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Jacobson radical algebras with quadratic

growth

Agata Smoktunowicz*

and Alexander A. Young

Abstract

In this paper, it is shown that over every countable algebraically
closed field K there exists a finitely generated K-algebra that is Jacob-
son radical, infinite dimensional, generated by two elements, graded,
and has quadratic growth. We also propose a way of constructing
examples of algebras with quadratic growth that satisfy special types

of relations.

2010 Mathematics subject classification: 16N40, 16P90
Key words: Nil algebras, growth of algebras, Gelfand-Kirillov dimension

Introduction

Algebras with linear growth were described by Small, Stafford and Warfield

in [6]. In [3] (pp. 18) Bergman proved that algebras with growth function

smaller than f(n) = @ have linear growth. What properties would al-

gebras with a growth function close to f(n) = % satisfy? Examples

of primitive algebras with very small growth functions were constructed by

* The research of the first author was supported by Grant No. EPSRC EP/D071674/1.
T The research of the second author was partially supported by the United States Na-

tional Science Foundation.
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Usi Vishne using Moorse trajectories [9]. In [1] Bartholdi constructed self-
similar algebras with very small growth functions over the field Fy which are
graded nil. In fact, all algebras constructed in [1] are primitive and hence
not Jacobson radical (as mentioned in [8]).

We will construct an example with growth function bounded above by
n? + 4n + 3 which are both infinite dimensional and Jacobson radical. It is
unclear whether this algebra is nil. We will also present a way to construct
other examples which are bounded above by the same growth function.

Recall that non-nil Jacobson radical algebras with Gelfand-Kirillov di-
mension two were constructed in [8], and nil algebras with Gelfand-Kirillov
dimension not exceeding three were constructed in [5]. It is not known if
there are nil algebras with quadratic growth, or more generally with Gelfand-
Kirillov dimension two.

Our first main result is the following:

Theorem 0.1. Let K be an algebraically closed field. Let A = K{(z,y) to be
the free noncommutative algebra generated (in degree one) by the elements
x,y. Let H(n) C A be the homogeneous subspace of degree n > 0. Finally,
for any F C H(n), let:

n—1 oo

E(F)= (D H(kn+j)FA.
§=0 k=0
For any sequence { N, }ien of strictly increasing natural numbers and any
sequence { F; }ien of homogeneous subspaces such that F; C H(2N) and dim F; <
$(N; = N;_1 + 1), the quotient algebra A/{(E(F;))ien can be homomorphically
mapped onto an infinite dimensional graded algebra with quadratic or linear
growth. Moreover, the dimension of this algebra’s homogeneous subspace of

dimension n would be bounded above by 2n + 2.

In other words, there’s a graded ideal E < A such that |J,.yE(Fi) C E
and A/FE is infinite dimensional and has quadratic growth. Specifically, 1 <
H(n)/(ENH(n)) < 2n+2 for each n > 1. As a corollary we get the following

result.

i€EN
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Corollary 0.2. Qver every countable, algebraically closed field K there exists
a finitely generated K algebra that’s Jacobson radical, infinite dimensional,

generated by two elements, graded and has quadratic growth.

We also propose a new way of constructing examples of algebras with
quadratic growth satisfying special types of relations.

The general path of the proof is as follows:

e Subspaces U(2"),V(2") C H(2") are constructed, depending on U (2"),
V(2%) for i < n. This part bears resemblance to results from [4]. Prop-
erties that the V(2") spaces exhibit include V(2"71)2 C V(2") and
dim V(2") = 2, the latter being instrumental in establishing quadratic

growth. We assure that sets {F;};en are contained in our sets U(2").

e In section 3 we introduce ideal E, whose construction uses the sets
U(2"), in order to arrive at our desired quotient A/E. Note that the
ideal FE is defined differently than in [4]. We then find an upper bound
of the growth of A/FE.

e In sections 4 and 5 we show that for some appropriate choice of sets
{F;}, the constructed algebra A/E is Jacobson radical.

We wrap up the proof of Theorem and its corollary in section 5.

1 Notation

In what follows, K is a countable field and A = K(x, y) is the free K-algebra in
two non-commuting indeterminates  and y. The monomials in this algebra
will be the products of the form z; - - - z,,, with each x; € {x,y} (whereas the
monomials with coefficient will be of the form kzy - - -z, with & € K). The
degree of a monomial is the length of this product. For any n > 0, H(n)
will denote the homogeneous subspace of degree n: the K-space generated
by the degree-n monomials. Finally, A =" H(n) will be the K-space of

polynomials with no constant term.
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2 Constructing sets U(2") and V (2")

Suppose we have a strictly increasing sequence of naturals {V; }2, with Ny =

Ni and

1 and a sequence of homogeneous subspaces { F;}°, with each F; C 2
In this section, we address the question: does there exist, for every ¢ >
0, a subspace U; C H(2') and two monomials (with non-zero coefficient)

Vi1, Vi2 € H(2") such that, for each i > 0:
1. U'Z D Kvi,l D KUZ'72 = H(QZ)

2. There exists a v € Kv; 1 + Kuv; o such that U,y = H(2)U; + U; H(2") +
vH(2Y).

3. F,C Uy,

We will eventually set V; = Kuv;; 4+ Ku, 5, so that U; & V; = H(2").

We shall attack the problem with induction. For the base case, set Uj as
an arbitrary subspace of H(1) with dim Uy = dim H (1) — 2, and set v 1, o2
as two linearly independent monomials such that Uy + Kuvg ; +Kuvgo = H(1).

For the inductive step, assume the existence of Uy, vn;, 1, Vn; 2 for some
¢ > 0, and find possible Uy, vy 1, vp 2 for all N; <k < Njyqg.

Let W =2 K2Wit1=Ni) he g K-space with indices {zk1, xk,g}giﬁ;l, let Wy,
be the subspace of all elements where (zj1,7r2) = (0,0), and let W =
W\Upsi W

Given some vector @ € W, define Uy (W), vy 1 (1), vy, 2() recursively for
each N; < k < N;;1, as follows: first, set Un, (W) = Uy, vn,1(W) = vn, 1,
U, 2(W) = vy, 2.

Then, assuming Uy (W), vy 1 (W), vk o(W) are defined for some N; < k <
Niyq:

Uk+1<U7) = H(Qk)Uk(w)+Uk(@)H(2k)+(xk72(zﬁ)vk,1 (lﬁ)—mk’1<U7)Uk’2(U7>>H(2k)

If 24,1 (W) # 0, set:

k1,1 (@) = 251 (@) 0} 4 (@),
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Vg1,2(W) = 56k,1(’65)710k,1(117)vk,2(117),

and if xy 1 (W) = 0, then o (wW) # 0, so set:

Ui 1,1 (W) = @2 (D) " 0 2 (@) vg 1 (D),

VUt 1,2(0) = @2 (D) 7103 o ().

For any 1 € W, this clearly satisfies conditions (1-2).

Lemma 2.1. For any N; < k < Ni41, a,b € {1,2}, W € W,

Vk,a (W) Vhp (W) € Tp o (W) Vh 41,6 (W) + Upyr ()

Proof. If zy 1 (W) # 0, and a = 1, v (W) vk (W) = @p0 (W) Vj1,5(0).
If 241 (wW) # 0, and a = 2,

Uk o (W) V1,6 (10) = 24,0 () Vg1, (10) 50,1 (0) ™ (4,2.(0) 03,1 (@) = 4,1 () 03 2 (1) Y0 (40
If 21(wW) =0 and a =1,
Uk o (W) V1, (W0) = 24,0 (W) ™ (w12 (W) vp 1 (0) — 28,1 (0) g 2(0) )0, (10)
And if 241 (W) = 0 and a = 2, vy o (W) Vg p (W) = Tg 2 (W) Vg1 (D). O

Let P = Kz, xk,g]ffg\}:l, i.e. the (commutative) algebra of polynomial
functions W — K. Let Q = [[r v (Kay, + Kzp,2)2 ™" be a homoge-
nous subspace of P.

Theorem 2.2. For any sequence {sk}ii’fl_m of {1,2}, there ezists some

ps € Q such that for any W € W,

oNit1—N;

IT vvs € Ps (@) 0N 1,5 i,y v, (0) + Uiy (0).
k=1

Proof. We will use induction to show that, for any 0 < h < N;;; — N; and

any sequence {s;}2-, of {1,2},
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2h h—12h—i—1
[Towese € [ TT 11 #ntssa oy (@) | 08ctnisy (@) + Unipn (i),
k=1 j=0 k=1

with the end result of the theorem proven when h = N;,; — N;.
The base case is simply vy, s, € U, s, (W) + Uy, (W).

For the inductive step, let {sk}ih;ll be a sequence of {1,2}, and assume
2h+1

jony1- Lemma 2.1 shows

the inductive statement is true for {s; }2—, and {s;
that:

UN;+h,s,p (w)vNHrh,thH (IU) < TNi+h,s,p, (w)vN¢+h+1,82h+1 (117) + UNi+h+1 (U_j)

Therefore,
2h+1 h—12h—3—1
H UN;,sp € H H T Ni+j,55 (o101 () UN;+h,s,n (W) + Un,41 (W)
k=1 j=0 k=1
h—12h—i-1
H H T Ni+j,55 (a_1) 420 () UNithysyn11 (W) + Uny4n (W) | €
j=0 k=1
h—12h—J
LT TT #nctisns e, (8) | @ninisg (@08 ni 10,00, (0) + Unynga () =
§=0 k=1
h 2h—i
H H xNi+j732j(2k71) (w) sz‘+h+1752h+1 (u_j) + UNl-‘rh-i-l (’LU)
§=0 k=1

]

Corollary 2.3. For any f € H(2Ni+1), there exists p,q € Q such that Vi €
W, f € p(u_j)vNiH,l (U_j) + q(w)vNi+172(w) + UNi+1 (IU)

Proof. First, note that:

H(2Ni+1) = (UNZ + KUNi,l + K"UNZ-,Z)QNHliNi =
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oNit1—N;
(Kot +Koyo)® " 4+ 30 H((k - 1)2%) Uy, H2V — k2Y)
k=1

And for each f € H(2V+1), there exists a f’ € (Kuy,1 + KUNhg)QN”rNi
such that, for any @ € W, f € f' + Un,,, ().

Since f’ can be written as a linear combination of the elements of the

Ny . .

form Hi:f ' UN,.s,» it’s sufficient to prove the corollary over these elements,

which is done in theorem 2.2. O

Let d = dim Fj,q, let {fx}¢_, be elements that generate Fj,;, and let
{pk; qk} Q Q be such that \V/’U_j & W, fk € pk(ﬂ_)’)UNi+1’1(1l_J)> -+ Qk(U7>UNi+1,2(U_;) +
Un,

.., (), as detailed in corollary 2.3. If there exists a @ € W such that each
k(W) = g (W) = 0, then we can set (Uy, Vg1, Vk2) = (U (W), vg 1 (W), vg 2 (0)),
and condition (4) can be satisfied.

Let G = ZZZI Kpr + Kgr. € @Q be the vector space generated by {px, qx }-
Our remaining goal is to show 3w € W : G(w) = (0).

Let R be the algebra generated by @, i.e. R=)",", Qr.

Lemma 2.4. If G, P are defined as above, then:
RNGP C G+ GR.

Proof. Let M be the set of all monomials of P (without coefficient). Let Mg
be the monomials that generate @, let Mg = Uj‘;l Mg? be the monomials
that generate R, and let My = M\(Mgr U {1}). P can be decomposed:
P=K& R& KM

Note that for any m € My and any m' € My, mm’ € Mp. As R is
generated by monomials, RN QM} = (0).

Let g € GG, and let p € P have the decomposition p = k + r + s, with
ke K, r e Rand s € KMj. Suppose that gp € R. Since gk + gr € R,
gs € RNQM} = (0). Therefore, gp € Kg+gR, and RNGP C G+GR. O

Theorem 2.5. If {wi € W : G(w@) = (0)} € W\W = Uiv:}}_l Wy, then
d>4(Niy1 — N;+1).
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Proof. Let Z be the affine variety function of P: if [ < P is an ideal, then
Z(I) = {w € W : I(W) = (0)}. It's our goal to show that if Z(GP) C
Uni ™ Wi, then d > L(Nyyy — N; +1).

Since @) annihilates each W, it must annihilate Z(GP) as well. Hilbert’s
nullstellensatz states that since K is algebraically closed, for each ¢ € @,
there must be an exponent ¢ € GP.

Using lemma 2.4, ¢" € RN GP C G 4+ GR, and so the quotient algebra
R/(G+GR) isnil. Since G* C GR, R/GR isnil as well. All finitely generated
commutative nil algebras are finite dimensional, so applying Lemma 3.2 in
[2] several times gives 2d > GKdim R. Recall that Lemma 3.2 [2] says that
if R is a commutative finitely generated graded algebra of Gelfand-Kirillov
dimension ¢, and [ is a principal ideal generated by a homogeneous element
then R/I has Gelfand-Kirillov dimension at least ¢ — 1.

Remember that for any 7 > 0, Q7 = ,]::‘er(kal + ka72)j2Ni“7k71,
and:
Nip1—1
dim Qj _ H (ijiH—k—l + 1) > 2%(Ni_,.l—Ni—l)(Ni_H—Ni)jNi_,.l—Ni’
k=N
therefore GKdim R > N, 1 — N; + 1. O

We can thus conclude that as long as dim F;; < %(NiH — N; + 1), there
is a w € W such that G(w) = 0, and we have appropriate spaces {Uy}
and monomials {vy 1, vgo} for all & < N;iy. If this holds for all i > 0, the

induction can proceed.

3 Constructing the ideal E

For any i > 0, let V; = Kuv;1 + Kv; 9, let v; € V; be such that U;;; =
H2)U; + U;H(2") + v;H(2Y), and let Q; = U; + Kv;. If vy ¢ Ku;, let
W; = Ku; 1, otherwise, W; = Kuv;o. This way Q; & W; = H(2"), Uy =
H(2)U, + Q;H(2), and Viyy = WiV,
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Proposition 3.1. For any j > i and any k < 297% — 1,
H(k2HU;H(27 — (k+1)2") C U;

Proof. Apply induction on the value of j by using H(2))U; + U;H(2!) C
Ui—&-l‘ ]

For any n > 0, let m > 0 be maximal such that 2™ < n, and define:
R(n)={x € H(n) : tH2™" —n) C Upns1}
Lin)={zr e Hn): H2™" —n)x C Ui}
Also, set R(0) = L(0) = (0).
Proposition 3.2. For any n > 0 and any M such that 2M > n,
R(n)H(2M —n) C Uy,
H(2M —n)L(n) C Uy

Proof. Apply simple induction on M, using the fact that H(2M)Uy+Uy H(2M) C
Uni41- []

Proposition 3.3. For anyn > 0, R(n)H(1) C R(n+ 1) and H(1)L(n) C
L(n+1).

Proof. Let m > 0 be maxiamal such that 2™ < n. If 2! — 1 < n, then:
Rn)H()- HR2™ —n—1) = Rm)H2™" —n) C Uy,

and R(n)H(1) C R(n+1).
If 27+l — 1 = n, then:

Rm)H(1)- H2™? —n —1) C Uy  H2™) C Upya,

and R(n)H(1) C R(n+1).
By symmetry, H(1)L(n) C L(n + 1). O



Jacobson radical algebras with quadratic growth 10

Define the space R'(n) C H(n) recursively; if n = 0, set R(0) = K, and

otherwise, m be maximal such that 2™ < n and set:
R'(n) = W,,R'(n —2™)

Note that dim R'(n) = 1.

Proposition 3.4. For anyn >0, R(n) ® R'(n) = H(n).

Proof. Use induction on n. The base case n = 0 is trivial.

For the inductive step, n > 0, let m be maximal such that 2™ < n, and
assume that R(n —2™) @ R'(n —2™) = H(n — 2™). Proposition 3.2 can be
used to confirm that:

QmH(n —2m)- H2™™ —n) = Q,H(2™) C Upy1,
HQ2™R(n —2™)- H2™™ —n) C H2™ Uy C Uy,
R(n)+ R'(n) 2 QnH(n—2")+ H(2™)R(n —2™) + W,,,R'(n —2™) = H(n).

Since dim R'(n) = 1, either R(n) & R'(n) = H(n) or R'(n) C R(n).
However, the latter option implies R(n) = H(n) and that H(n) - H(2™ —
n) C Unq1, a clear contradiction. Therefore, R(n) @ R'(n) = H(n). O

Proposition 3.5. For any n > 0,
0 <dimH(n)/L(n) <2
Proof. Let m be maximal such that 2™ < n.
If H(n)/L(n) were zero, then L(n) = H(n) and H(2™™ —n)H(n) C

U,i1, & contradiction.

Using proposition 3.2, R(2™™ —n)H(n) C U,,41. By proposition 3.4,
Ln)={z e H(n): R2™" —n)r € Upy1}

Let p € H(2™" — n) be an element that generates R'(2""! — n), and let
¢ : H(n) — H(2™)/U,,41 be the K-linear transformation:

¢:x = pr/Upni

So that L(n) = ker ¢. Since the image of ¢ is at most dimension 2, dim H(n)/L(n) <
2. [l
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Let L'(n) C H(n) be a space such that L(n)® L'(n) = H(n). Proposition
3.5 shows that dim L'(n) is either 1 or 2.
Define the space E(n) C H(n) as:

E(n) = () L()H(n— i) + H(i)R(n — i)

=0

Lemma 3.1. For anyn >0, E(n)H(1) + H(1)E(n) C E(n+1).

Proof. Using proposition 3.3,

E(n)H(1) = (L(i)H(n —i)- H(1) + H(i)R(n — i)H(1) C

(n] LG)H(n+1—i)+ HG)R(n+1—i).

It remains to show that E(n)H (1) C L(n+1)H(0)+H (n+1)R(0) = L(n+1).
Let m > 0 be maximal such that 2™ <n + 1.

H@2™ —n—1)E(n)H(1) C
H2™' —n—1)L(n— 2™ +1)H(2™) + H2™R(2™ —1)H(1) C
UnH2™) + H2™ Uy C Upia

Therefore, by definition, E(n)H (1) C L(n + 1).
H(1)E(n) C E(n+ 1) can be proven by symmetry. O

Let E =57, E(n).
Theorem 3.2. E is an ideal of A.
Proof. Apply lemma 3.1 to the definition of E. O]

Proposition 3.6. A/E is infinite dimensional.

Proof.

dim A/E =Y "dim H(n)/E(n) > Y dim H(n)/R(n) = > dim R'(n) = o0

n=1

[]
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Proposition 3.7. A/E has quadratic or linear growth.

Proof. Using the fact that (L(¢{)H(n—1)+ H(i)R(n —1))® L'(1)R'(n—1i) =
H(n), and recalling proposition 3.5,
dim H(n)/E(n) <Y dimL'()R'(n—i) <Y 2=2(n+1),
=0 =0

> dim H(i)/E(i) < n® + 3n + 1.
=0

Proposition 3.6 shows algebra isn’t finite dimensional. Bergman’s Gap
Theorem [3] proves that the only growths strictly less than quadratic are

linear and finite, so A/E must have quadratic or linear growth. O]

4 EDER)

Theorem 4.1. For any n > 0, let m be mazximal such that 2™ < n.

om+l_p

n {x € H(n): H{i)zH(2™"' —n—1i) C U, H©2™) + H(2™U,,} C E(n).

Proof. Tt’s sufficient to show that for any 0 < i < 2™ —n and any z € H(n)
such that x ¢ L(2" —i)H(n —2™ 4+ 1)+ H(2™ —i)R(n — 2" + 1),

H()zHQ2™ —n—i) € U, H2™) + H(2™)U,,.
x can be uniquely decomposed into x1 + xR, with:
r1 CL2™ —i)H(n—2"4+1i)+ H2™ —i)R(n — 2™ +1),

xp, CL'(2™ —14), zp € R'(n — 2™ +14)

Under our assumption, xpxgr # 0. However,
H(i)x H2™ —n —1i) €

H@)L(2™ —i)H(2™) + H(2™)R(n — 2™ +i)H(2"™ ™ —n — i) C
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UpnH(2™) + H(2™)Up,

Therefore it’s sufficient to show there exists y € H(i) and z € H(2" " —n—1)
such that yrpxgz ¢ U, H(2™) + H(2™)Up,.

As xp, ¢ L(2™ — 1), there must exist a y € H(i) such that yx ¢ U,,. Let
yryp = xy + Ly, with zpp € U, and 0 # xp € V,,. Symmetrically, there’s

aze€ H@2™ —n—i) with xg = 2gy + Trv, Try € Unm, and 0 # zpy € V.
YT XRZ = T LUTRZ +ZrvTRU + TLVIRYV ¢ UmH(2m) + H<2m)Um
[

For any non-zero homogeneous space F' C H(n), let E(F) denote the

space:
= ﬂ Z (kn+ j)F
7=0 k=0

Proposition 4.1. For any non-zero homogeneous space F' C H(n), E(F) is

an ideal.

Proof. By the definition, it’s clear that £(F) is right ideal. To prove it’s a
left ideal, it’s sufficient to show that H(1)E(F) C E(F).

n—1 oo

= (D _H(kn+j+1)FA=

=0 k=0

ﬁ i kn+j)FAﬂiH(kn+n)FA =
j=1 k=0 k=0

n—1

in;n+j)FAﬂiH(kzn th H(kn+j)FA=E&(F).
7=0 k=0

j=1 k=0 k=1

.

]

Corollary 4.2. For anyi >0, E(F;) C E.
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Proof. Since it’s graded, £(F;) can decomposed into homogeneous subspaces.
If n<2Vi E(F)NH(n) =0, and if n > 2N

EF)NHM)=() > HE +j)FEH{n - (k+1)2% - j)

n—1[(n—5)2"Ni—1]
=0 k=0

Let n > 2% and let m be maximal such that 2 < n. For any 0 < j <
2m+1 —n,
H(j)(E(F) N H(n))HE2™ ! —n—j) C

L(n+j)2=Ni—1]
H(k2M)FH (2™ — (k+1)2Y) C

k=1

H(k2V) Uy, H (2™ — (k + 1)2M).

Using proposition 3.1, this is contained in U,,,;, and so by thoerem 4.1,
E(F)NH(n) C E(n). m

5 Enumerating elements

To build a Jacobson radical homomorphic image through this method, we
use a method very similar to used in Theorem 9 in [7], but readapted for our
constraints. First, we require that the field K be countable, so that we can
enumerate the polynomials of A. For each such f € A, we will find a g € A
and a sufficiently "small” F such that f + g — fg € E(F).

Let f C A be any polynomial with no constant term, and let d be minimal
such that f € Zizl H(n). f can be decomposed as f = fi1)+-- -+ fg) with
each f;) € F(i). Recursively define the spaces s(n) € H(n) for each n > 0
with:

e s(n)= Zﬁ?{”’d} fwys(n — 1) for n > 0.

This way,

s(n) = > fan - faw-

k=0 1<iq,...,ig <d,i1++ig=n
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Lemma 8 from [8] can be used to prove a simple property:

Lemma 5.1. For any my,mo > 0 and any n > my + mo + 2d,
d
n) C Z H(my+a)s(n—my—mo—a—b+1)H(my+b—1)

a,b=1
Using s, we can build our subspace F. Recall that |X| is the number of

generators of A.

Theorem 5.2. For any N > 2d, there exists a homogeneous subspace F' C
2 -

H(N) with dim F < ('@tﬁ) and a polynomial g € A such that f+g— fg €

E(F).

Proof. Let g = — S 2N ¥ 5(n), and let P be the two-sided ideal generated by

n=1

{s(2N +1)}L,. By the recursive construction of s,

2N+d 2N +d min{n,d}
g==2_ sl Z Z Jys(n —1)
n=1 i=
2N+d min{n—1,d} d 2N+d
Z n)_z Z fays(n—i) =—f — ZZf (n —1)
i=1 n=i+1
d 2N+d—i !
—f—ZZf@s > > fost)e—f+fg+P
i=1 n=1 i=1 n=2N+1

Now, set F' = Zab o H(a)s(N —a —b)H(b). It is our goal to show that
P C &(F). Thanks to proposition 4.1, it sufficient to show that for any
1 <i<d, s(2N +1i) € E(F). Consequently, it’s sufficient to show that for
any 0 < j < N,
d—1
s@N+i) € HG)FH(N+i—j)= Y H(j+a)s(N—a—b)H(N+i+b—j),
a,b=0

which can be extracted easily from lemma 5.1.
Finally, recall that dim H(n) = | X|", where | X| is the number of genera-
tors of A.

dim F < Z dim H(a)s(N —a — b)H Z | X|tP = (W) .
a,b=0 a,b=0
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In order to make our quotient algebra A/E Jacobson radical, for every
f € A there needs to be a g € A such that f+¢g— fg € E. As A is countable,
we can make an enumeration fi, fs,.... For each f,,, let d,, be minimal such
that f,, € ZZL H(n). For any N,, > 1+ log, d,,, theorem 5.2 can give us
a gm € A and an F,, € H(2V) such that f,, + gm — fimgm € E(F) and
dim F,, < ('f;fll)Q.

If each dim F,, < %(Nm — Nyo1 + 1), then we can construct the ideal

E as detailed in section 3. A/E is infinite dimensional (proposition 3.6),

has quadratic growth (because affine algebras with linear growth are PI by
Small-Stafford-Warfield Theorem [6]) with each dim H(n)/E(n) < 2(n + 1)
(proposition 3.7), and contains each £(F},,) (corollary 4.2). Fortunately, each
N,, can be set arbitrarily high in relation to V,, ;. The needed upper bound
of dimension of F,, depends on d,,, |X|, N,, and N,,_1, so if each N,, is set
to [sup{1+log, d,,,2 <|)|<;|—m11>2 + Nyo1}], each F,,, will be ”small enough”
for the construction of E.
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