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The Chirality Theorem

José M. Gracia-Bondia, Jens Mund and Joseph C. Varilly

Abstract. We show how chirality of the weak interactions stems from
string independence in the string-local formalism of quantum field theory.
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1. Introduction

Unanswered questions abound in electroweak theory [2]. Only time will tell
which ones were prescient, and which born only from theoretical prejudice [3].
A paramount trait of flavourdynamics is the chiral character of the interac-
tions in which fermions and the massive vector bosons participate. A litera-
ture search shows that most textbooks dispatch this trait in one word: it is a
fact. There are a few exceptions. The book by Peskin and Schroeder discusses
at some length how left-handed and right-handed components of fermions
can come to see (representations of, if you wish) different gauge groups [4,
Chap. 19]. The posthumous, reflective book by Bob Marshak [5, Chaps. 1
and 6], discoverer (together with E. C. G. Sudarshan) of the Vector-Axial the-
ory, interestingly elevates the “fact” to a principle, that of chirality invariance,
or “neutrino paradigm”.

Nevertheless, on the face of it, there is a mystery here, setting flavourdy-
namics apart from chromodynamics. That cannot be solved by invoking the
Glashow—Weinberg—Salam (GWS) model, which introduces chirality by hand
from the outset.

The aim of this paper is to tackle this riddle through the theory of string-
local quantum fields (SLF). This conceptual framework was introduced in [6,7],
improving on old proposals by Mandelstam [8] and Steinmann [9]. It is largely
the brainchild of Schroer [10].

Published online: 14 December 2017 ) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-017-0637-3&domain=pdf

J. M. Gracia-Bondia et al. Ann. Henri Poincaré

At the considerable price of an extra variable, SL fields appear to offer
advantages over the ordinary sort. We summarily list them here.

e The string-local fields evade the theorem that it is impossible to construct
on Hilbert space a vector field for photons, and more generally for cor-
responding representations associated with higher fixed-helicity massless
particles [11, Sect. 5.9].

For this reason, the concept of gauge fades into the background.

e Other improved formal properties include a better ultraviolet behaviour
for spin and helicity > %; this turns out to be same for all bosons as
for scalar particles, and for fermions as for spin—% particles.! The upshot
is that perturbative renormalization of SLF models should take place
without calling upon ghost fields, BRS invariance and the like, since in
principle one need not surrender positivity of the energy and of the state
spaces for the physical particles. It is fair to say, however, that renormal-
ization of theories with SL field theory is still a work in progress.

e The reach of quantum field theory is enlarged, since the (boson and
fermion) Wigner unbounded-helicity particles [14], with Casimirs P? = 0,
W2 < 0, that have no corresponding pointlike fields [15,16], become ad-
mitted into the realm of QFT through SL fields [6,7,17].

e Furthermore, SLF proves its worth by shedding light on some phenomeno-
logical conundrums of the current theory of fundamental forces and par-
ticles. (Chief among them, after chirality, is the observation that “the SM
accounts for, but does not explain, electroweak symmetry breaking” [18].)

We are going to show that the physical particle spectrum (charge and
mass structure) of the interaction carriers in the electroweak sector, includ-
ing the scalar particle, determines their relative coupling strengths with the
fermion sector entirely, and in particular forces the couplings of the massive
bosons to fermions to be parity-violating.

In more detail, our input (particle and coupling types) is the experimental
datum.

e The particle types are the electron, positron, neutrino and antineutrino;
the massive vector bosons Wy, W5 and Z, and the photon; plus a scalar
(Higgs) particle.?

Their masses obey mz > my > 0, and the photon is massless. The
electron and Higgs particle are massive; the masses m., m, and mpy are
otherwise unconstrained, but are assumed to be given.

The corresponding electric charges: the Z and Higgs bosons, the neutrino
and antineutrino v,v are neutral; the electron e and W_ boson have
charge —1; the positron € and W, have charge +1.

1 Arguably, that is inherited from the amazingly good behaviour of the field strengths
themselves, beyond naive power counting, independently of spin, uncovered not long ago [12,
13].

2 It will be enough here to consider just one generation of leptons: bringing up the full
structure of the fermion multiplets only complicates the proof’s notation in a way immaterial
to the purpose.



The Chirality Theorem

e The couplings are of two types. For the purely bosonic couplings, see the
beginning of Sect. 4.
For the couplings between bosons and fermions we make the most general
Ansatz which respects electric charge conservation, Lorentz invariance
and renormalizability (scaling dimension < 4).
Apart from these general restrictions, our sole assumption is that in
photon-fermion couplings, the photon couples only to charged fermions,
so it does not couple to the neutrino or antineutrino, and even this could
be relaxed. All other coupling constants are left open.

Our powerful tool is the requirement that physical quantities like the
S-matrix must be independent of the string direction. This principle is quite
restrictive and, as we show here, in fact fixes all coupling constants, bar the
overall strength. In particular, it turns out that:

o the neutrino is completely chiral in that only left-handed® neutrinos cou-
ple;

e the electron also couples in a parity-violating way;

e the Higgs particle couples only to scalar (and not to pseudoscalar) Fermi
currents.

This is our chirality theorem.

The proof, rigorous within perturbation theory, is achieved entirely within
the string-local scheme. It is simple, in that it requires only consideration
of tree graphs up to second order. Going a posteriori from our framework
to the GWS model for fermions is both trivial and almost inconsequential;
nevertheless, we indicate how to do it in an appendix.

A valid argument for chirality, with the same outcome as ours, can be
made and has indeed been made before, within the conventional framework—
see [19-21]; we owe these works a lot. Apparently that proof was scarcely
heeded, for reasons not easy to understand. It is certainly couched in the lan-
guage of (the causal version of) gauge theory, keeping its ungainly retinue of
unphysical fields, and there is some circularity in it, since the Kugo—Ojima as-
ymptotic fields invoked ab initio have to be derived first. Our method provides
a cleaner, more “native” form. Still, theirs was a good case, and we are keen
to employ new tools to reclaim it.

The plan of the article is as follows. Section 2 is a précis on free string-local
fields. Section 3 reviews the basics of perturbation theory and Epstein—Glaser
renormalization, as adapted to SLF, and introduces the simple principle of
physical string independence governing SLF couplings. The next two sections
examine constraints imposed on couplings with fermions by string indepen-
dence already at the first-order level. Section 6 displays a method, due to one
of us, to construct time-ordered products involving SLF for tree diagrams at
second order.

Once that has been digested, the rest of the proof, performed in Sect. 7,
proceeds by a series of lemmas, of interest in themselves, whose verifications re-
duce to fairly straightforward calculations, entirely determining the couplings.

3 Or right-handed ones—the theory of course cannot tell which.
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In particular, chirality of flavourdynamics emerges as an inescapable conse-
quence of string independence, given the mentioned physical spectrum of in-
termediate vector bosons. Section 8 is the conclusion.

The supplementary sections deal with a few relevant side questions. “Ap-
pendices A and B” furnish computational details. “Appendix C” verifies local-
ity for the stringy fields. “Appendix D” manufactures the GWS model from
the ascertained chiral coupling constants.

2. String-Local Fields

To define the SLF, we start from free Faraday tensor fields on Minkowski
space My. These can be built from Wigner’s spin 1 or helicity +1 unitary,
irreducible representations of the restricted Poincaré group [14], by use of
appropriate creation operators af(p) and polarization dreibein or zweibein
ek (p), under the form:

FIv (g Z / du(p) ["P) (ip"e¥ (p) — ip” e (p)) o o (D)

+ e (—iptel (p)* +ip el (p)") ara(p)], 2.1)

where du(p) := (2r)~3/2 d®p/2E(p); we use the notation (ab) := gr.a b* =
ab’ —a-b for Minkowski inner products. Such fields are of the Lorentz transfor-
mation type (1,0) @ (0,1)—see [11, Sect. 5.6]. Consult also [22] in this respect.
Free string-local potential fields are determined from the F:

AP (2, 1) ::/ At FEN (4 1) 1y, (2.2)
0

with [ = (1°1) a null vector. By [half-]string we understand the set of points
{z + tl}, with ¢ > 0. Each of the A4, lives on the same Fock space as F,.
The main properties of the potential fields are as follows:
e Transversality: (I Aq(z,1)) = 0; and (0A4,(x,1)) = 0 in the massless boson
case.
e Pointlike differential: 9" A} (z,1) — 0* A¥(z,1) = F'N(x), or dA, = F, for
short.
e Covariance: let U denote the second quantization of the mentioned uni-
tary representations of the restricted Poincaré group on the one-particle
states. Then

Ule, N)A# (2, DU (¢, A) = AN Az + ¢, Al) A\P
= (Afl)‘; AX(Ax + ¢, Al).
e Locality (causality): [A#(z,1), A)(2',1')] = 0 when the strings {z + tI}
and {2/ + t'l'} are causally disjoint.

4 Here and later, (0A) = 9, A" denotes a divergence.
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The first three properties are nearly obvious. The last one is subtler.
It follows from (an easy variant of) the powerful argument in [23], based on
modular localization theory, spelled out in “Appendix C”.

Explicitly, in terms of (2.1), one finds that:

Ay(z,1) = Z/dﬂ(p) [Pl (p, 1) af ,(p) + e P ul(p,1)* ara(p)],
with

" O L) (A A (er(p)1)
W)= [ i p) — pekp)in = etr) - D
0
Note that in the massless case, the denominator (pl) may vanish; nonetheless,
(er(p)1)/(pl) is locally integrable with respect to the Lorentz-invariant mea-
sure du(p). In keeping with the nomenclature of [6,7], the quantities u#(p, 1),
ut(p,1)*, and similar ones for stringlike or pointlike fields, are here called in-
tertwiners.
In this paper the set {F,} above includes one such field for each of the
physical particles, universally denoted W=, Z, ~. For the massive ones, it does
prove useful to consider the spinless string-local escort fields:

mmw2/@@FWM%$DQMHew”“$@y%M%
(2.4)

(2.3)

We remark that
Ag‘(x,l) — 0Hop(x,l) =: AE’“(m) (2.5)

defines pointlike Proca fields, so that dA} = Fy. All these fields live on the
same Fock spaces as the F}, and have the same mass. Moreover:

bo(x,1) = / AP (2 1 sl)ly ds.
0

Note the relations (19¢y) = —(IA}) and
0, A (z,1) + mi (1) = 0.

The last relation follows directly from (2.3) and (2.4), since (pe.(p)) = 0.
Let now d; := ) dl?(9/017) denote the differential with respect to the

string coordinate. We may introduce the (form-valued in the string variable)
field:

dl¢b(l’, l) = wb(xvl)

= oo [ (G - e b

o (gl e gl o
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and one obtains

Dy — —Z/du(p) [eum) (puer,a(p) B pupo(eTQ(p)l)> ol (o)

(pl) (pl)
1 eilp) (pue(;;)(p ) _ bup ‘E](;)Tg(p)l)) ar,b(p)} A7 = d Ay ;

as well as djwy = d%d)b = 0. In the case that A# describes a massless field,
we just take the second equality in (2.6) as definition of w, and d; A% = 0"w,,
still holds.?

We hasten now to exhibit a family of (Wightman) two-point functions
for our fields, of the general form

(pla, ) (', 1)) = /d4per‘i“”('"“"”,))<5+(p2 —m?) M (p,1);

1
(2m)?
where any of the two fields ¢, 1, belong to the collection

{ Fzéw(x% AZ(:& l)? ¢b(w7 l)7 a“gbb(.%', l)7 ’LUa(:B7 l)7 8”“’@(1'7 l) }

with a running over (1,2,3,4) and b over (1,2,3). We shall suppress the
subindex notation a,b in the rest of this section. Here &, (p* — m?) = 6(po —

VIpP? +m2)/2y/|p|?> + m? and () denotes a vacuum expectation value of
the included operator.

The respective M¥?¥ are computed from the definitions of the fields. It is
enough to note that:

My = Zu&‘i& P, 0" uy' (p. 1),

in terms of intertwiners u(#), u(*) already given. We get, to begin with,

p,ull/ + pul/t

(pl)

The noteworthy and truly valuable fact here is that this is of order 0 as p? — oo,
while the two-point function of a Proca field goes like p?. The formula is
analogous to that which comes out of lightcone gauge-fixing [25]. However,
the meaning is quite different; in particular, our formalism is fully covariant.
On configuration space, therefore, {A(x,1) A(z',1)) essentially scales like A2
under z — Az, whereas (AP(x) AP(2')) goes as A ™%

MAA —Yuv + (2.7a)

5 The form-valued w~ suffers from expected infrared problems. A promising way to deal
with them in perturbation theory has come to light recently [24].
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Let us fill up a little table of vacuum expectation values of field products,
needed further down:

ML = —(pubp Gvo — PuDp Guo — PuPe Gup + PuPo Gup)-

DAA . pulx + paly Fo _ Poly —puly
R e g M b
MA¢ _ Zlf# A0 _ pulu A _ _p#l,,
" ()’ " ()’ " (pl)’
1 p
PP _ 09,9 _ M
M =5 M? = =5, (2.7h)
as well as
i — l
MAw _ L MAO'A die = Z( Ypo + Po u) dl”, de) =0,
. (pl) " (pl) — (pl)?
1 g
MY = MAAAIT Al = =222 di° AdI7,
(pl)? (pl)?
— Iy, — pul
MEw = gy MF$ = Bedpe — Ppdve | Pulv = Prip, ) g0 2.7
N2 LMy ¢ (pl) + (pl)2 p ) ( C)

using the relation [, dI? = 0. It is clear that massless bosons do not bear escort
quantum fields.®

The construction of SLF for spin 2 or helicity +2 proceeds in the same
way, from the equivalent object to the Faraday tensor F, the linearized Rie-
mann tensor R for spin or helicity 2, towards the string-local replacement for
the pointlike (symmetric rank 2 tensor) “potential”. Note that physical scalar
fields are not stringy.”

3. Perturbation Theory for SLF: The Role of String
Independence

New theories demand care with the mathematics. We intend to borrow from
the Stiickelberg—Bogoliubov—Epstein-Glaser (SBEG) “renormalization with-
out regularization” formalism for perturbation theory, both most rigorous and
flexible [30,31]. Since renormalization theory for SLF is in its infancy, it still
works partly as a heuristic guide. We only outline what we need here from it.

The method involves the construction of a scattering operator S|g; (] func-
tionally dependent on a (multiplet of) smooth external fields g(x), which math-
ematically are test functions. The procedure is natural in view of locality; the
functional scattering operator acts on the Fock spaces corresponding to local
free fields, of the pointlike or stringlike variety, for a prescribed set of free
particles. It is submitted to the following conditions.

6 Spacelike strings have been more often employed in the literature on SLF. It is, nevertheless,
better here to deal with lightlike strings, since then in general the intertwiners are functions,
not just distributions; so we need not smear them. Our arguments work either way [26].

7 Nor are free Dirac fields; SLF for half-integer spin greater than % or integer spin greater
than 2 are discussed elsewhere [27-29].
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e Covariance: U(a, A)S[g;(JUT(a,A) = S[(a,A)g; Al], with (a,A)g(z) =
g(A™ (@ — a)).

e Unitarity: S~1[g;1] = ST[g;1].

e Causality. Let VT, V'~ denote the future and past solid light cones. Then

Slg1 + g2; 1] = S[g1; 1] S[g2; 1] (3.1)

when (supp g2 +RT1)N(supp g1 +RTI+V ™) = 0, or equivalently (supp g1+
R*7) N (supp gz + V'~ +R*1) = 0.
In practice one looks for S[g; 1] as a power series in g, of the form

Slg;l] =1+ Z %/ Sk(@1, .. @k, 0)g(z1) - - g(ay) day - - - day. (3:2)
k=1 Mf

Only the first-order term S is postulated. This will be a Wick polynomial
in the free fields.®

We come back in a moment to the structure of S; in the present con-
text. In consonance with (3.1), the Si(x1,...,2,1) for k > 2 are time-ordered
products, which need to be constructed. By locality, the causal factorization

So(z,2',1) = T[S1(x,1)S1 (2", 1)] := S1(z,1)S1(2',1) or Sy(x',1)S1(x,1),

(3.3)
according as {z +tl} is later or earlier than {2’ + ¢}, fixes Sy on a large region
of M3 x S2. Indeed, assuming [° > 0, a string {z + t{} lies to the future of
another string {a’ + ¢/l} if and only if ((z — 2’)l) > 0 and the intersection
of the strings is empty. That is, x lies to the future of, or on, the hyperplane
2’ + 1+, but not on the full line 2’ + Rl [26]. Consequently, the strings cannot
be ordered if and only if = lies on the string {a’ + ¢l} or vice versa, i.e. if and
only if # — 2’ is lightlike and parallel to [. This exceptional set:

D= {(z,2",1): (x—2)? =0, (z—2))=0} (3.4)

is of measure zero in M3 x S2. The extension of such products to the whole of
M2 x S?, mainly by upholding string independence, is the SBEG renormaliza-
tion problem in a nutshell.

Existence of the adiabatic limit is the property that the Sy be integrable
distributions, in the sense of Schwartz [32]. In that limit, as g goes to a con-
stant, the covariant S[g;!] is expected to approach the invariant physical scat-
tering matrix S, so that U(a, A)SUT(a,A) = S, all dependence on the string
disappearing.

A lesson of gauge field theory is that couplings of quantum fields should
fall out from a simple underlying principle. The natural and essential hypothe-
sis of interacting SLF theory is simple enough: physical observables and quan-
tities closely related to them, particularly the S-matrix, cannot depend on the
string coordinates. This is the string independence principle: colloquially, the

8 In many models it looks like an interaction Lagrangian. It should, however, be kept in
mind that the building blocks in the procedure are quantum fields; ditto, our starting point
is Wigner’s theory of quantum Poincaré modules [14] and corresponding field-strength rep-
resentations of the Lorentz group, rather than a classical Lagrangian that one attempts to
“quantize”.
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string “ought not to be seen”. Let S; denote a first-order vertex coupling in
general. For the physics of the model described by 57 to be string-independent,
one must require that a vector field Q4 (z,1) exist such that

diS1 = (0Q1) = 9,QY , (3.5)

so that, regarding the S-matrix as the adiabatic limit of Bogoliubov’s func-
tional S-matrix, on applying integration by parts, the contribution from the
divergence vanishes. Moreover, (perturbative) string independence should hold
at every order in the couplings, surviving renormalization.

Already the condition that d; 51 be a divergence severely restricts the
interaction vertices in S7; we proceed to throw light on the fermion sector by
using it in the next section. Further along, all the time-ordered products Sy
in the functional S-matrix ought to be determined from string independence.

4. On the String-Local Boson Sector

It turns out that the string independence principle holds great power both as
a heuristic device and a justification tool, dictating symmetry (of the Abelian
and non-Abelian kind) from interaction? down to almost every nut and bolt.
A complete account of electroweak theory would start by showing that, when
the string independence principle is applied to the physically relevant set of
boson SLF, with their known masses and charges, replacing the standard point-
like fields, plus one physical Higgs particle ¢4(z),'° one recovers precisely the
phenomenological couplings of flavourdynamics in the Standard Model (SM),
with massive bosons mediating the weak interactions, and the U(2) structure
constants, as, for instance, in [35] or [36, Ch. 1]. (One cannot quite say that
we recover the Standard Model picture after spontaneous symmetry breaking
has allegedly taken place, since our boson fields are different, and our rule set
cares little for Lagrangians. But the coincidence of the couplings ought to be
evident—see the discussion at the end of Sect. 7.)

Such a derivation, spelled out in a future paper [37], requires one to exam-
ine time-ordered products corresponding to graphs involving boson particles
up to third order in the couplings. For want of space, here we can just display
its flavour, and foremost the results we need, to build up our derivation for
chirality of weak interactions.

9 Thus, reversing Yang’s dictum, restated in the famous terminological discussion on gauge
interactions between Dirac, Ferrara, Kleinert, Martin, Wigner, Yang himself and Zichichi
[33].

10 Following Okun [34], and for obvious grammatical reasons, henceforth we refer to a
(physical) Higgs boson as a higgs, with a lowercase h. Note also that, in the presence of a
massless A4, the notation ¢4 is not meant to purport the higgs as a rogue escort!
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e Apart from the higgs particle sector, a string-local theory of interacting
bosons at first order in the coupling constant g must be of the form:

{E l —ngabc a Ab LU l)AC(mJ)

a,b,c
!/
+9 > fave(m? —mi —m2)(Aa(z, 1) Ap(x, 1) de(,1)
a,b,c
— Au(x,1) 0y (z, 1) pe(, l)), (4.1)
where we omit the notation :—: for Wick products, and the restricted

sum Z' runs over massive fields only. Here the f,;. denote the (com-
pletely skewsymmetric) structure constants of the (reductive) symmetry
group of the model; the mass of the vector boson A, is denoted m,, and
complete contraction of Lorentz indices is understood. Notice that the
escort fields hold a somewhat analogous place to Stiickelberg fields.

e Now it is straightforward to check that the 1-form d;S¥, measuring the
dependence on the string variable of the vertices in (4.1), is a divergence:
diSP(z,1) = (0QF)(x,1), where QF is given by:

QQZfabc F A )pwb+gz fabc m +m *mi)( p¢a)¢cwb

a,b,c a,b,c

(4.2)

We shall need Q¥ to prove chirality of the couplings to the fermion sector.

e At once we adapt our notation to the one used in the SM. This model
has three masses m; = mgy < mgs different from zero and one my4 = 0.
Defining the Weinberg angle!! by m;/m3 =: cos ©, we employ the basis
in which

fi2s = 3080,  fioa=1sinO, fizg = faza =0,

all other fup. following from complete skewsymmetry. They are seen to
be the structure constants of (the Lie algebra of) the U(2) determined
by the physical particle fields. We shall use the standard notations

1
A i1As), Z:=A3, A=A
\[ \/5( 1 FiAy) 3 4

and similarly for ¢+, wi, ¢z and wy, with masses my = my, mz = ms
and m, =my = 0.

e With this in hand, we focus on (4.2), keeping in mind that, although an
escort field does not exist for the photon, the field w4 exists at the same
title as wq, wy and wz. The first summand in (4.2) yields:

Wi (W1 F ZWQ)

I This makes sense in the renormalized theory [41, Sect. 29.1].
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293" fabe(8uAar — OxAuy) Adwy,
=igsin © (9, Ay — OrAy)(w_W3 —w W?)
+ (8, W_y — W) (wy AN — w, W)
+ (0, Wir — W) (waW —w_AM)]
+1igcosO[(0,Zx — OrZy)(w_W3 —w W?)
+ (0 Wor — W) (wy Z — wz W)
+ (0, Win — W) (wz W2 —w_ZM)]. (4.3)

e Our ﬂ above is not complete, since bosonic couplings involving the

higgs sector have not been included. They are also derived from the string
independence principle.'? Of those, for our purposes in this paper we need
only:

2cgs @mz(m(@#qbz — Zy) = Oua dz)wz; (4.4)

actually these play a pivotal role in our problem. Clearly, terms of this
type are suggested by the last group of summands in (4.2).

e By the way, the expected g? AAAA terms and thus the indications of the
classical geometrical gauge approach are recovered in our formalism from
string independence at the level of Ss.

5. The First-Order Constraints

Our framework for electroweak theory is outlined next. This both exemplifies
the principle and contributes to the core of this paper.

e The couplings between interaction carriers and matter currents in a the-
ory with massive or massless vector bosons A,,, must be of the form

g(b" Aap Tl + 0" A Jh + " 00 S + Eh4S5); (5.1)
where

i =Py, Jh =9y, S=4y, S5 =19y,

with electric charge conserved in the interaction vertices. Our key as-
sumption point is that these A# and ¢, above are now given as string-
local quantum fields, thus satisfying renormalizability by power counting.
There exist no other scalar couplings which comply with renormalizabil-
ity. To wit, Lorentz invariance requires that all cubic terms be of the
above form, and renormalizability forbids quartic terms.!3

e The ¢ in (5.1) are ordinary fermion fields—we should not assume chiral
fermions ab initio, and we do not.

12 There again, SLF theory goes one better: the “negative squared mass” in the higgs’ self-
potential, not accounted for in the SM [18], is derived from string independence. We refer
to the forthcoming [38] in this respect.

13 Since the two Fermi fields required by Lorentz invariance already have scaling dimension 3,
any two further fields would give 5, exceeding the power-counting limit.
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e The coefficients b®, be, c®, ¢* in (5.1) are to be determined from string
independence.

The proof of chirality in the couplings of electroweak bosons to the
fermion sector of the SM from string independence develops in two stages.
In the first stage, we need not invoke the @);-vector of the boson sector. For
these couplings, we make the most general Ansatz, as explained after (5.1),
again omitting the notation :—: for the Wick products:

SE(x,1) = g(brW_,evv + 51W,Méy“751/ + bWy oyte + 52W+H17’y”’y5e
+b3Z,evte + 532#67“756 + by Z, oy v + 542#177“7%
+bs A evte + Z~)5Aué’y“’y5e + b Aoy Y + BgAulj’)/ﬂ’ysl/
+e1p_ev 4 E1p_ ey’ v + cady e + Gy e
+ cspzee + C3pzev e + cadziv + Eadz Y v
+ copaée + Eodaer e + cspaiv + E5¢4DW5V). (5.2)

All the boson fields here are string-local, except for the pointlike higgs
field ¢4. Here e stands for an electron, or muon, or 7-lepton pointlike field or
for (a suitable combination of) quark fields d, s, b; and v for the neutrinos or
for the quarks u,c,t.'* Charge is conserved in each term. Unitarity of the S-
matrix, in the light of (3.2) dictates that S1 be Hermitian. Thus, for instance,
be = b7 and bg = bl; and we may choose phases so that both b; and bl are
real. Moreover, bs, by, b5, bg and bg, b47 b57 b are all real; co = ¢f and ¢o = —¢7;
3, C4, Co, C5 are real, whereas ¢s, €4, Co, C5 are imaginary. We may assume that
the photon should not couple to neutrinos, which are uncharged, and drop the
corresponding terms, with coefficients bg, be, right away.'?

As indicated, the -fields e and v are ordinary pointlike fermion fields.
Let us use the Dirac equation to handle them; we could employ Weyl equations
as well. The important feature is that the SBEG procedure is thoroughly an
on-shell construction:

— «—

P =—imyp, PP =imy. (5.3)

String independence at this order demands that there be a Qﬁ (x,1) such
that

diS{ (2,1) = Q% (x,1). (5.4)

14 As already indicated, we consider just one generation of leptons.
15 Were we not to do so, electric charge would appear as the difference between the couplings
of the photon to the electron and the neutrino.
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Proposition 1. The string independence requirement (5.4) can be satisfied if
and only if

2¢1 = i(me — my )by, c3 =0,
co = i(m, —me)by, cy =0,
¢ =i(me + my)Bl, 3 = 2imebs,
Gy = i(my, + me)by, ¢y = 2imyby, and bs = 0. (5.5)

The corresponding Qf“ is unique and is of the form
f“ = g(blw_é’yl‘y + byw_ey*y v + bywyvyte + 51w+D’y“’y5e
+ bywzeyte + ngzévuvse + bywzoyHv + B4wZD'y“'y5V
+ bywaevy''e). (5.6)

Note that there are no restrictions at this stage on the set {co, ¢o, 5,5},
since the corresponding vertices are pointlike.

Proof. The string differential d;Sf" with the Ansatz (5.2) for ST is expressed
with the help of the form-valued fields defined in (2.6):

45T (2,1)
=g(b10,w_er'v + b0, w_ &Y " + b0, wy DM e + by 9w A e
+ b3, wzevte + Bg@uwzé'y”'y% + b0 wz oy v + 548Nwzz7fy“fy5y
+ bs0 waeyte + Z~)5auw4é'y“'y56
+cqw_ev + ¢iw_ 6751/ + cowyve + 62w+975e
+ cswyeée + ngzév5e + cqwzvv + é4wzﬁ'y51/).

Using the Dirac equations (5.3) and v°y* = —y#45 and defining Q' as in
Eq. (5.6), one finds:

diST (2,1)
= @L[ f“ —|—l~)5w4é’y“’y5e]
+ g[(cl —i(me —my )by )w_ev + (¢1 — i(me + m,,)i)l)w,éf‘y
+ (cg — i(my, — me)b)wyve + (&3 — i(my, + me)by ) wiiy’e
+ (¢35 — Qimegg)wzé'y% + (¢4 — 2imul~)4)wZD’y51/ — 2imel~)5w4é'y5e
+ cgwzee + c4wzz71/] .

The last four lines cannot be expressed as divergences, and by linear indepen-
dence of the cubic operators, the corresponding terms must vanish separately.
This implies the claims. g

Notice also that the argument for bs = 0 would have failed if the electron
were massless, whereas the axial terms for massive vector bosons in the original
Ansatz have survived. They will keep surviving, as we shall see.
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It is pertinent to substitute expressions (5.5) into (5.2), which we do now
for convenience later on:

St (x,1)
= g(blVV,#é'y“l/ + ElW,#éq/“w‘r’z/ + Wi oyte + 51W+M57“75e
+b3Z,evte + BgZﬂé'y“')ﬁe + by Z, oy v + E)4Zﬂ17fy“751/ +bsAevte
+i(me — my)b1¢_ev + i(me + my,)bi¢_y°v — i(me — m, b1y e
+i(me + my)51¢+17756 + 2imebsdzey’e + 2imy,badz v
+ copaée + Eopaey’e + cspaiv + 65¢4D’y5y). (5.7)

6. Time-Ordered Products for Tree Graphs

Recall that the causal factorization (3.3) fixes the time-ordered product T[S}
(x,1)S1(2,1)] only outside the set D. The possible extensions across D are
restricted by the requirement that the Wick expansion, valid outside D, hold
everywhere: we require that the time-ordered product of Wick polynomials
U=U(z,l), V' =V(a,1) satisfy

TUV'] = :UV': + {Z :g—Z«Tgpx'» g‘;: +-+ (TUV']), (6.1)
T[UV/]tree

where the sum in the brackets goes over all free fields, and we have employed
formal derivation within the Wick polynomial. The terms in brackets are called
the tree graphs. Thereby, the extension problem is reduced to the extension of
numerical distributions.

In particular, at the tree graph level, it only remains to extend the time-
ordered two-point functions (T ¢ x') of free fields. One such extension is given
by

; ~i(p(a—2"))
(o)X D) = g [Ap e M), (62

It has the nice feature that it preserves all off-shell relations between the
fields.16

If the scaling degree of the two-point function (¢ x") with respect to D
and to the diagonal {& = 2’} is lower than the respective codimensions 3 and 4,
then the time-ordered two-point function is unique, (T x') = (Topw x').
Otherwise, it admits the addition of a distribution with support on D.

A look at tables (2.7) shows that this happens only in the cases
(TorA, ALY and (T O\A, 0L w'). These have scaling degree 3 with respect

16 The string derivative d; fulfils the Leibniz rule with To unconditionally. As long as no
on-shell relations are involved, 9, can be exchanged with Tq as well, e.g.:

9u(To Aux") = 0,(To Aux') = (To FruuX').
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to both D and the diagonal {x = z’}, and therefore admit a renormalization
by adding a numerical distribution supported on D and with the same scaling
degree. Any such distribution is of the form

o(x — ) = /000 dsé(x’ —x — sl), (6.3)

multiplied by some well-behaved function f(z’ —x,1). Thus, in these cases the
most general two-point functions are

(TOxAL AL) = (To OxAy AL) + exun 01, (6.4a)
(TOxAL Opw') = (To OxAy Opw') + bayur (6.4b)

where ¢y, and by, are some well-behaved function and one-form, respec-
tively, as yet undetermined.

We now seek to enforce string independence of time-ordered products at
second order in the coupling constant. String independence at first order (3.5)
plus the factorization (3.3) implies that the relation

di T[Sy (2,1)Sy (2/,1)] = By, TIQ¥ (2, 1)S1 (a/, 1)] + 3, T[Sy (2, )QY (', 1)] (6.5

holds for all (x — 2/,1) outside D. The string independence principle forces
us to require that this relation be valid everywhere. It turns out that this
requirement fixes all coefficients in (5.2).

As advertised, to this end we shall only need to examine tree graphs in Ss.
We reckon that the tree graph contribution to the obstruction (6.5) is given
by

S, ., 0Sy 38 O89Sy, 98,
S |G eyt + G T ey oot + ST e a

»x’

Z(#M )+ o re)) 5~ el (60)

where we have written ) for Q1. This expression expands to

S |G ety G+ S rae) 3

95, a8y | 9% . 08
+ - 90 (T pd;x >>8 S+ 9, (Tox") d o

—Z(f) 9" rny + 29w x >>) 051 1z

ex’

=~ "o o ox’
v Z LT )~ (Taiod) — (T D) 5t (670
/ asi /
Z OulTox) —(TOoux)) 550 ~le =l (6.7)
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The first, second, fifth and sixth terms reduce to a tree graph contribution:

SIS (% (reny + ST

Q" N, 0" YEEA
-3 (.55 o + G (ra,0x) )| 5o
= T[(dlsl)sﬂtrcc - T[(ayQu)Sﬂtrcc 5 (68)

which vanishes by construction; we refer to “Appendix A” for the proof of that
equality. The other four terms in the first two summations vanish similarly.

Thus, the whole expression (6.6) reduces to the sum (6.7) of the last two
lines above, which we may call the “obstruction to string independence”.

We now seek to determine this quantity. Its vanishing, even admitting the
most general time-ordering prescription T, will provide the correct couplings,
and in the occasion chirality of the interaction of the fermions with the massive
intermediate vector bosons.

We distinguish three types of 2-point obstructions. For terms ¢, x in Sy
and 1, C* in QY, we label them as follows:

~

O(p,X') == di{T ox") — (T dipx") — (T dix"), (6.9a)
Ou(¥,X') == (T 0uox") — 0. (T vx'), (6.9b)
O(C,X') :== (T 8,C*X") — 0, (T CHX'). (6.9¢)

Since the T ordering preserves all off-shell relations between the fields,
the first two types only occur for T # Ty. More specifically, the only obstruc-
tions of these types that we meet are

~

O(Fuw, Ay) = di(cfun)s 01), (6.10a)
O#(w7 F;zﬁ) - b[aﬁ]u ) (610b)

with skewsymmetrization cf,,),; = cuvw — Cupun and similarly for bjag)u- These
are numerical 1-forms in the [ variable. On the other hand, all obstructions of
type (6.9¢) are O-forms, since the only candidate field C* for a 1-form is O*w—
but this does not appear in QY, see (4.3) and (4.4). We conclude that the terms
in (6.7b) which involve two-point obstructions of the third type must cancel
separately, i.e. cannot be cancelled by terms involving the first two types of
two-point obstructions.

We now examine 2-point obstructions of the third type (6.9¢). First of
all, there are two that vanish:

O(A,¢') == (To 9, A"¢") — 0, (To A*¢") =0, (6.11a)
O(0rA, ¢') = (To 0,05 AP¢') — 0, (To Oy AP¢') = 0. (6.11b)

Indeed, the left-hand side of (6.11a) is —m?*{To ¢¢’) — 0,,(To A*¢'), which
vanishes because

— —i(p(z—a’))
0T 1¢') = ip [ dp S = i Dl = /) = —m(Ty ),
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in view of (2.7b). Thus, (6.11a) holds, and a similar calculation yields (6.11b).
Note that, by definition,

1 e—i(pz)
Dr(@)i= gy [ A s sothat (O +m)Dr(e) = —3(0).

Next, we consider
O(A, Ay) = (T 0, A" AL) — 0, (To A" AL).
Using (2.7), we get

1 efi(p(mfm’)) (mZ _ p2)l
A A = ! .
O(A, 4,) (21 /d P i ()

e e
(2m)* (pl)

On bringing in the distributions 1/(pl) = —i [, dse’®) and §; of (6.3), we
may rewrite the obstruction as

O(AAL) = Zl / ds/dpe ipr=a'=s) — 41, 6 (x — o). (6.12)

We next determine

0(9¢, A}) = (To 0,0"pAL) — 0,(To 0" PAL)

~(O+ mE T o) =~ [ dlpe 0 e it .

Since O is bilinear in its arguments, this yields a useful result: O(A—0¢, Al,) =
0. Likewise,

O(0Ax, ¢') == (T0 0,0" Ax¢') — 0, (To 0" Ard'))
—(O4 m?){(To Arg') = —ilx 6, .

We now tackle the obstruction O(dxA4, A),), which involves (T 0\A,A.)
that is not unique but admits the renormalization (6.4a). To wit,

O(0rA, A}) = (T 9,0\ A" AL) — 0, (T Or\A"AL)
= Ox(=m*(To pAL) — 0" (To AL AL)) — 0" (crun 1)
=il Or6 — 0" (Capr 01). (6.13)
Next, we find, using (2.7a) and (6.12), that
O(0Ax, AL) 1= (T 0,0 Ay AL) — 0, (T 0" Ay AL)
—(@+m?)(To ANAL) — 0" (curn 01)
= —igrs 0 + 1(InOk + 10x) & — O (cpnn 01)- (6.14)
On subtracting (6.13) from (6.14), we arrive at
O(Fox, Al) = O(O6A — 0AN, A}) = —igak 0 + ilx0y 6 + 0" (¢ O1)-
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Finally, we take note of
O(0¢a, dly) := (T 0,0"Ppadl) — 0, (To " Ppadl,) = W 0 for a=1,2,3;
O(0¢4,¢y) = (To 00" dady) — 0p(To 0" Puady)) = i 0.

To sum up: the obstructions of the third bosonic type are:
O(A,¢') =0,  OAA)=ilsd,  O0¢a,¢,) = (i/m7)d,
0(0xA,¢') =0, 009, A) =il o, O(0¢4,¢y) =i 0,
O(A—-0¢,A)=0, O(QA),¢") = —ilyd,
O(0\A, A,) =il 0x6; — 0" (capr 01)
O(0AN, A) = —igae 6 + i(Ix0x + 1:0x) 0 — 0" (curn 61),
O(Fax, A}) = —igan 0 + ilx0yx 01 + 0" (cpapn 01)- (6.15)

The fermionic obstructions, which do not involve stringlike fields, are
much simpler. They are of two kinds, where 1), )’ denote two fermions of the
same type:

Oy, 9') = (To "0 y') — 1" 9u(To v ¥') = —
O, ¥y) = (To ¥ ubo)v" — 8u(To v b)" = +0. (6.16)
Indeed, using (5.3), we obtain

Oy, ¥") = =(@ + imy)(To ") = =i(P + imy) ST (x — 2') = ~0(z — '),

and the second case follows similarly.

7. Computing the Second-Order Constraints

A priori, in equation (6.5) there may be three kinds of contractions pertinent
to our problem of the type (6.7b), coming from the crossing of the, respec-
tively, bosonic and fermionic couplings S¥ and Sf with the QF and QI vector
operators. These crossings contain information about the fermionic vertices.
Happily, the bosonic interaction set S and the fermionic Q¥ -vertex turn out
an inert combination, because there are no obstructions involving the form-
valued fields w,.

Our goal in this section is to determine the couplings, as far as possi-
ble, from the vanishing of obstructions in (6.7b) of the third type (6.9¢c)—
which have to vanish separately from the other two types as remarked after
Eq. (6.10). Firstly, we seek the by and by coefficients of the Z-boson, which
are determined together with the higgs couplings ¢y and c5. Secondly, we shall
be able to determine the quotient by /51, thereby obtaining chirality of the
charged boson interactions in the SM; the value of by is trivially determined
afterwards. Thirdly, we shall look for the electromagnetic coupling bs. At the
end, we find the missing terms for the neutral current and show vanishing of
the other higgs couplings.
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In what follows, we consider two types of crossings. The first involves
a QF vector ¥, namely a summand taken from the formulas (4.3) and (4.4),
and a ST coupling }/ that is a summand of (5.7); these we call (QF, SF)-
type crossings. The second type pairs a QI vector summand ) of (5.6) with a
term x’ in (5.7); these will be (Qf', SI')-type crossings. (The possible fermionic
crossings are listed in “Appendix B”.) Each such crossing yields a single term
in the total obstruction (6.7b), consisting of a 2-point obstruction combined
with certain (Wick) products of fields. Different individual crossings may, and
will, turn out to have the same field content—which give opportunities for
cancellation of their obstructions.

For convenience and readability, we shall omit the factor ¢2 in all crossings
in this section, reinstating it in the final result.

7.1. Step 1: Impact of Higgs Couplings

Lemma 2. The crossings with field content wz(x,l)¢z(x,1)é(x)e(x) yield no
obstruction to string independence, if and only if the higgs and Z-boson cou-
pling coefficients cg and by are related as follows:

o — 8b% m, cos? © . (1)

my

Proof. One such crossing, of the (QF,ST)-type, arises from the last term
—m mz Oupa pzwyz in (4.4) with the term copsée in (5.7). From table
(6.15), this contributes to the total obstruction the term:

COSZ@ wy(z, )z (x,)eé(z)e(z) §(z — o).

A factor of 2 comes from appending the identical second contribution in (6.5);
we do likewise from now on without further notice.

On the other hand, there is a crossing of type (Q1', S¥'), matching bswzeyh e
in (5.6) and 2im.bzpzéy e in (5.7). Here there are two é-e contractions of equal
value, see table (B.1), for a total contribution of

8imeb2 wy (x,1) ¢z (x,1)e(x)e(x) 6(x — z').

—iCo

String independence therefore demands cancellation of the last two expres-
sions; since there are no more crossings with this field content, this yields (7.1).
O

Lemma 3. The crossings with field content wz(z,1)¢4(x)e(x)v e(z) yield no

obstruction to string independence, if and only if co = me/2my, . Hence
S |

- i4cos6) T M cos0

where the sign €1 = 1 is yet to be determined.

bs (7.2)

Proof. There is one crossNing of type (QF,SF), of mmzwzgm Ou¢z from
(4.4) with the term 2im.b3pzevy°e from (5.6). For this one, (6.15) yields

—opy e wz(x,1)ps(x)e(x)y e(z) 6(z — ).
mw
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Now there are two relevant (Q1', ST')-type crossings: ngzé’y"fyse with copsee
and bzwzey"e with ¢ypsey°e. The second vanishes—see (B.1) again—and the
first yields

Absco wyz (z, 1) pa(z)e(x)y e(x) 6(x — ).
Cancellation of these crossings requires ¢g = me/2myy, as claimed. Com-

paring that with the relation (7.1), we arrive at b3 = 1/(16 cos®> ©), and (7.2)
follows. O

Lemma 4. The vanishing of obstructions implies similar relations between the
higgs and Z-boson coupling coefficients c5 and by :
B 82 m,, cos? © _om,

Cs =
mw 2mW

and thereby leads to a determination of by with another unspecified sign €o:
I 1
4cosO  hcosO
Proof. In much the same way as before, we look now for crossings of either
type with field content wz(z,1)¢z(x,)v(x)v(x). There are just two of these:
—mmzwz O0uta ¢z with cspsvv and Z~)4wzﬁ'y”'y51/ with 2imul~)4¢zﬁ'y51/.

by =+

(7.3)

These cancel provided that cs and ba satisfy the first relation above.

On the other hand, the field content wz(x,l)¢4(x)v(z)y°v(z) can arise
from four crossings: mmzwzm(aﬂqbz — Z,,) with both Qiml,54¢zl7’)/51/ and
bsZ,.i7v"+5v; and moreover the (QF, SF)-type ones bywz vy ~y°v with cs¢4iv,
and bywzvyHv with és¢uy°v. The second and fourth of these again van-
ish. Cancellation of the first and third leads to ¢ = m,/2my; and [
1/(16 cos? ©) follows at once. O

Note that the higgs couplings ¢y and c5 come out, respectively, propor-
tional to the electron and neutrino masses, with the same proportionality
constant—as it should be.!”

7.2. Step 2: The Road to Chirality
The signs €1 and €9 turn out to be related. This is the main step in the proof.

Lemma 5. The coefficients by and by have opposite signs: €9 = —€7.

Proof. Consider together obstructions with field contents w_W, .&y"y°e and
wy W_ ey vy e. They may come from crossings of type (QI", Sf'):
bow_eyty  with byWi.7"y°e and biw_ey"y’v  with b Wiy e,
biwyoyte  with ElW,Hé'y"fV and 51w+ﬁ'y“'y5e with b W_.ey"v.
Each line gives rise to two identical obstructions, with total value

—Aby by (W_Wyp — wiW_ ey v ed(z — z').

17 We have left aside the possibility that l~737 co, bs and c5 all vanish; this will soon be refuted.
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Such a term also arises from the (QF,SF)-type crossing of the term
icos® (w_W3—w W) F ;M in (4.3) with b3Z eyt~ e. As we saw in Sect. 6,
this is a “dangerous” crossing, yielding

b3 cos O (w_W, —wy W_)ey"y’ed(z — ')
+ 2ibg cos © (w_W? —w W)eyy e o (e O1(@ — 2')).

The term ily 0,.0; in O(F.ZA,Z;) does not contribute, since [\W2 = 0 by
transversality (see Sect. 2). We obtain, in all:

(2b3 cos © — 4b1by ) (w_Wy . — wyW_,)Ey"y e d(z — z')
— 2ibg cos © (w,Wﬁ —wy  Whey ySe ot (e O1(x —2)).
Here string independence dictates that ¢y, = 0."® The end result is
2b1by = bz cos ©. (7.4a)

A completely parallel computation, for obstructions with the field contents
ws W, y" 5, gives the relation

2[)161 = —54 cos . (74b)
In view of (7.2) and (7.3), this says that e; = —&7. O

Corollary 6. The interactions with fermions of the charged vector bosons must
be fully chiral, because by = £1b1.

Proof. We now observe that w_¢zév is produced either by the term from
(4.2) of the form Zmj, sec @ w_ 8¢ ¢z, crossed with i(me —m, )b d_év from
(5.7), or by purely fermionic crossings, between biw_éy*~y°y and the terms
2imebs¢zey0e + 2im, by z 7P, This, together with (7.2) and (7.3), leads to

i(me —my )by = 2b1(2imeb3 + 2imyb4) cos© = i(me — mu)slbl
and the relation l~)1 = g1by follows. O

Of course, this procedure cannot tell us whether ¢ = +1 or 61 = —1.
The second of these appears to be Nature’s decision.

Equations (7.4) now dictate that b3 = b2 = 1/8. This determines by, up
to a sign; we choose b; = —1/2[

Observe that the proof of chirality requires the presence of a higgs, at
the level of tree graphs. (Indeed, were by = 0 or by = 0, it would follow that
by = l~)1 = 0 too, and the whole term Sl would vanish. Thus, none of these
coefficients are zero, and (7.2) is confirmed, with ¢y # 0 and ¢5 # 0 as well.)
There are several consistency cases for the scalar particle of the Standard
Model. But it is hard to think of a simpler one. (We owe this remark to
Alejandro Ibarra.)

18 This implies that all two-point obstructions of the first type (6.9a) also vanish, see (6.10a).
Those of the second type (6.9b) can be freely set to zero, since they involve the up-to-now
free parameters by, see (6.10b).
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7.3. Step 3: Electric Charge

The coefficient e = gbs of the coupling A,év"e in (5.7) is just the electric
charge. An important tenet of electroweak theory [36] is that e = gsin ©, with
© being the Weinberg angle.

Lemma 7. The relation gbs = gsin © holds.

Proof. Consider the term —isin © w_ A Flj}\ in (4.3), crossed with the term

by W_ey"v in (5.7), and the crossing of byw_ey*v with b5 A.evy"e. These are

the only terms yielding the field content w_ A, év*v. The total obstruction is

(2b1b5 — 2by sin O)w_(z,1) Ay (x, D)e(z)y v(z) 6 (z — ).

This vanishes if and only if b5 = sin ©. g
The case could also have been made from the crossings with field content

w4 AUy e, mutatis mutandis.

7.4. Step 4: Mopping Up

We still have to determine the couplings b3 and by for the neutral current. For

that, we seek first the contributions with content w_W, .ey"e. The crossings
are of four classes:

18in © w,WﬁFM with b5 A.ev e,
icos © w,WiF#Z)\ with b3Z.ey"e,
biw_eytv with bWy ,.0v"e,
biw_ey y°v  with by Wy y .
The cancellation of the total obstruction now entails
1 sin? ©

4cos® cos©
Similarly, from the crossing of i cos © w_W_ﬁFHZ)\ with by Z,vy"v, and the same

fermionic terms as before, the contributions with content w_W_, ,vy*v cancel
only if

|
bycos© +sin?© = b2 + b2 = 7 that is,by =

1
4cos®
The expected result of the neutral current containing a right-handed compo-
nent has been obtained.

Finally, crossing the term —%mz secOwz ¢z 0,¢4 in (4.4) with the terms
Gogaey’e and E5payv of (5.7) gives rise to terms with content wz¢zey e
and wz¢z07°v, respectively.

The crossings of bywyzeéy*e with 2imel~)3¢zéw5e and byjwzvy*v with 2im,,
54¢ 775V, respectively, vanish of their own accord: see table (B.1). Therefore,
they cannot cancel the former crossings, and so ¢y = ¢5 = 0 must hold. That
is to say, the couplings of the higgs are not chiral.

In conclusion, we exhibit the leptonic couplings (for one family) of the
SM, as derived from string independence. For definiteness, we take ¢ = —1,
which is the experimental fact. Here, then, is the chirality theorem in full.

. 1
bycos® = —b? — b3 = D and thus by = —
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Theorem 8. The couplings of electroweak bosons to the fermion sector of the
Standard Model are fully determined from string independence and the choice
of sign €1 = —1. Given that choice, the absence of obstructions to string inde-
pendence, at tree level up to second order, entails that:

1 _
Sy —9{ 2f W_per(1 -7 - Tﬂ W py*(1 = 7°)e

/L5

1 — 4sin? @Z -
4cos© nere 4cos©
1
~ Teos® Z,07"(1 —9°)v +sin© A eyt e
Me — me+mu

+ @T;ny (p—ev — ¢ive) — 127\/5 (¢-&y°v + ¢y 77%€)

Z, ety

Me my - 5 Me _ my —
2cos® dzer°c + Z2 s© Ozv7V + 2mw Pace+ 2muy ¢4VV}'
(7.5)

Amazingly, this differs from what is known from the standard treatment
by little more than a divergence.

Scholium 9. One can write S = ST°P 4 (OV'), where S is almost pointlike,

_ 1 _
SFp 9{—2\[ Wp (1 —WS)V— TﬁWEHVW(l —’75)6
1—4sin?©
4cos© K 'y“e— @Zﬁ67 Ve
~ Teos® Zhvy" (1= ") +sin© A,ev'e
me o omy, .
+ pT— Qe + S (Z)4VV}, (7.6)

where VH is given by

1
Vﬂzg{ 2f¢ ev(1 75)V—27\/§¢+17’Y“(1—V5)€

1—4sin’@©

4cos© 4cos©
1
_ oM (1 — ~° )
Toos© 2277 (I—vy )V}

That is to say, the divergence of the expression V sweeps away the escort fields.

pzev e

pzeyte —

We wrote “almost pointlike” because the fields in (7.6) are pointlike, ex-
cept for the photon field A,, which remains stringlike—for the good reason
that Wi and Z can be lodged in a Hilbert space, whereas A cannot. Inci-
dentally, this causes the interacting electron field to be string-localized, thus
making direct contact with the early literature on stringlike fields [8,9]. A key
observation is that (9V') is not renormalizable by power counting, whereas

(0Q) is.
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We rest our case. The only way to disprove it would be to find an incon-
sistency coming from crossings not discussed so far. To verify that this does
not happen is a routine, if utterly tedious, exercise.

A last remark is in order. In the stringlike version of electroweak theory,
the eventual need of “renormalizing” the original time-ordered product Ty,
as in (6.4a), arises. We only found that the skewsymmetric part of ¢y, in
that formula must vanish. Whether or not the theory requires a time-ordered
product different from T remains an open question.

8. Conclusion and Outlook

To repeat ourselves: interactions of quanta should spring from a simple under-
lying principle. Gauge field theory has played this unifying role so far. That
flows from the embarrassing clash of the positivity axioms of Quantum Me-
chanics with the convenient description of electromagnetic and other forces
in terms of potentials. Not unreasonably, the difficulty was elevated into a
principle, and one that put geometry in the saddle. The resulting top-down
approach, with the need of “quantizing” the Lagrangian description, has ridden
us (without much mercy) for many a year. It should be recognized, however,
that the gauge-plus-BRST-invariance framework is just a very useful theoret-
ical technology to grapple with elementary particle physics problems. Other
theoretical technologies can and sometimes are and should be used to address
them. Stringlike field theory is but one of those. With the early dividends that
the mentioned clash fades away, and unbounded-helicity particles take their
due place among quantum fields [6].

To be sure, the extra variable complicates renormalized perturbation the-
ory and the proof of renormalizability of physical models in general. Notwith-
standing, the string independence principle becomes a powerful guide to in-
teracting models. Internal symmetries are shown as consequences of quan-
tum mechanics in the presence of Lorentz symmetry, and a bottom-up con-
struction of the string-local equivalent for self-interaction of the Yang—Mills
type ensues [37]. Fortunately, as with the chirality theorem itself, all that and
more requires only construction of time-ordered products associated with tree
graphs.t?

All that being said, the model expounded here is of course anomalous,
which manifests itself in S3. The cure is the same as in the standard treatments.
The computation of the chiral anomaly in our framework will be published
elsewhere.

A natural question is: to what extent, on the basis of string independence
of the couplings, chirality of the interaction with fermions is a generic trait of
physics models. We do not have a comprehensive answer to this. From our

19 There is nothing much new in this: in the seventies it was generally understood that
unitarity and renormalizability requirements impose internal symmetries and at least the
presence of one scalar field, under appropriate circumstances [39,40]. For heavy vector boson
interactions, the Higgs-mechanism shortcut replaced this wisdom in the textbooks. Similar
bottom-up arguments surface nowadays in [41, Prob. 9.3 and Sect. 27.5].
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treatment here one gathers that models with only massless bosons like QCD
are purely vectorial, on the one hand. Limits of the SM, like the Georgi—
Glashow model and the Higgs—Kibble model, on the other hand, must exhibit
chirality.
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Appendix A. Proof of Eq. (6.8)

We prove here the identities

S (@G T o) + STV ) =TS e (A1)
o . o , ,
22y + 228 1 0,0x) ) = MO W e (A2)
(o7 w )
Using the identity
a1S; = :%—i}dlw,

the right-hand side of Eq. (A.1) is

[ o], = S{ g e e

- 2

But the term in braces is just dl%—%. Hence the right-hand side of the above
equation coincides with the left-hand side of Eq. (A.1).
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Similarly, using 0,Q* = Z(P ((0Q"/0¢) Ougp:, the right-hand side of
Eq. (A.2) becomes

orQr , Q" ,
;{Z Doy O }<<T o)+ 35 (T,

which equals the left-hand side of Eq. (A.2).

Appendix B. Fermionic Crossings

The crossings of fermionic type in Sect. 7 are computed as follows. When
crossing ey v with 7/y¥~y%¢/, say, one meets two obstructions of type (6.16):
contracting the neutrinos gives a factor O(yv,7’') = —§(x — 2’), whereas con-
traction of the electrons gives O(e’, &y) = +d(x—2a’). Thus, the overall crossing

yields a sum of two terms
—e(2)y "y e(x) d(x — ') + v(x)y "y’ v(z) §(z — ).

On the other hand, the crossing of éy*y°e with &~°¢/, say, involving both
O(ve,e') and O(€', &v), gives two equal contributions of é(x) e(z) §(z — ') to
the total obstruction.

There are sixteen kinds of crossings in all, taking account of the order
of the contractions, and the presence or absence of 4% and/or +° factors. Let
f denote a fermion (v or e, as the case may be). When computing the cross-
ings, we label the contracted terms with stars: either v*f f’ is replaced by
O(f, f') = —6, or f' fy* is replaced by O(f’, fv) = +6. In the table which
follows, o and 7 denote uncontracted fermions:

Gy f fiAt T s =3y TS, FAT ey [ taytT -,
*x Kk * *

VY[ AT e =G T8 AT Y f e Y T 6
* K * *

L T - M £ e R X e

L i A L B R AR N 0 o o e R N e G )
* K * *
57“{{’7” ~ —FT - 6, Jf’y“T 5/]:/ ~ 40T - 0,
GV f [T~ 46T 6, fA T &y f s 46T 6,
* ok * *
gy f fir 4877 -6, AT f1 s 40977 -8,
* Kk * *
gyt f fT/’V57'/ ~ _5757— -9, ]?’7“7' 6/75f/ ~ —|—6”y57' - 0. (B.l)
* K * *

Appendix C. Proof of Locality of the Stringy Fields

We prove here locality in the sense that A, (z,!) and A, (2’,1") commute if the
strings {z + ¢l} and {a’ + tl'} are causally disjoint and not parallel. We begin
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with some geometric considerations about wedge regions. These are Poincaré
transforms of the wedge

Wy ={zeR*:2' > |2°}.

Associated with TW; are the one-parameter group Aq (+) of Lorentz boosts which
leave W7 invariant, and the reflection j; across the edge of the wedge. More

specifically, A;(t) acts as
cosht sinht
sinh?¢ cosht

and j; acts as the reflection on the coordinates z° and z!, leaving the other
coordinates unchanged. For a general wedge W = LW; = a + AW, with
L = (a, ), one defines the corresponding boosts Ay (-) and reflection jy by

Aw(t) =LA ()L™, jw:=Lj L'

The reflection jy results from analytic extension of the (entire analytic) matrix-
valued function Ay (z) at z = im.

Note that in the definition of covariance in Sect. 2 the string direction
transforms only under the homogeneous part of the Poincaré transformations.
This leads us to consider the mapping (a,A) : [ — Al as the natural action
of the Poincaré group on the manifold of string directions. In particular, if
W = a + AW; then

Aw ()] = AA; (H)A1L. (C.1)

Lemma 10. (i) A string {x +tl} is contained in the closure of a wedge W =
a+AW7 if and only if x and l are contained in the closures of W and AW7,
respectively.

(ii) Suppose that the strings {x + tl} and {x' + tl'} are causally disjoint and
not parallel. Then there is a wedge W whose closure contains {x+tl} and
whose causal complement contains {x' + tl'}. The corresponding boosts,
respectively, act as

Aw (t)] = €'l and  Aw ()l =e 1. (C.2)

Proof. Ttem (i) is the same as in Lemma A.1. of [7], whose proof is valid for
any direction [ € R*.

For item (ii), take W := %(:c + a') + Wy, where W is the wedge
{y: (yl) <0 < (yl')}. The causal complement of this W is the closure of
1(z+2') + Wy, see [42]. Furthermore, [ is—up to a factor—the only lightlike
vector contained in the upper boundary of W; ;s (which is a part of the lightlike
hyperplane ().

Using the elementary fact that {x4tl} and {2’ +¢l'} are causally disjoint
if and only if (z — 2/)? < 0 and ((z' — 2)l) > 0 > ((«/ — 2)!'), one readily
verifies [26] that these strings are contained in the respective wedges W and
W', as claimed.

In terms of the lightlike vectors [(4) := (1,41,0,0), the standard wedge
Wi is just Wi . Since l(4) is, up to a factor, the only lightlike vector
contained in the upper boundary of Wi, the Lorentz transformation A maps
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the span of [(;) onto the span of I. Thus, Aw (£)l = AA;(£)A~'1 is a multiple
of AAy(t)l(4). But one readily verifies that Ay (t)l(4) = €’ l(4). This proves the
first equation in (C.2). The second is shown analogously, using that A maps
the span of [(_y onto that of I'. O

We now prove locality of the two-point function, recalling first that the
on-shell two-point function for not necessarily coinciding directions is given,
instead of (2.7a), by

Pulv Poly pupy (1)
(pl) (@) (D)’
see [28]. Given the two causally disjoint and non-parallel strings, let W be
a wedge whose closure contains {z + tl} and whose causal complement con-
tains {«' +t!'} (as in the lemma), and let jy and Ay (¢) be the reflection and
the boosts, respectively, corresponding to W. Denote by g; the proper non-
orthochronous Poincaré transformation Ay (—t)jw . By translation invariance
of the two-point function, we may assume that the edge of W contains the
origin. Then x and [ are in the closure of W, while 2’ and I’ lie in the causal
complement of W. This implies that for ¢ in the strip R + 4(0,7) the imagi-
nary parts of both g,z and g_;2’ lie in the closed forward light cone—see, for
example, Eq. (A.7) in [7].
Now consider the relation

/ dp(p) e P =9 AL, 1, gyl)

M;ff(])a L l/) = —Gu + (C.3)

- / dp(p) e~ === MAL(_g,p 1, g1), (C.4)

which is verified by applying the transformation p — —g;p on the mass shell.
(We use —g; instead of g4, since the former is an orthochronous Poincaré
transformation, while the latter is not orthochronous and maps the positive
onto the negative mass shell.) We may write g; ' = g_;, since jyr and Ay (t)
commute. We wish to extend the function F'(¢) defined by (C.4) analytically
into the strip R + ¢(0, 7). To this end, note that the Minkowski products of
g:x and g_;x’ with a covector p in the mass shell both have positive imaginary
parts due to the remark before Eq. (C.4). This implies that the functions
|expi(pgix)| and |expi(pg_¢2’)| are uniformly bounded by 1 over the strip.
Furthermore, M,ff(p, U gl) = M(ff(p, I',1) since g;l = €'l by Eq. (C.2), and
the factor €' cancels as can be seen from Eq. (C.3). By the same token plus
covariance, one obtains

MAA (=g, 9:0) = (—g0)a” MG (0, —g—il, 1) (—g-1),”
= (gt)aﬁMAyA(pu lla l)(git)#’/.
These facts imply that F'(¢) has an analytic extension into the strip, and
Eq. (C.4) holds, by the Schwarz reflection principle, also at t = iw. But g4 =
1, and thus at ¢t = in the left-hand side of Eq. (C.4) reduces, up to a factor

(2m)3, to the vacuum expectation value (A, (2',1')A,(x,1)). On the right-
hand side, one verifies that M2 (p,',1) = M (p,1,I'). Thus, at t = im the
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right-hand side of (C.4) reduces, up to a factor (2m)3, to (A, (z,1)A.(2',1)).
In short, Eq. (C.4) at im is just the locality of the two-point functions. This
implies locality of the fields by a standard argument in the proof of the Jost—
Schroer theorem [43].

Appendix D. A Model of Leptons

Engineering the GWS model from our formalism is not overly desirable. But
we do it here, as promised in the introduction. Let us reconsider the three first
lines of expression (7.5). We begin by introducing the notation

() ()

First,
Lo (1= Lo uf 0 0 -
—EW,M@Y“ B Vv = _ﬁ \IJL’)/I W_# 0 \I/L = —%\I’L’}/“W,MT,‘I/L

1 1— AP _
——Wﬂmﬂwe = 1T W,

The first two terms in (7.5) are therefore of the form

— %Q@L’}/H(W+MT_~_ -+ W_uT_)\I/L = *%g@L’}/M(WluTl + WQ#’TQ)\I/L. (D].)
Knowing, as we know, that the interaction is governed by a U(2) symmetry,
it is tempting to regard v and e as isospin components valued +% and f%,
respectively. The “right-handed leptons” e := 1 (14++°)e and vg 1= 1(1++°)v
are isospin singlets.

Denote by @ the electric charge, so that Q(e) = —1 and Q(v) = 0, and

isospin by I3. Observe that, putting ¥ = Uy, 4+ W g, the next four terms of (7.5)
are rendered into:

—gsin©®Uy* (A, — Z, tan ©)QU — L@@LV"Z#IB»\I/L . (D.2)
COS

In order to translate this into the received framework, with its “covariant
gauge transformation” technology, we now introduce the unobservable fields

W3, = cos©Z,+sin©@A, A,= cos®B,+sinOWs,
. inverted by .
B, :=—sin©Z, +cosO A, Z, = —sin© B, + cos© W3, .
Then, with gp := gtan O, we can rewrite (D.2) as
—gVV"'B,QV + gV y* B, I3V, — 39V 7 W, 13V, . (D.3)
One can now bring in the convention
Y =2(Q — I3), thatis: Y(er)=Y(vy)=-1; Y(er) = -2, Y(vg) =0.
Then the first two summands in (D.3) are rewritten as —%ggﬁv“BMY\Ih while
the last one plus the right side of (D.1) yields —%g@L (YW, - 1)¥p.



J. M. Gracia-Bondia et al. Ann. Henri Poincaré

In fine, we have manufactured the interaction parts of the GWS La-
grangian.
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