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NON-LOCAL FRACTIONAL DERIVATIVES. DISCRETE AND
CONTINUOUS

LUCIANO ABADIAS, MARTA DE LEON, AND JOSE L. TORREA

ABSTRACT. We prove maximum and comparison principles for the discrete fractional derivatives
in the integers. Regularity results when the space is a mesh of length h, and approximation
theorems to the continuous fractional derivatives are shown. When the functions are good
enough (Holder continuous), these approximation procedures give a measure of the order of
approximation. These results also allow us to prove the coincidence, for Hélder continuous
functions, of the Marchaud and Griinwald-Letnikov derivatives in every point and the speed
of convergence to the Griinwald-Letnikov derivative. The discrete fractional derivative will be
also described as a Neumann-Dirichlet operator defined by a semi-discrete extension problem.
Some operators related to the Harmonic Analysis associated to the discrete derivative will be
also considered, in particular their behavior in the Lebesgue spaces 7 (Z).

1. INTRODUCTION

Fractional derivatives on time have been used to propose nonlocal models to describe non-
diffusive transport in magnetically confined plasmas, see [10]. They also appear in the study
of parabolic problems in which it is natural to take into account the past, see[2]. Some porous
medium flow with fractional time derivative have been considered recently, see [3]. In these
cases, regarding the fractional derivative on time, several discretization techniques play a crucial
role. In the literature, we can find different representations of the classical definition of the
Riemann-Liouville fractional derivative as Caputo, Marchaud or Griinwald-Letnikov, see [18].
In general they do not coincide, for example they have different behavior respect to constant
functions.

In this paper we study discrete fractional derivatives. We shall prove maximum and com-
parison principles as well as regularity results. Also approximation theorems to the continuous
fractional derivatives will be shown. When the functions are (Holder continuous), these approx-
imation procedures give a measure of the order of approximation. These results also allows us
to prove the coincidence, for (Holder continuous), functions, of the Marchaud and Griinwald-
Letnikov derivatives in every point and the speed of convergence to the Griinwald-Letnikov
derivative. The discrete fractional derivatives will be also described as a Neumann-Dirichlet
operator defined by a semi-discrete extension problem. Some operators related to the Harmonic
Analysis associated to the discrete derivative will be also considered, in particular their behavior
in the Lebesgue spaces (P(Z).
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2 ABADIAS, DE LEON, AND TORREA

As far as we know S. Chapman in 1911, see [8], was the first author who consider “differences
of fractional order”. See also the paper of 1956 by B. Kuttner, [12]. For s > 0, given a sequence
a, they define

(11) Asan _ Z <—8 -1+ m)an+m.
m

m=0

Their motivation was to extend the obvious formula for differences of natural order. Also, by
us/ing\ Fourier transform in the integers it can be checked /t_}gc the above definition produces
(Asayp)(0) = (1 — €9)%d, () in coherence with the fact (a, — ani1)(0) = (1 — €)@, ().

Observe that Chapman’s definition only cares about the future, but we shall also consider
the discrete derivatives which cares about the past. For f : Z — R , we define “the discrete
derivative from the right” and “the discrete derivative from the left” as the operators given by
the formulas

(1.2) Orignt f(n) = f(n) — f(n+1) and e f(n) = f(n) — f(n—1).

Given the function G¢(n) = e‘t%, n € Ny, we define

(1.3) ZGt f(n+37).

It can be seen, see Section 2, that u satlsﬁes the following semi-discrete transport equation

(1 4) atu(n7t) + 6rightu(n>t) =0, n€eZ,t>0,
’ u(n,0) = f(n), n € Z.
The function v(n,t) Z G(7) f(n—j) satisfies the analogous equation for djeg. These equations

will drive us to define the following nonlocal fractional operators

(Orignt)* f(n) = I‘(ia) /000 U(nvz;f(n) dt, 0 < a < 1,

and

(Oright) ™ f(n) = P(la) /OOO t(l a)dt 0<a<l,

and the corresponding formula for (de)®, —1 < « < 1. We shall prove that this definition of
(Oright)* coincides with the definition (1.1) given by Chapman in 1911, see Section 2.

Before the concrete presentation of our results, we observe that the definitions above can be
given for a mesh with step length h > 0 instead of the integers mesh with step length 1. In
other words, we can work in the field Z;, = {jh : j € Z}. In this way we define

u(hn) —u(h(n+ 1)) u(hn) —u(h(n — 1))

6rightu(hn) = h 5 h )

Sefsuu(hn) =

n € 7,

and the associated Gy, (j)
Now we state the main results of this paper.

Theorem 1.1. Let0<a <1 and 1 <p < oo.

(i) Letu € (P(Zy,) such that u(joh) = 0 for some jo € Z, and u(jh) > 0 for all jo < j. Then
(Oright)“u(joh) < 0. Moreover, (dignt)“u(joh) = 0 if and only if u(jh) = 0 for all jo < j.
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(ii) Let u,v € P(Zy) such that u(joh) = v(joh) for some jo € Z, and u(jh) > v(jh) for all
Jo < j. Then (Ovight)*u(joh) < (Oright)*v(Joh). Moreover, (dright)*u(joh) = (dright)*v(joh)
if and only if u(jh) = v(jh) for all jo < j.

The following result is a consequence of the above theorem.
Theorem 1.2. Let jo < j1 € Z and u,v € P(Zy) with 1 < p < 0.
(i) Let u be a solution of

(6right)au = fa mn [joajl)

u =0, in [j1,00).
If f >0 in [jo,j1) then u > 0 in [jo, 00).
(i) If (5right)au <0 in [jo,j1) and u < 0 in [j1,00), then

sup u(jh) = sup u(jh).
J=jo Jjzi

(ili) If (Orignt)*u > 0 in [jo, j1) and v >0 in [j1,00), then
inf ih) = inf u(jh).
jléleU(j ) jlgjl U(J )

() If

(5right)au Z (6right)ava mn [jOajl)

u>wv, in [j1,00),

then u > v in [jo,00). In particular, we have uniqueness of the Dirichlet problem

(5right)au = fa in [jOajl)

U =g, in [jl,OO).

Also we shall get regularity results for the discrete Holder classes C’,’;’B , see Theorem 3.2.
These results drive us to compare the discrete fractional derivatives with the discretization of
the continuous fractional derivatives as defined in [2, 3, 5]. Given a function u defined on R, we
consider its restriction rpu (or discretization) to Zy, that is, rpu(j) = u(hj) for j € Z. We have
the following theorems.

Theorem 1.3. Let 0 < <1 and 0 < a < 1.
(i) Let u € COP(R) and o < B. Then
1(rige)* (rnw) — i ((Drighe) “w)lle < Calulcos @yh”.
(ii) Let w € CY5(R) and o < 3. Then

||_5right(5right)a(rhu) - Th( (Dright)au)”KOO < Ca [U]CLB(R)hﬁ_a~

dx
Here, the operators (D gy /left)o‘ are the Marchaud derivatives, see [18], that is,
o 1 Fflatt) - f(=z)
(15) Drigpen) @) = s | i

The classes Ck’B(R), k € No, 8 > 0, are the usual Hélder classes on the real line (see Section

3).
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There are analogous results when we substitute diey by dright and Diegy by Diigne respectively.
Consider the fractional differences of order o, with o > 0

nafl@)=> (-1)* (2)f(x +kh) =Y A*(k)f(z£kh), z € R,h > 0.
k=0

k=0
The Grinwald-Letnikov derivatives of a function f are defined by
o . A% if ()
(1.6) fi(z) = hl_lfﬂo e

see [18, pages 371-373].

The coincidence of the Marchaud and the Griinwald-Letnikov derivatives is known in almost
everywhere sense or in LP(R),1 < p < oo, for f € L"(R), with » and p independent, see [18,
Theorems 20.2 ,20.4]. As a consequence of our Theorem 1.3 we shall prove that, for (Holder
continuous) functions, both derivatives coincide pointwise. Moreover we get the speed of con-
vergence of the limit in (1.6), which is of order h#~.

Theorem 1.4. Let 0 < a < <1 and f € COP(R). Then f$(z) = (Dright fieft) f () for every
point x € R. Moreover, there exists a positive constant Co g such that

Aﬁ,if (z)

(Dright/left>af(x) - ho < Ca,ﬁ[f]co,ﬂ(R)h’Bia, z € R.
The operators (dyigpt/1er)” are non-local, but they can be understood as limits (when ¢ — 0)
of a local extension problem on Ry x Z. In fact, by following the ideas of 7, 20, 11] we get the

next result.

Theorem 1.5. Let f € (P(Z) and 0 <y < 1. Consider the equation

1-2
(1.7) OLU(2,) + ——=—0:U(2,) = gl () = 0, = € Sy,
where Sy = {2z € C|2 # 0 and |arg 2| < 7/4}. The formula
22 [ 2 dt 1 [ 2 dt
(1.8) U(z,-) = m/o e 4tu("t)1517+7 = F(’Y)/o e 41,1;(.715)W

solves (1.7) on (P(Z), where u(-,t) is defined in (1.3) and v(-,t) satisfies (1.4) with initial data
(Ovight )" f(+). Moreover,

1 I'(—
li Us) = ) and 5 T 220,00, = 3= G 1),

~—

where both limits hold through proper subsectors of Sy, in the (P(Z) sense.
A parallel result can be stated for e .

Remark 1.6. Extension problem for negative powers. It is clear that if a function g is
good enough, (6rignt) g € (P(Z), and in (1.8) we substitute f by (6rignt) g and (Orignt)” f by
g, U solves the same equation with the initial Dirichlet condition (0yignt)” g and the Neumann

condition %g. See [6, 11, 20].

Remark 1.7. We will also see that the formula (1.8) gives an explicit solution of (1.7) in the
case z € (0,00), see Section 5. In fact the formula provides an expression of the generalized
Poisson function associated to Oyignt, see Section 6.
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Several versions of this theorem have been studied in [5].

The paper also contains results in the field of Harmonic Analysis related to the operators
Oright/lef- 10 particular, we analyze maximal operators and Littlewood-Paley square functions
associated to the heat semigroups and generalized Poisson functions naturally linked to dyigh /teft-
In the case of the heat semigroup both, the maximal function and the square function, in general
are not bounded on ¢P(Z), see Section 6. However the maximal operator and the square function
associated to the generalized Poisson functions have suitable boundedness properties in ¢?(Z).

We have the following result.

Theorem 1.8. Let 1 < p < oo. Let S be either the mazimal function or the square Littlewood-
Paley function associated to the generalized Poisson functions defined in (5.1). Then S is
bounded from (P(Z) into itself and from (*(Z) into weak-¢*(Z) (For the mazimal function p
can be 00).

For the proof of this Theorem we shall use vector-valued Calderén-Zygmund theory. In short,
we could say that the Calderén-Zygmund Theory relies in the proof of two facts. First the
boundedness of the operator in a concrete Lebesgue space ¢P(Z) for some value of p,1 < p < 0.
Secondly an estimate about the smoothness of the kernel. In our case both items are nontrivial.
The key is the appropriate use of boundedness of the MacDonald function, with complex and
real arguments, involving Cauchy integration. We think that these proofs will be of independent
interest for the reader.

Throughout the paper, we use the variable constant convention, in which C' denotes a constant
which may not be the same from line to line. The constant is frequently written with subindexes
to emphasize that it depends on some parameters.

2. THE DISCRETE FRACTIONAL DERIVATIVES VIA A SEMIGROUP LANGUAGE

We shall use semigroup language as an alternative approach to these differences of fractional

order. Given the function Gt(n) = e‘t%, n € Ny, we define the operators

(21)  Tiif(n) =) Gi(G)f(n+j), and T, _f(n) = > Gi(j)f(n—j), t>0,neL
j=0 J=0

In this section we mainly prove that T} + f(n) are markovian semigroups on #(Z), 1 < p < oo,
whose infinitesimal generators are —dyight and —djef, and that the function w(n,t) = T; 4 f(n)
satisfies the Cauchy problem (1.4).

Lemma 2.1. Let f € (>°(Z) and {T} + }i>0 be the families defined in (2.1), then

o T ) — () T f(n) — f(n)
t

= —Osight f(n) and lim = —Oettf(n), n€Z.

t—0 t t—0
Proof. Let f € £>°(Z) and n € Z. Observe that
B J0) L5 ()= () = et 30 (fn ) — ()

t t
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Dominated Convergence gives the first identity in the statement. By a similar argument,

%E}%w :%grg)e_t(f<n—1)—f +hme tz I )*f(n))zidleftf(n)

O

The next Proposition shows that although the semigroups are not self adjoint, they satisfy
the rest of the properties of the so called symmetric diffusion semigroups in the sense of E. M.
Stein, see [19].

Proposition 2.2. Let f € (P(Z) with 1 < p < co. The families of operators {T} + }+>0 satisfy

(@) | Texfllee < I fller and To o f = f.
(i) Tt tTs+f = Tips+f

(i) limyo Ty f = f on P(Z).

(iv) Ty+f >0if f > 0.

(v) Ty e1=1.

() Ty = To on £2(2).

Proof. To.+ f = f by definition. We prove the rest of the results for 7; 1 (the proof is analogous
for Ty ). Let f € ¢P(Z) for 1 < p < co. By Minkowski’s inequality

T flo <S5 (Z|fﬂ+] ) — £l

j= 0 neZ

For p = o0, is analogous. In order to prove (ii) we use the Newton’s binomial,

o= (t+5) Z Zh'fn+]+h = e (t+s) Z Z f(n+u)
—(t+s) Zf n+u Z(?)thu_j:ﬂ+s,+f(n)'

7=0

T+ Ts v f(n)

For (iii) we use that f(n + j) — f(n) = 0 for j = 0, and Minkowski’s inequality to get

- Z(% Fn+3) = fo >>p)’l’
<

27| fller > 50
7j=1
as t — 0. For p = oo is similar. We leave the verification of (iv), (v) and (vi) to the reader. O

Remark 2.3. By Lemma 2.1 and Proposition 2.2 (i)-(iii), observe that the one-parameter oper-
ator families {T; + }+>0 are uniformly bounded Co-semigroups on ¢P(Z) for 1 < p < oo, generated
by —Oright /1eft, in the sense of the operator theory, see [4]. Furthermore, it is easy to see that the
domain of Oright /lef; 0T (P(Z) is the whole space.
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Now we shall see that the function u(n,t) = Ty 4 f(n) = 32,50 Gi(j) f(n + j) is a solution of
(1.4). Observe that

G0 = ~G0), and 5 (Gii) = ~Gi() + G~ 1), 21

On the other hand, for any A > 0, Zj % < (4 < o0, hence we can differentiate term by term
the series and we have

0Ty 1 f(n) = —G(0 )+ Z )+ Gi(j— 1) f(n+7)
7j=1
==Y GDNfn+5)+ D> Gli)f(n+ (G +1) = =uignTif (n).
>0 >0

The proof of the result for dj.¢ is analogous.

Once we have enclosed the fractional differences into the frame of semigroups, we take advan-
tage of the method to highlight some properties and interesting results of these operators. We
recall to the reader the following Gamma function formulas for an operator L.

a_ 1 R dt e L[y di
(22) LY = M/O (6 1) t1+a and L == F(a) /(; (& tl—a’

where e~ is the associated semigroup, see [5, 19, 20, 21]. In particular, for f € /7,1 < p < oo,
we define

(Orignt)* f(n) = (o) /Ooo Tt’+f(:2ra_ f(m) dt, 0 < a <1,

and

1 T n
( rlght) af( ) F(CY)/O t’;{fo(é )Clt, 0<a<l,
and the corresponding formula for (de)®, —1 < a < 1. We shall prove that this definition of
(Oright)* coincides with the definition (1.1) given by Chapman in 1911.
Along this paper, for a € R, we denote A%(m) = (_o‘_n}b"'m) = (=1)"™(2), m € Ng. The
sequences {A%(n) }nen, have been studied in a more general setting in [1, 22]. Here we highlight
some properties of this kernel. For 0 < a < 1, we have > 2 (A%(n) =0, >.>7 ; A%(n) = —1. In

addition, we can observe that A%(n) < 0 for n € N, and

- v b (10(2))

see [22, Vol.I, p.77, (1.18)].
Then

Goanfl0) = it [ OJ'(tl(ﬁﬂ)_f D=3 sy~ gy [~

J=0

Z (n+7)— )) OH_J ZA“ fn+7),

=0

<.
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where the interchange of the sum and the integral is justified because of the integral converges
absolutely. In the last equality we have used that Z;io A%(j) = 0. By a similar way we also get

(Bert)™ = D A“(G) f(n = ).
j=0

Remark 2.4. The above expression of (dyight /19&)0‘ coincides with the formula of the fractional
powers of dright /1efe @S generators of uniformly bounded Cy-semigroups on (P(Z), in the sense of
Balakrishnan, see [21, Chapter IX, Section 11].

Remark 2.5. (Probabilistic interpretation). Let u be a function defined on Zj such that its
progressive difference is zero, which is equivalent to write

u(jh) = u((j +1)h), jeZ
This implies that the discrete function u is constant. We can interpret the above identity as the

movement of a particle that compulsorily jumps to the adjacent right point on the mesh. If now
we suppose that (Oyight)“u = 0, then

u(jh) == A%(n)u((j +n)h).
n=1

Since —> 07 A%(n) = 1, the fractional identity can describe the movement of a particle which
is able to jump to the right points j+n with probability —A*(n). It is easy to see that we recover
the first situation as o — 1. If « — 07, the particle tends to be still.

3. PROPERTIES FROM A PDE POINT OF VIEW

In this section we study the discrete fractional derivatives, and their regularity on the discrete
Holder spaces.

In the previous section we have considered functions defined on Z. Now we work on Zj, = hZ,
for h > 0, since one of our main objectives will be to compare the discrete fractional derivatives
on Zjp, with the discretized continuous fractional derivatives as h — 0. This will be done in the
next section. Let u : Zj — R, the first order difference operators on Zj, are given by

u(hn) — u(h(n + 1)) u(hn) — u(h(n — 1))
h ’ h ’
Notice that {T%,i}tzo are the contraction semigroups on P(Zy), 1 < p < oo, generated by

n € 7.

Oetrt(hn) =

5rightu(hn) =

—0right and —der;. Then, by the results of the last sections we can write

[ee)

(rghe) () = 32 > (u((n+ 5)1) — u(nh) AG).
=0
and -
(Oteft) “u(nh) = h—la Z(u((n — j)h) — u(nh))A“(5).
=0

Now we shall prove the maximum and comparison principles for the fractional differences (0yight)*
and the uniqueness of the corresponding Dirichlet problems stated in the Introduction as The-
orem 1.1 and Theorem 1.2. Observe that the statements and proofs for dj are analogous.
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Proof of Theorem 1.1: Part (1) is a straightforward consequence of (i). For (i) we write

(Bright)“u(joh) = 7= Z A“(m)u((jo+m)h =7a Z A% (m)u((jo+m)h) <0, since A%(m) < 0
meENy meN

for all m € N. Moreover, by the same argument, if (dyignt)*u(joh) = 0 then u((jo +m)h) = 0 for

all m € N. |

Proof of Theorem 1.2: We prove part (i) by contradiction. We suppose that there exists
m € [Jjo, j1) such that u(mh) < 0 is the global minimum of u in [j, c0). So u(jh) —u(mh) >0
for all j > jo, then, by the maximum principle, (0yight)*(u — u(mh))(mh) = (drignt)*u(mh) <0
On the one hand, if (dyignt)*u(mh) = 0, then u(jh) = u(mh) < 0 for all j > m, which contradicts
that u(jh) = 0 for all j > ji. On the other hand, if (0yignt)“u(mh) < 0, this contradicts the
hypothesis on f.

For part (ii), we use again an argument of contradiction. We suppose that sup; ; u(jh) is not
attained in [j1, 00). Then there exists m € [jo, j1) such that u(mh) is the global maximum of u in
[0, 00). So u(mh) —u(jh) > 0 for all j > jo, then, by the maximum principle, (0yight)*(u(mh) —
u)(mh) = —(Orignt)*u(mh) < 0, i.e, (dright)*u(mh) > 0. If (Osight)“u(mh) > 0, it contradicts
that (drigne)*u < 01in [jo, j1) and if (0yigne)“u(mh) = 0, then, by the maximum principle, u(jh) =
u(hm) for all j > m, so the sup,~; u(jh) is attained in [ji, 00).

Part (ii) implies part (iii) by taking —u. Finally, part (iv) is a consequence of (iii), and the
uniqueness is a straightforward consequence. O

The regularity results announced in the Introduction are based in the behavior of our fractional
powers when acting over some Holder spaces that we define now. Following the notation in [9],

1,
for [, s € Ng, we denote (5H‘;ht loft \= (5rig}1t)l(6left>s.

Definition 3.1. ([9, Definition 2.1]). Let 0 < f < 1 and k € Ny. A function u : Zy, — R belongs
to the discrete Holder space C],j”g if

< 0

l,s
[5 u} 05 = SU |6“ght 1Eftu(j h) 6r1ght leftu(hm) ‘
right,left C B = i hﬂ|] — m|5

for each pair l,s € Ng such that | + s = k. The norm in the spaces C'}k;’ﬂ s given by
”u”Ck | llfagi Sup |5r1ght left (mh)| + max [6r1;ht left ]Cg’ﬁ'

For simplicity, we only write the following theorem for (dyigne)® since it is analogous for (Jjeg)®.

Theorem 3.2. Let0 < <1 and 0 < a < 1.
(i) Let u € 027:6 and o < B. Then (6right)au c 027,5—04 and

H(éright)aU”CO,Bfa < C||u||co,5.
(ii) Letw e C, Y0 and oo < B. Then, (Suign)®u € C’lﬂ “ and

[Gegn) e < Clul e
(i) Let u e CI}/B and o > B. Then (Sright)*u € C,?”B_O‘H and

1(Grighe)“ull co.0-atr < Cllull .-



10 ABADIAS, DE LEON, AND TORREA

(iv) Let u € C}If’ﬁ and assume that k + [ — « is not an integer, with o < k + (. Then
(Oright)*u € C,ll’s where | is the integer part of k+ 5 —a and s=k+ 3 —a — 1.

The positive constants C' are independent of h and w.

Proof. Let j,1 € Z. We write
. N 1
|(Brigne) “w(h) — (Grighe)*u(th)| = 55111 + L2},

with I; = Z (u((F7 +m)h) —u(gh) — u((l 4+ m)h) + u(lh))A%(m), and
1<m<|j—|

L= Y (u((j +m)h) —u(jh) — u((l +m)h) + u(lh))A%(m).

m>|j—I|
To prove (i), note that

|I1| < CohPu]

B
m . _
P Z matl = Cahﬂ[“]cgﬁb -1,

1<m<|j—|
where we have used (2.3). For I, observe that
[u(ih) = u(m)], [u((G +m)h) —u((l+m)R)| < hFlul o.slj =117,
then

. 1 . o
o] < CahTulgosli =17 D7 5 < Cab’[u] osli = 1172,

m>|j—1|

using again (2.3).

Part (ii) is a straightforward consequence of (i). By definition, if u € chp , then dyigniu € o ,
and as dright lefe commutes with (drighs)®, by using (i) we get dyighy /left(éright)o‘u S Cg’ﬁ e,

For part (iii), suppose without loss of generality that 7 > . We can write u((j+m)h)—u(jh) =

m—1
~h Y Grigneu((j + p)h). Then
p=0
m—1
ILI<h > > ugneu((j + p)h) — Sugnu((L + p)h)|A*(m)
1<m<j~1| p=0
. 1 ) o
< Cab ullguali — 17 Y i < Ca™ sl — 1P
1<m<|j—|
li—t-1
To bound I we write u((j + m)h) —u((l +m)h) = —h Z Orightt((I +m + p)h), then
p=0

li—tl-1
LI <h Y > [Bugner(+m + p)h) — Srigneu((l + p)h)|A* (m)

m>|j—1| p=0

B
. m . _
< O Ml gpali — 1 Y < Cab# full sl — 15
m>|j—1|
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Iterating parts (i), (ii) and (iii) we get (iv). O

4. APPROXIMATION OF FRACTIONAL DERIVATIVES IN THE LINE BY DISCRETE FRACTIONAL
DERIVATIVES. MARCHAUD AND GRUNWALD-LETNIKOV FRACTIONAL DERIVATIVES

Now we compare the discrete fractional derivatives and the discretized continuous fractional
derivatives on Hélder spaces, and we estimate the error of the approximation on ¢>°(Z).
In [5], the fractional powers of the derivatives from the right and the left are considered, where

: ) - flztt : z)— flz =t
Diigne f (z) = Jim /@) {( ) and Dyege f () = Jim T 7{( )
are the continuous derivatives from the right and from the left, respectively. We recall that the
fractional derivatives for 0 < o < 1 are given by

(Dright/left)af(a?) - F(ia) [)OO f(l’ :l:t?‘r; f(l') dt,

for sufficiently smooth functions f.
Also, recall that a continuous real function u belongs to the Holder space C*2(R) if u € C*(R)
and

®) () = u)
[U(k)}CO,B(R): sup |u (l’) u (y)| < o0,

r#y€eR |I - y‘ﬂ

where u*) denotes the k-th derivative of u. The norm in the spaces C*#(R) is

k
lullersm = Y Oz @) + [1®]cos m)-
=0

We only compare (0yight)* with (Dyign)® but the result and the proof are analogous for (dies)*
and (Deg)®. To prove Theorem 1.3 we need a previous lemma.

Lemma 4.1. Let 0 < a < 1 and j € Z. We have

1 (j+m+1)h dt A c,,
(4'1> 7/ ihylta (;n) = Qg 2+a’ m €N,
D(=a) Jismpn — (t=jh) h hem
and
(j+m+1)h dt C
4.2 / : < & . meN
( ) (j+m)h (t — ]h)1+a hamlta
Proof. By doing the change of variable t — jh = zh we have
1 /(j+m+1)h 1 0 A%(m) B 1 /m+1 dz - A%(m)
D(—) Jipmn  (E—gh)tTe he | |hol(—a) Zlte he
1 mil o] 1 1 1
< | —_ = ——|d — A¢
= [her(—a) /m (Zl-l—a m1+a> 2t T(—a)mi+e (m)‘
The Mean Value Theorem implies
m+1 1 1 m+1 1 Ca
‘/m (ZlJra - m1+a>dz < Ca /m e = e
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and
1 Ca
- £ <
‘F(—a)ml"‘a (m)‘ - m?ta
by (2.3). So, (4.1) is proved. For (4.2), we have
/(j+m+1)h dt _ /(j+m+1)h dt _ c,,
(+m)h (t _jh)lJra - (j+m)h (mh)lJra - hamlta’

Proof of Theorem 1.3:
We suppose the hypothesis of part (i). Let j € Z, then

1 /(j+m+1)h u(t) - u(]h)
(

Ta) 2 Joumn  G—gh)e

_ Gtm Dk 4 (t) — u((j + m)h)
B <Z / @ jnyre "

m&Np (j+m)h

dt

Th((Dright)u)(j) =

(j+m+1)h - s
n / u((g +m)h) 1+5(Jh) dt)
men ¥ (G+m)h (t - Jh>
1
= I+ I5).
1ﬂ(_o[)( 1+ I2)
On the one hand,
G+mDh g — (j 4 m)h|?
] < Clu)eos / —
i e GEm)h (t—gh)tte
-« 1 —«
S Cahﬁ [u]co,B(R) (1 + Z 7nl+a> - Cahﬁ [u]co,B(R);
meN
where we have used (4.2). On the other hand we compare Io with (0yight)*(rpu)(j). By (4.1),
I :
s () ()
1 (j+m+1)h dt Aa(m)
< u((j +m)h) —u(jh 7/ _ _
2 G ) =G G5 o T
mP

< Cah”lulcosmy Y e S Cah?” = (ulcos ).
meN

For (ii), observe that dyign, commutates with (dyigne)® and % with (Dyight)®. Then we write

|| —Oright (Orignt ) (?"hu)—rh(%(Dright) u)llee < [|(Oright ) (—Oright ) (raw) — (Oright) (Th%U)sz
d d

Hll Grigne)® (rn ) = r((Drigne)* (7)) lleee-
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We apply the part (i) to the second term. Let j € Z. For the first one, we apply the Mean Value
Theorem and the fact that >~ >>  A%(m) =0,

\<6rigm>a<—5rigm>(mu)(j)—<6mght> rn ) ()] =
LIS g (e - ((J+m)h)_u,((j+m)h)_u((j+1)2)U(jh)+u/(jh)>‘
meN
| 2 A (€)= (G ) — (&) + )
meN

c o
< ﬁ[u/]cuvﬁ(R) Z |A*(m)|h < Colu]co.swyh’ ™,

meN

where &§; € (jh, (j +1)h) and ipm € ((F+m)h, (j +m + 1)h). O

Proof of Theorem 1.4:
Given x € R and h > 0, there exists a jo € Z such that joh < x < joh + h. Then, we have

«

A
< I(Duae)* 1(2) = (Dugn)* S} | + | (D) i) — 1 o)

AO&
(D) 1(0) = S5 10)

A Ao
" f(joh) — %f(w)‘ — [+ 1T+ 111,

"

hoz
On the one hand,
* fz+1) = f(a) * fGoh+1) — f(Goh)
tl—l—a t1+a
fﬂﬁ‘f‘t () f]oh-H f(joh)
< tita tita dt
L fx+t)*f(30h+f) > f(joh) — )
t1+0¢ tl-l—a

< Calfleos ) (/0 radt +/h t1+adt) = Caglflcosmh

By using Theorem 1.3 we obtain
IT < Co[f]cosmyh” .

On the other hand, as Y ;2 |(z)} < C,, we obtain

Lo, (@, Clflcos®) = (@\], 5
1< () o+ 0) = s+ ) Y BIE

< Calflcosmh’ ™,

so the result follows. .
The proof is analogous for (Dief;)* and —z—
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5. EXTENSION PROBLEM

Theorem 1.5 is a straightforward consequence of Remark 2.3 and [11, Theorem 2.1 and Remark
2.2, (i1)]. The formula (1.8) provides an explicit expression in our case, that is,

(5.1)
A Nt g) [ e s d
o) = i) = gy [ Easto 55 = SO [ et

I+

_ZQJH IT(y KJ MONGEN)

where we have used the identity [15, 2.3.16.1, p. 344]. The function K, is the Macdonald’s
function (also called modified Bessel function of the third type) defined in [13, Section 5.7, p.
108]. By completeness we prove that the previous formula solves (1.7) pointwise for ¢ € (0, c0).
We shall use the following identities (see [13, Section 5.7]):

2u d

K,1(t) = 7K,,(lt) + K,-1(t), g — ('K, (t)) = =t"K,_1(t), Vv € R.

We have

Pl f(n) = Z MQWHWAKJW (t) =K a(t),
=

and

+ —
3ttPt7+f Z Jnt g . (2%27 1)Kj—'y(t) - MKj—’Y—l(t) + Kj—7—2(t))

2710 (y 2 7
Z S (P ) k- 2 k).
Then, we obtain
(9% + 27 O)F, Z ;ff{; ki 7 (K = %Kjfvfl(t))

= 5rightPt,+f( n).

The analogous result for 6]eftp’7y_ can be also proved by the same way.

Observe that, when v = 1/2, Ptl_f [ is precisely the Poisson semigroup associated to d,igps /1ef; -

6. MAXIMAL OPERATORS. LITTLEWOOD-PALEY FUNCTIONS

In this last section we shall consider the maximal functions and the Littlewood-Paley square
functions associated to the heat semigroup and generalized Poisson function. Our first obser-
vation is that both functions have bad behavior in the case of the heat semigroups. In fact we
have the following.
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Claim 1 The mazimal functions of the heat semigroups defined in (2.1), that is,
T;T:f = sup |E,:|:f|>
t>0

are not bounded from (P(Z) into itself for 1 < p < 2.
In fact, let f(0) =1 and f(j) =0 for j # 0, thenTt,f( )=0forn <0and T} _f(n) = e L

n!
—tt" —nn"

for n > 0. The maximum of the function e 7 is 7"+, and, by Stirling’s formula, it behaves

asymptotically like f as n — oo.

Claim 2 The Littlewood-Paley functions of the heat semigroups defined by

S d 1/2
o = ([ lomere )

are not bounded from (*(Z) into itself.
We shall consider the Fourier transform f() = S, f(n)e ™. Observe that T; 4 f(0) =
e=t1=¢") £(9), and then it follows

O, f(6) = (¢ — e 0= f(6).
By 2
Let f € (2(Z) such that fOQﬂ (Lf)‘) df = co. Hence, by Plancherel’s and Fubini’s Theorems,

we have
dt
s = X [ ot PG =50 [ [ eami o)y

neZ

/ / (e~ 1) 0= (o) a6

| ( )‘2/ t2|619 |26_2tm(1_ei9)£d0
27r 0 t

27 o]
_ 1 / IF(0) / t2(1 — cos 9)6_2“1_“’59)%&9
0 0

™

21 ¢ 2 00 21 ¢ 2
L LR [ g L [T MOR,
~~  4dn Jy 1—-cosb J, dr Jo 1 —cosf

2(1—cosO)t=u
and this integral does not converge.

However, the behavior of the generalized Poisson function is suitable with the classical results
in Harmonic analysis. Consider the maximal function associated to the generalized Poisson
function

Pl f=sup|P],f|], 0<~vy<1,
>0

and the Littlewood-Paley square functions

Jdt 1/2
gl(f):</0 [to P, f| > , 0<y<1.

To prove Theorem 1.8 for these operators, the tool that we shall use is the vector valued
Calderén-Zygmund Theory in spaces of homogeneous type, more specifically in the particular
case of the integers with the natural distance d(n,m) = |n —m| and measure u(n) = 1. Given a



16 ABADIAS, DE LEON, AND TORREA

Banach space E, we denote by K%(Z), 1 < p < o0, the space of E-valued functions f defined on
7 such that || f||g belongs to ¢P(Z,d, 1).

Definition 6.1 (Vector-valued (convolution) Calderén-Zygmund operator on (Z, d, ). We say
that a linear operator ¥ on the space (Z,d, i) is a Calderdn-Zygmund operator if it satisfies the
following conditions.

(I) There exists 1 < py < oo such that T is bounded from (P°(Z) into (3 (7Z).
(IT) For bounded functions f with compact support, Tf can be represented as

Tfn) =) KG)IG+n),
jez
where K(j) € L(R, E) is the space of bounded linear operator from R to E, and satisfies

. C .
(ILY) Kl 2e,p) < oy fer every 3 #0;

(1L2) [[K(j) = K(o)llcwm) = C

for some constant C > 0.

|7 — Jol
jo0l?

, whenever |jo| > 2|7 — jol, jo # 0;

The Calderén—Zygmund theorem says that if T is a Calderén—Zygmund operator on (Z, d, 1)
as above then ¥ is bounded from ¢?(Z) into ¢%(Z), for any 1 < p < oo, and it is also of weak
type (1,1). For full details see [14, 16, 17].

Now we ready to prove the Theorem 1.8. We shall proof only the cases associated to Pg iy
For P;'_. the proof is analogous.

Proof of Theorem 1.8.

Case 1. The maximal function.

For convenience, we will write P, f(n) = >22 P/ (j)f(n + j), where

2 o 2 ds
PY(7) = —s—t*/4s j—y &2 No.

Consider the vector-valued operator

o) = { RO+ =S {Ph} _ fn+i),
JEZ - JEZ -

where we have assumed P, (j) = 0 for j < 0, t > 0. The operator T satisfies T : {*(Z) —

€% (0,00) (Z). In fact
o0

1 [ 2 2\ du

Tfllpoe = supsup |P), f(n)| < O, flloo Sup _—/ e Ye duq! () —

157l ) = 50psup P 0 < €l tip 5 )@
< 2 2\ du e dv

=C su / e T <> — = C su / eV ()" — < oo,
VHfHootzg 0 » " \2 , 'nyHootzg 0 (4v) v
t

Frriat

where we have applied Fubini’s Theorem.
Moreover the kernel {P,(j)}i>0 satisfies

1 00 2 /42 v d C 00 d 1
1P ()Loe = Supi./ e e <> W < sup — et = Cy=,
t>0 4VF(7)]' 0 U t>0 4! 0 u J
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for 5 > 0 and ||P](j)|lp= =0 < | i for j < 0, where we have used that the function g(u) =

¥
e = (ﬁ) reaches its maximum at u = t2/4~.
Regarding (I1.2), it is easy to see that it is enough to prove that for each j € N,
) . C
sup [P () — P/ (j + 1) < —
t>0 J

If j > 1, then for all ¢ > 0 we have

FAOERAVESVES

1
AT (y )

471“ (j+1
1
~ AT+ 1)

2
where we have used integration by parts. As [0, (e_zu (%)V i) < %, then
) ) C L il Cc,\I'(j) C
PY(j))-PlGj+1) < —2 / e "ul ldu—i -1
= BUHIIS G, G+l 7

Finally since ||Tf(n)||r= = P} f(n) the result follows for the maximal operator, by choosing
po = 00, and E = L*°(Ry).
Case 2. Littlewood-Paley functions Consider the vector-valued operator

{j%tat n+])} - jezz{tatpg(j)}t>of(n+j).

In this case we write

27 e 2 - ds 1 e dr
PY(i) = —s—t%/4s .j—v _ / - . e N
t (J) 471—\(,)/)]' /0 € S S F(’)/) 0 € t2/47‘(‘7)7¢1,7 , J € No

We have performed the change of variables r = % and the sequence G is defined in (2.1). Again

we assume P, (j) = 0 for j < 0, t > 0. The operator T is bounded from ¢?(Z) into E%Z((o so), )"
,00), 4
In fact

1 o0 — dt
151112 -1 / / 0 S (0) P’ = / / 8.7 (0) L1 F(~0)2do.
L2((0,00), ) 2T Jo JT ’

We shall see that [ |t8t/?;’(9)|2% < Cy, where C,, > 0 does not depend on 6. Observe that
— 1 o0 2. 2 ioy dr
7 (0) = —— [ oL (o0 _q)e-tmamen A
OB 0) = i | et e R

Notice that if @ = 0, 27, the statement is trivial, so we have to consider three cases: 0 < 6 < 7,
T<O<Tmand I <0 <o2r.
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If 0 < 0 < 7, we define 2z = t(1 — )12 with @g = arg 29 € (—/4,7/4). Then,

o _— dt e/ dr 2t
[Ti@rers < o, [T[2 [Teresm Lo

27?

By applying Cauchy’s Theorem, for €, R > 0, we get
/ T *Zo/(47") dT ( / / / ) =i () B
€ € FR We w2_7

IF={w=s2|0<s< oo}, Te={w=¢ee”|pe€0,00]}, Tr={w=Re? |pe[0,p}

and w. = £zg, wr = Rzp, see the next figure.

where

Notice that

201 cos(2¢q)
_ dw _ip _ia —ip d Oe_ 4e
‘/e 4w) ’< e e 3" |1('0 §|<‘0| — 0, ase — 0,
ei=7 51*7
e [07<PO]

2 .
since e °*¥ < 1 and it can be checked that R(e~ ) = % cos(2¢g — @) > ‘ cos(2¢py).
Similarly, we get

d | | _ lzglcos(2¢q)

_ _ W 0 e 4R

‘ w2 4“) ’< L4 — 0, asR — oc.
I‘R R

1+
Z(Z) /Oo 677‘ = /(4T) dr Z(Z)/ewez(z)/(zlw)d('d — ZO ’Y/ e —Z208 *Zo/(45) dS
2 07 2
2 Jo 2 Jp 0

w2 2 5§27
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1
C +’Y e 708 720/(45) ds ‘2@
st

C/ <t1+791+7 o—ctVBcos(po)s , —ctv/Beos(0) /(45) _S >2ﬂ
t

5§27

and

o0 dt
/ 0,7 (o)) %
0 t

IN

2
dt
= C’W/ <t1+791-§7K71(Ct\/éCOS((p0))> -
0
where we have used that |1 — ei9| ~ 0, for 0 being close to 0. In the last identity K, denotes the
Mcdonald’s function, see [15, 2.3.16.1, p. 344]. The following properties can be found in [13,
Section 5.7 and Section 5.16]

2v-ir /
(6.1) K_,(2)=K,(2), K,(t) ~ T(V) ast — 0, and K, (t) ~ 2%6% ast— o0, v>0.
Then
e th 1+ *dt
/ [to. P, (0)] <C / el K 7(ct\/écos(c,oo)) "
0

o /m 12+2vp1+y dt LC 00 t2+2791+76—26t\/5605500 dt
- t2=2791=7(cos )22V ¢ 7 L /6 cos g t

0 cos ¢

1
_ du w2t 72udu
= 07/0 5 ¢ / - <00

ct\/g COos pp=u

Observe that in the last identity we have used that v/2 /2 < cospg < 1.

The case %’r < 6 < 27 follows analogously, by using that |1 — e?| = |1 — !@=27)| ~ |0 — 27,
for 0 being closed to 2.

On the other hand, if 7 <6 < %”, then by using again [15, 2.3.16.1, p. 344] we get

- 1 p t2 ioy dr > 2 2 dr
Y - T?R(l ey YW —r — 47 (1—cos 0)
[to P, (0)] < e / e 27n|e —1le1 rl—v < 07/0 e et e

o) t2 2 dr
<c, e*?‘?re*frr(l*ﬂ/@rl -<q, —ﬂ 'Ky 7( V1- \/5/2)

0
= Oy t" VK (ét).

Hence by estimates (6.1)

dt 1/¢ t2+2’y dt 00 42427 =28t gy
/0 60, P, (6 )|2—_0/ e +CW/ —

£2-27 ¢ 1/¢ ct t
+C, w1, —2ud“ < 00
NS ul- 47 u '
ct=u
Therefore, we have proved that ||‘If||[2 < Gy fl2-
A

L2((0,00),9t)
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By the representation of the Poisson kernel, (5.1), we can write, for all n € Z, ¢ > 0,

fn£y) i 2\ 2 o du . )
t@tPt Z SN e Y [ 2y — % e 4ut2vg = E)tatpg(])f(n + 7).
]:

Then, by Minkowski’s integral inequality, we get

x| oo 12 WY 2 o dul?
v - - —u —du+27
£ (7)1 2 (0,00), ) = C (/0 /o <27 2U) core "

j oo t2
< CW/ uf'e_“ / ‘27 - —
o J! 0 2u

J d
= C,y/ u—e_“Il/Q—u, forj > 1.
0 u

Observe that

2\/"‘/11, 2 t2 27 dt oo t4 2 t2 27 dt
I<C’/ 4we;u<> +C —e ;u< >
u t 2./7u 4u

2 4.dv 2dv
< CV/ e~ Tyt — +C'7/ it e v — < C,.
0 v 1 v

~—~
t__y
2 /~7u
Hence, if j > 1,

v ©uwl _du I'(5) c,
102 ()| 2 (0,000, ) < C”/o T SOt S

and ”tatpt’y(j)”LQ((O,oo),%) =0< ﬁ for j < 0.
Regarding (I1.2), if j > 1,

[t0: P (§) — to P (5 + 1)‘|L2((0,oo),%)
2 g 1/2

o0 oo t2 efu ) u _ﬁ t2 v du
=C, 2y — — —ul [ 1— = e du [ — | —
0 0 2u ) 7! j+1 U u| t
: 1/2
o0 | roe 2\ _ (2\7 10, (e witY) | | dt
—|(2y—— e |—) ———du| —
0 o J! 2u /) u 7+1 t
1/2
(o] 00 1 ) 2 9 2\ 7 1 2
/ / e TG, 2y — = e i L du d .
o |Jo G+ 2u u/) w t

2
42 > 72\ 1 - £2\7 42 42 2
i (27— — e (=) V<ot (D) e (=)+(2) |-
2u w/) u u2 U U U

Note that
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Hence, by Minkowski’s inequality,

18057 () = 10 (G 4 Dl L2 (0,00, 24

00 00 2\ Y 2 2\ 27 12 1/2
<7C’Y / ettt / 67% r 1+ e + a a du
“ U+ 0 u u u t

g &
<Cy=———< .
TG+ T g

Finally since [|Tf(n)| L2((0,00),4t) = g1 f(n), the result follows for the maximal operator, by
b K t
choosing pp = 2, and E = L?((0, ), %)

O
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