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ẍ + 2ζẋ + x = sgn(v0 − ẋ)Fs − κ(v0 − ẋ) + u0 cos ωt,
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ẏ =
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Ay + b1(t)
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ẋ < v0,
Ay + b2(t)
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(

0 1
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,
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0
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)

, b2(t) = b1(t) −
(
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2F s

)

.
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x = (x1, x2, x3)
T = (x, ẋ, t)T .
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Σ = {x ∈ R
2 × S : h(x) = 0},

Ì�² Çn§
h(x) = ẋ − v0
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ẋ =



































f1(x) :=





A

(

x1

x2

)

+ b1(t)

1



 if h(x) < 0,

f2(x) :=





A

(

x1

x2

)

+ b2(t)

1



 if h(x) > 0.
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ẋ = fsl := (1 − λ)f1(x) + λf2(x),
Ì�§�¨\©v¨

0 ≤ λ ≤ 1
²¡¬
¬vÊM³h§�Çn§-ª�Ç
Çn§M¨�Á�¼}Ç�°�©v¼{Á�Ê�³ÍÇ ∇h(x)·((1−λ)f1(x)+λf2(x)) = 0
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λ(x) =
Fs + u0 cos ωx3 − x1 − 2v0ζ

2Fs

.
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Σ : λ(x) = 1} ª}ÀMÁ L+ = {x ∈ Σ : λ(x) = 0} ¸¢Ì�§�¨�©­¨+¨\²´Çv§�¨�© f2

¼x©
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Ð�Ø"¬v³h§�¨\È�ªfÇn²¡³�²¡¯¡¯´Ê�¬­Çv©nª�Çv²¡¼xÀ�¼}ÒsÇv§�¨�°M§-ª}¬v¨�¬­°-ª}³\¨�Ì�²´Çv§ ª�Çj±{°�²¡³�ª}¯�Çv©nª�Ü­¨\³\Çv¼x©­±«²¡¬�¬v§�¼FÌ�À ²¡À

r�²´½�ÐMÅ7Ð�è §�¨\À+Çv§�¨)Çn©vª�Ü­¨�³ÍÇn¼x©�±�©­¨*ª}³h§�¨\¬
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f1
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��¨�³*ª�¯¡¯}Çv§-ª�Ç�Ì�¨�ª}¬­¬vÊ�È�¨
κ > 2ζ

¬v¼�Çn§�ª�Ç5Çn§�¨3Çn©­²´®{²Aª�¯}°É¨�©v²´¼7ÁM²¡³¢¼x©­»�²´Ç
Γ
²¡¬5ÊMÀ�¬­Çnª}»�¯¡¨�ÐE��¨\³*ª}ÊM¬v¨
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ÁM±{À-ª�È&²´³�¬+µùÅ{¸�Å%�fº�Ð�X ¨\©v¨�Ì�¨�ª}©v¨+²¡À^Çn¨\©v¨\¬­Çn¨\Á ²¡À Çv§�¨/³�ª}¬v¨�Ì�§�¨�©­¨

Γ
²´¬�ÀM¨*ª}©�½x©nª%W�²¡ÀM½�ÐË¦s§M¨

½x©vª?W�²´À�½�¼{³�³�ÊM©v¬�¨ÍéMª}³ÍÇn¯´±�Ì�§�¨�À+Çn§�¨�Ò�¼x©­³�²¡ÀM½�ª}È&°M¯¡²´ÇvÊ�Á�¨�²´¬

u∗
0 = v0(κ − 2ζ)

√

1 +
(ω2 − 1)2

(κ − 2ζ)2ω2
,

ª}ÀMÁ�Çv§�¨(°T¼}²¡À^Ç�¼xÀ
Γ
Çn§�ª�Ç�½x©nª%W�¨�¬�²´¬

x∗ =

(

Fs − κv0, v0,
π + tan−1 ω2−1

2ζ−κ

ω

)T

.

Ñ�Ò5Ì�¨�ª}©­¨)À�¼�Çsª�Ç�½x©nª?W\²¡À�½M¸
x∗
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Çv§�¨bÁM±{À-ª}È�²¡³\¬%²¡À�ª�ÀM¨�²¡½}§{»É¼xÊ�©­§�¼{¼7Á�¼�Ò
x∗
Ò�¼}©¢¬v¼xÈ�¨

u0 < u∗
0
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Σª}ÀMÁ
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δ
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Γ
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D(x)
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Σ
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Σ
ª}À�Á+ª}°�°M¯¡²¡¨\¬

fsl
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fsl
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Çv¼
f1
ª}ÀMÁ

fsl
»^±

Φ1(x, t)
ª}À�Á

Φsl(x, t)
¸M©v¨�¬­°T¨\³\Çv²´®x¨\¯´±}Ð
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¼x²¡À�³�ª}©vë
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Π = {x ∈ R
2 × S : g(x) := ∇h(x) · f1(x) = 0},
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0 = h(Φ1(x, t1)), x ∈ Π.

ZGÆ²[
¿



¦s§�¨(¦Iª*±7¯´¼x©s¨Íé7°-ª�À�¬v²´¼xÀ�¼�ÒIÇv§�²¡¬s¨\å{Ê�ª�Çn²´¼xÀ/ªfÇ
x∗
±{²´¨�¯¡ÁM¬

0 = ∇h ·
(

∆x +
t2

2
Df1 · f1(x∗)

)

+ O(|t|3 + ‖∆x‖3),
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t1(x) =
−
√

2∆x2

ω
√

v0
+ O(‖∆x‖3/2),
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







∆x1 −
√

2∆x2(v0+∆x2)
ω
√

v0√
2∆x2(∆x1+∆x2(2ζ−κ)+v0∆x3(ω2−1))

ω
√

v0

∆x3 −
√

2∆x2

ω
√

v0









+ O(‖∆x‖2),
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∆x = (∆x1, ∆x2, ∆x3)

T = x−x∗
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0 = g(x + t2f 1(x
∗)) = ∇g(x∗) · (∆x + t2f1(x

∗)) + O(‖∆x‖2).
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t2 =
v0x3 + x2(κ − 2ζ) − ∆x1

v0ω2
− ∆x3 + O(‖∆x‖2)
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


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v0
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
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







(1−ω2)(
√

2∆x
3/2

2
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√
v0)

ω3
√
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0
√

2
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∆x2

v0
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− ∆x1

ω2v0
+ ∆x3
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
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
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x = x∗
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



1 − 1
ω2 0 v0
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1
ω2 − 1

)
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v0ω2 0 1
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
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x = x∗
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ω
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y 7→ My
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M = (I − (A + b1(x
∗
3))∇x3(y

∗))−1 eAT (I − (A + b1(x
∗
3))∇x3(y
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Z:¶
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X�¨�©v¨�¸
x3(y)
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Π
ª}¬�ª�½x©nª�°�§�¼�®}¨�©sÇn§M¨�°M¯Aª}À�¨

x3 = x∗
3 = x3(y
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y∗ = (x∗
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∗
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M
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M = e−ζrT





cos ωdT +
ζ(ω2+1)
ωd(ω2−1)

sin ωdT
ω4+(4ζ2

r−2)ω2+1

ωdω2(ω2−1)
sin ωdT

ω2

ωd−ω2ωd
sin ωdT cos ωdT − ζ(ω2+1)

ωd(ω2−1)
sin ωdT



 ,
Z�¿�[
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ζr = 2ζ−κ

2

¸
ωd =

√

1 − ζ2
r
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T = 2π

ω
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D(x)Çv©nª}À�¬�Ò�¼x©vÈ�¨�Á�Çv¼�Çv§�¨(¬v¨\³\Çn²´¼xÀ
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0 0

)

.

è«¨�ª�©v¨�À�¼FÌ ©v¨*ª�ÁM±�Çn¼�³�¼xÀ�¬�Çn©­Ê�³\Ç)¼xÊ�©�¯¡¼{³*ª}¯5°�²´¨�³\¨\Ì�²¡¬­¨ÍÎ�¯¡²¡ÀM¨*ª}©�êI¼}²¡À�³�ª}©vë�È�ª�°/ª}¬�Çn§M¨�³�¼}È&°É¼�Î
¬­²´Çn²´¼xÀ

F : y 7→
{

My
² Ò
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Ê�ÀMÁ�¨�©­½x¼�ª�°�©v¼�Ü­¨�³\Çv²¡¼xÀ�Ì�² Çn§

J2

Ð%¦s§�¨�©­¨\Ò�¼x©­¨}¸�Çn§M¨�¼xÀ�¯ ±�ª�Ç­Çn©vª}³\Çv¼x©�¼}Ò�Çv§�¨�¬­±{¬­Çv¨�ÈÝÈ�Ê�¬­Çs³\¼xÀ�¬­²¡¬­Ç
¼}Ò�Ò�¼x©­Ì�ª}©vÁÕ²¡È&ª}½x¨�¬ Kn = MnK0

¼}Ò K0 = {y ∈ R
2 : ẋ = δ} Ð�B�¼}Çn¨�Çn§-ª�ÇWÇn§�¨�ª�ÇvÇv©nª}³ÍÇn¼x©

Á�¼{¨�¬�À�¼}ÇW²¡ÀM³�¯¡ÊMÁ�¨ K0

¸
»É¨�³*ª�Ê�¬v¨�ªfÒ�Çn¨�©(Çn§M¨&³\¼x©v©­¨�³\Çv²¡¼xÀ
M

²´¬�ª}°M°�¯¡²´¨�ÁÖ²¡È�È&¨\Á�²Aª�Çv¨�¯ ±xÐ�Ø Ò�Çv¨�©�ª
Ô ÀM²´Çn¨�ÀoÊ�È�»T¨\© ¼}Ò�²´Çv¨�©nªfÇn²¡¼}À�¬b¼}Ò K0

ª�°T¼x¯ ±{½x¼xÀ�²¡¬sÒ�¼x©­È&¨\Á�ª�©v¼xÊ�ÀMÁ+Çv§�¨W¼}©v²¡½}²¡À¥Ð%¦s§�¨�²¡À^®�ª}©­²Aª}À^Ç
¬­¨\Ç ©v¨�¬­²¡Á�¨\¬)¼xÀ+Çn§�¨W¯¡²´À�¨�¬�½x¼x²´À�½�Çn§�©­¼xÊ�½x§+Çn§�¨�¬v²´Á�¨�¬ ¼}Ò�Çv§�¨�¬­È�ª}¯´¯¡¨\¬­Ç�°É¼x¯´±{½x¼xÀ Pf

ª}©­¼xÊ�À�Á+Çn§�¨
¼x©­²¡½x²´À¥¸MÌ�§�²´³h§/Ì�¨�³*ª}¯´¯5Çn§�¨ge�à�â-àoegc}ß¸`,mfß5p*ã_mfâ-Ð
��¨\³*ª}ÊM¬v¨�¼}Ò�Çn§�¨W©v¼}Çnª�Çn²´¼xÀ/ª�À�Á/¨�éM°�ª}À�¬v²´¼xÀ¥¸ Pf²´¬�³�¼xÀ^®}¨ÍéT¸�Ì�§�²´³h§ È&¨�ª}À�¬�Çn§�ª�Ç�ª}¯´¯�®x¨\©­Çv²¡³�¨\¬�ÒGª}¯¡¯D¼xÀ Çn§�¨�Z�À�¼xÀ7Î�°�©v¼�Ü­¨�³\Çv²¡À�½�[W¬v²´Á�¨�¼}Ò K1

Çv§-ª�Ç
³\¼xÀ^Çhª}²´À�¬�Çn§�¨�¼}©v²¡½}²¡À¥ÐB¦s§�²¡¬�°M©v¼F®x¨\¬+Çv§-ª�Ç�ª}¯´¯)¬­²¡Á�¨\¬+¼�Ò Pf

ª}©­¨�°-ª}©­Ç�¼�ÒWÇv§�¨�²¡À^®�ª}©v²¡ª}À^Ç�¬v¨ÍÇ*Ð
ç7²´È&²´¯Aª}©­¯´±}¸}Ê�¬­²¡À�½ K0

ª}À�Á�² Çn¬�°M©v¨�²´È�ª�½x¨�¬\¸7ª�À�¼}Çn§M¨�©aZ�¬vÈ&ª}¯¡¯´¨�©*[�°T¼x¯ ±{½x¼xÀ Pb
²¡¬3Ò�¼x©vÈ�¨�Á¥¸oÌ�§�²´³h§�²¡¬

ª�ÁM¼�Ì�ÀM¬v³*ª�¯¡¨�Á�ª�À�Á�©v¼�Çhª�Çv¨�Á/®}¨�©v¬­²¡¼xÀ/¼}Ò%Çn§�¨�È&²´À�²¡È&ª}¯J°É¼x¯ ±7½}¼xÀ Pf
Ð ¦s§�¨�¬­¨�ÇjÌ�¼�°É¼x¯´±{½x¼}À�¬ ÁM¼

ä



À�¼�Ç�²¡À^Çn¨\©v¬v¨\³\Ç ª}À�Á�Çv§�¨�¯¡²´À�¨�¬bÇv§�©v¼xÊM½x§�Çn§�¨�¬­²¡Á�¨\¬�¼�ÒIÇv§�¨�¬vÈ&ª}¯¡¯T°T¼}¯´±{½x¼xÀ�Ì�²´¯¡¯J¬­¨�°-ª�©nª�Çv¨�©­¨�½x²´¼xÀ�¬
Ò�©­¼xÈ Ì�§�²¡³h§ÕÁ�²´ÓT¨�©­¨�À^Ç�ÀoÊ�È�»É¨�©­¬�¼}Ò�² Çn¨\©nª�Çv²¡¼xÀ�¬�ª}©­¨&ÀM¨�³�¨\¬v¬vª}©­±«Çn¼/©­¨*ª}³h§×Çv§�¨�°M©v¼fÜ­¨\³\Çn²´À�½/¬­²¡Á�¨
¼}Ò

Π
Ð�¦s§�¨�È&ªfé7²¡È&ª}¯�ÀoÊ�È�»T¨\©�¼�Ò�² Çn¨�©vª�Çn²´¼xÀ�¬�©­¨�åoÊ�²´©v¨�Á�Çn¼�©­¨*ª}³h§ÖÇn§�¨�°�©­¼fÜ­¨�³ÍÇn²¡¼}ÀÖ°�ª}©­Ç�¼}ÒDÇn§M¨

°�¯¡ª}À�¨�¼xÊMÇv¬v²´Á�¨ Pb

²¡¬3¨\å{Ê�ª}¯ÉÇv¼WÇv§�¨ ÀoÊ�È�»T¨\©�¼}ÒJ¬v²´Á�¨�¬�¼}Ò Pb

¸^Ì�§�²´³h§�²¡¬%Çv§�¨ ¬vª}È�¨)ª}¬3Çn§M¨ ÀoÊ�È�»É¨�©
¼}Ò3¬­²¡Á�¨\¬�¼}Ò Pf

Ð�X ¨�ÀM³�¨}¸¥Çv§�¨�È�²¡À�²´È�ª�¯¥°T¼}¯´±{½x¼xÀ Pf

²´¬ ²´À�Á�¨\¨�Á�Çn§M¨�¬vÈ&ª}¯¡¯´¨�¬�Ç)°É¼x¯´±{½x¼}À�ª}À�Á�² Çn¬
Á�¨ÍÇn¨\©vÈ�²¡À�²´À�½�¯¡²´À�¨�¬ Ki

¸
i ∈ 1, . . . , q

³\¼xÀ^Çhª}²´À�Çn§�¨�ª�Ç­Çn©nª�³\Çn¼}©�Ð
ÑjÀ�¼x©vÁM¨�©�Çn¼�³h§�ª}©nª}³ÍÇn¨\©v²�W\¨�Çn§�¨�ªfÇvÇn©vª}³\Çv¼x©)Ò�Ê�©�Çn§�¨\©�¸¥Ì�¨�³�¼xÊ�À^Ç�Çv§�¨�ÀoÊ�È�»É¨�©�¬v²´Á�¨�¬(¼}Ò Pf

²¡À
Çv§�¨(À�¨Íé{Ç�¬v¨\³\Çn²´¼xÀ¥Ð

Î
��� ÏÐª�¬¢Ñ~ 6·Ò§sÓY¤_£¥¡� �¤»§sÓ Pf¦s§�¨&ÀoÊ�È�»É¨�©�¼}Òs¬v²´Á�¨�¬W¼}ÒbÇv§�¨&È�²¡ÀM²¡È&ª}¯�°É¼x¯´±{½x¼}À Pf

®�ª}©­²¡¨\¬�Ì�² Çn§Õ°�ª}©nª}È�¨\Çv¨�©­¬#^�Çv§�¨�ÀoÊ�È�»É¨�©
³h§-ª�À�½x¨�¬bÌ�§M¨�À�Çn§�©­¨�¨�Á�² ÓJ¨\©v¨�À^Ç�² Çn¨�©vª�Çn¨\¬b¼}Ò K0

²¡À^Çn¨\©v¬v¨\³\Ç�ª�Ç�Çn§�¨�¬vª}È&¨�°É¼x²´ÀoÇ�Ð¢¦s§�²´¬b°T¼}²¡À^Çs³*ª�À
»É¨ ÁM¨\Çn¨\©vÈ�²¡À�¨\Á�»^±�¬­Çv²¡°�Ê�¯¡ª�Çn²´À�½�Çn§-ªfÇ�Çv§�¨)²´ÀoÇv¨�©­¬v¨�³ÍÇn²´¼xÀ�¼}Ò Kn1

ª}ÀMÁ Kn2

¯¡²¡¨\¬3¼xÀ Kn3

¸{Ò�¼x©3¬­¼xÈ&¨
n1 < n2 < n3

Ð3¦s§�¨(²¡À^Çv¨�©v¬­¨�³ÍÇn²¡¼}À+°É¼x²´ÀoÇ�¼�Ò Kn1

ª}ÀMÁ Kn2

²´¬�ª�Ç

δ

sin(n1 − n2)α

(

en1β cos n2α − en2β cos n1α
en2β sin n1α − en1β sin n2α

)

.

ê%ÊMÇ­Çn²¡ÀM½�Çv§�²¡¬s°É¼x²´ÀoÇb²¡À^Çn¼�Çn§M¨�ÁM¨\Çn¨\©vÈ�²¡À�²´À�½�¨�åoÊ-ªfÇn²¡¼}À+¼�Ò Kn3

Ì�¨W¼}»MÇhª}²´À�Çn§�¨(³\¼xÀ�Á�² Çn²¡¼}À

en3β sin(n1 − n2)α + en2β sin(n3 − n1)α + en1β sin(n2 − n3)α = 0.
Zq]�[

B�¼}Çn¨�Çn§-ªfÇ�¨\å{Ê�ª�Çn²´¼xÀÄZq]
[3Á�¼{¨�¬DÀ�¼}Ç�Á�¨�°É¨�ÀMÁ�¼xÀ�¨\²´Çn§M¨�©
δ
¼}©

γ
¸{¬v¼�Çv§-ª�ÇDÇn§�¨ ÀoÊ�È�»É¨�©�¼�Ò5¬v²´Á�¨�¬�¼}Ò

Pf

¼xÀ�¯ ±�³h§-ª�À�½x¨�¬�Ì�§�¨\À+®�ª}©�±7²´À�½
α
¼x©

β
ÐsB ¼}Ç�ª�¯¡¯TÇv©v²´°�¯¡¨�²´À^Çn¨�©­¬v¨\³\Çn²´¼xÀ�¬�³�©­¨*ª�Çv¨�ª�ÀM¨\Ì ¬­²¡Á�¨�¼}À

Pf

¸{»É¨�³*ª�Ê�¬v¨�Çn§�¨Í±&³�ª}À�»É¨�Ò�¼x©vÈ�¨�Á�»^±�§�²¡½x§M¨�©3²´Çv¨�©nªfÇn¨�¬D¬v¼�Çn§-ªfÇDÇv§�¨\±&ª}©­¨ ¼}ÊMÇn¬­²¡Á�¨sÇn§M¨)È�²¡À�²´È�ª}¯
°É¼x¯´±{½x¼}À Pf

Ð�èÕ¨�³*ª}¯´¯DÇv©v²¡°M¯¡¨\Çv¬
(n1, n2, n3)

c^á?e�à¡ÞhÞÍà:Ô�ß�d&²´ÒsÇn§M¨\±×³\©v¨�ª�Çn¨�ª�ÀM¨\Ì"¬v²¡ÁM¨�¼xÀ Pf

Ð
B�¼}Çn¨sÇn§�ª�ÇD²´ÒJª�Çv©v²´°�¯¡¨ÍÇ

(n1, n2, n3)
¬nª�Çv²¡¬ Ô ¨�¬�Zq]�[�Çv§�¨�À�¬v¼�Á�¼{¨�¬

(n1 +k, n2 +k, n3 +k)
¸
k ∈ Z

Ð
Õ�¼}©v¨�¼F®}¨�©)² Ò

(n1, n2, n3)
²´¬ ª�Á�È&²´¬v¬­²¡»�¯´¨�Çn§�¨\À

(n1 + k, n2 + k, n3 + k)
²´¬�ª}¯¡¬­¼�ª}ÁMÈ&²´¬v¬v²´»�¯¡¨(ª�¬

¯´¼xÀ�½Öª}¬�Çn§�¨�ÇjÌ�¼Õ¬­È�ª}¯´¯¡¨\¬­Ç�ÀoÊ�È�»É¨�©­¬&²´À Çv§�¨�Çn©v²´°�¯¡¨ÍÇ�©v¨ÍÒ�¨�©�Çn¼Ö¬v²´Á�¨�¬�¼}Ò Pf

ÐÒ��¨\³*ª}ÊM¬v¨ K1

²¡¬
ª}¯ Ìbª*±{¬�°-ª}©�Ç�¼}Ò Pf

ª}À+¨�åoÊ�² ®}ª�¯¡¨�ÀM³�¨�³�¯¡ª}¬v¬�¼}Ò
Çn©­²¡°�¯´¨\Çv¬s³*ª}À�»É¨�©­¨�°�©­¨�¬­¨�À^Çn¨\Á�»^±
(1, n2, n3)

Ð
Ø)¯ Çn§�¼}Ê�½x§�Çn§M¨�ª}Á�È�²¡¬v¬­²¡»�¯´¨�Çv©v²¡°M¯¡¨�¬�ª}©v¨sÀM¼}Ç3æoÀ�¼FÌ�À�Z�±x¨\Ç [Í¸xÌ�¨�³*ª}À�ÀoÊ�È�¨�©v²´³*ª}¯´¯´±�³�¼}À�¬­Çv©vÊ�³ÍÇ�ª

³h§-ª�©­Ç�²¡À�Çn§�¨
(α, β)

Î�°�¯Aª�À�¨�Çn§�ª�Ç�¬­§�¼FÌ�¬bª}¯´¯MÇn§M¨)ª}ÁMÈ&²´¬v¬v²´»�¯¡¨�²¡À^Çn¨\©v¬v¨\³\Çv²¡¼xÀ�¬\Ð\D�»o®{²´¼xÊ�¬v¯ ±x¸^Çn§M¨�©v¨�²¡¬
À�¼�ÇjÌ�¼�Îj¬­²¡Á�¨\Á�°É¼x¯ ±7½}¼xÀ�¬v¼�Ì�¨�È�Ê�¬�Ç�²´Çn¨\©nª�Çv¨ K0

ªfÇ ¯´¨*ª}¬�ÇsÇn§�©­¨�¨�Çn²´È&¨\¬�Ð%ÑjÀ�ÒGª}³\Ç�¸MÒ�¼x©
α < 2π/qÇv§�¨�È�²¡À�²´È�ª�¯J°É¼x¯´±{½x¼xÀ�Ì�²¡¯´¯5³�¼xÀM¬v²¡¬�Ç�¼}Ò%ª�Ç)¯´¨*ª}¬�Ç

max(3, q/2)
¬­²¡Á�¨\¬�ÐfX ¨\À�³�¨�¸J²¡À+Çn§�¨ Ô ©­¬­Ç�¬�Çn¨\°

Ì�¨�³�¼xÀM¬­Çn©­Ê�³\Ç&ª}À ²´À�²´Çv²Aª}¯%°É¼x¯´±{½x¼}À »o±Õ²´Çv¨�©nªfÇn²¡ÀM½ K0 max(3, q/2)
Çn²´È&¨\¬�ÐÖØbÇ�¨\®x¨\©­±×Ò�ÊM©­Çn§M¨�©

² Çn¨�©vª�Çn²´¼xÀ�Ì�¨�³h§�¨�³hæ+Ì�§�¨\Çv§�¨�©)Çv§�¨�©­¨�²´¬)ª}À�ª}Á�Á�² Çn²¡¼}À-ª}¯5²¡À^Çv¨�©v¬­¨�³ÍÇn²¡¼}À�Ì�²´Çv§/Çn§M¨�°É¼x¯´±{½x¼xÀJÐsÑ�Ò3¬v¼�¸
Ì�¨�Ê�°ÉÁ-ª�Çv¨WÇn§M¨�°É¼x¯´±{½x¼xÀJ¸É¨\¯¡¬­¨WÌ�¨�©v¨\³�¼x©­Á�Çn§�¨WÀ{ÊMÈ�»T¨\©)¼}Ò¢¬v²¡ÁM¨�¬�Ð�r�²¡½}Ê�©v¨�¶&¬v§M¼�Ì�¬ Çn§�¨W©v¨�¬­Ê�¯´Ç
¼}Ò
Çn§M¨�³\¼xÈ�°�ÊMÇhªfÇn²¡¼}À¥Ð

Ø)¬�Ì�¨&³�ª}ÀÕ¬­¨�¨�²¡À�r�²´½�Ð5¶�Çn§�¨�ÀoÊ�È�»É¨�©(¼}Ò�¬v²´Á�¨�¬(³h§-ª}ÀM½x¨�¬�ª}¯¡¼xÀM½�¯¡²¡ÀM¨�¬�Çn§�ª�ÇWª}¯¡¯I¼x©v²´½x²¡À-ªfÇn¨
ª�Ç

β = 0
ª}À�Á ³�¼}À�À�¨�³ÍÇ�ÇjÌ�¼�À�¨\²¡½x§o»É¼xÊ�©v²´À�½/©­¼}ÇhªfÇn²¡¼}À×ÀoÊ�È�»É¨�©v¬�¼}À×Çn§�¨Rr9ª}©­¨\±ÖÇn©v¨\¨}ÐÖ¦s§�¨�©­¨

ª}©­¨�Çn§�©­¨�¨�¬v¨ÍÇn¬�¼}Òb¯´²¡À�¨\¬�Ð�Í5²¡À�¨\¬(²¡À�Çn§�¨ Ô ©­¬­Ç�¬v¨ÍÇÖZ�©v¨\Á@[(¬�Çhª}©�Ç�ª�Ç
β = 0, α = 2π/q

ª}ÀMÁÖÇv¨�À�Á
Çv¼

β = ∞ ^5Çv§�¨�¬­¨�¯´²¡À�¨\¬�³�¼}À�À�¨�³ÍÇ
0/1

ª}ÀMÁ
1/q

¼}À�Çv§�¨�r9ª}©v¨Í±/Çv©v¨�¨�Ð�Ø)¯´¼xÀ�½�Çv§�¨�¬­¨&¯´²¡À�¨\¬�¼xÀ�¯ ±
¼xÀM¨�¬­²¡Á�¨�²´¬(ª}Á�Á�¨\ÁÕ¼x©�©­¨�È�¼F®x¨�Á�Ò�©v¼}È Pf

ÐgÍ5²¡À�¨\¬�¼}Ò�Çv§�¨�¬v¨�³\¼xÀ�Á�Çj±{°T¨�ZG½x©­¨�¨\À@[�³�¼xÀ�ÀM¨�³\Ç�ÇjÌ�¼

¾��



r�²´½xÊ�©­¨�¶At
¦s§�¨ ÀoÊ�È�»T¨\©%¼}ÒJ¬­²¡Á�¨\¬3¼}Ò9Çn§�¨�°É¼x¯´±{½x¼xÀJÐ�¦s§�¨�©v¨\Á�¯¡²¡ÀM¨�¬3ª}©­¨s³�¼x©­©v¨�¬­°T¼}À�Á�Çv¼(°T¼x¯ ±{½x¼xÀ�¬
Ì�² Çn§×©­¼}Çhª�Çv²¡¼xÀÕÀ{ÊMÈ�»T¨\©

1/q
¸¢Çv§�¨�½x©v¨\¨�À ¯´²¡À�¨\¬�ª}©v¨�³�¼xÀ�ÀM¨�³\Çv²¡À�½�ÇjÌ�¼�À�¨�²´½x§o»T¼}Ê�©v²´À�½/©­¨�¬v¼}À-ª}À^Ç

®�ª}¯´Ê�¨�¬�ªfÇ
β = 0

¸5ª}À�Á�Çv§�¨�»�¯¡ÊM¨�¯¡²´À�¨�¬ ³�¼xÀ�ÀM¨�³\Çv²¡À�½�Çv§�¨�¬v²´À�½xÊ�¯¡ª}©�©v¼}Çnª�Çn²´¼xÀ�ÀoÊ�È�»É¨�©
1/2

Ì�² Çn§
² Çn¬
r9ª}©v¨Í±�À�¨\²¡½x§o»É¼xÊ�©­¬ ªfÇ�Á�²´ÓT¨�©­¨�À^Ç�¯¡¨\®}¨�¯´¬�Ð

©vª�Çn²´¼xÀ-ª}¯
©v¼}Çnª�Çn²´¼xÀ/ÀoÊ�È�»T¨\©v¬�¼}Ò
α
ª�Ç

β = 0
Ð�¦s§�¨�Çn§�²´©vÁ�¬­¨\Ç(¼}ÒD¯¡²´À�¨�¬KZG»�¯´Ê�¨�[ ³\¼xÀ�À�¨\³\Ç

α = πª}ÀMÁ�² Çn¬sÀ�¨\²¡½x§o»É¼xÊ�©v¬�¼xÀ�Çv§�¨Vr9ª}©­¨\±&Çn©v¨\¨�ªfÇ�Á�²´ÓT¨�©­¨�À^Ç�¯¡¨\®}¨�¯´¬�ÐTB ¼}Çv¨�Çn§-ª�Ç Pf
²¡¬�À�¼}Ç�ÁM¨ Ô À�¨\Á�ª�Ç

α = π
ÐsÍ5¨\Ç�Ê�¬�À�¼FÌ Á�¨\©v² ®x¨�Ì�§�¨�À/ª�Çn©v²´°�¯¡¨ÍÇs¼}Ò
Çn§�¨�Ò�¼x©­È

(1, n2, n3)
²¡¬�ª�Á�È&²´¬v¬­²¡»�¯´¨}Ð

×zØÒÙ_Ú�ÛNÜ�Ý%Ü:Þ
ß,àCß¸ÛhÛNÝ�á@ß,Þ.â�á�ãfÞ
á�ØNä(å�Ý.æNÞ?å�Ü:Ø9çÂß,èhÚÃÜ:ä>ä>Ü�ékà�Ùzå�Ý.Ü:ÛNà�Ù²å�ä
Ø ¬�Ì�¨�À�¼}Çv¨�Á¥¸�ª}¯¡¯%¯´²¡À�¨\¬(²¡ÀÃrI²¡½�Ð�¶�¼x©v²´½x²¡À�ª�Çn¨�ª�Ç

β = 0
Ð�ÑjÀÕÇn§�¨�¯¡²´È&² Ç

β → 0
¨�åoÊ-ªfÇn²¡¼}À�Zq]
[

»É¨�³\¼xÈ&¨\¬
4 sin(n1 − n2)α sin(n3 − n1)α sin(n2 − n3)α = 0.

Z�ä�[
Ø ¬v¬vÊMÈ&²´À�½�Çn§�ª�Ç

α = 2πp/q
² Ç)Ò�¼x¯´¯¡¼FÌ�¬�Çv§-ª�Ç

ni = nj + kq
¸
i 6= j

Ò�¼}©�¬v¼xÈ�¨
i, j ∈ {1, 2, 3} ÐÑjÀ+¼x©vÁM¨�©bÇn¼�¼x»7Çhª}²´À�Çv§�¨(È&²´À�²¡È&ª}¯9°É¼x¯´±{½x¼xÀ�Ì�¨�³h§�¼7¼}¬v¨

k = 1
Ð

è«¨�§-ª*®x¨�ª}¯¡¬­¼�À�¼}Çv¨�Á�Çn§-ªfÇ�¯¡²´À�¨�¬�²´ÀÄr�²¡½MÐ¥¶�³\¼xÀ�À�¨\³\Ç(ÇjÌ�¼+À�¨\²¡½x§o»É¼xÊ�©v²´À�½�ÀoÊ�È�»É¨�©­¬�¼xÀ�Çn§�¨
r9ª}©­¨\±�Çn©v¨\¨�ª}À�Á�Çn§�ª�ÇDª}À�¨�åoÊ�² ®�ª}¯¡¨\À�³�¨s³\¯Aª}¬­¬%¼}Ò9Çn§�¨�ª}ÁMÈ&²´¬v¬v²´»�¯¡¨DÇn©­²¡°�¯´¨\Çn¬I³*ª}À�»É¨s©v¨\°�©v¨\¬v¨�À^Çv¨�Á�»^±
(1, n2, n3)

Ð¢¦s§�²´¬%©v¨�¬­Ê�¯´Çv¬3²¡À�ÇjÌ�¼�¨�åoÊ-ªfÇn²¡¼}À�¬%Ò�¼x©
n2

ª}À�Á
n3

¸^Ì�§�²´³h§�±{²´¨�¯¡Á�Çv§�¨sÒ�¼xÊ�©%°É¼x¬v¬­²¡»�²´¯¡² Çn²¡¨\¬
Ò�¼x©bÇv§�¨�ª}Á�È�²¡¬­¬v²¡»M¯¡¨ Çv©v²´°�¯¡¨ÍÇn¬#t

(a) (1, q1 + 1, q1 + q2 + 1),

(b) (1, q2 + 1, q1 + q2 + 1),

(c) (1, q1 + 1, q2 + 1),

(d) (1, q2 − q1 + 1, q2 + 1).

¾x¾
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Çv§�¨�Á�²¡ª}½x©nª�È ² ÒsÌ�¨+ª}¯´¯¡¼FÌ

0/1
ª}À�Á

1/1
ª}¬�®�ª}¯´²¡Á«©nª�Çv²¡¼xÀ-ª�¯¡¬WÒ�©­¼xÈ Ì�§�²¡³h§ Çv§�¨Rr9ª}©v¨Í±«Çv©v¨�¨�²´¬

³\¼xÀ�¬­Çv©vÊ�³ÍÇn¨\Á¥Ð

ê âhÙëÝ%Ü�ç@á@Ý.á�æhäKß¸ÛNÛhÝ�á@ß,Þ%â¿á@ãfÞ
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ÑjÀÕÇv§�¨�°�©v¨Í®7²´¼xÊ�¬W¬v¨�³ÍÇn²´¼xÀÕÌ�¨�»-ª}¬­¨�Á×¼xÊM© Ô ÀMÁ�²¡À�½}¬�¼xÀ«À{ÊMÈ&¨\©v²¡³�ª}¯3¼x»�¬­¨�©­®�ª�Çv²¡¼xÀM¬�¸¢»�Ê7ÇWÌ�¨�³*ª�À
°�©­¼F®x¨�¼xÊM©)©v¨\¬vÊ�¯ Ç)©­²¡½x¼}©v¼xÊ�¬­¯´±}ÐfrI²¡©v¬�Ç Ì�¨�À�¨\¨�Á�Çv¼�°�©v¼F®}¨�Çn§-ªfÇ�¨\®}¨�©�±/°É¼x¯´±{½x¼}À/²¡¬ ³�¼xÀ�Ü­Ê�½^ª�Çv¨WÇn¼
ª�©v¨\½xÊ�¯¡ª}©b¼xÀ�¨�¸MÇn§�ª�Ç�²¡¬\¸MÇn§�¨�¬­²¡Á�¨\¬sÒ�¼x¯¡¯´¼�Ì ¨�ª}³h§+¼}Çn§�¨\©�ª}³�³\¼x©vÁ�²´À�½�Çn¼�ª�©v¼�Çhª�Çv²¡¼xÀ�Ì�² Çn§�©v¼�Çhª�Çv²¡¼xÀ
ÀoÊ�È�»É¨�©

p/q
Ð�¦s§�²´¬¢¼{³�³�ÊM©v¬%¨ÍéMª}³ÍÇn¯ ±WÌ�§�¨\À�¬v²¡ÁM¨�¬%¼}Ò9Çn§M¨b°T¼}¯´±{½x¼xÀ�ª�©v¨b³\¼xÀ�¬­Çv©vÊ�³ÍÇn¨\Á&¬­¨�åoÊ�¨�À^Çv²Aª}¯´¯´±

Ì�² Çn§�¨�ª}³h§�²´Çn¨\©nª�Çv²¡¼xÀJÐ�X ¨\À�³�¨�¸¥Ì�¨�ÀM¨�¨�Á�Çv¼�°�©v¼F®}¨�Çv§�¨�Ò�¼x¯´¯¡¼FÌ�²¡ÀM½�ÇjÌ�¼�¬­Çv¨�°�¬}t�ª�[�ÀM¼�³�¼xÈ�°�¯¡¨ÍÇn¨
¬­²¡Á�¨\¬)ª}©­¨W©­¨�È�¼F®x¨�Á�»^±/ª�Ào±�² Çn¨\©nª�Çv¨�¬�¼}Ò K0

^9»@[�ª}Á�Á�²´À�½�®x¨�©�Çn²´³�¨�¬ ¬­Çv¼x°�¬ ª�Ç)¬­¼xÈ�¨�² Çn¨\©nª�Çv¨}Ð�¦s§M¨
°�©­¼7¼�Ò�¼}Ò¢ª�[�²¡¬sÇv©v²´®{²¡ª}¯:¸7¬v²¡ÀM³�¨(¨*ª}³h§�²´Çv¨�©nªfÇn²¡¼}À�°�¯Aª}³\¨�¬�¯¡²´À�¨�¬sÒGª}©�Çn§�¨\©sÒ�©v¼xÈ Çn§�¨�¼x©v²´½x²¡ÀJÐ%¦I¼�°�©v¼F®}¨
»@[bÌ�¨�ª}¬v¬­Ê�È�¨�ª�³�¼xÀ^Çn²´ÀoÊ�¼xÊ�¬­¯´±+³�¼xÀM¬­Çn©­Ê�³\Çv¨�Á�°É¼x¯´±{½x¼}À�¬­Ê�³h§�Çn§-ªfÇ Kk

Á�¼7¨\¬)À�¼�Ç�ª}ÁMÁ�ª&®}¨�©­Çv¨Íé
ª}ÀMÁ�Çv§�¨�³�¯´¼x¬v¨\¬­Ç�®}¨�©­Çv¨Íé�Çv¼�Çn§�²´¬�¯¡²´À�¨�²¡¬�ª�Ç�Çn§�¨�²´À^Çn¨�©­¬v¨\³\Çn²´¼xÀ�¼}Ò Kn1

ª}À�Á Kn2

Ð�Ñ�Çn¨\©nª�Çv²¡À�½ KkÒ�¼x©�Ìbª�©vÁ¥¸xÇv§�¨�³�¯¡¼}¬v¨�¬�Ç3®x¨�©�Çn¨�é&Ì�²´¯¡¯7»T¨�ª�Ç
(n1 + j, n2 + j)

ª}¬3¯¡¼xÀM½(ª}¬
n1 + j ≤ q

ª}À�Á
n2 + j ≤ qª}ÀMÁ/Çn§�¨�Á�²¡¬�Çhª}À�³\¨�Ê�ÀM²´Ò�¼x©­È&¯ ±�²¡À�³\©v¨�ª}¬v¨\¬�¸¥¬­¼�Çn§�¨\©v¨�²´¬)À�¼�²¡À^Çn¨\©v¬v¨\³\Çv²¡¼xÀ¥Ð�X ¼FÌ�¨\®x¨\©�¸¥Ò�¼x©�Ò�Ê�©­Çv§�¨�©

² Çn¨�©vª�Çn¨\¬�Çn§�¨�Á�²´¬­Çhª�À�³�¨�Ò�©v¼}È#Çn§�¨�®}¨�©­Çv²¡³\¨�¬�²¡À�³\©v¨*ª�¬v¨�¬�¨\®}¨�À×È�¼x©­¨�¬v²¡ÀM³�¨�¼}Çn§M¨�©�®x¨\©­Çn²´³�¨\¬W¼}Ò�Çn§�¨
È�²¡À�²´È�ª�¯x°T¼}¯´±{½x¼xÀ�Ì�²´Çn§�¬vÈ&ª}¯¡¯´¨�©
²´Çn¨\©nª�Çv¨�ÀoÊ�È�»É¨�©­¬�Ì�²¡¯´¯^Ò�¼x¯¡¯´¼�Ì(¸�Ì�§�²´³h§�ª}©v¨b³\¯¡¼x¬­¨�©
Çn¼)Çv§�¨b¼x©­²¡½x²´À¥Ð
X�¨�À�³\¨}¸Éª}À^±�Ò�Ê�©�Çn§�¨\©�² Çn¨\©nª�Çv¨�Á�¼{¨�¬�À�¼}Ç�²¡À^Çv¨�©v¬­¨�³ÍÇ Pf

ª}À^±{È&¼}©v¨}Ð
Í5¨\Ç�ÊM¬�À�¼FÌÝª}¬­¬vÊ�È�¨�Çv§-ª�Ç�Çv§�¨�¼x©­Á�¨�©�¼}ÒsÇv§�¨�¬v²´Á�¨�¬�¼}Ò Pf

³\¼x©v©­¨�¬­°T¼xÀMÁ�¬�Çn¼�Çv§�¨�©v¼�Çhª�Çv²¡¼xÀ
ÀoÊ�È�»É¨�©

p/q
Ð¢è«¨�Ì�©v² Çn¨�Çn§M²¡¬s©v¼�Çhª�Çv²¡¼xÀ�ÀoÊ�È�»É¨�©�ª}¬bÇv§�¨�r9ª}©v¨Í±�ª}Á�Á�² Çn²´¼xÀ

p

q
=

p1 + p2

q1 + q2

¼}Ò%ÇjÌ�¼�À�¨\²¡½x§o»É¼xÊ�©v²´À�½�©vª�Çn²´¼xÀ-ª}¯�ÀoÊ�È�»É¨�©­¬
p1/q1

ª}À�Á
p2/q2

Ð�è«¨�ª}©­¨�¯´¼7¼xæo²´À�½&Ò�¼x©�Çn©vª}À�¬v² Çn²´¼xÀ�¬
Ì�§�¨\À+Çv§�©v¨\¨WÀM¨�²¡½}§{»É¼xÊ�©­²¡À�½�¬­²¡Á�¨\¬�¼}Ò Pf

¬­Çnª}©­Ç�Çv¼�²´À^Çn¨�©­¬v¨\³\Ç ª�Ç�¼xÀ�¨(°É¼x²¡À^Ç�ª}ÀMÁ+Çv§�¨�¬v²´Á�¨(²¡À�Çn§�¨
È�²¡Á�ÁM¯¡¨�²´¬s©v¨�È�¼F®x¨\Á¥ÐDè ² Çn§�¼}ÊMÇ�¯¡¼x¬­¬s¼}ÒI½x¨�À�¨\©nª}¯´²´Çj±&Ì�¨�³*ª}À�ª}¬­¬vÊ�È�¨�Çn§-ª�ÇsÇv§�²¡¬�§-ª�°�°T¨\À�¬ ª�ÇsÇn§�¨
Ô ©­¬­Ç)²´Çn¨\©nª�Çv¨ K1

Ð�D�»^®7²´¼xÊ�¬­¯´±x¸ K1
³*ª�À�À�¼}Ç)»T¨W¨Íé7³�¯´Ê�Á�¨�Á�Ò�©­¼xÈÝÇn§M¨�°É¼x¯´±{½x¼xÀJ¸ÉÇv§�¨�©­¨\Ò�¼x©­¨}¸J¨\²´Çv§�¨�©

² Çn¬�¯´¨\Ò�Ç�¼}©�²´Çn¬�©v²¡½}§oÇ�À�¨�²´½x§o»T¼}Ê�©�Ì�²¡¯´¯D®�ª}À�²´¬v§¥ÐÖÑ�Ò�Çn§�¨�©­¼}Çhª�Çv²¡¼xÀÕÀ{ÊMÈ�»T¨\©�²¡¬�ÁM¨�³�©­¨*ª}¬­²¡À�½�Ò�©­¼xÈ
p/q

Çn§�¨\À�Çn§�¨W¯¡¨\Ò�Ç À�¨\²¡½x§o»É¼xÊ�© Ì�²´¯¡¯¥®�ª}À�²´¬v§¥¸Tª}À�Á/²´Ò%² Ç)²´¬)²¡ÀM³�©v¨�ª}¬v²´À�½&Çv§�¨�©­²¡½x§^Ç À�¨�²´½x§o»T¼}Ê�© Ì�²´¯¡¯
®�ª}À�²´¬v§¥Ð
èÕ¨�ª}¬­¬vÊ�È�¨sÇn§-ªfÇDÇv§�¨�©v²´½x§^ÇDª}À�Á�¯¡¨ÍÒ�Ç3À�¨�²´½x§o»T¼xÊM©v¬Dª}©v¨bÇv§�¨

nR

Çn§&ª}À�Á�Çn§�¨
nL

Çn§�²´Çv¨�©vª�Çn¨
¼}Ò K1

¸J©v¨\¬v°É¨�³ÍÇn²´®}¨�¯ ±I^J¬v¨�¨�ª}¯¡¬­¼Ör�²´½�Ð9¿MÐ���¨�³*ª�Ê�¬v¨�¼�Ò¢Çn§�¨
p/q

©v¼�Çhª�Çv²¡¼xÀ�Çn§�¨\¬v¨�ÀoÊ�È�»T¨\©v¬�³�ª}À�»É¨
³�ª}¯¡³\Ê�¯Aª�Çv¨�Á�ª}¬

nR
p

q
= kR +

1

q

ª�À�Á
nL

p

q
= kL − 1

q
,

Ì�§�¨\©v¨
nR, nL, kR

ª}ÀMÁ
kL

ª�©v¨�²¡À^Çv¨�½x¨\©v¬�Ð�Ø�Ò�Çn¨\©(ª�¬v²¡È�°�¯´¨�©v¨�ª}©v©vª}À�½x¨\È&¨\ÀoÇ(² Ç�ÇnÊM©vÀ�¬(¼xÊMÇ�Çv§-ª�Ç
Çv§�¨�¬­¨�¨\åoÊ-ª�Çn²´¼xÀ�¬�ª}©­¨(Çv§�¨�r9ª}©v¨Í±�³�¼}À�Á�²´Çv²¡¼xÀM¬bÒ�¼x©sÀ�¨�²´½x§o»T¼}Ê�©v²´À�½�r9ª}©v¨Í±�ÀoÊ�È�»É¨�©­¬�¸9²:ÐÄ¨}Ð ¸

p

q
− kR

nR
=

1

qnR

ª�À�Á kL

nL
− p

q
=

1

qnL
.

��¨\³*ª}ÊM¬v¨)Ì�¨)³\¼xÀ�¬­Çv©vÊ�³ÍÇn¨\Á
p/q

Ò�©v¼}È ÇjÌ�¼�³\¼xÀ�¬­¨�³�Ê7Çn²´®}¨�ÀoÊ�È�»É¨�©­¬�¼xÀ�Çv§�¨frÉª�©v¨\±�Çv©v¨�¨�¸7² Ç�Ò�¼}¯¡¯¡¼FÌ�¬
Çv§-ª�Ç

nR = q1

¸
nL = q2

¸
kR = p1

ª�À�Á
kL = p2

ÐÄB ¼}Çv¨�Çn§-ª�Ç�§�¨�©­¨�Çn§�¨
L
ª}À�Á

R
²´À�Á�²´³�¨�¬

¾�Å



r�²´½xÊ�©­¨&¿At�Ø Çv©v²¡°M¯¡¨�²¡À^Çn¨\©v¬­¨�³\Çv²¡¼xÀ×ª�Ç K1

È�Ê�¬­Ç�³*ª}Ê�¬­¨�©­¨�È�¼�®�ª}¯3¼}Ò�¨\²´Çv§�¨�©�À�¨�²´½x§o»T¼}Ê�©v²´À�½�¬­²¡Á�¨
KnL+1

¼x© KnR+1

¸7Á�¨\°T¨\À�Á�²´À�½�¼xÀ�Ì�§�¨\Çv§�¨�©�Çn§�¨�©v¼}Çnª�Çn²´¼xÀ�À{ÊMÈ�»T¨\©�²´¬�Á�¨\³�©­¨*ª}¬­²¡À�½W¼x©�²´À�³�©­¨*ª}¬­²¡À�½
Ò�©­¼xÈ

p/q
¸M©v¨�¬­°T¨\³\Çv²´®x¨\¯´±}Ð

È�²¡½x§^ÇsÀM¨�¨�Á�Çn¼�»É¨�²¡À^Çn¨\©v³h§-ª}ÀM½x¨�Á¥ÐT��¨�½xÊ�¯¡ª}©v² Çj±�²´È&°M¯¡²¡¨\¬�Çv§-ª�ÇsÇn§M¨�¬­Ê�»�¬­¨�åoÊ�¨�À^Ç�ÀM¨�²¡½}§{»É¼xÊ�©­¬�ª}©v¨
² Çn¨�©vª�Çn¨\¬

2nR mod q
ª}À�Á

2nL mod q
¼�Ò K1

Çn¼�Çn§�¨W©v²¡½}§oÇ ª}ÀMÁ/¯¡¨ÍÒ�Ç*¸9©v¨\¬v°É¨�³ÍÇn²´®}¨�¯ ±xÐ�Ø)¬­¬vÊ�È�²¡À�½
Çv§-ª�Ç

q1 < q2
Ì�¨W½}¨\ÇsÇn§M¨�°É¼x¬­¬v²¡»M¯¡¨�Çn©­²¡°�¯´¨\Çv¬

(1, 2nR mod q, nR + 1) = (1, 2q1 + 1, q1 + 1)
Z�¾���[

ª}ÀMÁ
(1, 2nL mod q, nL + 1) = (1, q2 − q1 + 1, q2 + 1).

Z�¾x¾�[
ç7ÊM»�¬­Çv²´ÇnÊ7Çn²¡ÀM½�Z�¾>��[�²´ÀoÇv¼ÄZq]
[ ½x²´®}¨�¬

sin q1α = 0
¸JÌ�§M²¡³h§�²¡¬)ª�¬v°MÊ�©v²´¼xÊ�¬�©­¨�¬vÊM¯´Ç*ÐÌX�¼FÌ�¨Í®x¨�©\¸TZ�¾x¾�[

±{²¡¨\¯¡Á�¬�ª�®�ª}¯¡²´Á�Çn©­²¡°�¯´¨\Ç*¸oÇn§�ª�Çb©­¨�°�©­¨�¬v¨\À^Çn¬�Çn§�¨�¬­¨\Çs¼}Ò
¯´²¡À�¨\¬�Çn§�ª�Çs¬­Çnª}©­Ç�Ò�©v¼xÈ
β = 0

ª}À�Á�³�¼}À�À�¨�³ÍÇ
Çv§�¨)©­¼}Çhª�Çv²¡¼xÀM¬�ÀoÊ�È�»É¨�©­¬

p1/q1

ª}ÀMÁ
p2/q2

Ð¢è ²´Çv§&Çn§M²¡¬bª�À-ª}¯´±{¬­²¡¬3Ì�¨�³�ª}À�À�¼FÌÂ³�¼}À�¬­Çv©vÊ�³ÍÇ
r�²¡½MÐM¶
»^±�²´È&°�¯´²¡³\²´Çn¯ ±�°�¯´¼}ÇvÇv²¡À�½�Çv§�¨(¬v¼x¯´ÊMÇn²´¼xÀ�¬b¼}Ò�Zq]
[�Ò�¼x©sÁ�²´ÓT¨�©­¨�À^Ç ª}Á�È�²¡¬­¬v²¡»M¯¡¨ Çv©v²´°�¯¡¨ÍÇn¬�Ð

Î
�¶� íË¨� I¼.¡f£�¬¯ �¨f¤A£¥§s¨�®s½K¡�«�¨�®\¬¯£¥¦�¤»§s¨î©A�f �®E©²©A·/®s¦�©A§C·
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K0
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©­¨�½x²´¼xÀ ª}½xª}²¡À¥Ð ¦s§�¨\©v¨ÍÒ�¼x©v¨�¸�Ì�¨�¬­Ê�»TÁM²´®{²¡Á�¨+Çn§�¨�°�§-ª}¬­¨�°�¯¡ª}À�¨+²¡À^Çn¼«©v¨�½}²¡¼xÀ�¬

Sm

Ò�©v¼xÈ Ì�§�²´³h§
m
² Çn¨\©nª�Çv²¡¼xÀ�¬�»M©v²¡ÀM½«ªÖ°T¼}²¡À^Ç�Çn¼ÖÇn§�¨+¼}Çn§M¨�©�¬v²´Á�¨�¼�Ò K0

Ð ¦s§�¨\¬v¨�©v¨�½}²¡¼xÀ�¬�ª}©­¨�¬­¨�°-ª�©nª�Çv¨�ÁÚ»^±
°�©­¨�²´È�ª}½}¨�¬D¼}Ò K0

²¡À�¬­Ê�³h§�ªWÌ�ª*±&Çv§-ª�Ç�Çv§�¨ Ô ©­¬­Çs°M©v¨�²´È�ª�½x¨ K−1

ÁM²´®{²¡Á�¨\¬�Çv§�¨)°�§�ª}¬v¨�°M¯Aª}À�¨ ²¡À^Çn¼
ÇjÌ�¼&§�ª}¯´ÒI°�¯Aª�À�¨�¬�¼xÀ�¨(¼}ÒIÌ�§�²¡³h§+È&ª}°�¬sÇn¼�Çn§�¨(¼}Çv§�¨�©�¬­²¡Á�¨(¼}Ò K0

ª�Ò�Çv¨�©�¼xÀ�¨(²´Çv¨�©vª�Çn¨�ÐD¦s§M¨W¼}Çv§�¨�©
§-ª�¯´ÒÉ°�¯Aª�À�¨�²¡¬%Á�² ®7²´Á�¨�Á�»^±�Çn§�¨�¬­¨�³�¼}À�Á�°�©­¨�²´È�ª}½}¨ K−2

²¡À^Çv¼(ÇjÌ�¼�©­¨�½x²´¼xÀ�¬%¼}ÒÉÌ�§�²´³h§�¼xÀ�¨�È&ª}°�¬%Çn¼
Çv§�¨W¼�Çn§�¨\©�¬­²¡Á�¨�¼}Ò K0

ª�Ò�Çn¨\©�ÇjÌ�¼�² Çn¨\©nª�Çv¨�¬�¸Éª}ÀMÁ/¬v¼�¼xÀ¥Ð�Ø)¬v¬­Ê�È�²¡À�½&ª
p/q

©v¼}Çnª�Çn²´¼xÀ�ÀoÊ�È�»É¨�©�¼}Ò
Çv§�¨sÈ&²´À�²¡È&ª}¯^°É¼x¯´±{½x¼}À¥¸}Ì�¨�ÀM¨�¨�Á�Çn¼�³\¼xÀ�¬­²¡Á�¨\©%Ê�°�Çn¼

q
°�©­¨�²´È�ª}½}¨�¬�Çv¼�³\¼F®x¨�©%Ò�Ê�¯´¯´±(Çn§M¨�¬�Ì�²´Çv³h§�²¡À�½

¯´²¡À�¨�Ì�²´Çn§�©­¨�½x²´¼xÀ�¬
Si

¸
1 ≤ i ≤ q

Ðs��¨�³�ª}¯¡¯ÉÇn§-ªfÇbÇn§�¨�ÀoÊ�È�»T¨\©s¼}Ò
©v¨�½}²¡¼xÀ�¬�³�¼F®x¨\©v²¡ÀM½ K0

Á�¨�°É¨�À�ÁM¬
¼xÀ

α
ª}ÀMÁ

β
¸�»�Ê7Ç ÀM¼}Ç�¼xÀ

γ
Ð%¦s§�¨W©­¨�¬­Ê�¯´Çv²¡À�½�¨\å{Ê�ª�Çn²´¼xÀ�²¡¬s¼}ÒIÇn§�¨�Ò�¼x©­È

y 7→ y∗ + J2(M
my − y∗), y ∈ Sm ∩ K0,

Zm¾�Å
[
Ì�² Çn§

y = (x, δ)
Ð¢èÕ¨�À�¼�Çn¨�Çn§�ª�ÇbÇn§M²¡¬s¨�åoÊ-ªfÇn²¡¼}À�Á�¼7¨\¬sÀ�¼}Ç�½xÊ�ª}©nª}À^Çv¨�¨�Çn§�ª�ÇbÇn§M¨�ÁM±{À-ª}È�²¡³�¬bÌ�²´¯¡¯

¬�Çhª*±�²¡À�»É¨\ÇjÌ�¨�¨�À«Çn§�¨�®x¨\©­Çn²´³�¨\¬W¼}Ò�Çn§�¨�°É¼x¯´±{½x¼xÀJ¸5¬v¼�Çv§-ª�Ç�²´Ç(²´¬(À�¼}Ç�°T¼}¬v¬v²´»�¯¡¨�Çv¼�ÁM¨�¬v³\©v²´»T¨�Çn§�¨
ÁM±{À-ª�È&²´³�¬�ª}¯´¼xÀ�½�Çn§M¨Wª�©v³�¯´¨�À�½�Çn§�¼}Ò
Çn§�¨(°É¼x¯´±{½x¼xÀJÐ

¾FÃ



r�²´½xÊ�©­¨�¹_t�ç7Ê�»ÉÁ�²´®{²¡¬­²¡¼xÀ�¼}Ò¢Çv§�¨�°�§-ª�¬v¨�¬­°-ª}³\¨�²¡À^Çn¼&©v¨\½x²¡¼xÀM¬
Sk

Ò�©v¼xÈ Ì�§�²´³h§
k
² Çn¨�©vª�Çn²´¼xÀ�¬�Ì�²´Çv§

M
ª}©­¨)À�¨\³�¨\¬v¬nª�©­±�Çv¼�È�ª�°�°T¼}²¡À^Çn¬�¼�®}¨�©bÇv§�¨�¬­Ì�² Çn³h§�²´À�½�¯´²¡À�¨�Ð�¦s§�¨�°�²´³\ÇvÊ�©v¨ §�¼x¯¡ÁM¬�åoÊ-ª}¯´²´ÇhªfÇn²´®}¨�¯ ±

Ò�¼x©�ª�¯¡¯
α = 2π/3

¸
β > 0

Ð

ÑjÀ�Ì�§-ª�Ç(Ò�¼x¯´¯¡¼FÌ�¬)Ì�¨�°M©v¨�¬­¨�À^Ç�Çn§�¨�¬­°T¨\³�²Aª�¯¢³*ª}¬­¨}¸5Ì�§�¨\©v¨�Çn§�¨�È�²¡À�²´È�ª�¯
°É¼x¯ ±7½}¼xÀ�§-ª}¬�Çn§M©v¨�¨
¬­²¡Á�¨\¬�ª�Ç

α = 2π/3
ª}À�Á

β = log 1.2
Ð/¦s§M¨�¬vÊ�»ÉÁ�² ®7²´¬v²´¼xÀÕ¼}Ò�Çn§�¨�°M§-ª}¬v¨�¬v°-ª}³\¨�³*ª�À »T¨&¬v¨�¨\À

²´ÀÒr�²´½�ÐD¹7Ð ¦s§�¨\©v¨�ª}©­¨+Çv§�©v¨\¨/©­¨�½x²´¼xÀ�¬
S1

¸
S2

ª}À�Á
S3

Çn§�ª�Ç�³\¼F®x¨�© K0

¸bÇn§�¨\©v¨\Ò�¼}©v¨�Çv§�¨/¼}À�¨ÍÎ
Á�²´È&¨\À�¬v²´¼xÀ-ª}¯7È�ª�°�Ì�²´¯¡¯�³\¼xÀ�¬v²´¬­ÇD¼}ÒTÇn§�©­¨�¨�°�²¡¨\³�¨�¬\Ð%ÑjÀ�²´Çv²Aª}¯7°T¼}²¡À^Çn¬%Ò�©v¼}È ¼}Çn§M¨�©D©v¨�½}²¡¼xÀ�¬

Sk

¸
k > 3Ì�²´¯¡¯b©­¨*ª}³h§ÏÇn§�¨�ª�ÇvÇv©nª}³ÍÇn¼x©�²´À Ô À�²´Çv¨�¯´±ÕÈ�ª�Ào± ¬�Çn¨\°�¬�Ð�rI²¡½xÊ�©­¨R]Ö¬­§�¼FÌ�¬&Çv§�¨�¼}À�¨ÍÎ�Á�²¡È�¨�À�¬­²¡¼xÀ�ª}¯

È&ª}°�Ò�¼x©
α = 2π/3

¸
β = log 1.2

ª}ÀMÁ+Ò�¼xÊM© Á�² ÓJ¨\©v¨\ÀoÇ °�©­¼fÜ­¨�³ÍÇn²¡¼}À/ª}ÀM½x¯¡¨\¬
γ
Ð�r-¼x©

γ = 0.75π
ª

°É¨�©­²¡¼{Á7Î�ÇjÌ�¼�ª�Ç­Çn©nª�³\Çn¼}©�¨Íé7²´¬­Çn¬}^�¬v¨\¨Ìr�²¡½MÐ/]MÐ�Z�ª
[ÍÐ¢¦s§�²´¬sª�Ç­Çn©nª�³\Çn¼}©�²¡¬�¬­Çhª�»�¯¡¨�»É¨�³�ª}Ê�¬­¨�Çn§�¨�°M©v¼{Á�Ê�³\Ç
¼}Ò3Çv§�¨�ª}»�¬­¼x¯¡ÊMÇv¨�¬v¯´¼x°É¨�¬�¼}Ò3Çn§M¨�È&ª}°�¼}À�Çv§�¨�¯¡¨ÍÒ�Ç(ª}À�Á�Çv§�¨�©v²´½x§^Ç�¬v²´Á�¨�²¡¬�¬­È�ª�¯¡¯¡¨\©�Çv§-ª}À�Ê�À�² Çj±xÐ
B�¼}Çn¨�Çn§-ª�Ç�ª�°T¼}²¡À^Ç�²´ÀÕÇn§M¨�È&²´Á�Á�¯´¨�²´À^Çn¨�©�®�ª}¯�È�Ê�¬­Ç�»É¨�²´À^Çn¨�©­°�©v¨ÍÇn¨\ÁËª�¬WÇn§M©v¨�¨�²´Çn¨\©nª�Çv²¡¼xÀM¬�ª}ÀMÁ
ª�°É¼x²´ÀoÇ)¼xÀ/Çv§�¨�©v²´½x§^Ç�§-ª�¯´Ò%¯´²¡À�¨�²¡À�ÁM²¡³*ªfÇn¨�¬�ÇjÌ�¼�² Çn¨\©nª�Çv²¡¼xÀ�¬�¼xÀ�Çv§�¨�ª�Ç­Çn©nª�³\Çn¼}©�Ð)¦s§M¨�©v¨ÍÒ�¼x©v¨�¸¥Çn§�¨
°É¨�©­²¡¼{Á7Î�ÇjÌ�¼(ª�ÇvÇv©nª}³ÍÇn¼x©�§-ª}¬3°T¨\©v²´¼7Á�Çv§�©v¨\¨�¼}À�Çv§�¨�°T¼}¯´±{½x¼xÀ-ª�¯ Îj¬­§-ª}°É¨�Á�²´À^®}ª�©v²Aª�ÀoÇ¢¬v¨\Ç�Ð¢ÑjÀ�³\©v¨*ª�¬v²¡ÀM½
γ
¯´¨*ª}ÁM¬3Çv¼�°É¨�©­²¡¼{Á&Á�¼}Ê�»�¯¡²´À�½�ª�Ò�Çn¨\©DÌ�§M²¡³h§�²´È&È�¨�ÁM²Aª�Çv¨b³h§-ª}¼x¬�ª}©v²´¬v¨\¬#^{¬v¨�¨�r�²¡½MÐ²]MÐ1Z�»@[jÎïZG³>[ÍÐCð�¬v²¡ÀM½

¬­²¡È�Ê�¯¡ª�Çn²´¼xÀ�²´Çs³�ª}À�»T¨�Á�¨\È&¼}À�¬­Çv©nª�Çv¨�Á�Çn§�ª�ÇsÇn§�¨(ªfÇvÇn©vª}³\Çv¼x©b²´Àzr�²¡½MÐ¸]MÐ�ZG³>[�²¡¬b²´À�Á�¨\¨�Á�³h§-ª}¼}Çv²¡³�Ð%ÑjÀ
Çv§�¨s²¡À�¬­¨\ÇD¼}Ò�r�²¡½MÐ
]MÐ�ZG³>[IÇn§�¨\©v¨�ª}©v¨sÇjÌ�¼W²´À^Çn¨�©�®�ª}¯¡¬\¸xÁ�¨�ÀM¼}Çn¨\Á�»^±

0
ª}À�Á

1
¸xÇv§-ª�ÇDª}©­¨sÈ�ª}°M°T¨\Á�¼}ÀoÇv¼

¨�ª}³h§Õ¼}Çv§�¨�©\ÐÖð�¬v²¡ÀM½+Çv§�¨&¼F®}¨�©v¯¡ª}°Ö¼}Ò�Çv§�¨&²´À^Çn¨�©�®�ª}¯¡¬�ª}À�Á�Çn§M¨�²¡©(²´È�ª}½}¨�¬(ª�¬v¼�Î�³*ª}¯´¯¡¨�Á�Çv©nª}À�¬­²´Çv²¡¼xÀ
È&ª�Çn©­² é�³�ª}À×»É¨�³\¼xÀ�¬­Çv©vÊ�³ÍÇn¨\ÁÏ¬­Ê�³h§×Çn§�ª�Ç�² Çn¬

(i, j)
Çn§Õ¨�¯¡¨\È&¨\À^Ç�²¡¬�¼xÀ�¨&¼x©VW\¨�©­¼�Á�¨�°É¨�ÀMÁ�²¡À�½/¼xÀ

Ì�§�¨ÍÇn§�¨\©�Çn§M¨/²¡È&ª}½x¨�¼}Ò(²´À^Çn¨�©�®�ª}¯
j
³\¼xÀ^Çhª}²´À�¬&Çv§�¨�²´ÀoÇv¨�©�®}ª�¯

i
¼x©&ÀM¼}Ç*Ð ¦s§�¨�È&ª�Çn©­² é Ò�¼x©�¼xÊM©

¨�é�ª�È&°�¯´¨�²¡¬
(

1 1
1 0

)

.

¦s§�²´¬�È�ªfÇn©v²ré�²´¬�²¡©v©­¨�Á�ÊM³�²¡»M¯¡¨}¸J»T¨\³*ª}Ê�¬­¨&² Çn¬(¬v¨\³�¼xÀMÁÕ°É¼�Ì�¨�©(§-ª�¬�¼}À�¯´±/À�¼xÀ7Î�W�¨�©­¼�¨\¯¡¨\È&¨\ÀoÇv¬�Ð�Øs³ÍÎ
³\¼x©vÁ�²´À�½ Çn¼ Çn§M¨�Çv§�¨�¼}©­± ¼}ÒW¬­±{È�»É¼x¯¡²´³�ÁM±{À-ª}È�²¡³\¬�Çn§�²´¬+È�¨*ª�À�¬�Çn§-ª�Ç�Çv§�¨�È&¼�Çn²¡¼}ÀP²¡¬�³h§-ª}¼}Çv²¡³
µr¾FÃ7¸ÉÅ}¶�º�Ð
ÑjÀ�³\©v¨*ª�¬v²¡ÀM½

γ
¨Í®x¨\À Ò�ÊM©­Çn§M¨�©�Çv§�¨�ª�Ç­Çn©nª�³\Çn¼}©�¬v§M©v²¡ÀMæ{¬WÇn¼�ª/°É¼x²¡À^Ç�ª�Ç�ª�³\¨�©­Çnª}²¡ÀÕ°-ª}©nª�È&¨ÍÇn¨�©

®�ª}¯´Ê�¨�ª�À�Á ª�Ò�Çv¨�©�ª�³�©v²´¬v²´¬�Çv§�¨�ª�Ç­Çn©vª}³\Çv¼x©�¨�é7Çv¨�À�ÁM¬�Çn¼�ª�©nª�Çv§�¨�©W¯Aª}©­½x¨&²´À^Çn¨�©�®�ª}¯:Ðì��¨\³*ª}Ê�¬­¨�Çn§�¨
ª}»M¬v¼x¯´ÊMÇn¨W¬v¯¡¼}°T¨�¼�ÒDÇv§�¨�È&ª}°�²´¬�½x©v¨�ª�Çn¨\©)Çn§�ª}À�¼xÀ�¨�¨Í®x¨\©­±oÌ�§�¨�©­¨}¸
Çn§�¨\©v¨�³�ª}À�À�¼}Ç(»É¨�ª}À^±/¬­Çhª�»�¯¡¨
°É¨�©­²¡¼{Á�²¡³�¼x©v»M²´Ç*¸9Ì�§�²´³h§«ª�½^ª}²¡À�È&¨�ª}À�¬)Çv§-ª�Ç�Çv§�¨�ª�Ç­Çn©vª}³\Çv¼x©)È�ÊM¬­Ç�»É¨�³h§-ª}¼�Çn²¡³�Ð�ÑjÀ�¬­±{¬­Çv¨�È Zm¾�Å
[
åoÊ-ª}¬­² Î�°T¨\©v²¡¼{Á�²´³�²´Çj±�²´¬sÊ�À�¯¡²´æ}¨\¯´±xÐ

¾*Æ



r�²´½xÊ�©­¨
]/tE��¨\ÇvÊ�©vÀ&È�ª}°M¬�¼xÀ�Çn§M¨ ¬�Ì�²´Çn³h§M²¡À�½W¯¡²¡ÀM¨ K0

ª}¬�ª(Ò�Ê�ÀM³\Çn²´¼xÀ�¼}ÒJÇv§�¨ °M©v¼fÜ­¨\³\Çn²´¼xÀ�ª�À�½x¯¡¨
γ
Ð

Ø °É¨�©­²¡¼{Á�ÇjÌ�¼(ª�ÇvÇv©nª}³ÍÇn¼x©�Z�ª�[IÊMÀ�Á�¨�©­½x¼{¨�¬3ª�°É¨�©v²´¼7ÁWÁ�¼xÊ�»M¯¡²¡ÀM½�»�²´Ò�ÊM©v³*ªfÇn²¡¼}ÀzZG»,[Í¸}Ì�§�²´³h§�²¡À�Á�ÊM³�¨�¬3ª
³h§-ª�¼}Çn²´³)È�¼}Çn²´¼xÀ�Z�³�[ÍÐ%¦s§M¨�³h§-ª}¼}Çv²¡³�ª�Ç­Çn©vª}³\Çv¼x©�¬­§�©v²´À�æo¬�Çn¼�ª�°É¼x²´ÀoÇbª}À�Á�ª�À�¨ÍÌ(¸�¯Aª�½x¨�©�ª�ÇvÇv©nª}³ÍÇn¼x©
ª}©­²¡¬­¨�¬�ZGÁ,[ÍÐ

r�²´½xÊ�©v¨ äW¬­§�¼FÌ�¬�Çn§M¨)¬v§�ª}°T¨ ¼}Ò¥Çv§�¨�ª�Ç­Çn©vª}³\Çv¼x©�Z�©v¨\Á@[3Ò�¼x©�ª}¯´¯9Çv§�¨ Ò�¼}Ê�©�³�ª}¬v¨\¬�Çn§�ª�Çbª�©v¨)¬­§�¼FÌ�À
²´ÀYr�²´½�Ð_]MÐ¢Ñ�Ç�²¡¬�ª}°�°-ª}©­¨�À^Ç�Çv§-ª�Ç�À�¼}ÇDÇn§�¨ È&²´À�²¡È&ª}¯�°É¼x¯ ±7½}¼xÀ Pf

»�ÊMÇ�Çv§�¨KZ�»�¯Aª�³hæ/[3¯¡²´À�¨�¬3Á�¨ Ô À�²¡ÀM½
Pf

³\¼xÀ^Çhª}²´À/Çn§M¨�ª�Ç­Çn©nª�³\Çn¼}©�Ð�¦s§�¨�³h§-ª}¼�Çn²¡³WÈ&¼�Çn²¡¼}À�²´¬)ª�³\¼xÀ�¬­¨�åoÊ�¨�ÀM³�¨�¼}Ò%¬�Çn©v¨ÍÇn³h§�²´À�½�ª}À�Á/À�¼xÀ7Î
²´Ào®}¨�©�Çn²¡»M²¡¯¡² Çj±�¼}ÒIÇv§�¨(ÁM±{À-ª}È�²¡³\¬s¼xÀ+Çv§�¨�ª�ÇvÇv©nª}³ÍÇn¼x©\Ð

r-¼x©�°É¼x¯´±{½x¼}À�¬�Ì�²´Çv§Ö§M²¡½x§�¨\©�ÀoÊ�È�»É¨�©(¼}ÒD¬v²´Á�¨�¬(² Ç�²¡¬�À�¼�Ç(¬­Çn©vª}²¡½}§oÇ­Ò�¼x©­Ì�ª}©­Á�Çv¼�½x²´®}¨�ª�³h§-ª}©�Î
ª}³ÍÇn¨\©v²¡¬vª�Çn²´¼xÀ+¼}Ò�Çv§�¨�ÁM±{À-ª�È&²´³�¬�Ð�ÑjÀ�ÁM¨�¨�ÁJ¸TÒGª}²´©v¯´±�³�¼xÈ�°�¯¡¨ÍÇn¨�Çn§M¨�¼x©�±�²´¬ ¼}À�¯´±�Á�¨Í®x¨\¯¡¼x°É¨�Á/Ò�¼}© Á�²´¬�Î
³\¼xÀ^Çn²¡ÀoÊ�¼}Ê�¬�È�ª}°M¬�¼}À+ÇjÌ�¼�²´ÀoÇv¨�©�®}ª�¯¡¬�ZG¬­¨�¨�¨}ÐÄ½�Ð�µr¾���º1[Í¸9ª}À�Á+¼xÀ�¯ ±�ª}À�ª}»�¬�Çn©nª�³\Ç�³h§-ª}©vª}³\Çv¨�©v²�W*ª�Çv²¡¼xÀ
²´¬�ªF®�ª}²´¯Aª}»M¯¡¨ Ò�¼}©sÈ&¼x©­¨�½x¨\À�¨�©vª}¯5¬­±{¬­Çv¨�È�¬�µr¾x¾�º�Ð

ñ òµM~HRS��}Qì��U(MVHR�

ÑjÀ�Çn§�¨�°�©v¨Í®{²¡¼xÊ�¬�¬v¨\³\Çn²´¼xÀ�¬DÌ�¨ §-ª*®x¨)¬­¨�¨\À�Çn§-ªfÇbª�°T¼x¯ ±{½x¼xÀ-ª}¯rÎj¬­§-ª}°É¨�Á�ª�ÇvÇv©nª}³ÍÇn¼x©3³�ª}À�ª}©­²¡¬v¨sÌ�§�¨\À
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À�¼}È&¨\À�¼xÀÕ²´À«Çv§�¨�°�¯¡ª}À�¨}Ð�è«¨�³�¼}Ê�À^Çn¨�Á Çv§�¨�ÀoÊ�È�»É¨�©W¼}Ò�¬v²´Á�¨�¬W¼}ÒsÇn§M²¡¬�°T¼x¯ ±{½x¼xÀ×ª�À�Á×³h§-ª}©vª}³ÍÎ
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