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2 Departamento de F́ısica Téorica, Universidad de Zaragoza, E-50009-Zaragoza, Spain
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Abstract

Using dyonic solutions in the type IIA superstring theory on Calabi-Yau manifolds, we

reconsider the study of black objects and quantum information theory using string/string

duality in six dimensions. Concretely, we relate four-qubits with a stringy quaternionic

moduli space of type IIA compactification associated with a dyonic black solution formed

by black holes (BH) and black 2-branes (B2B) carrying 8 electric charges and 8 magnetic

charges. This connection is made by associating the cohomology classes of the heterotic

superstring on T 4 to four-qubit states. These states are interpreted in terms of such dyonic

charges resulting from the quaternionic symmetric space SO(4,4)
SO(4)×SO(4) corresponding to a

N = 4 sigma model superpotential in two dimensions. The superpotential is considered as

a functional depending on four quaternionic fields mapped to a class of Clifford algebras

denoted as Cl0,4. A link between such an algebra and the cohomology classes of T 4 in

heterotic superstring theory is also given.
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1 Introduction

Extremal black branes have been extensively studied in the framework of superstring theory

on the Calabi-Yau (CY) manifolds [1, 2, 3, 4]. These black solutions have been approached

by exploring the attractor mechanism and the topological string theory [5, 6, 7, 8, 9]. In the

attractor mechanism scenario, the scalars could be fixed in terms of the black brane charges

by extremising the associated potential with respect to the stringy moduli obtained from the

superstring theory compactified on the Calabi-Yau manifolds. Moreover, the corresponding en-

tropy functions have been computed using the string duality symmetries acting on the invariant

black brane charges. In this way, several Calabi-Yau compactifications have been examined pro-

ducing various results dealing with black objects in type II superstrings using D-brane physics

[10, 11].

The black objects, embedded in superstring theory compactifications, can be connected to

quantum information theory using the qubit analysis [12-24]. Precisely, a fascinating corre-

spondence has been discovered between quantum information theory and superstring theory.

The main obtained relations are between the entropy formulas for specific black hole solutions

in supergravity theories and entanglement measures for certain multiqubit systems [17, 18]. Al-

ternative studies have been conducted using toric geometry and graph theory [24, 25, 26, 27].

The underlying idea is a link between the N = 2 STU black hole charges and three-qubit states

which has been established in [15, 16]. Furthermore, the analysis based on three-qubits has

been developed to describe the structure of extremal black hole solutions in terms of four-qubit

systems[12, 19, 22, 23, 28]. In all the works on four-qubits, one uses the complex geometry to

deal with the corresponding black hole entropy. For more details, we refer to [22, 29].

The main goal of this work is to contribute to these activities by approaching four-qubit

systems using string dualities and a quaternionic description of stringy moduli spaces. Con-

cretely, we reconsider the investigation of black objects and quantum information theory using

string/string duality in the context of dyonic solutions in type II superstring compactifications

on Calabi-Yau manifolds. This may offer a new take on the moduli space of black objects and

quantum information theory. More precisely, we link four-qubits with a stringy quaternionic

moduli space of type IIA superstring compactification associated with a dyonic black solution

formed by black holes (BH) and back 2-branes (B2B), referred to as

(

0

2

)

dyonic object with

eight electric charges and eight magnetic charges, producing sixteen charges. This connection

is made by associating the cohomology classes of the heterotic superstring on T 4 to four-qubit

states. These states can be interpreted in terms of charges of such dyonic solutions resulting

from the quaternionic symmetric space SO(4,4)
SO(4)×SO(4) corresponding to a superpotential of N = 4

sigma model in two dimensions. The superpotential has been considered as a functional de-
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pending on quaternionic fields related to a class of the Clifford algebras developed in [30]. This

algebra, denoted as Cl0,4, provides a link with the cohomology classes of T 4 in the heterotic

superstring compactification.

The organization of the paper is as follows. Section 2 is a concise review on the study of

dyonic solutions in type II superstrings compactified on n-dimensional Calabi-Yau manifolds.

We emphasize the black solutions carrying charges in 10 − 2n dimensions sharing electric and

magnetic charge dualities. A classification according to black brane dimensions results in

two dyonic solutions which can be generalized in arbitrary dimension. Section 3 contains a

link between four-qubit systems and a quaternionic geometry considered as a reduction of the

moduli space of the heterotic superstring compactified on T 4 being dual to type IIA superstring

on the K3 surface. This moduli space will be considered as the moduli space of a dyonic BH-

B2B object with 8 electric charges and 8 magnetic charges. In section 4, the four-qubit states

are related to dyonic charges living in the moduli space SO(4,4)
SO(4)×SO(4) . In section 5, we claim

that the usual decomposition of SO(4)×SO(4) −→ SU(2)×SU(2)×SU(2)×SU(2) results in

four quaternionic fields that can be interpreted in terms of four-qubit states. We suggest that

these fields can produce a quaternionic superpotential associated with a N = 4 sigma model in

two dimensions [31]. Precisely, we regard the superpotentiel as an element of a particular class

of the Clifford algebras denoted as Cl0,4. We end in Section 6 with some discussions and open

questions.

2 Dyonic solutions in type II superstrings

We start by reconsidering the study of dyonic solutions in type II superstrings compactified

on CY manifolds, that we will later need. It is recalled that a n-dimensional CY manifold

(CY n-folds) is a complex with the Kähler structure. The latter involves a global nonvanishing

holomorphic n-form which is equivalently to a Kähler manifold with a vanishing first Chern

class c1 = 0 required by a SU(n) holonolmy group [32]. The superstring compactification on

such manifolds preserves only 1
2n−1 of the ten dimensional supercharges. It has been remarked

that each manifold is associated with a Hodge diagram playing an important rôle in the deter-

mination of the superstring theory spectrum in 10− 2n dimensions [32, 33, 34, 35]. To have a

general idea on such data, we list the Hodge diagrams of the T 2 torus, the K3 surface and the
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CY threefolds, respectively:

n = 1

h0,0

h1,0 h0,1

h1,1

1

1 1

1

n = 2

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

1

0 0

1 20 1

0 0

1

n = 3

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h3,0 h2,1 h1,2 h0,3

h3,1 h2,2 h1,3

h3,2 h2,3

h3,3

h0,0

0 0

0 h1,1 0

1 h2,1 h1,2 1

0 h1,1 0

0 0

1

It turns out that hp,q denotes the number of the holomorphic and the anti holomorphic

(p, q) forms. Deleting the zeros, one observes that each diagram contains two central orthog-

onal lines. For the CY n-folds, the vertical line encodes the parameters describing the Kähler

deformations. It has been shown that the number of such size parameters, representing the

Kähler deformations of the metric, is fixed by h1,1. The horizontal one represents the param-

eters of the complex structure (shape parameters) given by hn−1,1. Beside these parameters,

the Hodge diagram can be explored to produce the all physical data in lower dimensional su-

perstring theory compactifications. Indeed, the moduli space of the CY type II superstring

compactifications is determined by the geometric deformations of the CY metric including the

antisymmetric B-field of the NS-NS sector, the dilaton, specifying the string coupling constant

and the scalars derived from the R-R gauge fields on non trivial cycles of the CY spaces. In

connection with the black solutions in the type II superstring compactifications, these scalar

fields which are associated with supergravity models having 26−n supercharges are coupled to

an abelian gauge symmetry providing electric and magnetic charges of black objects in 10− 2n

dimensions. In this way, the near horizon of these black objects is usually defined by the

product of Ads spaces and spheres as follows

Adsp+2 × S8−2n−p, (2.1)

where p is the internal dimension of the black brane. n and p verify the following constraint

2 ≤ 8− 2n− p. (2.2)
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In the compactified theory living in 10−2n, the electric/magnetic duality liking a p-dimensional

electrical black brane to a q-dimensional magnetic one is assured by the constraint

p+ q = 6− 2n. (2.3)

A priori, this equation can be solved in different ways according to the (p, q) couple values.

The solution can be classified as follows

• (p, q) = (0, 6 − 2n) describing an electrical charged black hole (BH)

• (p, q) = (3− n, 3− n) describing dyonic black branes (DB(3 − n)B)

• (p, q) 6= (0, 6 − 2n) and (p, q) 6= (3 − n, 3 − n), describing black objects like strings,

membranes and higher-dimensional branes.

However, a closed inspection shows that we have two kinds of dyonic solutions carrying electric

and magnetic charges by considering objet like doublets. They are listed as follows

1. a solution

(

3− n
3− n

)

consisting of the same object associated with

p = q = 3− n. (2.4)

2. a solution

(

p

6− 2n− p

)

consisting of an electrically charged black object and its mag-

netic dual one corresponding to

p, q = 6− 2n− p, p 6= 3− n. (2.5)

The last solution is considered as a single object sharing similar features of the usual dyonic

solution described by the same object. We believe that one could build it in any dimension.

To see that, let us consider a model obtained by the compactification of type IIA superstring

on the K3 surface required by the h1,0 = h1,2 = h0,1 = h2,1 = 0. Indeed, it is recalled that the

type IIA superstring perturbative bosonic massless sector contain the following fields

NS-NS : gMN , BMN , φ R-R : AM , CMNK (2.6)

where M,N,K = 0, . . . , 9. This compactification produces a N = 2 supergravity in six dimen-

sions with the following bosonic spectrum

gµν , Bµν , φ, Aµ, Cµνρ, Cµij , φα, α = 1, . . . , 80. (2.7)

In this spectrum, gµν is the six dimensional graviton metric, Bµν and Cµνρ are the six di-

mensional antisymmetric gauge fields. The field Aµ and Cµij represent the gravi-photon and
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Maxwell gauge fields in six dimensions. These fields are obtained from the compactification of

Cµνρ on the real 2-cycles of the K3 surface. Since Cµνρ is dual to a vector in six dimensions,

the theory has an U(1)24 abelian gauge symmetry. Besides the antisymmetric gauge field Bµν ,

the total gauge symmetry reads

G = G1 ×G2 = U(1)24 × U(1) (2.8)

associated with one and two-form gauge fields, respectively. In six dimensions, these gauge

fields are coupled to the scalar fields. In addition to the dilaton φ in six dimensions, there are

80 scalar fields φα which can be arranged to form the moduli space of type IIA superstring on

the K3 surface. The latter can be viewed as a scalar manifold of half-maximal, non-chiral Type

IIA supergravity in six dimensions, coupled to 20 vector multiplets, which reads as

SO(4, 20)

SO(4)× SO(20)
× SO(1, 1). (2.9)

It has been shown that the first factor SO(4,20)
SO(4)×SO(20) represents the geometric deformations of

the K3 surface in the presence of the antisymmetric B-field of the NS-NS sector and it is

linked to the symmetry group G1 = U(1)24. However, the second factor SO(1, 1) represents

the dilaton scalar field which is associated with G2 = U(1) [35, 36]. It has been remarked that

the space (2.9) is related to the electric/magnetic duality assured by the condition

p+ q = 2 (2.10)

producing two possible dynonic solutions

1.

(

0

2

)

BH-B2B with near-horizon geometries Ads2 × S4 and Ads4 × S2

2.

(

1

1

)

black string (BS) with the near horizon geometry Ads3 × S3.

In six dimensions, the factor SO(4,20)
SO(4)×SO(20) corresponds to the dyonic BH-B2B object

(

0

2

)

with 24 electric charges and 24 magnetic charges. It can be realized in terms of a D-brane system

containing {D0,D2,D4,D6} which can be placed on the corresponding Hodge diagram. The

24+24 charges are represented by the configuration of the K3 surface as follows

1

1 20 1

1

≡

(D0,D2)

(D2,D4) (D2,D4) (D2,D4)

(D4,D6)

(2.11)
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However, the factor SO(1, 1) is associated with the dyonic BS

(

1

1

)

having one electric charge

and one magnetic charge. It is represented by the following D-brane configuration on the K3

surface
1

1 20 1

1

≡

F1

. . .

NS5

(2.12)

Having discussed the compactification of the type IIA superstring on the K3 surface, we would

like to relate the corresponding black objects and quantum information theory by combining

string/string duality and non trivial cycles appearing in the toroidal compctification of the

heterotic superstring on T 4. A special emphasis is put on four-qubit systems which will be

linked with a particular quaternionic geometry considered as a subspace of the one appearing

in (2.9).

3 Four-qubit systems and dyonic solutions on the symmetric

space SO(4,4)
SO(4)×SO(4)

Several structural similarities between quantum information theory and superstring theory

have been established forming the so called black hole qubit correspondence (BHQC). The

first mapping was between the entropy formulae of certain black holes and the entanglement

measures of qubit systems using Cayley’s hyperdeterminant [37, 38, 39]. In particular, it has

been shown that the square root of Cayley’s hypertederminant is linked to eight charges of

extremal black holes in the STU model by the entropy formulae as follow

S = π
√

|DetaABC | =
π

2

√
τABC . (3.1)

Here τABC and S are the 3-tangle measure and the black hole entropy, respectively. Further-

more, it is clearly interesting to recall that the Cayley’s hyperderminant denoted as DetA is

defined as

DetA ≡ −1

2
ǫA1A3ǫA2A4ǫB1B2ǫB3B4ǫC1C2ǫC3C4aA1B1C1

aA2B2C2
aA3B3C3

aA4B4C4
. (3.2)

It is not hard to see that this is an homogeneous quartic polynomial that involves an interesting

physical interpretation in terms of the STU black hole charges embedded in type II superstrings.

Precisely, the solution of the STU black hole, in the case of spherical symmetry, is given in

terms of 8 charges (q0, q1, q2, q3, p
0, p1, p2, p3). In this way, the square of the extremal STU black
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hole entropy is proportional to a quartic polynomial of q0, q1, q2, q3, p
0, p1, p2 and p3 [15, 16]

S2 = π2{−(p0q0 + p1q1 + p2q2 + p3q3)
2

+ 4((p1q1)(p
2q2) + (p1q1)(p

3q3) + (p3q3)(p
2q2)

+ q0p
1p2p3 − p0q1q2q3)}.

(3.3)

Under a suitable mapping, the eight charges of the STU black hole correspond to the states of

a three-qubit system as follows[47]


































q0

q1

q2

q3

p0

p1

p2

p3



































←→



































a000

−a001
−a010
−a100
a111

a110

a101

a011



































.

Motivated by the STU black hole, three-qubits and certain extended works, we would like

to link the four-qubits with a particular stringy moduli space given by

SO(4, 4)

SO(4)× SO(4)
. (3.4)

We will show that this moduli space can be considered as a subpart of a general quater-

nionic geometry, related to the c-map image of the symmetric projective special Khler mani-

fold SL(2, R)3/U(1)3, which is the vector multiplets scalar manifold of the N = 2 D = 4 STU

supergravity model [48]. Then, we will show that this moduli space corresponds to a dyonic

black object in six dimensions carrying eight electric and eight magnetic charges playing the

same role as a black string in six dimensions. Concretely, these black solutions are mapped to

four-qubit physical systems using string dualities. It is recalled that the physics of the qubit

has been extensively investigated from different physical and mathematical aspects [40, 41, 42].

Using Dirac notation, one-qubit is described by the following state

|ψ〉 = a0|0〉+ a1|1〉. (3.5)

Here, ai are considered as complex numbers verifying the probability condition

|a0|2 + |a1|2 = 1. (3.6)

It should be denoted that this condition can be interpreted geometrically in terms of the so-

called Bloch sphere, CP1. Similarly, the two-qubits are represented by the general state

|ψ〉 = a00|00〉 + a10|10〉 + a01|01〉 + a11|11〉. (3.7)
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In this case, the probability condition is

|a00|2 + |a10|2 + |a01|2 + |a11|2 = 1, (3.8)

defining a 3-dimensional complex projective space CP
3 generalizing the Bloch sphere. This

analysis can be extended to N -qubits having 2N configuration states. For instance, the general

state of the four-qubits reads as

|ψ〉 =
∑

ijkℓ=0,1

aijkℓ|ijkℓ〉, (3.9)

where aijkℓ verify the normalization condition

∑

ijkℓ=0,1

aijkℓaaijkℓ = 1 (3.10)

defining the CP
15 complex projective space. Using results on string dualities, these states will

be linked to charges of a dyonic object embedded in type IIA superstring.

Roughly speaking, the moduli space (3.4) can be considered as a particular geometry of

SO(4,m)

SO(4)× SO(m)
× SO(1, 1) (3.11)

where m ≥ 3 is an integer which can be fixed by the compactification in question. It appears

naturally in six dimensional supergravity models.

The link that we are after push us to consider the case m = 4 reducing the above moduli

space to
SO(4, 4)

SO(4)× SO(4)
× SO(1, 1). (3.12)

It turns out that in the analysis of the superstring compactifications (sigma model fields), we

can remove the factor SO(1, 1) by fixing the dilaton. The remaining factor can be obtained

using different ways. A possible one is to think about the decomposition of the moduli space

of the K3 surface, or the heterotic superstring on T 4. It has been shown that such two models

are equivalent. This duality is known by string/string duality in six dimensions [43]. Indeed,

it is possible to use the following decomposition

SO(4, 20)

SO(4)× SO(20)
→ SO(4, 4)

SO(4)× SO(4)
× SO(4, 16)

SO(4)× SO(16)
(3.13)

supported by the fact that

4× 20 = 4× 4 + 4× 16. (3.14)

Examining the string/string duality in six dimensions, the factor SO(4,16)
SO(4)×SO(16) corresponds to

the twistor sector in type IIA superstring side. It is associated with the fixed points of the

orbifold compactification. It is interesting to note that this sector has played a primordial
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rôle in solving a serious problem in type IIA spectrum in six dimensions being the absence

of non abelian gauge symmetries. However, this sector will be ignored and we consider only

the factor SO(4,4)
SO(4)×SO(4) . This will be done by restricting quaternionic dimensions living in six

dimensional supergravity where certain parts of stringy moduli space should take zero values.

In superstring theory, this factor can be obtained from the toroidoal compactification of the

heterotic superstring by ignoring the contribution of the gauge symmetry derived from the

26-dimensional bosonic sector. In particular, the compactification of the heterotic superstring

on T 4 produces 4×5
2 degrees of freedom associated with the metric gij and 4×3

2 degrees of

freedom corresponding to the anti-symmetric field Bij. Then, we have 4 × 4 = 16 real scalars

parameterizing the symmetric space SO(4,4)
SO(4)×SO(4) . Besides such scalar fields, we have also the

configuration representing the abelian gauge fields. These abelian gauge fields can be obtained

from the Bµi and gµi fields. This generates the gauge symmetry

G1 = U(1)4 × U(1)4 (3.15)

which provides a SO(4) × SO(4) isotopy symmetry. In six dimensions, this symmetry corre-

sponds to

• 8 electric charges of BH solution with the AdS2 × S4 near horizon geometry.

• 8 magnetic charges of a B2B solution with the AdS4 × S2 near horizon geometry.

Following the general discussion made in the previous section, the moduli space SO(4,4)
SO(4)×SO(4)

corresponds to a BH-B2B dyonic object

(

0

2

)

with 8 electric charges and 8 magnetic charges.

It can be realized in terms of a D-brane system containing {D0,D2,D4,D6} which can be

placed on the Hodge diagram of T 4. At the level, it is intersecting to note that this solution

could generate a single dyonic object in four dimensions. Assuming that the corresponding

gauge fields survive in four dimensions, the B2B can be converted to a BH in four dimensions

using a possible compactification on a 2-sphere S2

B2B
S2

−→ BH. (3.16)

This could produce a single dyonic solution

(

0

0

)

in four dimensions with the near-horizon

geometry AdS2×S2 by thinking AdS4×S2 as AdS2×S2×S2. In what follows, the dyonic black

solution

(

0

2

)

can be considered as a four-qubit system supported by string/string duality in

six dimensions [43].
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(p,q)forms number

1 1

dz1, dz1, dz2, dz2 4

dz1 ∧ dz1, dz1 ∧ dz2, dz1 ∧ dz1 3

dz2 ∧ dz2, dz2 ∧ dz1, dz2 ∧ dz1 3

dz1 ∧ dz1 ∧ dz2, dz1 ∧ dz1 ∧ dz2, dz1 ∧ dz2 ∧ dz2, dz1 ∧ dz2 ∧ dz2 4

dz1 ∧ dz1 ∧ dz2 ∧ dz2 1

Table 1: (p, q)-forms on T 2 × T 2.

4 String/string duality interpretation of four-qubits

In this section, we would like to present a stringy interpretation of four-qubits using the

string/string duality relating type IIA and heterotic superstings [43]. Indeed, instead of think-

ing in terms of type IIA D-barnes wrapping non trivial cycles, as done in the second section

of the present work, we consider an equivalent description in heterotic superstring using cycles

in T 4. More precisely, we associate to each element of the cohomology classes of the heterotic

superstring on T 4 a state of the four-qubit basis. The basis states can be interpreted in terms

of the trivial fibration T 4 = T 2 × T 2. To see that, let us consider the complex realization of

T 2 × T 2,

zα = zα + 1 (4.1)

zα = zα + i, i2 = −1, α = 1, 2.

The cohomology classes of this trivial fibration correspond to the holomorphic and the anti-

holomorphic forms (p, q) which are listed in table 1.

The table arrangement is motivated from the 24 = C0
4 + C1

4 + C2
4 + C3

4 + C4
4 which can be

explored to divide the 2-forms into two categories

dz1 ∧ dz1, dz1 ∧ dz2, dz1 ∧ dz2
dz2 ∧ dz2, dz1 ∧ dz2, dz1 ∧ dz2

as required by the normalized volume form on T 2 × T 2

∫

T 4

dz1 ∧ dz1 ∧ dz1 ∧ dz2 = 1. (4.2)

To make contact with four-qubit states, we consider the following map applied first on one

factor T 2

ω1
ij = (dz1)

i ∧ (dz1)
j −→ |ij > i, j = 0, 1 (4.3)
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producing the two-qubit states. Similarly, the basis states of four-qubits can be obtained by

fibering trivially the T 2 × T 2 complex manifold. Indeed, we define the factorization

ωijkℓ = ω1
ij ∧ ω2

kℓ = (dz1)
i ∧ (dz1)

j ∧ (dz2)
k ∧ (dz2)

ℓ, i, j, k, ℓ = 0, 1 (4.4)

representing the basis states of the four-qubits

ωijkl −→ |ijkℓ > . (4.5)

The normalized condition may be assured by

(ωijkℓ, ωi′j′k′ℓ′) = δi
′

i δ
j′

j δ
k′

k δ
ℓ′

ℓ (4.6)

where the scalar product can be defined by

(ωiji
′
j
′ , ωklmn) =

∫

T 2

ωiji
′
j
′ ∧ ∗ωklmn. (4.7)

Here ∗ is the Hodge duality. In order to establish a connection with the dyonic solutions in type

IIA supersstring, each state |ijkℓ > should correspond to a charge of the following D-brane

system

{D0, D2, D4, D6}

in the presence of U(1)8 gauge fields rotated by the SO(4) × SO(4) isotropy symmetry. In

the heterotic superstring side, these vectors, obtained from the graviton and the antisymmetric

B-field, can be split as

8 = 1 + 3 + 4.

This decomposition can be supported by the fact that a real vector of SO(4) splits under the
1
2 × 1

2 spin representation of SU(2) as a 1-singlet and a triplet as follows

4 = 1 + 3.

This matches perfectly with the above table of the differential complex forms arrangement on

the trivial fibration of T 2 × T 2. In this way, the eight electric charges are linked with 1 + 3

vectors of type gµa and 4 vectors of type Bµa of the heterotic superstring in six dimensions.

The 8 magnetic charges qa can be associated with the dual objects as required by the electric

and magnetic duality

paq
a = 2πk. (4.8)

These objects forming a dyonic pair of a black solution

(

0

2

)

carrying 8 electric and 8 magnetic

charges are associated with the four-qubit states.
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5 Quaternionic description of four-qubits

The quaternionic character of the moduli space of type IIA superstring on K3 surface, or

heterotic superstring on T 4 pushes us to think about a quaternionic analysis of four-qubits.

This could help to clarify ceratin issues by drawing a clear contrast between the attractor

mechanism of black holes developed in superstring theory and quantum information theory.

In particular, we would like to give such a description using the symmetric space SO(4,4)
SO(4)×SO(4)

parameterized by 16 scalar fields associated with a dyonic solution

(

0

2

)

with 8 electric charges

and 8 magnetic charges. It is recalled that a quaternionic field takes the form

q = x0 + ix1 + jx2 + kx3, (5.1)

where x0, x1, x2 and x3 are real numbers, i, j and k are imaginary numbers such that






i2 = j2 = k2 = −1

ij = −jk = k, jk = −kj = 1 ki = −ki = j.
(5.2)

Usually, it is convenient to use the matrix representation of quaternionic fields. It is defined by

q = x0σ0 + i~x~σ, (5.3)

where ~x = (x1, x2, x3) and
−→σ = (σ1,−σ2, σ3) are the usual Pauli matrices and σ0 is the 2 × 2

identity matrix. In this way, a quaternion number is given by

x0 + x1i+ x2j + x3ij −→
(

x0 + x3 −x1 + x2

x1 + x2 x0 − x3

)

. (5.4)

It turns out that the scalars of the dyonic solutions, studied in the present work, can be

combined to form a quaternionic geometry in terms of four quaternionic blocks. To see that,

we first recall that these scalar fields belong to the (4, 4) bifundamental representation of

SO(4)× SO(4) symmetry

16 = (4, 4). (5.5)

In this way, they are specified by two indices a and b,

φ ≡ φab . (5.6)

Then, we consider the following decomposition of SO(4)× SO(4) symmetry

SO(4) × SO(4) −→ SU(2)× SU(2)× SU(2)× SU(2). (5.7)

The corresponding representations are given by four integers (m1,m2,m3,m4), where ms are

dimensions of particle state vector spaces. It is recalled that

ms = 2js + 1, s = 1, 2, 3, 4 (5.8)

12



where js are spin particles. A priori, there are many ways to decompose the bifundamental

representation (4, 4) in terms of (m1,m2,m3,m4). A way, which could be related to quaternionic

geometry, is

(4, 4) = (4, 1, 1, 1) ⊕ (1, 4, 1, 1) ⊕ (1, 1, 4, 1) ⊕ (1, 1, 1, 4). (5.9)

This decomposition shows that the symmetric space SO(4,4)
SO(4)×SO(4) can be parameterized in terms

of four quaternionic fields associated with 16 charges of the

(

0

2

)

dyonic black object. In fact,

the scalars can be combined to form four quaternionic fields indicated by only one index

φab −→ φab1b2 −→ φa1a2b1b2
−→ φA, A = 1, 2, 3, 4 (5.10)

where a1 and a2 refers to the SU(2) group, the same for b1and b2. These quaternionic fields

can be explored to produce a superpotential of N = 4 sigma model in two dimensions

W =W (φ1, φ2, φ3, φ4, pa, qa) a = 1, . . . , 8. (5.11)

In what follows, we will show that this superpotential can be viewed as a general state of four-

qubit systems. Indeed, the non commutativity character of the quaternionic fields can be used

to make contact with a particular class of the Clifford algebras. In this way, the superpotentiel

W (φ) can be interpreted as an element of such a Clifford algebra. Assuming that the fields φA

form a normalized basis of a vector space V and using the work developed in [30], the algebra

spanned by the all reduced products of the form

Span
{

φi1φ
j
2φ

k
3φ

l
4

}

, i, j, k, ℓ = 0, 1 (5.12)

defines a class of the Clifford algebras, denoted as Cl0,4. It has been shown that this algebra

could be decomposed as follows

Cl0,4 = ⊕4
k=0Cl

(k)
0,4 (5.13)

where Cl
(k)
0,4 is known by the space of k-multivectors [30]. In connection with the heterotic

superstring compactification, a close inspection shows that the algebra Cl0,4 can be associated

with the cohomology classes of T 4. More precisely, we have



















Cl00,4 : the scalar

Cl10,4 : the 1-forms

Cl20,4 : the 2-forms

Cl30,4 : the 3-forms

Cl40,4 : the volume form



















. (5.14)

Inspired by such a decomposition, we propose the mapping

|ijkl >−→ φi1φ
j
2φ

k
3φ

l
4, i, j, k, ℓ = 0, 1.
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In this way, the general state of four-qubits corresponds to a quaternionic superpotential

|ψ〉 =
∑

ijkℓ=0,1

aijkℓ|ijkℓ〉 −→W =W (φ1, φ2, φ3, φ4, p
a, qa). (5.15)

In this mapping, the aijkℓ numbers should correspond to the (pa, qa) charges of the dyonic object
(

0

2

)

. The superpotential could be viewed as the holomorphic sections of the line bundles

on four dimensional quernionic manifolds. We expect that these sections may be encoded in

non trivial polytopes going beyond the toric graphs associated with the projective complex

geometry used in [44].

6 Conclusion and open questions

In this work, we have approached four-qubit systems in the context of type II superstring

compactifications using string dualities between type IIA and heterotic superstrings. This

connection has been elaborated by giving a classification according to black brane dimensions,

which results in two kinds of dyonic solutions generalized in arbitrary dimension where the elec-

tric and magnetic charges have been linked formally to Calabi-Yau Hodge numbers. We have

shown that the four-qubit systems are related to a stringy moduli space SO(4,4)
SO(4)×SO(4) , which is a

reduction of a moduli space of the heterotic superstring T 4 living in six dimentional supergrav-

ity model. Using string/string duality, the four-qubit states are related to a dyonic solution

BH-B2B

(

0

2

)

carrying 8 electric and 8 magnetic charges (pa, qa). Moreover, it has been

remarked that the usual decomposition of SO(4)×SO(4) −→ SU(2)×SU(2)×SU(2)×SU(2)

results in four quaternionic fields that can be interpreted as states of the four-qubits. These

states are linked with a quaternionic superpotentiel W (φ) of N = 4 sigma interpreted as an

element of a particular class of the Clifford algebras denoted as Cl0,4.

The present work comes up with certain open questions related to quantum information theory.

It is recalled that interesting works dealing with four-qubits from algebraic geometry point of

view including ADE singularities have been elaborated in [45, 46]. It would be interesting to see

if this has any possible connection with such activities. Moreover, it should be of relevance to

approach quantum information concepts using quaternionic geometry associated with Clifford

algebras. This includes the study of entanglement and quantum discord. It is clearly inter-

esting to better understand such concepts from geometric methods. We anticipate that many

concepts used in quantum information, of four-qubits, could be discussed using quaternionic

manifolds. This will be addressed elsewhere.
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