoshu ,
(sinhw)2,/1 — % (sinh u)\/7—2 sinh?u — u?

where, again, 7 := £ € (0, 1]. Hence v'(u) < 0 for all u > 0, since sinh u—u coshu < 0
for these u. Using 72 sinh?u > sinh? v > u? + %u‘l it also follows that

L — sinh Z:j: Tim u2m+1
(38) —v'(u) < V3- COSQU. -3 % 2 1“)! 2mit <5
u?sinh >t G
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: 2m 1 -1 __ 1
SICE (2m+1)!((2m—1)!) = 2m+t1

Hence ([12)) is proved.
Using the first relation in (38]) we also get

< % for all m > 1, with strict inequality for m > 2.

luv/ (u)| < V3(cothu —u™?).

Here the right hand side is strictly increasing for all « > 0, and has limit /3 as
u — oo. Hence also holds. U

Proof of Proposition[1. First of all, using and Lemmata |1| and [2| we have

(39) 0 < Kip(z) < e "™ min (/ e~z Vatoriu? du,/ e du) :
0 0

Evaluating the two integrals we obtain ((14]).

We next prove (7). Thus assume ji, j2 € Zsg, € > 0 and r > 0, z > max(e, 7).
By differentiating under the integration sign in and then moving to the path of
steepest descent, we get

(40)
Hir+iz

WKW(:B) = Re /Ooo(iu — v(u))’* (— cosh(u + iv(u)))he”(“) (1 + ' (u)) du.

We continue to write 7 := = € (0, 1]. Using Lemmaand cosh(iv(0)) = v1 — 72 we
see that |cosh(u + iv(u)) — VI = 72| < u for all u € [0,1]. On the other hand for
u > 1 we use |cosh(u + iv(u))| < e*. It follows that, again using Lemma

‘ Hirtiz

1 ) 0o
_— <K / (\/ 1—72+4 u)]2e77(u) du + / u]1e]2u+77(u) du.
OritQxz 0 !

K. (z)

Let us first assume > 7 4 r3. Then since also = > ¢ we have = — r >, z'/3 and
22 — 12> %% >_ 1. We now get, using Lemma
aj1+j2
Sriamn (@)
> o
X {/ ((1 — 7-2)j2/2 + uj2>€_%\/mu2 du + / e(jQ‘H)“—%mu? du}
0

1

< eigr€7m+r arccos(r/x)

Ty /722 J2_1 _ _Jo+l
< e 2 vz r+rarccos(r/x){(x2_r2)2 ir J2+({L‘2—T2) 1 }

< e—gre—\/mQ—r2+rarccos(r/z) (12 . ,'62)‘%2—%1,—]‘2

(Recall that we allow the implied constant to depend on ji, j2,& only.) In the re-
maining case, r < x < r + r%, we necessarily have r >_ 1 because of x > ¢, and we
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now get, using Lemma [2| and writing ¢ = —42\45 )
Otz Tr —vx2—r2+4rarccos
' —Zr —Va?- (r/z)
’(%Jiﬁm Kin(w)] < e72"e

X {/ ((1 — 7—2).]2/2 _i_,u/]'2)e*0’ru3 du+/ e(j2+1)u707.u3 du}
0 1
< e—gre—\/m+rarccos(r/z){(x2 . T2)j72x_j27“_% n r_jQ;;H}

jo+1

< e—gre—\/aﬂ—r?—kr arccos(r/:c),r,—T ]

Noticing also that x < r + rs implies x <. r we have now completed the proof of
(1L7).
Finally we prove and . By we have

S Hl@) = = [ ') + o) du

and
32

ﬁf(w(ﬂi) = /000 (v(w)? + 2uv(u)v' (u) — u2)e’7(“) du.

Note that —v/3 < uv'(u) + v(u) < % for all u > 0, because of 0 < v(u) < I and
Lemma . Hence, using Lemmata |1 and [2| we see that |%Kh«(m)‘ is bounded from
above by v/3 times the right hand side in (39). We thus obtain . Similarly, for
all u > 0 we have v(u)? + 2uv(u)v'(u) < v(u)?* < %2 and v(u)? + 2uv(u)v'(u) >

v(u)? — 2v/3v(u) > 7(% — V/3), and hence by Lemmata [1| and ,

82 * 1 2_ 2,2
_Kzr(x> < eTECOsaTTA iy / (71'(\/5 —_ E) + UZ) e*g\/ﬁu du,
(97“2 0 4
[T (V3= T) ) ).
0 4
Evaluating the two integrals we obtain ({16]). 0

We next turn to the proof of Lemma [ Unfortunately we have not been able to
find an elegant proof of this result; our proof is lengthy (it goes from here to p. ,
it splits into several cases, and at several steps we make use of (rigorous) machine
computations.

Proof of Lemma the inequality . After dividing through by z, our task is to

prove that for any g > 0 and any u > u,, we have

coshucosv + (cosh p) (v — Z) > (u— p)?sinh p.

Case I: Assume 0 < p < u.
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Then v € (0, 3]; thus 5 — v = arcsin(cosv). Hence, writing h := v — p > 0, our
task is to prove that for all x> 0 and h > 0,

(41) (cosh(p + h))A% — (cosh p) arcsin(A%) > h?sinh p,

where A = A(p, h) is given by

(12) Al h):COS2U:1_M:1_(sinhu—i—hcosh,u)2
’ sinh? u sinh?(p + h)

It is natural to also set A(0,0) := 0; then A(u, h) is a continuous function of (u, h) €
(R>0)?, and 0 < A(p,h) < 1 everywhere. We will repeatedly need the following
facts.

Sublemma 2. A(u, h) is an increasing function of > 0 for any fized h > 0, and
an increasing function of h > 0 for any fived pn > 0. We have lim,,_,o, A(p, h) =
1— (14 h)%e2" for any fived h > 0.

Proof. Immediate by differentiation and direct computation. O

Case I, Step 1: Proof of when 0 < h < 0.3.

One checks that arcsin(z) < x + ga® + 32° for all z € [0,1] (cf. [7]). Furthermore
for 0 < h < 0.7 we have \/T — (1 + h)2e=2" < h—1h? (cf. [7]), and hence A(u, h)? <
h — %h2 for all 4 > 0 (cf. Sublemma . Hence for £ > 0 and 0 < h < 0.7, will

follow if we can prove

(43)

h?sinh p + £ (h — $h*)? cosh p + 2 (h — $h%)° cosh p < (cosh(u + h) — cosh u)A%.

Next note that, for all h € R,
(h— $h)° — (B — 3hS + 1007) = 3788 ((h — ) + 18) <0,
Furthermore, by the Taylor expansion of h — cosh(p + h) we have
cosh(p 4+ h) — cosh p > hsinh p + %hQ cosh p + %hS sinh p,
and by the definition of A and the Taylor expansion of h ~ sinh?(x + h) we have
(sinh(u + h))%A > h*sinh® ju + 2h? sinh o cosh pu + (2 sinh® 1 4 1)
+ %h‘f’ sinh y cosh p + %hﬁ (2 sinh? ju + 1).
Furthermore, we have
(44)
sinh(p + h) < sinh p + hcosh p + 1h*sinh pu + th* coshp,  Vp >0, h € [0,0.6].
This is proved in [7], by verifying that if f(u,h) denotes the difference between

the right and the left hand side of then f > a—if for all u,h > 0, and
lim, oo e f(p, h) > 0 for all h € (0,0.6].
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Using the above facts, we see that for 4 > 0 and 0 < h < 0.6, (43]) will follow if
we can prove

2
(45) (h2 sinh i + 1(h — Lh%)3 cosh u + L(h® — 2h° + 1217) cosh u)

2
X (sinh ft + hcosh pn + $h?sinh pu + 1h° cosh u)
2
< <h sinh p + %hQ cosh p + %h3 sinh u) <h2 sinh? p + %h?’ sinh p cosh i

+ %h4 (2 sinh? p + 1) + %h5 sinh p cosh o + %hG (2 sinh? p + 1))

The difference between the right and the left hand side in is clearly a polynomial
of degree 20 in h, say Z?io ¢j(p)h?, where each ¢;(u) is a rational linear combination

of et e 1, e72# e~4_ In fact it turns out that co, c1, ¢, ¢3, ¢4, c5 are identically zero,
and ¢g(0) = ¢7(0) = 0 while ¢5(0) = & (cf. [7]). In fact

co(p) = %674“(62“ — 1)2((62“ — 12+ 7(e* 1)+ 4)

and

er) = e (e — 1) 1) (e 4 DT (2 2150

(cf. [7]), from which we see that cg(p) > 0 for all 4 > 0 and (noticing also 5\/@# >

523172 — 1) that c;(u) > 0 forall 0 < pu < %l%%ﬁ) = 0.84606. ... In
45)

57
particular for 0 < p < 0.8 and A > 0 it follows that (| will follow if we can prove

Using interval arithmetic this inequality is verified to hold, with strict inequality, for
all (i, hy € [0,0.2] x[0,0.35], cf. [7]. (This computation is quite quick: The positivity
is obtained by computing Z;io ¢j+s(p)h? in interval arithmetic for just 10 boxes of
the form [Uj,Uj+1] X [0,035], 0=U,<Uy<...<Uj; = 02)

Also using interval arithmetic, 2;4:0 cjr6(p)h? > 01is verified to hold for all (u, h) €
[0.2,2] x [0,0.35] and all (u,h) € [2,00) x [0,0.3], cf. [7]. (In fact we first divide
through by e*, i.e. we actually verify that 2;4:0(674/146‘7‘4'_6(/1))]1‘7' > 0; the point is
that each e ¢y (i) can be bounded from above and below also for y in intervals
extending to 0o.)

This concludes the proof that holds whenever 0 < h < 0.3. (And in fact we
have also proved that holds whenever 0 < u <2 and 0 < h < 0.35.)

Case I, Step 2: Proof of when h > 3.
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For any p > 0 and h > 3 we have A(u,h) > A(0,3) =1 - -2, =0.910... > >
by Sublemma . Hence also A(p, h)z > 2

15> and

cosh(p + h)A2 — (cosh 1) arcsin(A2) — h? sinh
> 2 cosh(p 4 h) — F cosh pu — h*sinh p
= (— coshh — —) cosh p + (— sinh h — h2) sinh p.

However one checks that 5 coshh > 5 and 90 sinh h > h? for all h > 3; hence the
above expression is p051tlve and we have proved that . holds Whenever h > 3.

Case I, Step 3: Proof of (41) when > 2 and 0.3 < h < 3.
Sublemma 3. For any fixed p, h > 0, the function

x +— (cosh(u + h))z — (cosh p) arcsin

2 2
is increasing for 0 < x < (1—%)% and decreasing for (1 C%‘fi—}W)% <z<l1.
In particular the function is increasing for 0 < x < A(p, h)%

Proof. The statement in the first sentence is immediate by differentiation. Now to
1

prove the last statement we only have to check that A(u, k)2 < (1 — M)i. A

cosh?(u+h)
sufficient condition for this is, by Sublemma : 1—(1+h)2e?<1-— %
This inequality is verified to hold using cosh(p+ h) = cosh p cosh h + sinh g sinh b >
cosh picosh h and (1 + h) coshh — e = hcosh h — sinh h > 0. O

Sublemma 4. If 0 < hg < hy and U > 0 are any numbers such that the quantity

M h(), hl, \/ U hO — arcsin / A(U, ho) - ]’L2

— (1 — tanh U) max3 0, v/ A(U, ho) sinh hy — hZ
0

15 non-negative, then the inequality holds for all u,h satisfying p > U and
h € [hg, hq].

Proof. Assume that 0 < hy < hy and U > 0 satisfy M (hg,hy,U) > 0, and fix
arbitrary numbers pu, h satisfying p > U and h € [hg, h1]. By Sublemma [2[ we have
A(U, hy) < A(u, h). Hence by Sublemma [3]

(46) (cosh(u + h))A(u, k)% — (cosh ) arcsin (A(p, h)%)
> (cosh(p + h))A(U, ho)% — (cosh p1) arcsin (A(U, ho)%),

and to prove for our p, h it now suffices to prove that the right hand side of
is > h2sinh p, or equivalently to prove

(47) A& coshh — arcsin(Ag) > (h* — AZ sinh h) tanh 4,
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where Ay := A(U, hp). But tanh U < tanh u < 1, and hence the following inequality
implies :
(48)

1 1 1 1
AZ cosh h — arcsin(AZ) > h? — AZ sinh h + (1 — tanh U) max{(), A2 sinh h — hQ}.

1 1
Using AZ(cosh h + sinh h) = AZe and h € [hg, hi] C Rso, we see that (48)) follows
from our assumption M (hg, hi,U) > 0. O

In [7] we check that there is a sequence 0.3 = hy < hy < ... < h, = 3 such that
M(hj, hj+1,2) > 0 for each j € {1,2,...,n—1}. (In fact the sequence which we find
in [7] has n = 199 and smallest step size min;(hjy1 — h;) = 27%-571) Hence, in
view of Sublemma , we have now proved that the inequality holds for all {y, h)
satisfying p > 2 and 0.3 < h < 3.

In fact, we also check in [7] that there is a sequence 0.35 = h; < hy < ... < h,, =3
(with n = 273) such that M (h;, hj41,1.3) > 0foreach j € {1,2,...,n—1}. Hence we
also have: the inequality holds for all (u, h) satisfying p > 1.3 and 0.35 < h < 3.

Case I, Step 4: Proof of when 0 < p <2 and 0.3 < h < 3.

We do this in [7] using brute force interval arithmetic. In fact we prove that
holds, with strict inequality, for all (u, h) € [0, 2] x [0.3, 3], by splitting this box into
several smaller boxes, and computing the interval arithmetic version of the difference
of the two sides in for each such small box.

To calculate the difference of the two sides in (41)) reasonably efficiently in inter-
val arithmetic we make strong use of the monotonicity properties recorded both in
Sublemma [2 and Sublemma 3

The computation in [7] to prove the above claim takes about 32 minutes on a 2.2
GHz PC. The successful splitting of [0,2] x [0.3,3] found in [7] consists of 292530
boxes, the majority of which have size 279571 x 279571,

Note that Steps 1-4 together prove that holds for all u, h > 0.

We remark that a considerable amount of computer time may be saved by recalling
that in Step 1 we also proved for all (i, h) € [0,2] x [0,0.35], and in Step 3 we
also proved for all (u,h) € [1.3,00) x [0.35,3]. Hence in Step 4 it actually
suffices to prove that holds for all (i, h) € [0,1.3] x [0.35,3]. Using brute force
interval arithmetic as before this only takes about 4 minutes on a 2.2 GHz PC, using
a splitting of [0, 1.3] x [0.35, 3] into 38721 boxes, cf. [7].

Case II: Assume u, < u < p.

Then v € [§, 7] and thus cosv < 0 and § — v = arcsin(cosv). Hence, writing

h := i — u, our task is to prove that for all g > 0 and h € [0, tanh p),
(49) —(cosh(p — h))B% + (cosh p) arcsin(B%) > h?sinh p,
where
(sinh g — h cosh p)?
sinh?(p — h)
Note that sinh gy —hcosh > 0 and 0 < B(u, h) < 1 for all x> 0 and h € [0, tanh p.

B = B(u,h) =cos®v =1 —
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Sublemma 5. For fized p > 0, B(u, h) is an increasing function of h € [0, tanh p].
For fized 0 < h < 1, B(u,h) is a decreasing function of u € [artanh h, 00) N R+
satisfying lim,, oo B(p, h) =1 — (1 — h)?e*".

Proof. Again immediate by differentiation and direct computation. 0

Case II, Step 1: Proof of when [0 < g < 0.58 and 0 < h < tanh p] or [ > 0.58
and 0 < h < 0.5].
One checks that arcsin(z) > z + 323 + 22° for all z € [0,1] (cf. [7]). Furthermore

for 0 < h < 0.55 we have /1 — (1 — h)2e? > h+ 1h* (again cf. [7]), and hence

B(u,h)% > h+ 1h? for all © > artanhh (u > 0), by Sublemma . Hence for any

>0 and 0 < h < min(0.55, tanh ), (49)) will follow if we can prove

(50)  h*sinhp < (cosh p — cosh(p — h))B% + L(h+ 1h*)? cosh pu + 2 h° cosh p.
Next, from the Taylor expansion of h — cosh(u—h) we see that, for any 0 < h < p,

cosh pt — cosh(p — h) > hsinh p — 1h* cosh i + %h?’ sinh ¢ — 2 h* cosh p.

Note that the right hand side in this inequality is certainly non-negative whenever
0 < h < tanhy, since then %hz coshp < %h sinh o and 2—14h4 coshpu < ih‘?’ sinh .
Hence, by squaring and using the definition of B(u, h), we see that will follow
if we can prove

(51) (k*sinhp — $(h+ $h*)® cosh u — 2h° cosh N)Q sinh?(p — h)
< (hsinh pi—1h? cosh /H—%hg sinh pi—2Lh* cosh p) ? (sinh?(u—h)—(sinh pg—h cosh y1)?).
Next, from the Taylor expansion of h + sinh?(j—h) we see that, for any 0 < h < p,
0 < sinh®(u—h) — {sinh2 pt— 2hsinh pi cosh p+h*(2 sinh? 4 1) — %h?’ sinh p cosh g
+ %h4(2 sinh? yu + 1) — %h5 sinh p cosh [L} < %hﬁ (2 sinh? ju + 1).

Hence we conclude that, for any > 0 and 0 < h < min(0.55, tanh ), (49) will
follow if we can prove

(52) {h2 sinh o — 2(h + 1h?)® cosh p — 2h° cosh ,u}Q
X {Sinh2 ( — 2hsinh p cosh pi + h? (2 sinh? 4 1) — %h?’ sinh p cosh p
+ %h4 (2 sinh? p + 1) — %h‘r’ sinh p cosh p + 42—5h6 (2 sinh? p + 1)}
< {h sinh 1 — %h2 cosh p + %hg sinh 1 — ih‘l cosh u}2
X {h2 sinh? p — %h?’ sinh p cosh p + %h4 (2 sinh? pu + 1) — %h‘r’ sinh p cosh u}.

The difference between the right and the left hand side in is clearly a poly-
nomial of degree 18 in h, say Z;io cj(u)h?, where each c¢;(p) is a rational linear
combination of e e?* 1,e72* e~* . In fact it turns out that cy,ci, cs, cs, ca, c5 are
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identically zero, and ¢s(0) = ¢7(0) = 0 while ¢5(0) = 15 (cf. [7]). In particular is
equivalent with f(u,h) > 0, where

Flph) = el
§=0

Now using interval arithmetic one proves that aa—; f(u,h) >0 whenever 0 < h < p <
0.6, and also, if g(u, h) := & f(u, h) then Lg(h, h) < 0 for all h € [0,0.6] (cf. [7]).
Since ¢(0,0) = ¢;(0) = 0, it follows that g(h,h) < 0 for all h € [0,0.6], and also
g(u, h) = %f(,u, h) <0 whenever 0 < h < 1 < 0.6.

Next, from our description of {c¢;(x)}, it is clear that the function

F(p) := f(p, tanh ) (cosh p) 2e'%

is a polynomial of degree < 16 in ¢*. Hence F(3(log(z + 1))) is a polynomial of
degree < 16 in x. It turns out that F(5(log(z + 1))) is divisible by z*, and one
verifies that the quotient polynomial is positive for all 0 < z < 2.25 (cf. [7]). Hence
F(u) > 0 whenever 0 < p < 110g(3.25) = 0.5893.... .. It follows that f (s, tanh ) >0
for all y € [0,0.58], and combining this with the fact that 2 f(u, h) < 0 whenever
0 < h < u<0.6,weconclude that f(u,h) >0, i.e. holds, whenever 0 < p < 0.58
and 0 < h < tanh . Using tanh(0.58) < 0.55 it follows that also holds for all
such (p, h) with p > 0.

Finally, using interval arithmetic (first dividing through by e*) we also prove that
8%f(,u, h) < 0 for all p > 0.58, 0 < h < 0.5, and also that f(u,0.5) > 0 for all
> 0.58 (cf. [7]). Combining these two facts it follows that f(u,h) > 0 whenever
> 0.58 and 0 < h < 0.5. Using tanh(0.58) > 0.5 it follows that also holds for
all such (u, h).

Case II, Step 2: Proof of when g > 1.5 and 0.5 < h < tanh u.
Sublemma 6. For any fivred 0 < h < u, the function
x + —(cosh(u — h))z + (cosh p) arcsin
is increasing for x € [0, 1].
Proof. Immediate by differentiation or otherwise. O

Combining this sublemma with the fact that 8(h) < B(u, h)z < 1 where 8(h) :=

(1 — (1 — h)2e*)2 (cf. Sublemma , we see that certainly holds at every point
(i, h) with 0 < h < tanh g where the following function is non-negative:

f(p, k) :== —(cosh(u — h))B(h) + (cosh u) arcsin(B(h)) — h*sinh p.
Using interval arithmetic we prove that f(1.5,h) > 0 and g—i(lﬁ,h) > 0 for all

h € [0.5,1], cf. [7]. However we also note that g%’; = f. Hence for every fixed

h € [0.5, 1], it follows that f(u,h) > 0 holds for all © > 1.5. Hence indeed holds
for all 4 > 1.5 and all 0.5 < h < tanh p.

Case II, Step 3: Proof of when 0.58 < p < 1.5 and 0.5 < h < tanh pu.
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This is verified in [7] using brute force interval arithmetic; in fact we prove that
holds with strict inequality for all these p,h. This verification takes a few
seconds on a 2.2 Ghz PC. In order to calculate the difference of the two sides in (49))
reasonably efficiently in interval arithmetic we make strong use of the monotonicity
properties recorded in Sublemma [f] and Sublemma [6]

Note that Steps 1-3 together prove that holds for all © > 0, h € [0, tanh p).
This completes the treatment of Case II, and hence also completes the proof of

(19). 0

Proof of Lemma |4, the inequality . As in the proof of (Case I) we see that
our task is to prove

1 1 4
(53) (cosh(p + h))A2 — (cosh pu) arcsin(Az) > 2—\§h3 cosh p,

for all yu,h > 0, where A = A(p, h) is again given by (42)). Using Sublemmata [2] and
we see that would follow if we could prove

43
27
But we have cosh(u + h) = cosh picoshh + sinh gsinh A > cosh pcosh h; hence it
suffices to prove that the following one-variable inequality holds for all h > 0:

443 13
27

(cosh(p + h))A(0, h)% — (cosh ) arcsin(A(0, h)%) > h? cosh .

(54) (cosh h) A(0, h)% — arcsin(A(0, h)%) >

We handle h large by a crude analysis: From the Taylor series for cosh h we know
that coshh > ;h* for all h > 0. Hence, using again Sublemma [2 and A(0, 10)z =

0.999... > %, we see that for every h > 10 the left hand side of (54)) is
™ ht — 50 9h® + h* — 100 9h® 44/3
> > > —_—

1 ,
> —h1A(0,10)2 — = — s,
> 5 A0,10)2 — 5 55 = % 5~ o !

Hence holds when h > 10.

For 1 < h < 10 we verify that holds, with strict inequality, using interval
arithmetic, cf. [7]. Finally for 0 < h < 1 we verify by making appropriate use
of Taylor expansions; again cf. [7]. O

Proof of Lemma [Ja. From @ it follows that for u > u,, u # u, we have
Tsinhu — (Tu — S) cosh

(55) o (1) = sgn(u — 1) sinhu — (Tu — S) coshu .

sinhu\/sinh2 u— (Tu—95)?

We will prove that v'(u) is strictly increasing by proving that v”(u) > 0 for all u > .,
u # p. (We remark that also v”(u) = 2 coth > 0.)

Case I: Assume 0 < p < u.
Differentiating once more in (55)) we get

U”(u) — f(/"[/7 h)
(sinh(p + h))?(sinh®(p + k) — (hcosh pu + sinh p1)?)

N
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where h := u— u > 0, and where f(u, h) is a certain polynomial in e#, e e e~" h.
It now suffices to prove that f(u,h) > 0 for all A > 0.

However, it turns out that f(u,0), 2 f(u,0) and ;—;f(u, 0) all vanish identically,

while % f(u,0) for k = 3,4,5,6, 7 have simple factorization which immediately show
that they are positive for all y > 0 (cf. [7]). Furthermore computing a% f(u, h) and
inspecting the formula immediately shows that aa_fjs (, h) > 0 for all p,h > 0 (cf.
[7]). It follows from these facts that f(u,h) > 0 for all g, h > 0, as desired.
Case II: Assume u, < u < p.

Then again from (55 we get

p [, h)

v (u) = e

(sinh(p — h))?(sinh®( — h) — (sinh o — hcosh p1)?)

where h := p —u > 0 and f(u,h) is a polynomial in e#, e # e e " h (not the
same as in Case I), and it now suffices to prove that f(u,h) > 0 for all © > 0 and
all h € (0,tanhpu]. We remark that this case is rather delicate; for instance the
inequality fails for all small p if we increase h by O(u?) from h = tanh u to h = p:
we have f(u,p) < 0 for all small g > 0!

We start by proving that

(56) %(6_5“f(u, h)) >0, forall y>0,0<h<min(l,p).

For this we use the Taylor expansion of g(u,h) := 62“8%(6_5“f(,u, h)) with respect
to h, with Lagrange’s error term:

N-1
(57) g(p, h) =) calp)h™ + Fy(p, RV,
n=0
where
B 1 o 8n+1 e
cn(p) = n!e ahnalu@ f(u, h>)|h=0’
P (s h) = e O (msu g )

and & = £(u, h) € [0,h]. It turns out that cs(u), ca(p), c5(p), - .. are polynomials of
degree < 4 in e, and co(p) = c1(p) = co(p) = 0 (cf. [7]); thus g(u,h) =0at h =0
while for A > 0 we have

N-1
(58) W3g(uh) = en()h™ = + Fx(p, RN,
n=3

Using interval arithmetic and splitting into sufficiently small u, h-boxes we prove
that the right hand side of (with N = 12) is positive for all (u, h) € [0.9, 00) X
[0, 2], ¢f. [7). Similarly using the Taylor expansion around h = % we also prove that
(e f(u,h)) > 0 for all (u, h) € [0.9,00) x [3,1], cf. [7].
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Hence to prove it now remains to deal with the case p < 0.9. The case of (u, h)
near (0,0) is somewhat delicate, since ¢3(0) = ¢4(0) = ¢5(0) = ¢6(0) = ¢7(0) = 0 and
cs(0) < 0 in (58); we have also noted experimentally that %(e‘fmfw, 31)) < 0 for
all small o > 0! To deal with this situation we substitute p = —1log(1 — z) (viz.
r=1-—e?)and h = tr in (68). Then c3(u),cs(p),... are polynomials in z of
degree < 4, and it turns out that for N = 12 we have

59 el = Y e(~Hos(t ) ()" = 3 P

where each Pj(t) is a polynomial in ¢ (with rational coefficients) which is divisible
by 3 and in particular Ps(t) = £t*(1 — ¢ 4 ¢*). It is crucial for our approach to
work that 1 — %t + 2 is bounded from below by a positive constant uniformly over

0<t<s.
We get
g(—log(1 —z),tx) <=, 5
(00) 2 t326 =D (1 R(1) 20 + F12<_% log(1 — x),f)t9x6,

j=6
where ¢ € [0,tz], and where each 2 P;(t) is a polynomial in ¢.
Using interval arithmetic and splitting the ¢, z-region into sufficiently small boxes
we prove that the right hand side of is positive for all

(z,t) € ([0,0.3] x [0,0.6]) U ([0.3,0.5] x [0,0.7]) U ([0.5,0.7] x [0,0.86])
U ([0.7,0.8] x [0,1.01]) U ([0.8,0.85] x [0,1.12]);

and one checks that this union in particular contains all (x,¢) with 0 < x < 0.85
and 0 <t < —127'log(1 — z) (cf. [7]). Hence it follows that g(u, h) > 0 holds for
all (p, h) with 0 < o < —1log(1 —0.85) = 0.948... and 0 < h < p, and the proof of
(56)) is complete.

Next, we prove in [7], using Taylor expansion and interval arithmetic, that
(61) f(h+3h* k) >0, Vhe(0,1].

Combining and we conclude that

flp,h) >0, YO<h<1, pu>h+ih’

However artanh h = %7 ((2k + 1) h* ™ > h + 143 for all h € (0,1), and hence it
follows that f(u, h) > 0 holds whenever 0 < h < 1 and p > artanh h. This completes
the proof of Lemma [Gh. O

Proof of Lemma[Jb. In view of Lemma [bh and the fact that v/(u) = —1 (cf. Sec-
tion [2.1.2)), Lemma [5b will be proved if we can only show that v'(1p) > —2.9, or

equivalently (cf. ,
cosh psinh($40) — (sinh p — S cosh ) cosh(3p)

< 2 sin(3j0)y/sinh(2ps) — (sinh g — Sy cosh )’
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for all 0 < p < 1.8. In [7] we prove this inequality by squaring, repeated differentia-
tion and interval arithmetic. U

Proof of Lemma[Jc. By Lemma [5h it suffices to prove that v'(u,) > —3.3 holds for
all 4 > 1.8. Note that

T cosh

/ = =
V) = sinhu,  sinh(p — tanhu)’

and this function is decreasing as a function of pu, since

d cosh ) _sinh g cosh(p — tanh p)

— tanh(p — tanh ) — tanh
du(sinh(,u—tanh,u) (an (e = tanh ) — tan ,u> <0

sinh?(; — tanh y)

for all > 0. Hence the lemma follows from the fact that in the case when p = 1.8,
we have v'(u,) = —3.23... > —3.3. O

Proof of Proposition[4 By differentiating under the integration sign in and then
moving to the path in we get

otz Ue , ; .
. — i — Jr(_ ] 72 jp(utiv(uc))
A K (2) Re{/o (1w — v(ue))’* (— cosh(u + iv(uc))) e du
+ / (iu — v(u))" (— cosh(u + iv(u)))2e? W) (1 4 40/ (1)) du}.

We have cosv(u.) < 0 since u. € [ur,p], and from this it follows that Re ¢(u +
iv(ue)) < n(u.) for all u € [0,u.]. Also note that |cosh(u + iv)| is an increasing
function of u > 0 for any fixed v € R. Hence we obtain

i1tz

Gringzi (@)

< ue|ue + iv(u,) ’jl |cosh (u, + iv(u)) ‘pe"(“d

(62)

+ /00‘1 + v’ (u) | }u + dv(u) |j1 {cosh(u + iv(u)) ‘ern(u) du.

We will now prove . Thus we assume ¢ < z < r. We will take u, > %,u if
< 1.8 and u. = u, otherwise; hence by Lemma [5| we always have |1 + iv/(u)| < 1
for all u > wu,.

Let us first assume g > 1.8. Then u, := u,; thus (1 — u.)® > (tanh1.8)? > 1.
Using also | cosh(u + iv)| < el*l and the first bound in Lemma , we get that is

0o
< Mjl-‘rlehlle—%r—%\/?“?—ﬂ + e—gr/ uj16j2u—\/r2—x2(u—u)2 du.
Uc

Recall here that we allow the implied constant to depend on ¢, 71, 7o only. Replacing
u by u+ p+ 32 (r? — 22)72 in the integral, and using pu < log(%) < log(2e7'r) and
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r? — 2% < r? > €% (which holds since p > 1.8), we get

o

< e_gr{e_im_i_ej%’»/ (Iu]l + |U|j1)€_ r2—x2y? du}
—00

<Le 2" <I>j2{(7“2 —z%)” (log 2—r> + (r? — xz)_j{jl},

T

and hence holds in this case.

We now turn to the case yu < 1.8. Let us first take u. := %,u. Recall t§ = p+ i5;
thus cosh ¢} = isinh g, and for [t — tJ| bounded we have |cosht — cosht{ | < [t —t{]
(since u < 1.8). Hence for all u € [u,, 2] we ha\acosh(u +iv(u))| < u. Using again
the first bound in Lemma 4] we now get that (62) is:

2 o)
<<u1+j267%r7imu2 +egr/ w2V =T (u=)® gy, 4 egr/ it ed2u— V=22 (u—p)? g,
3H 2
(63)

<e {p}*” e /

—0o0

7+ Jap)e T

2—p

; sy 2_.2,,2
yltel2vm VT du}.

o ' J2
(64) / (172 + |uli2)e™" =" gy < ﬁ +(rf—at)

Note that p =< \/% = —V’“ZZ_’”Q, since u < 1.8. Let us now also assume x < r — rs.
Then in the right hand side of , the first term dominates the second. Using the
fact that ae=" is uniformly bounded for all @ > 0 it follows that p!ti2e=1Vr* =21 ig
dominated by the right hand side of (64); and since r* — 22 >> rs > £ it follows
that the last integral in is also dominated by the same expression. Hence we
conclude that holds also in the present case.

It now remains to treat the case when p < 1.8 and r — rs <z < By repeating
the argument which led to ) but taking uc = p and using the second bound in

Lemma 4] instead of the ﬁrst we get that (62)) is, writing ¢ = 42‘7[ ,

2 o)
< egr{ul+j2 +/ uj2€*67“(“*ﬂ)3 du+/ uj1€J2U cr(u—p) du}
”w 2

Here the first integral is < [ (p? + w?)em du < pd2r3 4730+ and the last
integral is < r~3(2+D) gince r > e. Note also that Y e S 73 because of

pw<1l8andr— rs < x < r. Hence we conclude that (| . 24)) holds also in this last case.
We now turn to the proof of ( . and (| . By Lemma [5a we have —1 <
v'(u) < 0 for all w > p. Assume that we have chosen u, € [y, p] in such a way that
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—C < v'(u) < —1 for all u € [uc, p]. Then for any j > 0 we have, by (62),

Jj

®) |5

< uc{uc + iv(u.) |je”(”C)

je”(”) du.

+ \1+z’C|\u+m\j/ue"(“)du+ﬂ/w‘uﬂg
Ue o

For j = 1 we use here |y +im| < p+ 7 and |u+i5| < u+ F. Then, using the first
bound in Lemma {| and extending the integral | :C to [ H > We find that the last line
in is bounded above by e~ 2" times

(L1 +iClvVT+ /3
Y02 _ 2 (j=0),
N ™ ™ 3
SIL+iCl(p+m) VT4 /Fu+ (5)2 N 1 G=1)
Vr2 — x2 V22 — a2 7
. = 8 _3
L0l + )T+ VB + (B Vo, 27iVE G=2)
\ V12 — 12 N (7’2—:1:2)%

Let us first assume p > 1.8. In this case we take u, = u,. Now (65)) holds with
C = 3.3, by Lemma . We also have ~ = coshp > 3; thus vr? — 22 > \/%7’;
also (pu — u.)* = tanh® > 0.89 so that n(u.) < —%r — 0.89v/r% — 22, and u, < pi <
log(2Z) < log(2r). Hence we see that the first term in the right hand side of is
bounded above by (cf. [7]):

0.4 n 0.4

10g(27”)67§r70'89 8/0r < 67%7"7 < eiarm (lf] = 0),
p S 1.7
log(2r) (7 + log(2r))e 2" 089VE/r < e_frm (if j = 1);
= ﬁ 4.4
log(2r) (7% + (log 2r)?) e~ 2" 08IVET < omor (if j = 2).

Adding up these, and using (for j = 1,2) V72 — 22 > /(32 — 1)22 > +/8 and (for
j=2)log(r/z) < 3+ 1(log(r/z))?, we obtain:

5

s
r2 — 2

e 1T log(r/z)

4 Y

(66) Kop(2)] < ¢ 7"

‘ 0

EKW(J:) <e

92
O

Next assume p < 1.8. We then take u, = %,u, and by Lemma , holds with
C = 2.9. Also, the first term in the right hand side of is now bounded above

2 _ o2
x4 8log(r/z)?

KW((L’) < 1

e

r2 — 2
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by, if j = 0:

1
Bo—zrtprvimat oz (20)72
2 =
where we used the fact that te=*" < (2e)7z for all ¢ > 0. In the case j =1 (j = 2)
we get the same bound times a factor § +m < 0.9+, (times a factor (u/2)* +7* <

0.81 + 7%). Adding up our bounds for j = 0 we obtain again that the first line of
holds, i.e. this bound on |K;(2)| holds for all 1 <z <r. For j = 1,2 we make

the further assumption that x < r — %r%; then we have r2 — 2% > r? — (7“ — %T%)Q =

3 (1 — Zr_g) > ?1 using this and adding up the bounds we find that also the second
and third line of (66} . ) hold.
1

It now remains to treat the case r — 57’3 <z < r. Then

_ 9. 1.3
p = arcosh(T) < /2(T — 1) 20r— =) 2 =12 3,

T

(In particular g < 1.8 holds automatically.) In this case we take u, = L in
Now for 5 = 0 the first term in the right hand side of ( is < V2rse 3" For
j=1(5=2) we get the same bound times a factor u + g <2+ 7 (times a factor
1+ (5)* <24 (5)?). Also the middle term in vanishes, and in the last term
we use the second bound in Lemma |4, and for j = 1 we also use |u +i5| < u+F
after this the integral can be evaluated in exact terms. Adding up the contributions
we obtain the bounds stated in Proposition [2| 0]

Our next task is to prove Lemma [7l We first prove some auxiliary results.

Sublemma 7. The generating function of the Jacobi polynomials Pﬁs’_s)(:)j) can be
expressed in terms of the Legendre polynomials as follows:

i P9 (g)t" = io: P, (x)t" exp / u™ du)
n=0 n=0

Proof. The generating function of the Jacobi polynomials reads |36, eq. (4.4.5)]

N 14+t + (1 — 22t +12)2
(67) ZP,ES"S)(a:)t":(1—2xt+t2)—%< i+ (1— 20t + >f> |
n=0 1—t+(1—2at+1¢2)2

Identifying

9 (1+t+(1—2xt+t2)é
0g
Ot "\ —t 4 (1 — 22t +12)7

with the generating function of the Legendre polynomials

) = (1— 20t +?)73

ZP (1—2xt + 132

gives the desired result. 0J
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Sublemma 8. (a) For each n,j € Zso, 2 pi) (=)|,_,
combination of products of Legendre polynomials.
(b) Any product of Legendre polynomials is a non-negative linear combination of
Legendre polynomials.

1s a non-negative linear

Proof. Using Sublemma [7] we get

833 ZP

N e tm—i—l j
ZP )t <me m+1> '

=0

Equating coefficients with respect to t" proves part (a) of Sublemma [
Using (P, P, Pr) > 0 iteratively yields part (b) of the Sublemma. O

, E‘?]] P S)(x)’ is a non-negative

linear combination of Legendre polynomials. Applying the bound |P(z)] <1 =
P(1) for x € [—1,1] results in

Proof of Lemma[7. According to Sublemma

< i —P9(1)

0’
(5,—5)
e | < o

§si’ "

SZO‘
This establishes the Lemma for » = 0.
Writing

o
Fug(@,8) = nl=sPC(@)  for n € Zao, € Loo,

62

0
frIL](x 5) %fn,j<x7s)a frlzlj(x 8) :@fnJ(l',S),
and using the convention f, _1(z,s) =0, we have
cf. [36, eq. (4.2.1)].

If n =0 then f,;(x,s) is a constant and holds trivially.
Now assume that n > 1 and let

n(n+1)g(x) = n(n + 1)\ fas(z,s)I + (1= 2°)|f, (2, 5)]"

Then we have |f, ;(z,s)* < g(z) for z € [-1,1], and ¢(1) = g(—1) = | fn;(1,5)|%
Thus, it suffices to show that g(z) attains its maximum on [—1, 1] at the endpoints.
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Now on account of (68), cf. [36, p. 160],
n(n+1)g'(x) =f, {n(n + D fa; —2fy;+ (1 —2*)f;}
+ f,/”{n(n + 1)ij — xm +(1-— xz)Tj}
_T,j{_ijrIL,jfl + (7 — 28)f7/1,j}
+ fo =20 000+ (2 = 29) 1 5}

2| f} | if s €iR and j =0,
—a((n+ D)) if s e Rand j=n— 1,
0 if s €iR and j > n,

so that g(x) is decreasing for x < 0 and increasing for z > 0, provided s € ‘R and
j=0orj>n—1. This establishes the Lemma for j = 0 and also for j > n — 1.
Let S;, 1 =0,1,2,... be the Stirling polynomials, defined via the generating func-

tion
i Sl(.r) tl B ¢ 14+x
N \1—et '

=0

Then for any integer n > [ we have

n\y | n+1
() -2
where the brackets are unsigned Stirling numbers of the first kind, given by

ol RS EaE | (B

(=1

Turning to the Jacobi polynomials, we have

Pés,_s)(x):i(x;)’“(n+k>(n 1k ﬁ£+k+s
_ i (x;l) (n—i—l{:)nszl Ztkk?n—’;)l

=0

Taking the j-th derivative and writing j =n —m > 0, we get
8§ \n-m " e — 1IN (n+ kL Si(n — k) (s + k)mkl
R P(s,—s) —
(33) w (@) ;;< 2 ) ( k ); I (m—k—1)
which is a polynomial in n and s of total degree < m. Therefore,

(G reeln)

is an even polynomial in r of degree < 2m. With the aid of computer algebra [7]
(here we used PARI/GP [31]), we have verified that the coefficients of this polynomial
are all non-negative for m < 100, m < n < 3m, k < 2m. Moreover, since the
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coefficients are themselves polynomials in n of degree < 2m, we may employ the
method of successive differences to prove that they are non-negative for any n > m,
m =n — j < 100. This establishes the Lemma for n < 5 + 100 and completes the
proof. O

Proof of Proposition[]. Let us consider the integral f cos(x sinh t)g(t)e dt for some
test function g of Schwartz class. Writing g(t) = ffooo G(r)et dr, this is

(69) /OO cos(x sinh t)g(t)e* dt

/ / cos(z sinh t)§(r)e* Mt dr dt

:/ g(r)/ cos(x sinh t)e M dt dr, cf. (32),
0 o0 (=n)(x sinh
/ §(r) / cos @sinhi) o in s+ ir)etHO dt dr, of. (B3),

~ (xcosht)"
> ht 00 |
— /Oo COS<I Co;vhs;n )est /_Oo g(r)fn(tanht7 s+ Z'T)e”t dr dt
o ( n ht 0o j ]
= / cos' ™™ (z sin e / fn (tanht s)( ir) g
00 (:r; cosh t)™ N :
J=0
b ht) s g0
N / cos Dwsinht) 597 1) 5 " (tanht, s) dt.
s m Cosht j! asﬂ

j=0

With w(r) = e~ =70)*/2h* and F(r) = K, (z)w(r), we have

A & h . & .
F(u) = cos(xsinht)w(u —t)dt = ——e "% cos(x sinht)g, (t)e™™" dt,
(1) = [ costasinh it = 1) di =~ [ cos(asinbt)g, (1)

where w(t) = \/LQTTe*"(ﬂte*hz’g/2 and g,(t) = e "*(=9°/2_ Now, ¢ (t) = W H, i(h(u —
t))gu(t), where Hj is the jth Hermite polynomial. Thus, by (69), we get

/ cos(™™ (x sinh t) i B

\/27T xcosht) j!

& f

0sd

™" [ cost™ (zsinh(u — t/h)) <= W ,

- —H.(t —t%/2
\/27T/ cosh(u —t/h)" z; 4! J( Je

— H(h(u —t))e (072

(tanh t, irg)e 0= gt

 f
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tanh(u — t/h),irg e~ irot/h gy,
(tanh(u — ¢/
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By Cauchy-Schwarz and Conj. [T for any a > 0 we have

of < [ (5

? et/ dt
‘ ) cosh(u —t/h)™ \/2r
co N ] a]f
—92 n
X / Z a el (1
o T
Using the crude bound cosh(u — t/h)™' < 2~/ we have

o e /2 dt % ) dt
H.(t 2 < Qne—nu H.:(t 2, —t*/24nt/h Y
/OO i) cosh(u —t/h)" /2 — € / i(t)e 2

— 9" —nu+n2/2h2/ H t+n/h)2 —t2/2 “b

2 e t?/2 dt

cosh(u —t/h)* /21

,Z-’I”())

dt
2T '

Using the identity H;(z+vy) = i:o (i) y/~* Hy(x) and orthogonality of the Hermite
polynomials, the last line equals

. 2
2 2 & J ) j—k 2 dt
2ne—nu+n /2h / (]) (ﬁ)J H.(t G_t /2 _
. ; p) ) ) ez
— 9 nu+n2/2h2/ ( ) ﬁ>2j_2k Hk(t)Qe’tz/Q dt
V2T

n _—nu ’fL2 2 2.772]{
= e/ ;Q) k'(h)

_ 2”6_nu+n2/2h2j!Lj(—n2/h2),

where L; is the jth Laguerre polynomial. Taking j = 0 gives the bound on—nutn®/2h?
for [ @t Var Z ijh) . On the other hand, from the identity ZJ 0 J, Li(—x) = e*I(2y/z2),
we get

[ (P )260811:;7;@&;—7

n 97
ah)”?
< Qremnutn?/2n? E {ah)/? |) Lij(—n?/h?) < ot 2P 9 an)
Jj=0 .
< 2nefnu+n2/2h2+2an+a2h2

Thus, we have

2

9

| F(u)| < 2manemut(n/htah)?/2 zn: a2

D,
asj (171700)
7=0
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Next, it is not hard to see that
& f, n! - n! o~
< — |0 +irg] < ———R™’ |0 +iR)|,
(n—J)!glj_{1 (n—j)! 1

0sJ
for any R € R.g with R > |rg|. Thus,

n

>an |G

Jj=0

(120

Now take a = n/R; then the last formula becomes

n

2 () < Xe(H15) =

J=0

Using also the estimate [[;_, (¢* + R?) < R*"exp(n(n + 1)(2n + 1)/6R?), we finally
have

Fw] < (4n) e 122 2" \n "R

Den+1) 1 .,/1 2 2
n(n+1)(2n + )_f__n?(__f_ﬁ) +n10g—R—nU]-
X

O

Proof of Proposition[J. Suppose that we have an inequality of the form |[?W(x)| <
Cz~'/ for an absolute constant C; we will return to this point below. Using this
bound for Kj.(z) together with the estimate

|sinc® ()| < |z| M1 4+ 272)Y2, e 0,1},
the left-hand side of @ is majorized by

(mtM)?
(XVm 22 Ze

7TM$1/3
]5[ 7 (X\/7r2 + M- ) e 2h1\24x2 26_22}1];1;2
TMz —
20 st
e 2n2x
70 XVm24+M2) —m8 ——.
(70) 7er1/3( T+ ) | — e

Turning to the inequality for }?Z»T, by symmetry we may assume that » > 0. Let
us suppose first that » > 1. Then when x > r we have from Prop. (1| that

~ N /3 3 1/3
0 < K (z)a'/? < 2cosh<ﬁ) eﬁr%e*m@/” <E> < Zemul@/m (E) ,
2 2536 T 2 T
where u(t) = V2 —1 — arctanv/t? — 1 for ¢ > 1. It is not hard to see that the

function 2¢'/3¢7*(") is maximum at ¢ = 1/10/9, and its value there is comfortably
less than 2.
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In the case 1 < o < r we apply Prop. . Note that < r — %ré implies 72 — 22 >

4 2 4
r3(1 — 4r73) > 3r3; hence for any 1 < 2 < r we have

~ . AN 1/4
| Kir(z)] < 200sh<%> e 5<§) P36 1/3 < /3,
For r > 1, < 1 we use the identity |I'(1 4 ir)| = \/mr/sinh(7r) in the defining

series to derive the bound

2m
rtanh(7r/2)

| K (z)] < Io(x) < 4z71/3,

It remains only to handle the case of r < 1. Applying with n = 1 (for which

(€,

s) =& —s) we get

| Kir()] < < mv2r !t <se 'V,

cosh t

m/

for r <1 and x > 1. For z < 1 we have

Ko(x) = / e reosht gt < / e 2Pl gt = / e_“d—u
0 x/2 u
—u 2 -1
e "du=log—+e .
z/2 u T

Moreover, it is easy to check that x1/3(log§ +e 1) < 1.58 for z € (0,1). Thus,
Ko(z) < 1.58271/3 for # < 1, and this gives

‘kzr(ﬂf)‘ < 2(:osh< 5 ) Koy(x) < 2005h<g> 1582713 < 813,

for r <1 and z < 1. We have thus proved that |K; (z)| < 827Y/3 for all r € R,
x > 0, i.e. we can take C' =8 in . ([l
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