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Abstract: A standard finite difference method on a uniform mesh is used to solve a time-fractional convection-
diffusion initial-boundary value problem. Such problems typically exhibit a mild singularity at the initial
time t = 0. It is proved that the rate of convergence of the maximum nodal error on any subdomain that is
bounded away from ¢ = 0 is higher than the rate obtained when the maximum nodal error is measured over
the entire space-time domain. Numerical results are provided to illustrate the theoretical error bounds.
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1 Introduction

In this paper, we examine the convergence rate of numerical approximations to a time-fractional convection-
diffusion problem using a standard finite difference method on a uniform mesh. Initial-boundary value
problems of this type, where the time derivative is fractional, have solutions that are mildly singular at the
initial time t = O; that is, their temporal derivatives are unbounded on the closed space-time domain, but
are bounded on any subdomain that is bounded away from ¢ = 0. It is shown in [9, 10] that the case of
solutions with bounded temporal derivatives on the closed space-time domain is very special and that the
weakly singular solutions examined here are much more typical of how solutions to this class of problems
behave. As one would expect, the rate of convergence of the computed numerical approximations is affected
adversely by the presence of large temporal derivatives at t = 0.

This paper is a companion paper to [10], where it was shown that the convergence rate of the same finite
difference scheme on a uniform mesh was O(N~%), where a € (0, 1) is the order of the fractional derivative
and the mesh spacing in time is O(N~1). Results related to the main result in [10] are available in [7, 8], usinga
finite element framework. In contrast to [10], we shall prove here for the same scheme on a uniform mesh that
the convergence rate of the numerical solution is O(N~!) on any subdomain that is bounded away from ¢ = 0.

Our analysis is carried out in the discrete L norm; an analogous convergence result in the L2 norm was
derived in [4]. Using an alternative formulation of the continuous problem, the phenomenon of higher-order
convergence at some fixed distance away from the initial singularity is examined in [6] for a homogeneous
version of (2.1) in the case of non-smooth initial data.
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Notation. In this paper C denotes a generic constant that depends on the data of the boundary value prob-
lem (2.1) but is independent of T and of any mesh used to solve (2.1) numerically. Note that C can take differ-
ent values in different places. For all x € R the ceiling function [x] is the smallest integer greater than or equal
to x. For any continuous function z : Q — R with Q ¢ R? and any mesh function zZhwithn=0,1,...,Nand
m=0,1,...,M, we set

lzll :== max |z(x,t)] and |[z"| := max |z},|.
(x,H)eQ osms<M

2 The Continuous Problem
Consider the initial-boundary value problem
2
Lu := D%u —p(X)ZTL; + q(X)g—Z +rOou = f(x, t) (2.1a)

for (x, t) € Q := (0, ) x (0, T], with initial and boundary conditions

u,t)=u(l,t)y=0 forte (0, T], (2.1b)
u(x, 0) = p(x) for x € [0, 1]. (2.10)

Here 0 < a < 1, p(x) > po > 00on [0, 1], the functions p(x), g(x) and r(x) are smooth on [0, /] and are assumed
to satisfy the constraint

>0 for(x,t)eQ. (2.1d)

ro0 - 19 +2 p"()

The initial condition ¢ is also smooth on [0, I] and the function f is smooth on Q. Furthermore, in (2.1a)
D{ denotes the Caputo fractional derivative which is defined [1] by

98

)](x,t) forO<x<l,0<t<T,

where
t

U g)(x, t) = [ (t— s)"%g(x, s) ds] for (x,t) € Q

Ir'a- a)
is the Riemann-Liouville fractional integral operator of order 1 — a.

There is no loss of generality in assuming homogeneous boundary conditions in (2.1b), because inho-
mogeneous boundary conditions are easily made homogeneous by a simple change of variable.

Under the transformation

y(x, t) := u(x, t)\jp(x; -l s,

problem (2.1) becomes

aZ
Dfy =P S5 + (Y = fix, 1 for (x, £) € Q = (0, ) x (0, TI, (2.2a)
y(0,t) =y, t)=0 for t € (0, T], (2.2b)
y(x,0) = p1(x) -¢(x)\jp§0; L forx e 0,1, (2.20)
where
! n ! 2
0 ey - @O0 (@00 P 00)? (2.2
2 4p
filx, t) := fix, t)\jpi ;e Tl o ds (2.2e)
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Note that no first-order derivative in space appears in (2.2a), and (2.1d) implies that r; > 0. Consequently,
(2.2) belongs to the class of problems analysed in [10]. In [10] it was assumed that p(x) was a positive con-
stant, but the analysis of [10] can be extended to the case of a smooth variable positive coefficient p(x). Thus
after placing suitable regularity and compatibility conditions on the data of (2.2), one can invoke [10, Theo-
rem 2.1] to conclude that (2.2) has a unique solution y whose derivatives satisfy certain bounds. Transforming
back to the original problem (2.1), under certain conditions on its data one obtains the following bounds on
the derivatives of u:

oku

S (x, t)| <C fork=0,1,2,3,4, (2.3a)
afu a—¢

S0t scares fore-1,2, (2.3b)

for all (x, t) € [0,1] x (O, T].
In [10, Theorem 2.1] the estimates in (2.3) are proved assuming that ¢p; € D(£5/?), (f1)(-, t) € D(£5/?),
(f1)e(-, ) and (f1) (-, t) are in D(£/2) for each t € (0, T] and

1D Ollgsiz + 10D, Ollgarz + NG+, Ol gz < Ca

for all t € (0, T] and some constant p < 1, where C; is a constant independent of ¢ and || - || ;v is the norm
associated with the vector space D(LY). This space is defined by

(oo}
D(LY) := {g € L2(0,1) : Y A7I(g wi)l? < oo}, y=0,
i=1

where (-, -) is the inner product in the Hilbert space L, (0, I) and {(A;, ;) : i = 1, 2, ...} are the eigenvalues
and normalised eigenfunctions of the Sturm-Liouville two-point boundary value problem

Li = —py! +cpi = A on(0,1),  i(0) = (1) = 0.

3 The Discrete Problem

The solution of problem (2.1) is approximated by the solution of a finite difference scheme on a mesh
{xm, tp) :m=0,1,...,M, n=0,1,..., N}, that is uniform in both space and time. Let M and N be posi-
tive integers. Set h = A—I4 and x;, :=mhform=0,1,...,M.Set t, = nt = n% forn=0,1,...,N. The nodal
approximation to the solution u computed at the mesh point (xp, t,) is denoted by uJ,.

The first and second-order spatial derivatives are discretised using standard approximations:

n n
Unpy — U

u -1
&(Xm: tn) ~ Dyull, = Tm
o%u un - 2ulb +un
m(xm, tn) = 5)2(11;[" = m hzm m
The Caputo fractional derivative D;“u, which can be written as
trs1
1o ou(Xm, S)
DfuCn, tn) = cp—— Y. | (ta =9 "o s,
r1-a (02, 0s
is approximated by the classical L1 approximation
tis1
1 n-1 uk+1 _ uk
D¥ult .= m m j (th —s)™%ds
N¥m n
I'l-a) frar T O
=Lk
1 nil kel ok
= (um+ - um)d}’l—k’ (3.13)
r2-a &
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where
di =k~ (k-1 k>1. (3.1b)

Thus, we approximate (2.1) by the discrete problem

Ly,nully := DXult = pOam)82ully + q(xm) DU, + r(xm)ully = fxm, ty) forl<ms<M-1,1<n<N, (3.2a)
ug =uy =0 forO<n <N, (3.2b)
u, = p(xm) for0 < m < M. (3.20)

This discretisation of (2.1) is standard.
To ensure the stability of the discrete operator Ly, y by imposing the correct sign pattern in the associated
matrix, we make the nonrestrictive assumption that N satisfies

M<N
2po

After some minor modifications in the proof of [10, Theorem 5.2] to handle the term q(xm)Dgufn, it follows
that the solution u?, of scheme (3.2) satisfies the error bound

max [u(Xm, tn) — uly| < C(h®> + N™9) (3.3)
(Xm»tn)€Q
for some constant C. In particular, the method has the low order of convergence O(N~%) in time when a is
small. In the present paper we shall consider the rate of convergence in a subdomain [0, I] x [k, T], where k
is a fixed positive value.

4 Error Analysis

The structure of our error analysis is the standard finite difference technique of estimating the truncation error
at each mesh point, then invoking a stability argument to derive an error bound for the computed solution u}},.
In this analysis the truncation error bound (4.2) indicates that the truncation error decreases as one moves
further away from the initial time ¢ = 0. The stability bound (4.5) shows that the error at any discrete time
level depends on a weighted sum of the truncation errors at all the previous time levels.
The estimate of the truncation error in space is standard: using (2.3a), one gets
ou o 2

a(xm, tn) = Dyu(xm, ty) + O(h%),

o%u
ox2

(4.1)
(Xm, tn) = 6,2(u(xm, tn) + O(hz)-

The truncation error in time is more tricky to estimate and this is done in the next lemma.

Lemma 1. Assume that u satisfies (2.3). Then there exists a positive constant C such that for each mesh point
(Xm, tn) € Q one has
|(D% = DY)u(xXm, ty)| < Cn~Min{2-tard}, (4.2)

Proof. We modify the argument of [10, Lemma 5.1]. By (3.1a) and the definition of D¢, for each mesh point
(Xm, tn) € Q one has

n-1
(D - DHu(Xm, tn) = Y Tnxs
k=0

whereforn=1,2,...,Nand k=0, 1,...,n - 1 we define the truncation error in the kth time cell [tk, tis1]
to be
1 e U(Xm, tes1) — u(xm, ty)  ou
Too = _ —a[ ms Lk+1) — m,k__ , ] ) )
nk —F(l—a) J(tn S) - as(xm s)|ds (4.3)
S=tx
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The following four bounds are established in [10, equations (5.9), (5.10), (5.11) and (5.14)]:
[51-1

N1

Y ATl < Cn”@D fori<k<n-1, (4.4a)
k=1
n-2
|Tukl < Cn™@® for1<k<n-1, (4.4b)
kT2
[T10l < C, (4.40)
|Tyn1] < Cn~@9, (4.4d)

It remains to bound |Ty| for n > 1. We sharpen the bound [10, (5.12)] of this term. An integration by

parts in (4.3) yields
ty

j (b — )" (p — ) (m, 5) dis,

s=0

-
Tno = T -a)

where
U(Xm, t1) = u(Xm, 0)

O(Xm, S) = s[ p=

For 0 < s < 7, it is clear that |¢p (X, )| < [u(xXm, T) — U(Xm, 0)| and [P (Xnm, S)| < IOT lu¢(xm, t)| dt. Thus, we see
that

] and  Y(xpm, S) := u(xXm, S) — u(xpm, 0).

T T
[ (xm, S)| + [P (Xm, )| < 2 J |ue(xm, t)| dt < C J(l +thdt < cT.
0 0

Hence
ty
[Tnol < CT® I (th—8) % 1ds < CT%[(tn — t1) % - ;%] = C[(n - 1) * = n"%] < Cn~ @D,
s=0
by the Mean Value Theorem. Combine this bound with (4.4) to complete the proof. O

Observe that min{2 - a, a + 1} > 1 in (4.2) for all values of a € (0, 1); thus this bound is sharper than the
truncation error bound of O(n~%) proved in [10, Lemma 5.1]. This improvement is critical in establishing our
main result later.

Next, we derive some new information about the stability constants that appear in [10, Section 4]. It
follows from [10, Lemma 4.2] that the computed solution u}, of (3.2) satisfies

n
IuCems tn) = upll < T°TQ = @) Y. On (LN WUKm, 1)) = ]| (4.5)
j=1
for n=1,2,..., N, where the positive weights o; are defined for i =0, 1,2,...,n -1 by the recurrence
relation )
1
op:=1, o0j:= Z(dk —dys1)0ix fori=1,2,.... (4.6)
k=1

Note that when the mesh is uniform, the weights 6, ; in [10, Lemma 4.2] are the same as the weights oy,_;
defined in (4.6).

Lemma 2. The coefficients o; satisfy o; < (i + 1) fori=1,2,....

Proof. First, 01 = (d1 —dy)09 =2 -21% <27 1*% a5 0.5w+ 2wl -2 > 0 for all w € (1, 2), so the lemma is
true when i = 1. The proof is completed by induction. Assume that oj < (j + 1) forj=1,2,...,i— 1. We
want to prove that o; < (i + 1)*71. It is easy to check that dy — dy,1 > O for all k. Using this inequality and the
inductive hypothesis, we require the inequality

i
Y (k- dis)(i+1-F)"t < i+ 1%,
k=1

which is established in [5, Lemma 3.2]. O
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The next result, which is a variant of [10, Lemma 4.3], bounds a weighted sum of the o,,_; that will be used
in the proof of Theorem 4.

Lemma 3. Let the parameter 8 satisfy § > 1. Then, forn=1,2,..., N, one has
n
Y jPo, ;< NI
j=1
Proof. By Lemma 2, we have

N B N B 1 ny\«t & B n\~ o g 1
a s— a s— N a . —a Na—
T Z] Onj<T Z} (n+1-j) ST[(E) Z) +(5) Z jf(n+1-j) . (4.7)
J=1 J=1 J=1 J=l3 11

Butfors >j—1andj < n, one has
M+1-8)*1>m+2-)*1>2 n+1-j)*1.

Hence,

n n J
Y jime1-prts Y (ne1-jet J s ds
j=l 1141 j=lTi+1 sj1
) j
< Y 2N | (n+1-s)*tsTds

j=l51+1 s=j-1
n+1
< 2l-a J (n+1-s5)*1s%ds
520

=277 (a)T(1 - ),
by [1, Theorem D.6]. Substituting this inequality into (4.7) and using t,, = nt and B > 1, we get
n 51
¢ Zj‘ﬁan_j < C1%n%! Zj‘ﬁ +CT%n B < cron®t 4 Cr%n B = Ct8 Yt + T BY) < CHEINTIT.
j=1 j=1

This completes the proof. O

We can now prove our main result.

Theorem 4. Assume that u satisfies (2.3). Then, forn = 1,2, 3, ..., N, the solution u?, of scheme (3.2) satisfies
max |u(Xpm, t;) — uh| < C(T*h? + TN~1¢2°1) (4.8)
0<m<M

for some constant C.
Proof. Fix (xpm, ty) € Q. By (4.1) and Lemma 1, the truncation error at (x,,, t,) satisfies
I(Lpt, N (U, t2))" = U™ < C(R? + p~ M= Lraly

By (4.5) we then obtain

n n
max [U(Xm, tn) = Up| < CT* Y h*0pn_j + CT® Zj’mm{z*“’““}on_j.
0sm<M i i1

Invoking Lemma 3 (with 8 = min{2 - a, 1 + a}) for the j~™™2-%.1+& term and [10, Lemma 4.3] (with g = 0)
for the term involving h?, we obtain (4.8). O

The bound in (4.8) implies that for any fixed x > 0 one has
max |y tn) — ul] < CT*(h? + N71). (4.9)

(Xm,tn)€QN{t,>K>0}
That is, on any subdomain that is bounded away from ¢ = 0, we observe an improved rate of convergence in
time compared with the rate of convergence (in time) of N~% on Q that is given by (3.3).
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5 Numerical Results

In this section we give numerical results for the numerical method (3.2) applied to two particular examples
from the problem class (2.1). In the first example the exact solution of the problem is known; in the second
example it is unknown, so we estimate the order of convergence using the double-mesh principle [2]. In these
numerical experiments we always take N = M. Hence the bounds in (3.3) and (4.8) imply that the spatial error
term Ch? will be dominated by the temporal error term CN~® or CN~1.

Example 5.1. Consider the constant coefficient homogeneous problem

2
OU U o t) € Q= (0, 7) % (0, 1],

Ay — — — =
Dru ox2  ox

with initial condition u(x, 0) = ersinx, 0 < x < 7, and boundary conditions u(0, t) = u(m, t) =0,0 <t < 1.
The exact solution of this problem is

u(x, t) = Eq(~1.25t%e? sinx,

where E, is the Mittag-Leffler function which is defined [1] by

(o] Zk
Ea(Z) = kgo m.

In Figure 1 we display the computed solutions with scheme (3.2) for a = 0.4,0.8 and N = M = 32 and we
observe that the solution has an initial layer at ¢t = 0, which becomes sharper as the parameter a decreases.
For Example 5.1 we computed the maximum errors

emN = max |[u(xm,ty) — upl
(Xm,tn)eQ’
and the orders of convergence
1 eM,N
Pum,N = 108; )
€2M,2N

where Q' can be the entire domain Q or the subdomain Q* := [0, i7] x [0.1, 1]. The numerical results in Q (see
Table 1) show that scheme (3.2) is O(N~%) convergent there (which agrees with [10, Theorem 5.2]), while it
is O(N~1) convergent in the subdomain Q* (see Table 2), which indicates that the error bound (4.9) is sharp.

Computed solution
Computed solution

NI

\

N\ N
Mk

Time

Space

@a=0.4 (b) a = 0.8

Figure 1. Example 5.1: Computed solutions with scheme (3.2) for N = M = 32.
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o N=M=128 N=M=256 N=M=512 N=M=1024 N=M=2048

0.4  8.438E-2 6.714E-2 5.282E-2 4.120E-2 3.191E-2
0.330 0.346 0.359 0.368

0.6 3.759E-2 2.512E-2 1.672E-2 1.109E-2 7.342E-3
0.581 0.588 0.592 0.595

0.8 1.121E-2 6.401E-3 3.666E-3 2.102E-3 1.206E-3
0.809 0.804 0.803 0.802

Table 1. Example 5.1: Maximum errors and orders of convergence for scheme (3.2) in the domain Q.

a N=M=128 N=M=256 N=M=512 N=M=1024 N=M=2048

0.4  1.024E-2 4.966E-3 2.436E-3 1.214E-3 6.050E-4
1.044 1.027 1.005 1.005

0.6 1.300E-2 6.432E-3 3.190E-3 1.595E-3 7.965E-4
1.015 1.012 1.000 1.002

0.8 9.844E-3 5.123E-3 2.644E-3 1.361E-3 6.963E-4
0.942 0.954 0.959 0.966

Table 2. Example 5.1: Maximum errors and orders of convergence for scheme (3.2) in the subdomain Q*.

Errors and error bounds
Errors and error bounds

-1 -1

10 10
Time Time

(@a=0.2 (b)a=0.8

Figure 2. Example 5.1: Log-log plot of the error bound N-1t%~! (¢) and the maximum errors maxo<mem |UXm, tn) — uh| (o) at
each time level t = t,,n=1,2, ..., N, generated by scheme (3.2) for N = M = 100.

Considering the convergence in time, identified by the factor t‘,’l‘*1 in the error bound (4.8), the error
maXp [u(xm, tn) — up| is compared with the error bound N_ltfl‘_l in Figure 2, for a = 0.2 and a = 0.8. These
plots indicate that the exponent a — 1 in the error bound is sharp for small values of a. However, in the case
of larger values of a close to one, the maximum error decreases at a faster rate than a — 1, as t, increases.

Example 5.2. Consider the variable coefficient inhomogeneous problem

2
Dfu - a_u +(1 +x2)a—u +(1+xX)u= ix(i'r—x) for (x, t) € Q, (5.1a)
ox? ox 2
with Q = (0, ) x (0, 1] and
u(x,0)=0 forO<x<m,

(5.1b)
u(0,t)=u(m,t)=0 forO<t<l.

Figure 3 displays the computed solution for @ = 0.4, 0.8 and N = M = 64 and we observe that the solution
again exhibits an initial layer at t = 0.
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025+
0.2
0.2+
S 0.15 14;’7!‘}””"""""/: "5;';' eeaiii \\\\\\\\\ c lllllll”ii"",;;:";';' LR ;\\;‘\ i\\\\\\\\\ ”‘
§ 0.15 ,f/'%’III’III‘I,”’II”I"I?]‘"”i"'"l'""w’“\\\\\t\\\\\\\\\\\\\\\\\\\\\\\\\ S 0.5 %:%WWW&&\\\\“\\\\\\\ \\
g v‘p’ﬁ"i’il”’,’I‘l,’, ,,,,,,‘,W’WW\\\\\\\\ % 015 / i it :':}Z;i;.:::.:’:::::::::‘\\‘:‘::\\:\\\&\\t\\\\\ \\\\\\\\\
g 0.1 ’/’”’” ”,”,",""Q\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ % 0.1 i I illl"",',’,’,’:l;l:,',':l}:,':':i:i:\::‘\‘\\\\\
3 | ll © Mgt I
gl . "
| HR 1 o LIS !
3
Time
Space
@a=0.4 p (b)a=0.8

Figure 3. Example 5.2: Computed solutions with scheme (3.2) for N = M = 64.

The exact solution of Example 5.2 is unknown and we shall estimate the order of convergence using
the two-mesh principle [2]. Let u?, be the computed solution with scheme (3.2) on the mesh {(xp, tn)}
fonr m=0,1,...,M,n=0,1,..., N.Toestimate the order of convergence, we compute a new approximation
zfn/z using the same scheme defined on the finer mesh {(x;/2, tn/2)} form=0,1,...,2M,n=0,1,..., 2N,
where X412 = %(xmﬂ +Xm) and tpeq/2 = %(tnﬂ + tn)/2. We then compute the two-mesh differences

dyn:= max |ul} —z"|
B . m m
(Xm,tn)eQ’

and hence the estimated orders of convergence

du,n )

qam,n = 10g2<d2M e

Tables 3 and 4 give the maximum two-mesh differences and their corresponding orders of convergence
for Example 5.2 in the domain Q and the subdomain Q*. The numerical results in both cases are again in
agreement with Theorem 4: the order of convergence improves from O(N~®) on Q to O(N~') on Q*.

4 N=M=128 N=M=256 N=M=512 N=M=1024 N=M=2048

0.4 1.031E-2 8.673E-3 7.123E-3 5.740E-3 4.558E-3
0.250 0.284 0.311 0.333

0.6  4.935E-3 3.338E-3 2.234E-3 1.486E-3 9.857E-4
0.564 0.579 0.588 0.593

0.8 1.661E-3 9.441E-4 5.368E-4 3.060E-4 1.748E-4
0.815 0.815 0.811 0.808

Table 3. Example 5.2: Maximum two-mesh differences and orders of convergence for scheme (3.2) in the domain Q.

a N=M=128 N=M=256 N=M=512 N=M=1024 N=M=2048

0.4 5.849E-4 2.783E-4 1.351E-4 6.711E-5 3.337E-5
1.072 1.042 1.010 1.008

0.6 1.148E-3 5.457E-4 2.628E-4 1.291E-4 6.356E-5
1.073 1.054 1.025 1.023

0.8 1.335E-3 6.752E-4 3.387E-4 1.703E-4 8.531E-5
0.984 0.995 0.992 0.997

Table 4. Example 5.2: Maximum two-mesh differences and orders of convergence for scheme (3.2) in the subdomain Q*.
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In [10], numerical results were given for the particular case of a fractional reaction-diffusion equation
, with g = 0 in (2.1)) showing that the scheme also converges with order a when the whole domain is

considered. Additional numerical results that illustrate the improved rate of convergence away from t = O are
given in [3].
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