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The Treatment of Thin Wire and Coaxial Structures
in Lossless and Lossy Media in FDTD by the
Modification of Assigned Material Parameters

Chris J. Railton, Dominique L. Paul, Member, IEEE, and Sema Dumanli

Abstract—It has been shown recently that the use of modified as-
signed material parameters (MAMPs) within the finite-difference
time-domain (FDTD) method provides a systematic, readily ex-
tensible, accurate, and efficient approach to the electromagnetic
analysis of microstrip structures. In this paper, it is shown that
this technique can also be applied with equal effect to lossless
and lossy coaxial lines, wires in a lossy medium such as earthing
grids, and more complex structures which include coaxial feeds
and shorting posts. The modified parameters are calculated di-
rectly from the known asymptotic fields near the wire and do not
rely on the concept of “equivalent radius.” Results are given which
show equal or superior performance compared to those obtained
using other methods but with the added advantage of flexibility and
rigor.

Index Terms—Coaxial transmission lines, finite-difference time-
domain (FDTD) methods, wire grids.

I. INTRODUCTION

I T WAS SHOWN in [1] that the effects of field singulari-
ties in the region of wires and strips can be accounted for

within the finite-difference time-domain (FDTD) method, by
altering the permittivities and permeabilities assigned to the
neighboring E- and H-field nodes. The required values for
these modified assigned material parameters (MAMPs) were
ascertained empirically by performing many FDTD runs on
simple example structures. A mapping between the material
parameters and the fringing capacitance and inductance was
derived, which was then used to produce look-up tables for
use in the FDTD program. In [2], it was shown that this tech-
nique could be effectively applied to more complex structures,
such as a microstrip filter, in a way that reduced the depen-
dency of the results on the choice of the mesh. In addition, the
use of this technique allowed a coarser mesh to be used with
equivalent accuracy. In [3], the same technique was shown to
be effective for a waveguide filter containing a complex iris
structure.

In [4], it was shown how, in many situations, MAMPs can
be derived analytically, thus avoiding the need for the empir-
ical look-up tables. It was demonstrated that the method was
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effective in the analysis of stripline, wire transmission line, mi-
crostrip, and a strip-fed microstrip patch antenna. In this paper,
MAMPs are developed further and extended to enable them to
be applied, with equal effectiveness, to lossless and lossy coax-
ial structures and to wires embedded in a lossy medium. It is
demonstrated that this approach can deliver equal or superior ac-
curacy when compared to other enhanced FDTD schemes, such
as shown in [5], but with the added advantage of flexibility,
extensibility, and rigor.

II. ANALYTICAL DERIVATION OF MAMPS

The general concept of MAMPs within the FDTD method
was described in detail in [4]. So, only the key steps are given
here.

Consider the Maxwell’s equations in the integral form.

∂

∂t

∫∫
S

εE dS +
∫∫

S

σE dS =
∮

H dl (1)

∂

∂t

∫∫
S

µH dS = −
∮

E dl (2)

Applying these to an FDTD mesh in the usual way yields (3)
and (4), shown at the bottom of the next page, where δx, δy,
and δz are the cell sizes, i, j, and k are the serial numbers
of the cell, 〈a〉x is the average of the quantity, a, along an
x directed cell edge and 〈〈a〉〉xy is the average of the quan-
tity, a, over an xy cell face. The other four update equa-
tions can be obtained by rotating the coordinates. This ap-
proach is similar to that used in the finite integration technique
[6], [7].

In order to complete this set of equations, it is necessary to
relate the surface averages on the left-hand side of the equations
to the line averages given on the right-hand side. If the fields
are assumed to be constant within each cell, which is equivalent
to expanding them in a set of pulse basis functions, then the
two are the same and the standard FDTD update equations are
obtained. However, in the vicinity of a wire or an edge, if the
asymptotic field behavior is known, a more accurate relation can
be obtained.

Inspection of the equations shows that the ratios of the surface
averages to the line averages can be expressed as a modification
to the material parameters in the cell. This leads to a particularly
simple and physically meaningful result in (5) and (6), shown
at the bottom of the next page.

As long as the behavior of the x component of the E
field is known in the space surrounding the singularity, this

0018-9375/$20.00 © 2006 IEEE
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Fig. 1. Thin wire embedded in the FDTD mesh. TE plane (left), TM plane
(right).

parameter is readily calculated. In the final program, only the
line integrals are stored; the surface integrals are not explicitly
calculated.

Treating the update equations for the magnetic fields in a
similar way leads to a modified permeability parameter defined
as

µx =
〈〈Hx〉〉yz

〈Hx〉x
. (7)

The value of the permittivity used in the update equation for
Ex is multiplied by εx and the value of permeability used in
the update equation for Hx is multiplied by µx . The update
equations for the other field components are treated similarly.

It is known (for example, [8]) that the singular fields around
a wire located along a line of Ez nodes, as shown in Fig. 1, are
given as follows:

Ex(x, y) ∝ Hy (x, y) ∝ x

x2 + y2
(8)

Ey (x, y) ∝ Hx(x, y) ∝ y

x2 + y2
(9)

Ez (x, y) ∝ Hz (x, y) ∝ Ln

(√
x2 + y2

a

)
(10)

where a is the wire radius.

The required ratios which yield the MAMPs then follow im-
mediately:

µy =
〈Ex〉x

〈〈Ex〉〉yz

=
〈〈Hy 〉〉xz

〈Hy 〉y

=
δy

∫ δx

a
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x2+y2 dx

δx
∫ δy/2

−δy/2
x

x2+y2 dy
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ln

(
δx
a

)
2 tan−1

(
δy
δx

) δy

δx
(11)
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〈Ey 〉y

〈〈Ey 〉〉xz

=
〈〈Hx〉〉yz

〈Hx〉x

=
δx

∫ δy

a
y
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δy
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−δx/2
y
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ln

(
δy
a

)
2 tan−1

(
δx
δy

) δx

δy
(12)

µz =
〈〈Hz 〉〉xy

〈Hz 〉z

=
2
∫ π/4

0

∫ 1/ cos θ

a ln
(

r
a

)
dr dθ

ln




√
( δ x

2 )2
+( δ y

2 )2

a




δz

δx δy
. (13)

It can be seen from (5) that the value of the conductivity σ
requires no modification.

For the special case of a mesh with square cross section δx =
δy, the values of the parameters εx, εy , etc. will take the value of
unity when the radius equals δx exp (0.5π)−1 = 0.203δx. This
is the radius which would, in fact, be modelled if basic FDTD
were used. This “equivalent radius” is lower than the value of
0.23δx used in [5] and lies between this value and the value
of 0.135δx used in [9]. It is also in agreement with the value
of 0.2δx derived in [10] for a filamentary hard source.

δyδz

(
∂

∂t
+

σ

ε

)
〈〈Ex(i + 0.5, j, k)〉〉yz =

1
ε

(
δy

(
〈Hy (i + 0.5, j, k − 0.5)〉y − 〈Hy (i + 0.5, j, k + 0.5)〉y

)
−δz (〈Hz (i + 0.5, j − 0.5, k)〉z − 〈Hz (i + 0.5, j + 0.5, k)〉z )

)
(3)

δyδz
∂

∂t
〈〈Hx(i, j + 0.5, k + 0.5)〉〉yz =

1
µ

(
δy

(
〈Ey (i, j + 0.5, k + 1)〉y − 〈Ey (i, j + 0.5, k)〉y
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(
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)
−δz (〈Hz (i + 0.5, j − 0.5, k)〉z − 〈Hz (i + 0.5, j + 0.5, k)〉z )

)
(5)

where

εx =
〈〈Ex〉〉yz

〈Ex〉x
. (6)
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Fig. 2. Calculated characteristic impedance of a coaxial cable using square
mesh.

III. RESULTS OBTAINED USING ANALYTICALLY

DERIVED MAMPS

A. Lossless Coaxial Lines

The modeling of coaxial lines using FDTD including en-
hancements which avoid the necessity of a fine mesh, has been
addressed in the literature [11]. In that paper, it was shown that
good results, even with very coarse meshes, could be obtained
by using a thin wire formalism [12] for the center conductor
and the Dey–Mittra (DM) locally conformal method [13] for
the outer conductor.

Results for a test structure consisting of a 50-Ω line having
an inner radius of 0.354 mm, an outer radius of 2.44 mm, and
a permittivity of 5.37, as in [11], are shown in Fig. 2. It can be
seen that by applying analytical MAMPs to the inner conductor
and the DM method to the outer conductor, results are obtained
which show a considerable improvement in accuracy compared
with the DM method, when used on its own. The ripple which
appears on the results has its origin in the DM approximation of
the outer conductor in which the error varies nonmonotonically
with the exact position of the boundary.

The characteristic impedance is calculated by taking a snap-
shot of the field distribution in the coaxial line, using Ampere’s
Law to calculate the current, and the integral of the radial E
field to calculate the voltage.

When using MAMPs, the FDTD nodes always store the am-
plitude of the field component averaged along the cell edge.
Thus, the voltage is calculated by summing up the radial E
field at the nodes shown in Fig. 3, and multiplying by the cell
size. Similarly, the current is found by summing up the values
of circumferential H field at the nodes shown in Fig. 4, and
multiplying by the cell size.

In this case, the wire formalism of [12] yields formally iden-
tical results to the method described here. However, in [12], the
correction factors are derived in a less direct and more compli-
cated, two-step manner.

In order to ascertain that the method is effective when the
mesh is not of square cross section, the same coaxial cable was
analyzed using a 2:1 ratio for the cell size in the two transverse

Fig. 3. E nodes used for calculating the voltage.

Fig. 4. H nodes used for calculating the current.

Fig. 5. Calculated characteristic impedance of a 50-Ω coax line using a rect-
angular mesh.

directions. The results show (Fig. 5) considerably greater ac-
curacy than the DM method especially for the coarser meshes.
Because of the smaller size of the cell, the method can only be
applied for thinner wires. For wires whose radius approaches
the size of the smaller side of the cell, the DM method is used.

B. Lossy Coaxial Line

In the literature, there has been significant interest in the
modeling of earth grids consisting of electrically thin wires
placed in a lossy material, such as soil [5], [14], and [15], for both
electromagnetic compatibility (EMC) and safety applications.
In [5], the thin wires are modeled using an extended version of
the method originally described in [16] and which makes use
of the “equivalent radius” concept for thin wires. However, this
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Fig. 6. Steady-state currents conductivity is 5 mS/m.

concept is approximate and is only applicable for square meshes
and circularly cylindrical wires and posts.

Since the formulation presented in Section II is based upon
the asymptotic field distribution in the vicinity of the wire, the
values obtained for the MAMPs are not affected if the dielectric
surrounding the wire is lossy as long as the material conductivity
is much less than that of the wire. Similarly, if the material is
dispersive, the method can still be applied simply by multiplying
the time-dependent permittivity and the factors given in (11)–
(13). It can, therefore, be applied in an identical way to the
problem of lossy coaxial structures. In this section, lossy coaxial
transmission lines of 25 m in length, having an outer radius of
1.59 m, filled with a dielectric or relative permittivity of 12 and
with conductivities of 1 and 5 mS/m were examined. The line
was excited with a 100-V source having a rise time of 20 ns. The
structures were modeled using two different FDTD cell sizes,
0.25 and 0.125 m. In each case, the steady-state current was
calculated and compared theoretically.

In Figs. 6 and 7, the calculated steady currents using FDTD
enhanced with MAMPs are plotted versus the radius of the
inner conductor for dielectric conductivities of 5 and 1 mS/m,
respectively. Also shown are the theoretical results [17] and the
results which are obtained using the basic FDTD. The latter
depend only on the cell size, and do not take into account the
radius of the conductor. It can be seen that there is agreement
between theoretical results and those calculated using MAMPs,
both for coarse and fine meshes.

In Fig. 8, the errors in the calculated results are plotted. It
can be seen that even for a mesh size of 0.5 m, corresponding
to just six cells across the diameter of the coaxial line, results
are accurate upto 1.5%. It is noted that the lines representing the
results obtained from basic FDTD cross the theoretical curves
close to radii of 0.25 and 0.5 m which agrees with the expected
“equivalent radius” of 0.203δx given in Section II.

C. Earthing Rods

Another situation, in which the behavior of cylinders in lossy
media is important, is the case of earthing rods in soil. An

Fig. 7. Steady-state currents conductivity is 1 mS/m.

Fig. 8. Errors in calculated steady current for a lossy coaxial line for different
inner conductor radii and dielectric conductivities. Outer conductor radius is
1.59 m.

Fig. 9. Earthing rods in soil.

example of this type of structure was examined in [5] using
FDTD with an enhancement which is similar, but less flexible
and accurate, than the one described here. This structure, which
is shown in Fig. 9, was analyzed using the present approach and
results compared to those obtained in [5] and the formula given
in [17]. The relative permittivity of the soil was taken as 12.
Conductivities of 1 and 5 mS/m, immersion depths d of 3 and 5
m, and rod radii of 57.5 and 12 mm were considered. The results
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TABLE I
CALCULATED RESISTANCE OF AN EARTHING ROD OF RADIUS 57.5 MM

TABLE II
CALCULATED RESISTANCE OF AN EARTHING ROD OF RADIUS 12 MM

are summarized in Tables I and II. In each case, the results are
compared with those predicted by the widely used formula given
in [17] and were available with the results given in [5]. It can be
seen that there is, in almost all cases, closer agreement between
the MAMP method and [17] than between [5] and [17]. For the
z directed rods, the value of εx and εy were 1.07 for a radius
of 57.5 and 0.52 for a radius of 12 mm. The values of µx and
µy were 0.94 for a radius of 57.5 mm and 1.92 for a radius of
12 mm.

D. Stacked Patch Antenna

In order to confirm that the method is equally applicable to
wires and coaxial structures which are a part of a complicated
structure, the short-stacked patch microwave antenna described
in [18] was chosen as an example. This antenna is fed with
a coaxial line and also includes a cylindrical shorting post as
shown in Fig. 10. The upper patch is 36 mm × 23 mm, the lower
patch is 23 mm × 23 mm. One shorting post is an extension
of the coaxial feed and has a radius of 0.325 mm and is placed
15 mm from the edge of the patches. The other shorting post
is placed 1 mm from the edge of the patch and radii between
0.5 and 0.75 mm were considered. The radius of this shorting
post has a noticeable influence on the resonant frequency and
so, makes a good test for the algorithm. The height of the lower
patch above the ground plane is 2 mm and the height of the
upper patch is 20 mm.

The antenna was first modeled for several different shorting
post radii using basic FDTD with a non-uniform grid, a portion
of which is shown in Fig. 11, which was chosen so that the
cylinders could be well resolved. The curvature of the outer
conductor of the coaxial feed was accounted for by means of the
DM algorithm. The simulation was then repeated using a much
coarser almost uniform mesh, shown in Fig. 12, which had a cell
size of 1 mm and, in this case, MAMPs were included. The re-
quired computational time when using the coarse uniform mesh
was less than 1/20 of that required when using the finer mesh.

Fig. 10. Elevation and plan view of the shorted stacked patch antenna.

Fig. 11. Fine mesh around coax feed.

The results for shorting post radii of 0.5, 0.6, and 0.75 mm are
shown in Figs. 13–15, respectively. Also plotted are the results
given by the basic FDTD method which are the same regard-
less of radius. It can be seen that the position of the resonance
frequency of the antenna rises as the radius of the post in-
creases. For the 0.5-mm shorting post, the resonance frequency
calculated using the basic coarse mesh is approximately 3%
higher when the basic FDTD is used with a fine mesh. When
MAMPs are used with the coarse mesh, there is a much better
agreement with fine mesh. In the case of the 0.6- and 0.75-mm
shorting posts, the use of MAMPs again reduces the discrep-
ancy in predicted resonant frequency between coarse and fine
mesh.
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Fig. 12. Coarse mesh around coax feed.

Fig. 13. Calculated return loss of the patch antenna using different methods
(post radius 0.5 mm).

Fig. 14. Calculated return loss of the patch antenna using different methods
(post radius 0.6 mm).

Fig. 15. Calculated return loss of the patch antenna using different methods
(post radius 0.75 mm).

IV. CONCLUSION

In this paper, the use of analytically calculated MAMPs in the
FDTD method has been extended to enable them to be applied to
wires and coaxial structures, in both lossless and lossy materials.
It has been shown that substantial improvements in accuracy
can be obtained using this technique for practical situations.
This approach has advantages of simplicity, robustness, and
versatility over other methods of treating geometrical detail. In
particular, the concept of “equivalent radius” is not necessary
and the method is readily applied to different metal structures
and meshes.
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