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We present a way to derive a deformation of special relativistic kinematics (possible low-energy signal of
a quantum theory of gravity) from the geometry of a maximally symmetric curved momentum space. The
deformed kinematics is fixed (up to change of coordinates in the momentum variables) by the algebra of
isometries of the metric in momentum space. In particular, the well-known example of κ-Poincaré
kinematics is obtained when one considers an isotropic metric in de Sitter momentum space such that
translations are a subgroup of the isometry group, and for a Lorentz covariant algebra one gets the also well-
known case of Snyder kinematics. We prove that our construction gives generically a relativistic kinematics
and explain how it relates to previous attempts of connecting a deformed kinematics with a geometry in
momentum space.
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I. INTRODUCTION

There have been many attempts to avoid the problems of
inconsistency between general relativity and quantum field
theory, including string theory [1–3], loop quantum gravity
[4,5], supergravity [6,7], or causal set theory [8–10].
Unfortunately, it is difficult to extract from these first-
principle theories the experimental predictions that could
tell us which is the correct approach to a quantum gravity
theory (QGT). In this sense, doubly special relativity (DSR;
see Ref. [11] for a review) was proposed as a low-energy
limit of a QGT that could be testable by experimental
observations.
DSR is an example of a deformed kinematics, by which

we mean any modification of the kinematics of special
relativity which depends on a high-energy scaleΛ, in such a
way that special relativity (SR) is recovered in the limit
Λ → ∞. In the particular case ofDSR, this high-energy scale
is identified with the Planck energy, and the symmetries of
SR are deformed in such a way that the Planck energy, as
well as the speed of light, is an invariant quantity in any
reference frame. This is done by means of a nonlinear
implementation of Lorentz transformations which now
depend on both quantities. The new transformations relate

inertial observers describing a deformed kinematics subject
to a relativity principle, i.e., a relativistic deformed kin-
ematics (RDK). This kinematics contains, generically, two
nonindependent ingredients: a deformed dispersion relation
(DDR), and a conservation law which involves a deformed
composition law (DCL) for momenta. The need to change
the standard addition ofmomenta to a nonlinear composition
stems from the necessary compatibility with the relativity
principle which is implemented by the nonlinear Lorentz
transformations, and it is related to a modification of the
Poincaré translations, leading to nonlocal effects known as
relative locality [12].
As we show in this work, a DDR and a DCL can also be

introduced through a geometry in momentum space. The
idea of considering a curved momentum space was first
proposed by Born in the 1930s [13], and also discussed
some years later by Snyder [14], as a way to avoid the
ultraviolet divergences in quantum field theory. More
recently, a curved momentum space was introduced as a
dual of a noncommutative spacetime in connection with
quantum-deformed Hopf algebras describing space-time
symmetries [15]. In the particular case of the κ-Poincaré
Hopf algebra [16], the associated κ-Minkowski noncom-
mutative spacetime [17] allows one to deduce a de Sitter
geometry for momentum space [18].
The mathematical language of Hopf algebras [19]

represents a way to go beyond the SR kinematics, where
the DDR is given by the Casimir of the deformed Poincaré
algebra in a certain basis, and the DCL is given by a
nontrivial coproduct operation (see, for example, Ref. [20]
and Sec. IVof Ref. [21]). This algebraic approach relates a
deformed kinematics with a geometry in momentum space
that is obtained from the Hopf algebra structure. In this

*jcarmona@unizar.es
†cortes@unizar.es
‡relancio@unizar.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 100, 104031 (2019)

2470-0010=2019=100(10)=104031(10) 104031-1 Published by the American Physical Society

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Repositorio Universidad de Zaragoza

https://core.ac.uk/display/290002695?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://orcid.org/0000-0003-2264-2306
https://orcid.org/0000-0002-8282-3435
https://orcid.org/0000-0003-1130-3982
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.104031&domain=pdf&date_stamp=2019-11-15
https://doi.org/10.1103/PhysRevD.100.104031
https://doi.org/10.1103/PhysRevD.100.104031
https://doi.org/10.1103/PhysRevD.100.104031
https://doi.org/10.1103/PhysRevD.100.104031
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


paper we are going to consider instead a geometric
approach, for which the deformed kinematics is related
to fundamental geometric objects, such as the metric in
momentum space, the connection, or (as we will see, more
fundamental), the tetrad.
The geometric approach has also been investigated

previously [12,22,23]. In Ref. [12], a proposal for a relation
between momentum space geometry and a deformed
kinematics was given. In this proposal, the dispersion
relation is defined as the square of the distance from the
origin to a point p, and the DCL is related to a nonmetrical
connection. Unfortunately, this work does not mention
Lorentz transformations, and indeed it seems hard to
implement a relativity principle in a systematic way. The
authors of Ref. [23], however, considered a possible
correspondence between a deformed composition law
and the isometries of the momentum metric corresponding
to translations (in the sense that they do not leave invariant
the origin). The homogeneous isometries were then iden-
tified as the Lorentz transformations, and in such a way, one
may guess that a relativity principle might hold: the DDR
(defined by a metric) would be compatible with the DCL
(which is associated to an isometry of the same metric), and
the composition of momenta would be compatible with
Lorentz transformations. This is what the authors of the
previous work assure, indicating that “there is a well-
defined commutation rule between both operations (since
they generate a group).” As one would want ten isometries
(four translations and six Lorentz boosts), one has to restrict
the possible momentum geometry to a maximally sym-
metric space. Then, there are only three possibilities:
Minkowski, de Sitter or anti–de Sitter space.
However, Ref. [23] did not formulate a clear way to

obtain the composition law, because there are in fact
many isometries that do not leave invariant the origin;
an additional ingredient is needed to characterize them.
Also, the argument by which one gets a deformed kin-
ematics which is compatible with the relativistic principle is
not really clear, since, as we will see, it is necessary to
discuss the implementation of Lorentz transformations for a
set of two momenta.
Our purpose in this paper is to clarify the geometric

approach by making concrete this proposal. In particular,
we present a precise way to understand the deformed
composition law: it can be associated to translations, but in
such a way that their generators form a specific algebra
inside the algebra of isometries of the momentum metric.
Moreover, we give a detailed argument showing how the
construction we propose gives a relativistic deformed
kinematics. This is the subject of Sec. II.
It is obvious that this new approach gives the usual

kinematics in the SR case: since the SR momentum space is
flat, the square of the distance from the origin to a
point p is a quadratic relation, and the conservation law
and Lorentz transformations, understood as the isometries

of the Minkowski metric, are both linear. In Sec. III,
we see that the very much studied κ-Poincaré model is
obtained for a de Sitter momentum space, when the
generators of translations satisfy an isotropic closed algebra
(κ Minkowski), while the DCL of Snyder [24] is obtained
for the same geometry, when the Poisson bracket of two
translation generators is proportional to the Lorentz gen-
erator. We also see that the generalization of these two
kinematics, the so-called hybrid models [25], can also be
obtained within this approach. This allows us to compare
the geometric and algebraic approaches to a deformed
relativistic kinematics.
In order to complete the discussion, in Sec. IV we show

the correspondence between our prescription and the
relative locality framework posed in Ref. [12]. Finally,
in Sec. V we present our conclusions and future prospects.

II. DERIVATION OF A DEFORMED KINEMATICS
FROM THE GEOMETRY OF A MAXIMALLY

SYMMETRIC MOMENTUM SPACE

A deformed kinematics is a combination of a deformed
(with respect to special relativity) relation between the
energy and the momentum of a free particle (deformed
dispersion relation) and a deformation of the expression of
the total energy momentum of a system of free particles in
terms of the energy momentum of each of the particles
(deformed composition law). The combination of a DDR
and a DCL defines a RDK if it is possible to find a
(nonlinear) implementation of Lorentz transformations
such that if one has a set of particle momenta in an initial
and a final states satisfying the dispersion relation and the
conservation of total energy momentum, the set of Lorentz
transformed particle momenta satisfy the same dispersion
relations and energy-momentum conservation law (rela-
tivity principle). This is just a generalization of the Poincaré
invariance of the special relativistic kinematics with a ten-
parameter group of transformations relating different iner-
tial frames.

A. Definition of the deformed kinematics

The geometry of a maximally symmetric four-
dimensional momentum space is defined by a ten-parameter
group of transformations which leave the metric invariant
(isometries). This leads one to explore the possibility to
derive a RDK from the geometry of a maximally symmetric
momentum space.
We start by considering a metric gμνðkÞ in momentum

space1 and isometries k → k0 defined by the system of
equations

1The simplest form for the metric is gμνðkÞ ¼ ημν � kμkν=Λ2,
where Λ is the energy scale of deformation and the two signs
correspond to de Sitter and anti–de Sitter.
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gμνðk0Þ ¼
∂k0μ
∂kρ

∂k0ν
∂kσ gρσðkÞ: ð1Þ

We take a system of coordinates such that gμνð0Þ ¼ ημν,
where ημν is the Minkowski metric and we write the ten-
dimensional group of isometries in the form

k0μ ¼ ½TaðkÞ�μ ¼Tμða;kÞ; k0μ ¼ ½JωðkÞ�μ ¼ Jμðω;kÞ; ð2Þ

where a is a set of four parameters and ω a set of six
parameters, and one has

Tμða; 0Þ ¼ aμ; Jμðω; 0Þ ¼ 0; ð3Þ

so that Jμðω; kÞ define the six-parameter subgroup of
isometries which leave k ¼ 0 (origin in momentum space)
invariant and Tμða; kÞ are the isometries which do not leave
the origin invariant (“translations”).
The proposal to define a RDK is based on the identi-

fication of the isometries k0μ ¼ Jμðω; kÞ with the Lorentz
transformation of the total momentum or of one momentum
when it does not depend on other momenta (in fact the
relativity principle with a deformed composition law of
momenta requires the Lorentz transformation of some
momenta to depend on other momenta), where ω are the
six parameters of a Lorentz transformation. The dispersion
relation is defined by the points of the hypersurface where a
function CðkÞ takes a constant value (squared mass of the
particle). The Lorentz invariance of the dispersion relation
reduces to the condition CðkÞ ¼ Cðk0Þ which allows us to
determine the function C if one knows the isometries
Jμðω; kÞ which leave the origin invariant. It is obvious that
the dependence on k of CðkÞ is the same as that of the
distance between the origin and k, since this quantity is
preserved by isometries that leave the origin invariant.
Translations k0μ ¼ Tμða; kÞ are used to define the total

momentum p ⊕ q of a two-particle system with momenta
p, q through

ðp ⊕ qÞμ ≐ Tμðp; qÞ: ð4Þ

It is easy to see that the composition of momenta is then
related to the composition of translations, according to

p ⊕ q ¼ TpðqÞ ¼ TpðTqð0ÞÞ ¼ ðTp∘TqÞð0Þ: ð5Þ

Note that the previous equation implies that Tðp⊕qÞ differs
from ðTp∘TqÞ by a transformation that leaves the origin
invariant (that is, by a Lorentz transformation).
The two ingredients of a deformed kinematics, a

deformed composition law (⊕) and a deformed dispersion
relation (CðkÞ) are determined by the isometries Ta and Jω.
Therefore, a derivation of a deformed kinematics from
the geometry of momentum space reduces to the identi-
fication of the isometries Ta, Jω. The conjecture (proven in

Sec. II B) is that the deformed kinematics obtained in this
way, where the deformations of the composition law and
dispersion relation are both determined from the isometries
of a given metric, is a RDK.
A general study of a RDK from the geometry of

momentum space with a given metric gμν is based on
the set of equations

gμνðTaðkÞÞ ¼
∂Tμða; kÞ

∂kρ
∂Tνða; kÞ

∂kσ gρσðkÞ;

gμνðJωðkÞÞ ¼
∂Jμðω; kÞ

∂kρ
∂Jνðω; kÞ

∂kσ gρσðkÞ; ð6Þ

for the isometries Ta, Jω which have to be satisfied for any
choice of the parameters a, ω. Taking the limit k → 0 in the
set of equations (6), we get

gμνðaÞ ¼
�
lim
k→0

∂Tμða; kÞ
∂kρ

��
lim
k→0

∂Tνða; kÞ
∂kσ

�
ηρσ;

ημν ¼
�
lim
k→0

∂Jμðω; kÞ
∂kρ

��
lim
k→0

∂Jνðω; kÞ
∂kσ

�
ηρσ: ð7Þ

We can then make the identifications

lim
k→0

∂Tμða;kÞ
∂kρ ¼ δραeαμðaÞ; lim

k→0

∂Jμðω;kÞ
∂kρ ¼Lρ

μðωÞ; ð8Þ

where eαμðkÞ is the (inverse of2 the) tetrad in momentum
space, and Lρ

μðωÞ is the standard (4 × 4) matrix represent-
ing the Lorentz transformation with parameters ω.
Combining Eq. (4) with Eq. (8), we obtain

lim
k→0

∂ða ⊕ kÞμ
∂kρ ¼ δραeαμðaÞ; ð9Þ

which is a fundamental relationship between (a limit of
the derivative of) the composition law and the tetrad in
momentum space.
If we consider infinitesimal transformations, we have

Tμðϵ; kÞ ¼ kμ þ ϵαT α
μðkÞ;

Jμðϵ; kÞ ¼ kμ þ ϵβγJ
βγ
μ ðkÞ; ð10Þ

and Eq. (6) leads to

∂gμνðkÞ
∂kρ T α

ρðkÞ ¼
∂T α

μðkÞ
∂kρ gρνðkÞ þ

∂T α
νðkÞ

∂kρ gμρðkÞ; ð11Þ

∂gμνðkÞ
∂kρ J βγ

ρ ðkÞ¼ ∂J βγ
μ ðkÞ
∂kρ gρνðkÞþ

∂J βγ
ν ðkÞ
∂kρ gμρðkÞ; ð12Þ

2Note that gμν is the inverse of the metric gμν in momentum
space.
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which is a system of equations for the Killing vectors
T α, J βγ .
Note that if T α, J βγ are a solution of the Killing

equations (11) and (12), then T 0α ¼ T α þ cαβγJ
βγ is also

a solution of Eq. (11) for any choice of constants cαβγ ,
and one has T 0

μðϵ; 0Þ ¼ Tμðϵ; 0Þ ¼ ϵμ. This observation is
equivalent to what we commented after Eq. (5). Then, there
is an ambiguity in the identification of translations and then
on the geometric derivation of a deformed composition law.
Writing the generators of isometries as

Tα ¼ xμT α
μðkÞ; Jαβ ¼ xμJ αβ

μ ðkÞ; ð13Þ
where xμ are the coordinates canonically conjugated to the
momenta, fpμ; xνg ¼ δνμ, we have

fTα;Tβg ¼ xρ
�∂T α

ρðkÞ
∂kσ T β

σðkÞ− ∂T β
ρðkÞ

∂kσ T α
σðkÞ

�
; ð14Þ

fTα;Jβγg¼ xρ
�∂T α

ρðkÞ
∂kσ J βγ

σ ðkÞ−∂J βγ
ρ ðkÞ
∂kσ T α

σðkÞ
�
: ð15Þ

The generators Tα, Jβγ close a Lie algebra since the
isometries are a Lie group of transformations. The ambi-
guity in the identification of translations is just the
ambiguity in the choice of basis in the Lie algebra. Each
choice of generators of translations leads to different
deformed composition laws, and then to different relativ-
istic deformed kinematics.

B. Relativistic deformed kinematics

We now show that the deformed kinematics defined from
the isometries of a geometry in momentum space is
compatible with the relativity principle (RDK). The proof
is based on the following diagram:

where the prime denotes the transformation through J ω,
and Tp, Tp0 are the translations with parameters p and p0.
The point q̄ is defined as the point whose transformed by
the translation Tp0 is just ðp ⊕ qÞ0, i.e.,

ðp ⊕ qÞ0 ¼ ðp0 ⊕ q̄Þ: ð16Þ
Note that if one takes q ¼ 0, then one has q̄ ¼ 0, and in
the case q ≠ 0, the point q̄ is obtained from q by a
composition of three isometries (the translation Tp, a
Lorentz transformation Jω, and the inverse of the trans-
lation Tp0 , which will be an isometry since the isometries

are a group of transformations). Then there is an isometry
which leaves the origin invariant and applied to q gives q̄.
This means that q and q̄ are at the same distance from the
origin and then

CðqÞ ¼ Cðq̄Þ: ð17Þ

Equations (16) and (17) tell us that the deformed kinemat-
ics defined byC and⊕ is a relativistic deformed kinematics
if we identify the momenta ðp0; q̄Þ as the Lorentz trans-
formed momenta of (p; q). Equation (16) implies that the
conservation law is Lorentz invariant and Eq. (17), together
with CðpÞ ¼ Cðp0Þ, that the dispersion relation of the
particles is also Lorentz invariant. In the case p ¼ 0, one
has q̄ ¼ q0, but when p ≠ 0, q̄ depends on p. This means
that the Lorentz transformation of two momenta differs
from the independent Lorentz transformation of each
momentum. The explicit form of this transformation is
determined by the composition law and the Lorentz trans-
formation of one momentum. We show this in an example
in the next section.

III. ISOTROPIC RELATIVISTIC
DEFORMED KINEMATICS

In this section we consider the derivation in detail for two
simple cases (κ-Poincaré and Snyder kinematics) of an
isotropic relativistic deformed kinematics and we argue
how to proceed when one goes beyond the two simple cases
(hybrid models).
An isotropic relativistic deformed kinematics is based on

an algebra of generators of isometries

fT0; Tig ¼ c1
Λ
Ti þ c2

Λ2
J0i; fTi; Tjg ¼ c2

Λ2
Jij; ð18Þ

where we assume that the generators of isometries leaving
the origin invariant Jαβ have been chosen to satisfy the
standard Lorentz algebra, and the Poisson brackets of Tα

and Jβγ are fixed by Jacobi identities.3 For each choice of
this algebra [i.e., for each choice of ðc1=ΛÞ and ðc2=Λ2Þ]
and for each choice of an isotropic metric one has to find
the isometries of the metric whose generators satisfy the
chosen algebra. These isometries define an isotropic
relativistic deformed kinematics.

A. κ-Poincaré relativistic kinematics

The first simple case one can consider is taking c2 ¼ 0 in
Eq. (18). The isotropic Lie algebra for the generators of
translations is in this case4

3The coefficients of J0i and Jij in Eq. (18) are the same also
due to Jacobi identities.

4One can reabsorb the coefficient c1 into a redefinition of the
scale Λ.
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fT0; Tig ¼ � 1

Λ
Ti: ð19Þ

Together with the generators Tα of translations
k → TaðkÞ ¼ ða ⊕ kÞ, one can consider the generators
T̃α of transformations k → ðk ⊕ aÞ, which can be identi-
fied from (8),

T̃α ¼ xμeαμðkÞ: ð20Þ

A result of differential geometry [26] is that, when the
generators of translations Tα satisfy the Lie algebra (19), T̃α

are also the generators of a Lie algebra,

fT̃0; T̃ig ¼ ∓ 1

Λ
T̃i; ð21Þ

which is the Lie algebra of the generators of translations up
to a sign.5 Algebras (19)–(21) are just the algebra for the
coordinates of κ-Minkowski spacetime. The problem to
determine a tetrad eαμðkÞ compatible with the algebra (21)
reduces then to the problem of finding a representation of
κ-Minkowski space-time coordinates in terms of canonical
phase space coordinates. One can easily check that a
possible choice for κ-Minkowski space-time coordinates,
and then for the tetrad, is

e00ðkÞ¼1; e0i ðkÞ¼ei0ðkÞ¼0; eijðkÞ¼δije
∓k0=Λ: ð22Þ

We now have to define the finite translations Tμða; kÞ
whose generators satisfy Eq. (19). Since this is a Lie
algebra, the translation transformations must form a group,
that is, the translations are a subgroup of the isometries of
the metric. Inspired by the first equation in Eq. (8), we try to
define the finite translation as a transformation which
leaves the tetrad invariant,

eαμðTða; kÞÞ ¼
∂Tμða; kÞ

∂kν eανðkÞ: ð23Þ

It is evident that if Tμða; kÞ is a solution to this equation,
which implies that a translation leaves the tetrad, and
therefore, the metric, invariant (so that it is indeed an
isometry), then translations form a group, since the com-
position of two transformations that leave the tetrad
invariant has also the same property. Indeed, Eq. (23)
can be solved, and this allows one to get the finite
translations. The solution of (23) for Tμða; kÞ is

T0ða; kÞ ¼ a0 þ k0; Tiða; kÞ ¼ ai þ kie∓a0=Λ; ð24Þ

and the corresponding composition law of momenta

ðp ⊕ qÞ0 ¼ T0ðp; qÞ ¼ p0 þ q0;

ðp ⊕ qÞi ¼ Tiðp; qÞ ¼ pi þ qie∓p0=Λ; ð25Þ

is just the composition law of momenta of κ-Poincaré
kinematics in the bicrossproduct basis, or a related com-
position law obtained by replacing Λ by −Λ.
The function CðkÞ invariant under isometries which

leave the origin invariant satisfies the equation

∂CðkÞ
∂kμ J αβ

μ ðkÞ ¼ 0; ð26Þ

where J αβ are the Killing vectors satisfying Eq. (12)
with the metric gμνðkÞ ¼ eαμðkÞηαβeβνðkÞ defined by the
tetrad (22),

0 ¼ J αβ
0 ðkÞ
∂k0 ; 0 ¼ −

J αβ
0 ðkÞ
∂ki e∓2k0=Λ þ J αβ

i ðkÞ
∂k0 ;

� 2

Λ
J αβ

0 ðkÞδij ¼ −
∂J αβ

i ðkÞ
∂kj −

∂J αβ
j ðkÞ
∂ki : ð27Þ

The solution for J αβ
μ ðkÞ is

J 0i
0 ðkÞ ¼ −ki;

J 0i
j ðkÞ ¼ �δij

Λ
2

�
e∓2k0=Λ − 1 −

k⃗2

Λ2

�
� kikj

Λ
; ð28Þ

and then

CðkÞ ¼ Λ2ðek0=Λ þ e−k0=Λ − 2Þ − e�k0=Λk⃗2; ð29Þ

which is the function of the momentum defining the
dispersion relation of κ-Poincaré kinematics in the bicross-
product basis (or a related dispersion relation obtained by
replacing Λ by −Λ).
Once the composition law of momenta (25) and the

(infinitesimal) Lorentz transformation of momenta

k0μ ¼ kμ þ ϵαβJ
αβ
μ ðkÞ ð30Þ

have been determined, we can go back to the diagram in
Sec. II B and determine the explicit form of q̄ for an
infinitesimal Lorentz transformation from the relation

ðp ⊕ qÞ0 ¼ p0 ⊕ q̄ ð31Þ

by equating the terms linear in ϵαβ in the difference from
p ⊕ q on both sides of this equation. Then one finds

5The fact that the directional tetrad derivatives (T̃α) close the
same Lie algebra of the translation generators (Tα), but with
different sign, is also understood from the identification of T̃α and
Tα as right- and left-translation generators.
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ϵαβJ
αβ
μ ðp ⊕ qÞ ¼ ϵαβ

∂ðp ⊕ qÞμ
∂pν

J αβ
ν ðpÞ

þ ∂ðp ⊕ qÞμ
∂qν ðq̄ν − qνÞ: ð32Þ

From the composition law (25) with the minus sign in the
exponent, we have

∂ðp ⊕ qÞ0
∂p0

¼ 1;
∂ðp ⊕ qÞ0

∂pi
¼ 0;

∂ðp ⊕ qÞi
∂p0

¼ −
qi
Λ
e−p0=Λ;

∂ðp ⊕ qÞi
∂pj

¼ δji ; ð33Þ

∂ðp ⊕ qÞ0
∂q0 ¼ 1;

∂ðp ⊕ qÞ0
∂qi ¼ 0;

∂ðp ⊕ qÞi
∂q0 ¼ 0;

∂ðp ⊕ qÞi
∂qj ¼ δjie

−p0=Λ: ð34Þ

Then we find

q̄0 ¼ q0 þ ϵαβ½J αβ
0 ðp ⊕ qÞ − J αβ

0 ðpÞ�;

q̄i ¼ qi þ ϵαβep0=Λ
�
J αβ

i ðp ⊕ qÞ − J αβ
i ðpÞ

þ qi
Λ
e−p0=ΛJ αβ

0 ðpÞ
�
; ð35Þ

and one can check that the Lorentz transformation of two
momenta ðp; qÞ → ðp0; q̄Þ reproduces the coproduct of
Lorentz generators of κ-Poincaré in the bicrossproduct
basis.
We have seen then that the κ-Poincaré kinematics in the

bicrossproduct basis is just the deformed kinematics
obtained from a de Sitter momentum space when one uses
coordinates such that the tetrad takes the form in (22) and
one defines the translations as the isometries which leave
the tetrad invariant. Different choices of tetrad, correspond-
ing to different representations of κ-Minkowski space-time
coordinates in terms of canonical phase space variables,
will lead to κ-Poincaré kinematics in a different basis; that
is, they correspond to different choices of coordinates in
momentum space of the deformed kinematics defined by
the algebra (19).
The momentum space metric for the tetrad in (22) is6

g00ðkÞ ¼ 1; g0iðkÞ ¼ gi0ðkÞ ¼ 0; gijðkÞ ¼−δije∓2k0=Λ:

ð36Þ

One can check from the calculation of the Riemann-
Christoffel tensor that this is the metric of a de Sitter
momentum space with curvature ð12=Λ2Þ.7
In summary, the geometric interpretation of the deformed

kinematics allowed us to produce the results of the
κ-Poincaré Hopf algebra in the bicrossproduct basis [20].
In the algebraic approach, one imposes that the space-time
coordinates form a closed subalgebra, and a closed algebra
with the generators Jαβ. These requirements are automati-
cally satisfied in the geometric approach, where the space-
time coordinates are just the generators of a subgroup of
isometries (translations). This also implies that the compo-
sition law is associative. Note also that, if translations are a
subgroup of isometries, the composition law is associative.

B. Beyond κ-Poincaré relativistic kinematics

Another simple choice for the constants in the algebra of
the generators of translations is c1 ¼ 0, which gives a
covariant algebra, the so-called Snyder algebra [14]. If one
goes back to the simplest covariant form for the metric of
de Sitter momentum space, gμνðkÞ ¼ ημν þ kμkν=Λ2, the
invariance of the metric under translations, together with
the definition of the composition law of momenta from
translations, leads to the system of equations for the
composition of momenta

ημν þ
ðp ⊕ qÞμðp ⊕ qÞν

Λ2

¼ ∂ðp ⊕ qÞμ
∂qρ

∂ðp ⊕ qÞν
∂qσ

�
ηρσ þ

qρqσ
Λ2

�
: ð37Þ

Using the general form of a covariant composition of
momenta

ðp ⊕ qÞμ ¼ pμfLðp2=Λ2; p:q=Λ2; q2=Λ2Þ
þ qμfRðp2=Λ2; p:q=Λ2; q2=Λ2Þ; ð38Þ

we have a system of equations for the two functions fL, fR
of three variables. The solution of the system of equations is

fLðp2=Λ2; p:q=Λ2; q2=Λ2Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

Λ2

r
þ p · q

Λ2ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2=Λ2

p
Þ
;

fRðp2=Λ2; p:q=Λ2; q2=Λ2Þ ¼ 1; ð39Þ

and one reproduces the composition of momenta of Snyder
kinematics in the Maggiore basis (it is the complete version
of the first orders obtained in Ref. [28]).

6This is the metric in the comoving coordinate system of de
Sitter space [27].

7In the Appendix we show why a deformed kinematics based
on the invariance of the tetrad cannot be found in the case of anti–
de Sitter momentum space.
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If we obtain the infinitesimal generators

T μ
νðpÞ ¼ ∂ðk ⊕ pÞν

∂kμ
����
k→0

¼ δμν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

Λ2

r
; ð40Þ

one can check that Tα ¼ xνT α
ν satisfies

fTα; Tβg ¼ 1

Λ2
Jαβ; ð41Þ

which is indeed the Snyder algebra. Covariance of the
algebra also tells us that CðpÞ is a function of p2, and that
the Lorentz transformation in the two-particle system is
linear; that is, it is the same as that in the one-particle
system.
For other choices of coordinates with a covariant metric

one would find the Snyder kinematics in a different basis.
All the discussion of a deformed covariant metric can be
repeated in the case of anti–de Sitter momentum space and
one obtains the same results replacing ð1=Λ2Þ by −ð1=Λ2Þ.
In the case where both coefficients c1, c2 are nonzero,

one has a relativistic deformed kinematics depending on
one additional dimensionless parameter which interpolates
between Snyder and κ-Poincaré kinematics. One has a
system of equations for the translation TaðpÞ (and then for
the deformed composition law of momenta) when one
considers a given algebra of isometries and the translation
invariance of a choice of de Sitter or anti–de Sitter metric.
When one considers the general expression for an isotropic
composition of momenta as an expansion in powers of
(1=Λ), one finds at each order in this expansion a set of
equations which determine the dimensionless coefficients
which define the power expansion of the deformed com-
position of momenta. This reproduces the results of the
kinematics of what is known as hybrid models [25].
We note that while the composition law of κ-Poincaré

kinematics is associative, this is no longer the case for
Snyder and hybrid kinematics.8 In fact, a generic compo-
sition law of momenta (defined as a map from a pair of
momentum variables into a momentum variable, such that,
when one of the momentum variables in the pair is 0, it
reduces to the nonzero momentum variable) is not asso-
ciative. The associativity of the composition law of κ-
Poincaré kinematics is a direct consequence of the property
that the generators Tα of the isometries which define in the
geometric approach the composition law, define a sub-
algebra of the Lie algebra of isometries. In the case of
Snyder or hybrid kinematics, the generators Tα do not
define a subalgebra [c2 ≠ 0 in Eq. (18)] and the corre-
sponding composition law is not associative.
The composition law of κ-Poincaré kinematics obtained

in the geometric approach can also be derived from the

coproduct of the κ-Poincaré Hopf algebra, and the asso-
ciativity of the composition law is just a consequence of the
coassociativity of the coproduct of the Hopf algebra. If one
generalizes the correspondence between the composition
law and the coproduct of κ-Poincaré to the composition law
of Snyder kinematics, then one obtains a coproduct which
is not coassociative as a consequence of the nonassocia-
tivity of the composition law. This is the reason why, if one
wants to obtain Snyder kinematics in the algebraic
approach, one has to go beyond the framework of Hopf
algebras [24].
The restriction on the kinematics derived from a Hopf

algebra (associativity of the composition law due to the
coassociativity of the coproduct) can also be obtained in
the geometric approach if one imposes the condition that
the composition law should define a group of transforma-
tions in momentum space. Since associativity is a crucial
property to simplify the analysis of processes in the
deformed kinematics, we stick to this very important
particular case, in which it is also possible to make a
comparison between our results and previous studies of the
geometric approach. This is the subject of the next section.

IV. COMPARISON WITH PREVIOUS ATTEMPTS
TO RELATE A DEFORMATION OF THE
KINEMATICS WITH THE GEOMETRY

IN MOMENTUM SPACE

In previous attempts to establish a relation between a
deformation of the kinematics and a geometry of momen-
tum space [12], the basic ingredients have been the
identification of the function of momenta which defines
the dispersion relation with the square of the distance from
the origin to a point in momentum space in terms of its
coordinates, and a relation between the deformed compo-
sition law and a (nonmetrical) connection in momentum
space. Specifically, Ref. [12] defines the value of the
connection at the origin as

Γτλ
ν ð0Þ ¼ −

∂2ðp ⊕ qÞν
∂pτ∂qλ

����
p;q→0

: ð42Þ

In order to determine the connection away from the origin,
the authors use a prescription based on a k-dependent
momentum composition

ðp ⊕k qÞ ≐ k ⊕ ððk̂ ⊕ pÞ ⊕ ðk̂ ⊕ qÞÞ; ð43Þ

where k̂ is called the antipode of k, defined as

k ⊕ k̂ ¼ k̂ ⊕ k ¼ 0: ð44Þ

This allows them to define
8One can check explicitly, using Eqs. (38) and (39), that

k ⊕ ðp ⊕ qÞ ≠ ðk ⊕ pÞ ⊕ q.
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Γτλ
ν ðkÞ ¼ −

∂2ðp ⊕k qÞν
∂pτ∂qλ

����
p;q→k

: ð45Þ

In this work, however, we have completed the proposal
of Ref. [23], defining the deformed composition law
through some isometries (translations) of the metric, with-
out any reference to a connection. Which is the relationship
between our approach and the geometric approach of
Ref. [12]? We now show how the definition of the DCL
from translations which leave the tetrad (and then the
metric) invariant leads to identify a combination of the
tetrad and its derivatives which transforms as a connection
(but in general differs from the metric connection). This
connection allows us to compare the direct simple deriva-
tion of a RDK from the geometry presented in this work
with previous approaches based on a relation between a
connection and a deformed composition law.
We start by writing the equation of invariance of the

tetrad under translations [Eq. (23)] in terms of the compo-
sition law, and taking the derivative on both sides with
respect to pτ,

∂eανðp ⊕ qÞ
∂pτ

¼ ∂eανðp ⊕ qÞ
∂ðp ⊕ qÞσ

∂ðp ⊕ qÞσ
∂pτ

¼ ∂2ðp ⊕ qÞν
∂pτ∂qρ eαρðqÞ: ð46Þ

From this we can get the second derivative of the
composition law

∂2ðp ⊕ qÞν
∂pτ∂qρ ¼ eραðqÞ ∂e

α
νðp ⊕ qÞ

∂ðp ⊕ qÞσ
∂ðp ⊕ qÞσ

∂pτ
; ð47Þ

where eρα is the inverse of eαρ , eανe
μ
α ¼ δμν . But also using

Eq. (23), one has

eραðqÞ ¼
∂ðp ⊕ qÞμ

∂qρ eμαðp ⊕ qÞ ð48Þ

and then

∂2ðp⊕ qÞν
∂pτ∂qρ þΓσμ

ν ðp⊕ qÞ∂ðp⊕ qÞσ
∂pτ

∂ðp⊕ qÞμ
∂qρ ¼ 0; ð49Þ

where

Γσμ
ν ðkÞ ≐ −eμαðkÞ ∂e

α
νðkÞ
∂kσ : ð50Þ

One can easily check that the combination of the tetrad and
derivatives in Eq. (50) transforms like a connection does
under a change of coordinates in momentum space.
In Ref. [29], a way to introduce a connection in

momentum space and define the deformed composition

through the parallel transport defined by the connection
was proposed as the link between the geometry of
momentum space and a DCL. It turns out that the
composition law defined in this way satisfies Eq. (49).
This equation does not allow one to determine the compo-
sition law for a given connection unless we add the
condition of associativity for the composition law. Then
we have a proof that the composition law defined by a
translation which leaves a tetrad invariant is the associative
composition law derived by parallel transport, with the
connection (50) associated to the tetrad.
Finally, if the composition law is associative, then

Eq. (43) reduces to

ðp ⊕k qÞ ¼ p ⊕ k̂ ⊕ q: ð51Þ

We can then get a differential equation for this k-dependent
composition law if we replace q by ðk̂ ⊕ qÞ in Eq. (49),
which is valid for any momenta (p, q). We have

∂2ðp⊕ k̂⊕qÞν
∂pτ∂ðk̂⊕qÞρ

þΓσμ
ν ðp⊕ k̂⊕qÞ∂ðp⊕ k̂⊕qÞσ

∂pτ

∂ðp⊕ k̂⊕qÞμ
∂ðk̂⊕qÞρ

¼0: ð52Þ

Now, multiplying by ∂ðk̂ ⊕ qÞρ=∂qλ, one obtains

∂2ðp⊕ k̂⊕qÞν
∂pτ∂qλ

þΓσμ
ν ðp⊕ k̂⊕qÞ∂ðp⊕ k̂⊕qÞσ

∂pτ

∂ðp⊕ k̂⊕qÞμ
∂qλ ¼0: ð53Þ

Taking p ¼ q ¼ k in Eq. (53), we get

Γτλ
ν ðkÞ ¼ −

∂2ðp ⊕k qÞν
∂pτ∂qλ

����
p;q→k

; ð54Þ

which is the expression used in Ref. [12], Eq. (45). This
proves that the connection associated to the tetrad (50) in
our approach is related to the composition law of momenta
defined by the invariance under translations of the tetrad by
the prescription proposed in Ref. [12] to define a nonmetric
connection from a composition law of momenta.

V. SUMMARY AND OUTLOOK

We have presented in this work a proposal to derive a
(relativistic) deformed kinematics from a geometry in
momentum space defining a deformed composition law
from the translations in momentum space and the deformed
dispersion relation from the (square of the) distance from
the origin to a point in momentum space. In the case of a
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maximally symmetric space one gets a relativistic deformed
kinematics.
A comparison with other attempts to relate a geometry

with a deformed kinematics based on a relation between a
(nonmetric) connection in momentum space and a
deformed composition of momenta has been discussed.
In fact we have identified a connection in our proposal that,
in the case of an associative composition of momenta,
satisfies the relations with the deformed composition law
proposed in those attempts. This connection, however, is
derived from the tetrad, which in our approach is a more
fundamental object that relates the geometry and the
deformed composition law through Eq. (9).
We have discussed the systematic method to determine a

relativistic isotropic deformed kinematics for a given Lie
algebra of generators of isometries, and compared this
geometric approach with the standard algebraic approach
where a curved momentum space is deduced from a
quantum-deformed Hopf algebra. The algebraic approach
is reproduced when the generators of translations close an
algebra, Eq. (19). This condition allows one to completely
determine the composition law, since Eq. (9) is converted
into Eq. (48). We have seen that in this case, a particular
choice of de Sitter momentum space coordinates reprodu-
ces the Hopf algebra structure of coproduct of momenta
and boosts, as well as the Casimir, of κ-Poincaré in the
bicrossproduct basis, which are then obtained in a simple
and intuitive way.
The geometric approach also includes other cases. For a

linear Lorentz covariant metric, the composition law of
momenta is obtained for the Snyder noncommutativity in
the Maggiore representation. The details of the derivation
of the kinematics of hybrid models, as well as the
possibility to consider anisotropic relativistic deformed
kinematics, will be the subject of a future work.
Finally, let us mention that the consistency of the

independence of the geometry on the choice of coordinates
(momentum variables) with the identification of physical
momentum variables (which is implicit in any study of the
phenomenological consequences of a deformation of the
kinematics) is an open problem to be studied, as well as
the possibility to extend the derivation of a (not relativistic)
deformed kinematics from a geometry in momentum space
beyond the maximally symmetric cases.
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APPENDIX: ALGEBRA OF ISOMETRY
GENERATORS IN DE SITTER AND ANTI–DE

SITTER SPACES

We start from a choice of generators of isometries in de
Sitter space ðTα

S; J
βγÞ such that the Lie algebra of isometries

is Lorentz covariant,

fTα
S; T

β
Sg ¼ Jαβ

Λ2
; fTα

S; J
βγg ¼ ηαβTγ

S − ηαγTβ
S;

fJαβ; Jγδg ¼ ηβγJαδ − ηαγJβδ − ηβδJαγ þ ηαδJβγ: ðA1Þ

If we want to have a four-dimensional subalgebra (main-
taining isotropy) we have to change the basis of three
translation generators,

T0
κ ¼ T0

S; Ti
κ ¼ Ti

S �
J0i

Λ
; ðA2Þ

so that the new translation generators satisfy the closed
algebra

fT0
κ ; Ti

κg ¼∓ Ti
κ

Λ
: ðA3Þ

This is the algebra of isometries that leads to κ-Poincaré
kinematics, as we show in Sec. III.
If one tries to make a change of variables similar to

Eq. (A2) starting from the Lorentz covariant Lie algebra of
isometries in anti–de Sitter space [replacing Λ2 by −Λ2 in
(A1)], one finds that it is not possible to find a change of
basis for translation generators so that they close a four-
dimensional algebra. Then there is no isotropic deformed
relativistic deformed kinematics with an associative
deformed composition law in the case of anti–de Sitter
momentum space.
The most general choice of translation generators (main-

taining isotropy) is

T0
H ¼ T0

S; Ti
H ¼ Ti

S þ α
J0i

Λ
; ðA4Þ

with a new arbitrary parameter α. The corresponding
deformed composition law reproduces the kinematics of
hybrids models which interpolate between the covariant
Snyder kinematics and κ-Poincaré kinematics.
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