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Impurities and defects are ubiquitous in topological insulators (TIs) and thus understanding
the effects of disorder on electronic transport is important. We calculate the distribution of the
random conductance fluctuations P(G) of disordered 2D TI wires modeled by the Bernevig-
Hughes-Zhang (BHZ) Hamiltonian with realistic parameters. As we show, the disorder drives
the TIs into different regimes: metal (M), quantum spin-Hall insulator (QSHI), and ordinary
insulator (OI). By varying the disorder strength and Fermi energy, we calculate analytically
and numerically P(G) across the entire phase diagram. The conductance fluctuations follow
the statistics of the unitary universality class 8 = 2. At strong disorder and high energy, how-
ever, the size of the fluctutations 6G reaches the universal value of the orthogonal symmetry
class (8 = 1). At the QSHI-M and QSHI-OI crossovers, the interplay between edge and bulk

states plays a key role in the statistical properties of the conductance.

1. Introduction

Topological insulators (TIs) are currently at the forefront of fundamental research in
condensed matter physics and their singular electronic properties, such as the existence of
dissipationless helical edge states, make them potential candidates for practical uses in low

power consumption and spin-based electronic devices.” Thus, an extensive literature cover-

arXiv:1612.00146v2 [cond-mat.mes-hall] 12 Feb 2018

ing fundamental and practical aspects of TIs already exists.>™ Most of the studies have been
concentrated on pristine TIs, although the presence of disorder, such as impurities or lattice
imperfections, is unavoidable in real devices.

The helical edge states of TIs are insensitive to weak disorder due to time-reversal (TR)
symmetry, but strong disorder can still affect the electronic transport properties of TIs, as

was recently demonstrated.> For instance, the stability of the edge states in the presence of
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disorder has been studied in two-dimensional (2D) TIs and an unexpected quantum phase, the
topological Anderson insulator, was discovered.®” Effects of disorder in three-dimensional
TIs have been also investigated within the Aharonov-Bohm oscillations phenomenon.'%!3

Disorder effects in low dimensional electronic devices have been a fundamental issue
since early studies in the field of mesoscopic physics, particularly concerning the problem
of quantum transport.'*!> It is known that multiple coherent scattering of electrons through
disordered quantum wires can give a universal character to the transport in the sense that the
statistical properties of the conductance fluctuations depend on few and general physical pa-
rameters of the system, such as TR and spin-rotation symmetries, whereas microscopic details
are irrelevant. One known result on this respect is the constant value of the standard deviation
of the conductance fluctuations in the diffusive regime, the so-called universal conductance
fluctuations (UCF),'® depending only on the presence of TR and spin-rotation symmetries:
the UCF takes the value \/W, for § = 1,2, and 4. The symmetry class 8 = 1 corresponds
to systems that preserve both TR and spin-rotation symmetries, while 8 = 2 designates the
cases with broken TR symmetry. If TR symmetry is preserved, but spin-rotation symmetry is
broken, we have the symmetry class 8 = 4.! Therefore, a statistical study of the conductance
fluctuations is naturally linked to the presence of disorder and symmetries play a fundamental
role in the analysis.

Moments of the conductance random fluctuations such as the average and variance have
been recently experimentally and theoretically investigated in TIs.”'?? Although these two
conductance moments provide important statistical information, they might not be sufficient
for a full statistical description, especially when large conductance fluctuations are present, as
frequently happens in experiments. A complete statistical description of the conductance fluc-
tuations is provided by the full distribution of the conductance. To the best of our knowledge,
few works have been devoted to the study of the distribution of the conductance fluctuations
in TIs.?? In Ref. 23, the conductance fluctuations in a quantum network model are ana-
lyzed via the distribution of transmission eigenvalues, while in Ref. 24 the Bernevig-Hughes-
Zhang (BHZ) tight-binding model has been considered to study numerically the conductance
distribution in topological Anderson insulators. Thus, a thorough theoretical analysis of the
conductance fluctuation in 2D TI is needed.

In this work, we first calculate the conductance distributions of disordered 2D TI wires
modeled by the BHZ Hamiltonian describing an inverted InAs/GaSb quantum-well known
for its practical advantages over other 2D TI materials, including the well-developed material

control for fabrication and the tunable band structure by electric fields.?>2% We obtain the
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phase diagrams of the mean and standard deviation of the conductance, which reveal three
different quantum phases or regimes: the metallic (M), the ordinary insulating (OI), and the
quantum spin-Hall insulating (QSHI) phase. Secondly, to get a full understanding of the sta-
tistical properties in each regime and at the crossovers, we perform a theoretical analysis
based on random matrix theory (RMT).2-?® We find that the conductance fluctuations for
2D TI wires follow the § = 2 symmetry class in all the phases and crossovers except in the
strongly disordered metallic region, where the UCF approach the value of the symmetry class
B=1.

At the M-QSHI crossover regime, we need to take into account the different extents of lo-
calization of the conducting channels to describe the asymmetric distribution centered around
the average conductance (G) = 2. For simplicity, the unit of the conductance of €?/h is omit-
ted throughout this paper. Similarly, as the system is driven from the QSHI to the OI regime,
the conductance deviates significantly from G = 2, although its fluctuations can be described
as in the OI phase. Our analysis reveals that the edge states play an important role at the
crossover regimes that involve the QSHI phase and the symmetry of the Hamiltonian alone is

not enough to obtain a full understanding of the statistical properties of the conductance.

Fig. 1. (Color online) (a)The band structure of an InAs/GaSb nanowire with N = 60. The green dashed lines
indicate the energy range where helical edge states occur. The phase diagrams of (b) the mean conductance (G)
and (c) the standard deviation 6G in the E — W plane using 5000 disorder configurations. Circled letters denote

the points where conductance distributions are calculated, as shown in Figs. 2, 4, and 5.

2. Hamiltonian Model
We adopt the BHZ model in the tight-binding representation to describe the electronic
properties of the clean InAs/GaSb TI wires.*2%2? The Hamiltonian H consists of two terms:

H = H. + H;, where H,. corresponds to a clean (disorder free) TI wire, and H; contains a
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source of disorder. The H, term can be written in a block diagonal form as

H. = Z chpc,-,7 + txpcjpcﬁgx,p + tycjpc,-wy,p + h.c. (D)
ip
—-4D + M — 4B 0
V = 2)
0 —-4D — M + 4B
D+B -iAp/2
txp = . (3)
—-iAp/2 D-B
D+B AJ/2
f o= , @)
-A/2 D-B

where p = + denotes the pseudo spin, i = (x, y) is the site index and dx(y) is the vector to the
nearest neighbor along the x(y)-direction. The matrices V, t,,, t, are in the basis of electron
and hole states. The parameters A, B, D, M are material-dependent. We use the values for
those parameters of a InAs/GaSb quantum well derived from k - p method:?%?” A = 18.5
meV, B = =165 meV, D = —14.5 meV, M = -7.8 meV with the lattice constant a = 2
nm. The Hamiltonian preserves time-reversal symmetry that prevents backscattering of the
edge states®® as well as the structural and bulk inversion symmetries. Since we focus on
the quantum spin-Hall edge transport, which is protected by the energy gap, the inversion
asymmetries are neglected for simplicity.?%2%

A source of disorder is introduced in the Hamiltonian model in a standard way by con-
sidering a random on-site energy:

H;, = Z e,»cjplc,-p ®))
ip

where ¢ is a random number uniformly distributed in the range [-W /2, W/2] and [ is the
2 X 2 identity matrix. Although we have neglected other sources of disorder that affect the
scattering processes such as electron-electron interactions or random fluctuations in the spin-
orbit interaction,?" we expect that this short-range disorder within a single-electron picture
captures fundamental physical information of realistic systems. See for instance Ref. 13.

The above BHZ tight-binding Hamiltonian model is solved numerically and the conduc-
tance G is calculated by attaching a perfect lead to each side of the InAs/GaSb wire. Within
the Landauer-Biittiker formalism? the conductance is given by G = % 11, where 1, are
the transmission eigenvalues of #¢', # being the n X n transmission matrix calculated by the
recursive Green’s function method>3% with n = 2N, where N is the width of the wire in units

of the lattice constant.
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3. Results and Discussion
3.1 Phase Diagrams

First we show the band structure of a pristine InAs/GaSb wire in Fig. 1(a). Unless stated
otherwise, we set the number of sites along the y- and x-direction to N = 60 and L = 300,
respectively, and assume the transport to be along the x-direction. The edge states occur in the
energy window [—3.36,4.55] meV. The presence of disorder, however, changes the quantum
phase of TIs and some signatures of these phases can be seen in the phase diagram of the
ensemble average conductance (G) in the energy-disorder strength (E — W) plane [see Fig. 1
(b)]. From this phase diagram, we can identify the QSHI phase characterized by the average
value (G) = 2, in the energy range of [-3.36,4.55] meV (green area) and up to a disorder
strength W = 40 meV, approximately. If the energy is increased, within the same range
of disorder strength, the TI wire changes to the metallic regime, whereas if the strength of
disorder is increased within the energy window [-3.36,4.55]meV, the TI wire becomes an
ordinary insulator ((G) < 1).

Further useful information can be obtained by plotting the standard deviation of the con-
ductance 0G = \/m in the E-W plane. From the 6G phase diagram shown in Fig.
1 (c), we observe that for energies in [-3.36,4.55] meV and until disorder strength W = 40
meV (black region) the conductance fluctuations are negligible, revealing the robustness of
the edge states against disorder in the QSHI regime. For higher energies, however, the stan-
dard deviation takes the UCF value G = +4/15 ~ 0.52, which is the representative value
of the metallic phase for 8 = 2. We notice, however, that at strong disorder strength and high
energy, oG reaches the value 0.73 (yellow region in Fig. 1 (¢)), which corresponds to the UCF
for the symmetry class 8 = 1.

Once we have identifed the strength of disorder and energy intervals where the different
phases of the TI lie, we proceed to perform a statistical analysis of the conductance fluctua-

tions in each regime.

3.2 Metal - Ordinary Insulator Crossover

We first study the evolution of the conductance distribution from the M to the OI regimes
as the strength of disorder increases. In Fig. 2 (a), we show P(G) for three different values of
the W at fixed energy E = —4 meV. The histograms are obtained by numerical calculation
using 10000 disorder realizations. In the M regime, at disorder W = 24 meV, the conduc-

tance distribution follows the expected Gaussian distribution (solid line). The variance of the

5/17



J. Phys. Soc. Jpn. FULL PAPERS

I"I'I'I'I'I'II |||01

— W=24 meV @ | f'"mEr (b) -

1K — W=88 meV -
— W=600 meV

o
3
P(In(G))

0.8 Insulator to Metal i
N

7

-40 -30 -20 -10 00

IN(G)

0.8
0.6
©
042
0.2

012345672468O

G (€%h) G (€'h)

| Meta (B=1) -

(©) 7

Fig. 2. (Color online) (a)Conductance distributions at £ = —4 meV for different disorder strengths W showing
the crossover from M to OI phase. W = 24/88 meV corresponds to the point (A)/®) in the phase diagrams in
Fig. 1. The mean conductance (G) = 5, 1.2,0.07 for W = 24, 88 and 600 meV, respectively. (b) The log-normal
distribution for the OI phase at E = —4, W = 1000 meV ({(G) = 5 x 107, {In(G)) = —19.5). (c) Conductance
distribution of the point (C) in the phase diagrams in Fig. 1. The solid line corresponds to a Gaussian distribution

with variance 8/15 (as in the 8 = 1 symmetry class) and average conductance 5.1.

Gaussian distribution is given by the UCF: v4/15, i.e., P(G) is given by:

15 s 2
P(G) = 4/ 8—ﬂe‘?<0‘<‘”> (6)

with (G) = 5 for the case shown in Fig. 2 (a).

We note that the value of the UCF (+/4/15) corresponds to the physical systems with
broken TR symmetry, i.e., 8 = 2 universality class. Indeed, each block in the Hamiltonian
breaks TR symmetry and it thus belongs to the § = 2 symmetry, i.e., the conductance G
is given by the identical contribution of the two Hamiltonian blocks with 8 = 2 symmetry
class. Moreover, the block diagonal form of the Hamiltonian is a consequence of the inversion
symmetry present in our model.>3¥

As the strength of disorder is increased, the Gaussian distribution becomes wider and the
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Gaussian landscape is lost. As an example, in Fig. 2 (a) we show the distribution P(G) in this
crossover between the M and Ol regime (blue histogram), at disorder strength W = 88 meV .
In this case, the conductance fluctuations are large; in particular, for the case shown in Fig. 2
(a), the relative fluctuations 6G/{G) are five times larger than in the previous metallic phase
(black histogram). The theoretical curve (solid line) that describes the numerical simulations
(blue histogram) has been obtained from the joint distribution P,({7;}) (i = 1,2, ...,n) of the
different transmission eigenvalues 7; together with the Landauer-Biittiker expression for the
conductance, as follows. Within the Dorokhov-Mello-Pereyra-Kumar approach,?” the joint
distribution for disordered wires supporting n transmission channels, P({t;}) where 7; are
the eigenvalues of the transmission matrix, follows a diffusion equation which describes the
evolution of P({t;}) with the system length. For the unitary symmetry class 8 = 2, P({1;}) is

conveniently written in terms of the variables x; = acosh[1/ /7;] as,*

1
p(xi}) = — €Xp [-H({x; DI, (7
where Z = indx,- exp[-H({x;})] and H(x;) = Z;'q u(x;, x;) + 27 V(xp).

In both the metallic and ordinary insulating regimes, the functions u(x;, x;) and V(x;) can

be written as:3>39

In |sinh2 x; — sinh? xj| +1In |xl2 - x? ,

u(x;, x;)
1
V(x)) = ns‘lxl.2 ~3 In |x; sinh 2x;], 8)

where s = L/nl, [ being the mean free path and »n the number of conducting channels. We
point out that the ratio s is the only microscopic information that plays a role in the above
model and can be determined by the mean conductance (G). For instance, in the metallic
limit, (G) = &/L, where £ is the localization length equaling to n/, while in the ordinary
insulating limit, (G) = e /L. In our analysis, s is set to a value that reproduce (G), obtained
from the numerical simulations.

Using the joint distribution P({7;}) (or equivalently p({x;})) we calculate the conductance

distribution which is given by
P(G) = (8(G -2 ) ), ©)

where the brackets represent the average performed with the probability density function
p({x:}), Eq. (7). Thus, P(G) in Eq. (9) can be calculated by numerical integration.
For the crossover regime shown in Fig. 2 (a), the theoretical distribution P(G) (solid line)

is obtained using the first two channels (n = 2) since the conductance values are not larger
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than 4, indicating that no more than two different channels from each block Hamiltonian con-
tribute to the conductance, while the ratio s = L/l = 5.2 is found to reproduce the numerical
average conductance (G) = 1.2. Fig. 2 (a) shows a good agreement between the theoretical
(solid line) and numerical (blue histogram) distributions.

Let us now increase further the strength of disorder to W = 600 meV. In the presence of
strong disorder, the main contribution to the conductance comes from a single transmission
eigenvalue and therefore the multivariate distribution P({7;}) is simplified to the distribution
of a single variable, P(7). In this case, we can write an analytical expression for the probability

density of the conductance P(G) as:*”

h'2(\2]G
P(G) = cag;fz( : E G)f /4) exp [(~1/Lyacosh® (y2/G)|, (10)

where C is a normalization constant. As in the previous multichannel case, the ratio s = L/

plays an important role since all the statistical properties of the conductance fluctuations are
fixed by this ratio. For one channel, L/l can be extracted from the numerical simulations
using L/l = (—1In(G/2)). In Fig. 2(a), the conductance distribution (solid line) for W = 600
meV according to Eq. (10) is plotted. A good agreement between theory (solid line) and the
numerical simulations (red histogram) is seen.

If we increase even further the strength of the disorder, the TIs reach the deeply insulating
limit and the conductance distribution follows a log-normal distribution,?>*® as shown for
W = 1000 meV in Fig. 2 (b). The numerical distribution (histogram) for In G is well described
by P(InG) = 1/ V2ro? exp [-(In G — (In G))?/20%] with o = 2(— In G). The value of (In G)
has been obtained from the numerical calculations.

As we have pointed out, the BHZ Hamiltonian model belongs to the § = 2 symmetry
class, however, for high energies (£ > 8 meV) and disorder strength W ~50 meV, we notice
in the phase diagram of Fig. 1 (c), §G approaches the value V8/15 ~ 0.73 (yellow region),
which corresponds to the UCF for the orthogonal symmetry (8 = 1), i.e., the symmetry class
for systems with TR symmetry and no spin orbit coupling (SOC). Furthermore, we have ob-
tained the distribution of the conductance fluctuations at the point (C) in Fig. 1 (c) which,
as shown in Fig. 2(c), follows a Gaussian distribution: the solid line corresponds to a Gaus-
sian distribution with variance 8/15, i.e., the variance value of the UCF for the orthogonal
symmetry class. Additionally, to show the robustness of this result and contrast it with the
conductance fluctuations for 8 = 2, in Fig. 3 we plot 6G as a function of the disorder strength
W at two different energies: E = 6meV (blue squares) where the conductance standard de-

viation approaches the value 0.52, i.e., the § = 2 symmetry class and at £ = 20meV (red
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Fig. 3. (Color online) Standard deviation of the conductance §G as a function of the strength of the disorder
W. At energy E = 6meV, G is close to the UCF corresponding to the 8 = 0.52 symmetry class indicated with
a blue dashed-line. However, at E = 20meV, 6G approaches the value 0.73 (red dashed-line) that corresponds
to the orthogonal case, symmetry class 5 = 1. Notice that we have chosen E = 20meV which is not within the

range of the phase diagram in Fig. 1, in order to clearly show a flat behavior of 6G over a wide range of W.

dots), where 0G is close to 0.73 that corresponds to the symmetry 8 = 1. This essentially
reveals that effects of the SOC (off-diagonal terms in the Hamiltonian H,) are negligible at

high energies and strong disorder.3

3.3 Metal - Quantum Spin-Hall Crossover

In the M phase the conductance fluctuations follow a Gaussian distribution, as shown
above. On the contrary, in the QSHI phase, there is no conductance fluctuations due to the
robustness of the helical edge states against disorder. Thus, it is of interest to study the con-
ductance fluctuations at the crossover between these two phases, when both edge and bulk
states contribute to the conductance.

In our numerical simulations, we have chosen the point at the crossover: W = 12, E =
4.55 meV (point (D) in Fig. 1(b) and (c)). At this M-QSHI crossover point, we have analyzed
the fluctuations of the first three largest different eigenvalues, represented by 7, 7, and 73. We
have verified numerically that these three channels give the main contribution to total conduc-
tance G 1.e., the contribution of higher transmission channels is negligible. In the inset of Fig.

4(a) and 4(b), we show the distribution of each transmission eigenvalue for two different TI
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Fig. 4. (Color online) The conductance distribution with (G) = 2.39 at the M-QSHI crossover at E = 4.55
meV and W = 12 meV for two different system lengths (a) L=300, corresponding to (D) in the phase diagrams
in Fig. 1 and (b) L=600. The solid line is the theoretical distribution. The probability distributions of the three
largest transmission eigenvalues 71, T2, T3 are shown in the insets. For the distribution in (b), (G) = 1.99 and
s2 = 19sy, 53 = 445, with 51 = 0.34.
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wire lengths (L = 300 and 600, respectively). We notice that the first transmission eigenvalue
71, which is associated to the helical edge state, is highly transmitted, whereas the second and
third transmission eigenvalues associated to the bulk states are poorly transmitted. Hence, the
distribution of the first eigenvalue peaks at 7, = 1, while the distribution of 7, and 73, re-
spectively, peaks at zero. This suggests that helical edge states are weakly localized, whereas
bulk states are strongly localized. Therefore, in order to describe the conductance fluctua-
tions within our theory, we need to introduce the information about the different strengths of
localization of the edge and bulk states.

As we have pointed out above, the strength of the electron localization in our model is
characterized by the parameter s = L/[ (see Egs. (8) and (10)), which is determined by (In G)
in the case of one transmission eigenvalue. Thus, in order to consider different localization
strengths, we propose introducing a different s; value for each transmission eigenvalue, which
is extracted from the numerical calculations. For instance, for the distribution P(G) shown in
Fig. 4 (a), we found numerically that (— In7,) is 25 times larger than (—In ;) , while (— In 73)
is 60 times larger than (—In 7). Thus, we set s, = 25s; and s3 = 60s; with s; = 0.24 fixed to
reproduce the average conductance (In G), or equivalently (G). As an additional example, we
show P(G) for a longer TI wire (L = 600) in Fig. 4(b). Thus, the proposed method to calculate
P(G) needs a detailed analysis of the contribution of the different transmission eigenvalues,
in contrast to the standard analysis where the knowledge of the conductance average, or the
parameter s, is sufficient to obtain P(G). Interestingly, distributions with similar landscapes
at the M-QSHI crossover of a Z2 network model were reported in Ref. [23], where it was also
found that the first largest transmission eigenvalues determine the conductance distributions.
In Ref. [23], however, the network model belongs to the symplectic class (8 = 4), whereas
our case is for the unitary class § = 2. We thus conclude that the landscape of the conduc-
tance distribution is strongly determined by the different localization, and therefore different

contribution to the conductance, of the transmission channels rather than the symmetry class.

3.4 Ordinary Insulator - Quantum Spin-Hall Crossover

As we have shown above, helical edge states are robust against disorder. However, at
sufficiently strong disorder, edge states eventually become localized, leading the QSHI phase
to an OI phase. At this crossover regime, but on the QSHI side, the conductance distribution
has a large peak at G = 2, as shown in Figs. 5 (a) and 5 (b) , because the edge states have not
yet been fully localized. In contrast, on the OI side, the distribution shows a peak at G = 0
[see Figs. 5 (c) and 5 (d)], indicating that the edge states become localized.
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To study the fluctuations on the QSHI side, we assume that the conductance fluctuations
come from the edge states that start to penetrate into the 2D wire and whose conductance
fluctuations can be described by Eq. (10), as in the OI phase. On the QSHI side, however,
the maximum conductance of the edge states is 2; we thus only need to make the change of

variable G — 2 — G in Eq. (10) to obtain the distribution of the conductance fluctuations:

acoshﬂ/ﬁ 5
P(G) = C—————~——exp|—s"'acosh? TGl (11)

(2 — G)}2G1/+
where C is a normalization constant and s’ is determined by the average s* = (In[(2 — G)/2]).
Fig. 5 (a) and 5 (b) show P(G) (solid line) given by Eq. (11) which agrees well with numerical
simulations (histograms).

Regarding the OI to QSHI crossover, but on the Ol side, the perfect conducting edge states
become localized and the TI becomes an ordinary insulator. Thus, only a single transmission
eigenvalue is relevant and the distribution of conductances is described by Eq. (10). Figs. 5
(c) and 5 (d) show both the numerical (histogram) and theoretical (solid line) distribution for
P(G).

4. Summary and Conclusions

Topological insulators are not free from impurities and/or lattice defects and therefore a
full understanding of the effects of the disorder on the electronic transport is of interest from
practical and fundamental points of view. We have studied the conductance fluctuations of
disordered 2D TI wires modeled by the BHZ Hamiltonian with experimentally achievable
parameters. We have been gone beyond the first moments of the conductance fluctuations
and calculate analytically and numerically the complete distribution of the conductance.

The phase diagrams of the mean and the standard deviation of the conductance, which
have been numerically obtained, show three different quantum phases or regimes: metal,
quantum spin-Hall insulator, and ordinary insulator. We have obtained the conductance dis-
tribution in each regime as well as in their crossovers within a framework of random matrix
theory. The conductance fluctuations follow the statistics of the unitary class 8 = 2 as a conse-
quence of the block diagonal structure of the Hamiltonian, in which each block belongs to the
unitary class 8 = 2. At strong disorder and high energies, we have found that the conductance
fluctuations 6G approach the value of the orthogonal universality class 5 = 1. We interpretate
this result as a consequence of the fact that at high energies, the band structure of the TIs

resembles that one of a normal metal and therefore the value of 6G corresponds to case of
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Fig. 5. Conductance distributions at the QSHI-OI crossover on the QSHI side [panels (a) and (b)] and on the
OI side [panels (c) and (d)]. The distributions in panels (a) and (c) correspond to the points E and @ in the
phase diagram in Fig. 1, at E = 4 meV. For the panels (b) and (d) £ = 3.8 meV. Histograms and solid lines
curves correspond to the numerical and theoretical distributions: Eq. (10) with s = 2.03 (a), s = 1.86 (b) and
Eq. (11) with s = 3.6 (c), 5" = 3.22 (d).
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the orthogonal universality class, as long as the disorder is sufficiently strong to wash out the
SOC effects. We have actually numerically verified that the value of conductance fluctuations
(8 = 1) is not affected by the strength of the SOC.

Furthermore, our results reveal that at M-QSHI and OI-QSHI crossover regimes, the pres-
ence of the helical edges states play a crucial role in the conductance statistics. At those
crossover regimes, both bulk and helical edge states contribute to the conductance, albeit
with different extent of localization. Consequently, the conductance distributions change dras-
tically from one quantum phase to another one due to the different degree of localization of
the helical edge and bulk states, as well as the number of relevant transmission channels.

We believe that the extensive analysis of the conductance fluctuations presented here gives
a complete picture of the statistics of the conductance fluctuations and offers deeper insights

into the quantum transport in disordered TIs.
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