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ON GENERALIZED GAUDUCHON NILMANIFOLDS

A. LATORRE, L. UGARTE, AND R. VILLACAMPA

ABSTRACT. We construct invariant generalized Gauduchon metrics on the product of two com-
plex nilmanifolds that do not necessarily admit this kind of metrics. In particular, we prove
that the product of a locally conformal Kéahler nilmanifold and a balanced nilmanifold admits
a generalized Gauduchon metric. In complex dimension 4, generalized Gauduchon nilmanifolds
with (the highest possible) nilpotency step s = 5 are given, as well as 3-step and 4-step examples
for which the center of their underlying Lie algebras does not contain any non-trivial J-invariant
ideal. These examples show strong differences between the SKT and the generalized Gauduchon
geometries of nilmanifolds.

1. INTRODUCTION

Let X be a compact complex manifold of complex dimension n, and let F' be a Hermitian metric
on X. When the Lee form is co-closed, or equivalently F"~! is 90-closed, the metric F is called
standard or Gauduchon. By [13] there is a standard metric in the conformal class of every
Hermitian metric on X. Fu, Wang, and Wu investigate in [11] the following generalization of
Gauduchon metrics. For 1 < k < n — 1, a Hermitian metric F' on X is called k-th Gauduchon if
OOF* A F=k=1 = 0. In [11] a unique constant v (F) is associated to any F' on X. This constant
is invariant by biholomorphisms and depends smoothly on the metric F'. Moreover, it is proved
that v(F) = 0 if and only if there exists a k-th Gauduchon metric in the conformal class of F.
For k =n—1, (n — 1)-th Gauduchon metrics are by definition the usual Gauduchon metrics, and
it is showed in [11] that 7,,—1(F") = 0, accordingly to [13].

In this paper we are mainly concerned with generalized Gauduchon metrics F for k = 1, i.e.
those satisfying J9F A F"~2? = 0. Some compact complex manifolds with 1-st Gauduchon metrics
are constructed in [9, 11, 15] by different methods. A particularly interesting subclass of 1-st
Gauduchon metrics is that constituted by the pluriclosed or strong Kdhler with torsion (SKT
for short) metrics. They are defined by the condition JOF = 0 and have been studied by many
authors on non-Kéhler compact complex manifolds (see for instance [4, 6, 7, 8, 10, 20] and the
references therein).

The class of complex nilmanifolds has proved to be an important source of compact complex
manifolds admitting these types of special Hermitian metrics. Here by a complex nilmanifold we
mean a compact complex manifold of the form X = (I'\G, J), where I'\G is a compact quotient of
a simply-connected nilpotent Lie group G by a uniform discrete subgroup I'; and J is an invariant
complex structure. For instance, Fino, Parton, and Salamon find in [7] the complex nilmanifolds
of complex dimension 3 with invariant SKT metrics, and they show that the existence of such
metrics only depends on the complex structure J. Moreover, it is proved in [9] that any invariant
1-st Gauduchon metric on a complex nilmanifold of complex dimension 3 is necessarily SKT.

Our first goal in this paper is to construct invariant 1-st Gauduchon metrics on the product of
two complex nilmanifolds that do not necessarily admit this type of metrics. For this purpose, in
Proposition 2.3 we study the constant ¢1(F + F') given by (1) that measures the 1-st Gauduchon
condition for the product of two Hermitian metrics F' and F’. As a consequence, we conclude
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that the product of two Hermitian nilmanifolds with constants ¢; (F') and ¢ (F”) of opposite signs
admits a 1-st Gauduchon metric (see Corollary 2.4).

As a first application, we show in Theorem 2.5 that the product of a locally conformal Kéhler
nilmanifold and a balanced nilmanifold always admits a 1-st Gauduchon metric. Recall that a
locally conformal Kdhler (LCK for short) metric is a Hermitian metric that is conformal to some
local Kéhler metric in a neighborhood of each point of the manifold, and a Hermitian metric F is
balanced if the Lee form vanishes, or equivalently F™~! is a closed form. Balanced nilmanifolds
are studied in [1, 22], whereas the complex nilmanifolds admitting LCK metrics are classified
in [19].

A second application is given in Theorem 2.11, where we consider the product of two Hermitian
nilmanifolds X and X’ of complex dimension 3. In this case, the sign of the constant ¢;(F)
of an invariant J-Hermitian metric F' on X (respectively, X’) only depends on the complex
structure J, as seen in [9] (see also Proposition 2.7 and Table 1). Thanks to it, we can provide
classifications of those complex structures for which ¢ (F) is negative, zero (SKT case), or positive
(see Propositions 2.9 and 2.10). Using these classifications, one can easily choose X and X’ with
constants c¢1’s of opposite signs in order to construct invariant 1-st Gauduchon metrics on the
product nilmanifold ¥ = X x X',

Enrietti, Fino, and Vezzoni proved in [4, Proposition 3.1] that the existence of an SKT metric
on a complex nilmanifold implies that the center of its underlying Lie algebra is J-invariant.
Furthermore, [4, Theorem 1.2] asserts that an SKT nilmanifold (not a torus) is necessarily 2-step.
The aim of Section 3 is to show that the generalized Gauduchon geometry of nilmanifolds is much
more flexible that the SKT geometry. Since in complex dimension 3 the invariant 1-st Gauduchon
metrics coincide with the invariant SKT metrics [9], we are led to study complex nilmanifolds
of complex dimension 4. Although there are some examples of 1-st Gauduchon nilmanifolds of
complex dimension 4 in the literature [9, 16], we notice that all of them are 2-step.

In Proposition 3.1 we construct for s = 3,4 an s-step nilmanifold of complex dimension 4 with
invariant 1-st Gauduchon metrics such that the center Z(g) of the underlying Lie algebra g is not
J-invariant; moreover, Z(g) does not contain any non-trivial J-invariant ideal. In Proposition 3.2
we give 5-step nilmanifolds of complex dimension 4 having invariant 1-st Gauduchon metrics. Note
that this result is optimal, since for s > 6 there do not exist s-step 8-dimensional nilmanifolds
admitting invariant complex structures by [2, 12, 14] (see Remark 3.3).

The examples constructed in Propositions 3.1 and 3.2 are irreducible. By taking appropriate
products, in Theorem 3.5 we conclude that for 3 < s < 5 and for any n > 4, there exists an s-step
nilmanifold of complex dimension n admitting invariant 1-st Gauduchon metrics. Furthermore,
by [16, Proposition 2.2] all the 1-st Gauduchon metrics given in this paper also satisfy the k-th
Gauduchon property for every 2 < k <n — 1 (see Remark 3.4).

2. GENERALIZED GAUDUCHON METRICS ON PRODUCT NILMANIFOLDS

In this section we study the existence of generalized Gauduchon metrics on a product of complex
nilmanifolds endowed with invariant Hermitian metrics. As a consequence, we obtain many
examples of generalized Gauduchon nilmanifolds.

Let us start reviewing the definition and some of the main properties of the generalized Gaudu-
chon metrics obtained by Fu, Wang, and Wu in [11].

Definition 2.1. [11] Let X be a compact complex manifold of complex dimension n, and let
1<k <n-—1 be an integer. A Hermitian metric F on X is called k-th Gauduchon if it satisfies
the condition

OOF* A Fk-1 — .
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From the definition, one can see that the value & = n — 1 recovers the classical standard
(Gauduchon) metrics. Moreover, it is clear that any SKT metric is a 1-st Gauduchon metric.

Extending the result proved by Gauduchon in [13] for standard metrics, in [11] it is shown that,
for any 1 < k < n — 1, there exists a unique constant v;(F') and a (unique up to a constant)
function v € C*°(X) such that

% 8D(e? FF) A Fr=h=1 — o) (F) e? F

It is seen that for & = n — 1 one always has v,_1(F) = 0. Moreover, if X admits a K&hler
metric F, then v (F) = 0 and v is a constant function for any 1 < k <n — 1.

Furthermore, the constant ~(F') is invariant under biholomorphisms, and by [11, Proposi-
tion 11] the sign of 44 (F') is invariant in the conformal class of F.

To compute the sign of the constant vx(F') one can use the following result:

Proposition 2.2. [11] For a Hermitian metric F' on a compact complex manifold X of complex
dimension n, the number vy, (F) is > 0 (=0, or < 0) if and only if there exists a metric F' in the
conformal class of F' such that

%35?’“ AF" 150 (=0, or < 0).

In this paper we focus our attention on these Hermitian metrics in the special class of nil-
manifolds. We recall that a complex nilmanifold is a compact complex manifold of the form
X = (I"\G, J), where I'\G is a compact quotient of a simply-connected nilpotent Lie group G' by
a uniform discrete subgroup I', and J is an invariant complex structure. This means that J is an
endomorphism J: g —> g of the Lie algebra g of G such that J2 = —Id and it is integrable, that
is, the i-eigenspace g1 of J in gc = g ®r C is a complex subalgebra of gc. We will be mainly
concerned with Hermitian metrics F' on X which are also invariant.

For any invariant Hermitian metric F' on a complex nilmanifold of complex dimension n > 2,
the real (n,n)-form %65}7 A F"~2 is proportional to the volume form F™. Therefore,

(1) % 8OF A F"2 = ¢\ (F) F™,

for some constant c1(F') € R. Observe that F' is 1-st Gauduchon if and only if ¢;(F') = 0.

Let us notice that by Proposition 2.2 the sign of ¢;(F) coincides with the sign of the con-
stant 1 (F). In our study of generalized Gauduchon metrics we will consider ¢q(F') instead
of 71 (F'), because its precise value on nilmanifolds can be determined easily, and thus its sign.

Proposition 2.3. Let X and X' be complex nilmanifolds endowed with invariant Hermitian
metrics F' and F', respectively.

(i) For any real X > 0, we have

c1 (F
(2) a(AF) = 1& ).
(ii) Let Y = X x X' be the product nilmanifold endowed with the product Hermitian metric
F + F'. Then,
-1 "(n' — 1
) aF )= Dy D,

(n+n)(n+n" —1)
where n = dime X and n’ = dimc X’.

(n+n)(n+n"—1)

Proof. Let us start with part (i). At the sight of (1), one has the following expression for the
Hermitian metric A F":

DONFYNAF)" 2 =ci(AF)(A\F)™.

N | .



If we expand the left-hand side of this equality, we obtain
% DONF)AN(AF)=2 = \n—1 % (DOF NF"72) = X'l ey(F) F™" = XL ey (F) (A F)™,

and the result comes straightforward.
We next prove (ii). On the one hand, the equation (1) for the Hermitian metric F' + F”’ on the
(n + n’)-dimensional complex nilmanifold Y = X x X' reads as

% OO(F + F') N (F + F'\"t"' 2 = | (F + F') (F + F')"".
On the other hand, we consider

L OB+ F) A (F 4+ P2 = L (00F + 00") A (F + Fy' =2
= % (DOF + OOF') A (a F" 2 A F'" £ ¢F U AF =1L BF" A F/n’—2)
= %65F A(@F"2 AF'™) + %85F’ A(BF™AF'™=2)
=a (% OOF NF" ) NF'™ 4 BF™ A (% HOF' N F'™2)
= (aci(F) + Ber(F)) FPAF'™

= (j c1(F) + g cl(F’)) (F + F'y"

! ! ! _ /
Wherea:(n+n, 2>’€:<n+n 2>’5:<n—|—n 2),andu:(n;:n>.Therefore,

n n—1 n
_ n(n—1) B _ n/(n'—1) fo g
% = W and = W ThlS gives us (3) O
As a direct consequence of Proposition 2.3, the product of 1-st Gauduchon nilmanifolds is again
a 1-st Gauduchon nilmanifold. Nonetheless, we can also consider Hermitian nilmanifolds with

opposite signs for their constants ¢; in order to produce examples of 1-st Gauduchon nilmanifolds.
Indeed:

Corollary 2.4. Let X and X' be complex nilmanifolds endowed with invariant Hermitian metrics
F and F', respectively, such that c1(F) > 0 and c1(F') < 0. Then, the product nilmanifold X x X'
has a 1-st Gauduchon metric.

Proof. Let n, n’ be the complex dimensions of X and X', respectively. Let us consider

_ /(' = D)
A - Dam

which is in fact a positive real number, since ¢ (F) > 0 and ¢;(F’) < 0 by hypothesis. Now, we
can take the Hermitian metric F/ = A F’ on the complex nilmanifold X’. A direct calculation
using (2) and (3) shows that the Hermitian metric F 4+ F’ on the complex product nilmanifold
X x X' satisfies

ci1(F")

(n+n)n+n -1 e (F+F) = nn—1) ¢ (F)+n'(n —1) S
=nn—-1c(F)—nn-1)c(F)
= 0.

Hence, F' + F'’ is a 1-st Gauduchon metric. ]
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Let us recall that a Hermitian manifold (X, F') of complex dimension 7 is called locally conformal
Kihler (LCK for short) if F' is conformal to some local Kéhler metric in a neighborhood of
each point of X. Another important class of Hermitian manifolds is that of balanced manifolds,
characterized by the condition dF™~! = 0. Nilmanifolds with balanced metrics are given in [1, 22]
and LCK nilmanifolds are studied in [19].

In the following result, the complex structures on the nilmanifolds are invariant, but the LCK
metric and the balanced metric are not necessarily of invariant type.

Theorem 2.5. The product of a locally conformal Kdhler nilmanifold by a balanced nilmanifold
admits a 1-st Gauduchon metric.

Proof. Let X be a complex nilmanifold of complex dimension n admitting a balanced metric. By
[5, Theorem 4.1], the existence of a balanced metric on X implies the existence of an invariant
one. Let us denote F' an invariant balanced metric on X. By [15, Lemma 3.7], the constant
Cl(F ) > 0.

Let X’ be a complex nilmanifold of complex dimension n’ admitting an LCK metric. As a
consequence of [21, Proposition 34], there must exist an invariant LCK metric F’ on X’. Using
[15, Proposition 3.8] we have that the constant ¢ (F”) < 0.

Now, it suffices to apply Corollary 2.4 to the pair (X, F') and (X', F’) to ensure the existence
of a 1-st Gauduchon metric on the product nilmanifold X x X’. O

Next, we will apply the previous results to the product of low dimensional complex nilmanifolds.
In complex dimension 2, all the invariant Hermitian metrics F' satisfy ¢1(F') = 0; in fact, for the
complex torus every metric F' is Kéhler, and on the Kodaira-Thurston manifold any invariant
Hermitian metric F satisfies 90F = 0, so ¢1(F) = 0. Therefore, in order to construct generalized
Gauduchon metrics on nilmanifolds making use of Corollary 2.4 we need to consider two complex
nilmanifolds of complex dimension at least 3.

Recall that in complex dimension 3, the nilpotent Lie algebras underlying the nilmanifolds that
admit an invariant complex structure are classified by Salamon in [18], whereas the classification
of invariant complex structures is carried out in [3]. For the description of the complex structures
we use a complex basis of (invariant) forms {w? }?:1 of bidegree (1,0) with respect to the complex
structure. Remember that there exist two complex-parallelizable nilmanifolds, defined by the
equations

(4) dw' = dw® =0, dw? = puw'?

where p € {0,1}. One is the torus (p = 0) and the other one is the Iwasawa manifold (p = 1).
We next use the description of the remaining invariant complex structures obtained in [3], where
they are divided into three families:

Family (I): dw! = dw? =0, dw?® = pw'? +w'l + Aw!2 4+ Dw??,
where p € {0,1}, A € RZ% and D € C with Jm D > 0;

Family (IT): dw! =0, dw? = W'l dw?® = pw'2 4+ Bw'? + cw?,
where p € {0,1}, B € C, ¢ € R=% with (p, B, c) # (0,0,0);

Family (II): dw' =0, dw? =w® + w3, dw® =eciw™ +id(w'? — w?),
where € € {0,1} and § = +1.

Any invariant Hermitian metric F' on X is given in terms of a (1,0)-basis {w!,w? w3} by

F = Z?,k:l zji wik where z;; € Cand 75 = —x ;. That is, F' can be written as

(5) F=z1w! + 2502 + 23503 + 25012 — T30 + 230108 — T 03 + 29307 — T W



Notice that the positive definiteness of the metric F' implies that in particular
. _ + . _
—izj; € RT, idet(z;z) > 0.

Remark 2.6. When J is a complex structure given by (4), i.e. J is complex-parallelizable, the
sign of the constant ¢ (F') is well known for any J-Hermitian metric F. Indeed, it is clear that
if p = 0 then F is closed, so ¢;(F) = 0. If p = 1, i.e. the complex nilmanifold is the Iwasawa
manifold, then F' is balanced and thus ¢;(F) > 0.

The following result shows the sign of any invariant Hermitian metric for the families of complex
structures (I), (II), and (III).

Proposition 2.7. Let X be a complex nilmanifold of complex dimension 3, and let F' be any
invariant Hermitian metric on X. Suppose that the complex structure J on X is not complex-
parallelizable. We have:

(i) If J is a complex structure in Family (I), then
L 99F NF = L (p+ A —2ReD) F?
2 12 det(x;z) '
and thus the sign of ¢1(F) only depends on the complex structure. Indeed,
c1(F) is >0 (=0, or <0) if and only if 2Re D —p— A2 <0 (=0, or > 0).
(ii) If J is a complex structure in Family (II), then
Ty (p+|B* + ¢*) F?
2 T 12 det(z,) ¥ <)
and ci(F) > 0, for any F.
(iii) If J is a complex structure in Family (III), then
. (2 2
i ogpap = Pt T5)
and thus c1(F) > 0, for any F.

Proof. The result is a direct application of [9, Lemma 3.2] taking into account the reduced complex
structure equations obtained in [3] and given in the families (I), (II), and (III) above. O

As a consequence of the previous proposition, the sign of ¢1(F') only depends on the complex
structure. Furthermore, as it was noticed in [9, Proposition 3.3], an invariant Hermitian metric F'
on a complex nilmanifold X of complex dimension 3 satisfies ¢1(F') = 0, i.e. it is 1-st Gauduchon,
if and only if F' is SKT. Recall that the classification of nilmanifolds admitting an invariant SK'T
metric was given in [7].

In Table 1 we analyze the sign of ¢; for invariant Hermitian metrics on complex nilmanifolds of
complex dimension 3, i.e. on 6-dimensional nilmanifolds endowed with invariant complex struc-
tures J. The algebras in the first column correspond to those nilpotent Lie algebras underlying
such nilmanifolds. Here, we follow the notation given in the paper [18] to name and describe
the different Lie algebras. For instance, ha = (0,0,0,0,12,34) means that there is a basis of real
1-forms {ej}?:1 satisfying de! = de? = de® = de* = 0, de® = e! A €2, and de® = €3 A et

Note that the nilpotent Lie algebras admitting a complex-parallelizable structure (4) are h; (for
p=10) and b5 (for p = 1). Moreover, a Lie algebra admitting a complex structure in Family (I)
is isomorphic to ho, ..., hg, or hg, and it is always 2-step nilpotent. The nilpotent Lie algebras
having complex structures in Family (II) are h7 and by, ..., h16. Finally, the nilpotent Lie algebras
corresponding to Family (III) are by, (for € = 0) and b3y (for e = 1).
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In the second column of Table 1, we indicate the nilpotency step of the nilmanifolds. For the
other columns, we use the following convention. The symbol “v"” means that for any invariant
complex structure J on the corresponding nilmanifold and for any invariant J-Hermitian met-
ric F', the sign of ¢1(F) is always as indicated in the table (remember that the sign of ¢;(F") only
depends on the complex structure, and ¢ (F) = 0 if and only if F' is SKT). The symbol “v{;)”
means that there exist invariant complex structures J on the corresponding nilmanifold admitting
invariant J-Hermitian metrics F' with the given sign of ¢;(F'), but there are also other complex
structures with invariant Hermitian metrics of different sign. In contrast, the symbol “—” means
that none of the invariant complex structures admits invariant Hermitian metrics of the given
sign.

step | ¢1 <0 SKT c1>0

=(0,0,0,0,0,0) 1 — v —

=(0,0,0,0,12, 34) 2 Vi i vin
hg =(0,0,0,0,0,12434) 2 i — i
s = (0,0,0,0,12,14+23) 2 i) i) i)
bs = (0,0,0,0,13+42,14+423) 2 i i i
he = (0,0,0,0,12,13) 2 — — v
by = (0,0,0,12,13,23) 2 — — v
hs = (0,0,0,0,0,12) 2 — v
ho = (0,0,0,0,12, 14+25) 3 — — v
hio = (0,0,0,12,13,14) 3 — — v
b1 = (0,0,0,12,13,144-23) 3 — — v
b2 = (0,0,0,12,13,24) 3 — — v
b1z = (0,0,0,12,13+14, 24) 3 — — v
h1a = (0,0,0,12,14,13+42) 3 — — v
b5 = (0,0,0,12,13+42,14+23) | 3 — — v
his = (0,0,0,12,14,24) 3 — — v
hio = (0,0,0,12,23,14—35) 3 — — v
hie = (0,0,12,13,23, 14+25) 4 — — v

TABLE 1. Sign of ¢; for invariant Hermitian metrics on 6-nilmanifolds

The existence of locally conformal Kahler and balanced metrics on 6-dimensional nilmanifolds
is studied in [21]. On the one hand, it is seen that, apart from the torus, the nilmanifolds
admitting balanced metrics have underlying Lie algebras bo,. .., bg, or hjg. On the other hand, if
a 6-dimensional nilmanifold has an LCK metric then its underlying Lie algebra is h3. Therefore,
the only 6-nilmanifold having invariant complex structures with LCK and balanced metrics is the
one with h3 as underlying Lie algebra. In the following example we apply Theorem 2.5 to this
nilmanifold.

Example 2.8. Let us start recalling that the nilpotent Lie algebra hs = (0,0,0,0,0,12+ 34)
admits, up to equivalence, only two complex structures J*, which correspond to p = A = 0 and
D = +1 in Family (I). The structure J* admits LCK metrics, whereas J~ admits balanced ones.
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Let us denote by X* the complex nilmanifolds respectively associated to (b3, .J¥). Consider the
J*-Hermitian metrics F'+ and Fy, with t > 0, given as follows:

(Xt FT): {

dw' = dw? =0, dw® = W'l 4+ w2,
(X, F) do! = do? =0, do® = o't — 022,
R F = %(aﬁ +024t0%), t>0.
We observe that dFt = 6 A Ft with § = w3 4+ w? (ie. F7' is an LCK metric on XT) and
d(F;)?> =0 (i.e. F, is a balanced metric on X, for any ¢ > 0). Now, we can apply Theorem 2.5
to ensure that the product manifold Y = X+ x X~ admits a 1-st Gauduchon metric.
More concretely, by Proposition 2.7 one has

1 _ t
01(F+):—§, Cl(Ft ):g)
so the metrics .

defined on Y are 1-st Gauduchon for each ¢ > 0.

Next we describe the complex nilmanifolds of complex dimension 3 for which the invariant
Hermitian metrics F' satisfy ¢;(F') < 0. As the b3 case is explained in Example 2.8, it remains to
study the Lie algebras ha, hy, and bs:

Case hy: In [3] it is proved that any complex structure J on hs is isomorphic to one and only
one in the following families:

(ha, J1): dw' = dw? =0, duw® =W + Dw?, D eC withImD =1;
(g, Jo): dw' = dw? =0, duw® =w'? + W'+ w2+ Dw?, D e C with ImD > 0.
By Proposition 2.7 (i), any J-Hermitian metric F' on ho satisfies
Ji with e D > 0 (= 0),
c1(F) <0 (=0) if and only if J is given by or
Jo with e D > 1 (= 1).

Case h4: As it is seen in [3], any complex structure J on by is isomorphic to one and only one of
the following ones:

(b1, J3): dw' = dw? =0, dw® = W' +w'? + 1022
(g, Ja): dw' = dw? =0, dw® =w? + W + w2+ Dw?, DeR\{0}.

Notice that for J3 we have 29Re D = 1/2 < 1 = p + A2, Therefore, by Proposition 2.7 (i) the
sign of ¢; of any Js-Hermitian metric F is positive, i.e. ¢1(F) > 0. Similarly, for any complex
structure J given by Jy, Proposition 2.7 (i) implies that ¢;(F') > 0 if and only if D < 1.
Therefore, for any J-Hermitian metric F' on hy we have:

c1(F) <0 (=0) if and only if J is given by Jy with D > 1 (=1).

Case bh5: Using again [3], any complex structure J on b5 is isomorphic to one and only one in
the following list:

(b5, J5): dw! = dw? =0, dw?® = w!?;



(s, Jg): dw® =w'l+ w2+ Dw? De [0,3);
(s, J7): dw! = dw? =0, dw® = w2 + W + Aw'? + Dw?2, with (A, D) € R29 x C such that:
e A=0<JmD, 4JmD)?<1+4NReD;
e0< A <L 0<ImD <, ReD=0;
e l<X<1,0<ImD < 12X ReD=0; or
eX2>1,0<TImD < 251 ®eD=0.

We observe that J5 is the complex-parallelizable structure on the Iwasawa manifold and any J5-
Hermitian metric F' satisfies ¢1(F) > 0 (see Remark 2.6). For any complex structure J given
by J we have 0 < 29Re D < £ < 1 = p+ A2, hence by Proposition 2.7 (i) we also get ¢1(F) > 0
for any Jg-Hermitian metric F.

Using again Proposition 2.7 (i) one concludes that for any J-Hermitian metric F' on bs:

A=0<TJmD,

F) < 0 if and only if .J is given by J; with
¢1(F) < 0if and only if J is given by J7 wi {4(’JmD)2<1+49%D, and Re D > 1,

and
A=0<JmD and

c1(F) = 0 if and only if J is given by J7 with {4(3111 D) <1+4%eD 3.

As a direct consequence of the previous discussion, we get the following classification of the
complex structures J for which ¢1(F) < 0 for any J-Hermitian metric F.

Proposition 2.9. Let X be a complex nilmanifold of complex dimension 3 admitting an invariant
Hermitian metric F with ¢1(F) < 0. Denote (g,J) the Lie algebra and the complex structure
underlying X . Then, the pair (g, J) is isomorphic to one (and only one) in the following families:

(b2, J1) with Re D > 0 (1l-parameter family of non-equivalent complex structures),
ba, J2) with Re D > 1 (2-parameter family),

b3, J 1) given in Example 2.8 (this is a unique complex structure),

ba, Ju)

bs, J7)

with D > 1 (1-parameter family),
with A =0, JmD > 0 and Re D > min {3, (JmD)? — 1} (2-parameter family).

(
(
(
(

A second direct consequence of the discussion above is the classification of complex structures J
admitting SK'T metrics.

Proposition 2.10. Let X be a complex nilmanifold of complex dimension 3 admitting an in-
variant SKT metric F (i.e. c¢1(F) =0). Let (g,J) be the Lie algebra and the complex structure
underlying X. Then, the pair (g, J) is isomorphic to one (and only one) in the following families:

(b1, J) given by (4) with p =0 (unique),

(b2, J1) with Re D =0 (unique),

(b2, J2) with Me D =1 (1l-parameter family),

(b4, Jy) with D =1 (unique),

(b5, J7) with A =0, Re D = %, and 0 <JmD < § (1-parameter family),
(bs, J) given by Family (I) with p=A=D =0 (unique).
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In the following result we give many examples of complex nilmanifolds with invariant 1-st
Gauduchon metrics, constructed as products of nilmanifolds that do not admit any such metric.

Theorem 2.11. Let X and X' be complex nilmanifolds of complex dimension 3. Suppose that
the pair (g, J) underlying X is isomorphic to one in the list given in Proposition 2.9 and that the
pair (g, J') underlying X' is not isomorphic to any of the pairs given in Propositions 2.9 or 2.10.
Then, the product nilmanifold Y = X x X' has an invariant 1-st Gauduchon metric.

Proof. On the one hand, by Proposition 2.9 we know that any invariant Hermitian metric F' on X
satisfies ¢1(F) < 0. On the other hand, we have ¢1(F”) > 0 for any invariant Hermitian metric F”
on X' whose pair (g/,J') is not isomorphic to any of those given in the lists in Propositions 2.9
and 2.10. Now, the existence of an invariant 1-st Gauduchon metric on the product nilmanifold

Y = X x X' follows directly from Corollary 2.4. g

Notice that in the conditions of Theorem 2.11, the Lie algebra g is isomorphic to ho, b3, by,
or b5, whereas the Lie algebra g’ is isomorphic to ha,..., b7, bo,... b6, bhig, OF h;G (see also
Table 1).

3. GENERALIZED GAUDUCHON METRICS IN COMPLEX DIMENSION 4

Our goal in this section is to construct 1-st Gauduchon nilmanifolds of complex dimension 4
satisfying some special properties that allow to illustrate the strong differences between SKT and
generalized Gauduchon geometries on nilmanifolds.

As we recalled in Section 2, the invariant 1-st Gauduchon metrics on complex nilmanifolds
of complex dimension 3 coincide with the invariant SKT metrics. In [4, Proposition 3.1] it is
proved that the existence of an SKT metric implies that the center of the underlying algebra is J-
invariant, and in [4, Theorem 1.2] it is shown that an SKT nilmanifold (not a torus) is necessarily
2-step.

Let Y = X x X’ be a 1-st Gauduchon nilmanifold given by Theorem 2.11. We observe that it
suffices to choose X’ with Lie algebra g’ isomorphic to bg, ..., hig, by, or hs in order to find 1-st
Gauduchon nilmanifolds Y of complex dimension 6 whose underlying Lie algebras have nilpotency
steps 3 or 4 (see Table 1). Nonetheless, the pair (g, /) underlying X must be isomorphic to one in
the list given in Proposition 2.9, and all these pairs have a non-trivial J-invariant ideal contained
in the center Z(g). Therefore, the Lie algebra g @ g’ underlying Y still has a non-trivial (J & J')-
invariant ideal contained in its center.

In this section, we are able to construct two examples in complex dimension 4 with nilpotency
steps s = 3 and s = 4 for which the center Z(g) does not contain any non-trivial J-invariant ideal.
Moreover, we also provide a 1-st Gauduchon nilmanifold of complex dimension 4 with the highest
possible nilpotency step, namely s = 5. All these new examples are irreducible and have the
minimal dimension in which the differences between invariant SK'T and invariant 1-st Gauduchon
metrics on nilmanifolds can arise.

In order to construct our first kind of examples, we consider the nilpotent Lie algebras g, of
(real) dimension 8 defined by the following structure equations:

de! = de? =de3 = de* =0,

de® = 2el7,
(6) deb = 227
de” = 2ve'?,

de® = 2e' 4+ 220 — 434,

where v is a real number. Observe that v can be reduced to the values 0 or 1 (if v # 0, just take
the new basis given by e = ¢’ for i = 1,2,3 and " = %e’, for i = 4,...,8). For this reason,
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in what follows we will consider (6) with v = 0,1. Since all the structure constants are rational
numbers, it follows from [17] that the simply-connected nilpotent Lie group G, associated to g,
has a uniform discrete subgroup. Hence, the structure equations (6) define a nilmanifold.

Let {E;}%_, be the dual basis of {¢'}%_;. From (6) we get that the non-zero basic Lie brackets
[Ei,Ej], 1< <5 <8, are

[ElaE2] - —27/E7, [E17E7] = _2E57 [E27E7] =2 Eﬁa
[E17E5] = _2E87 [E27E6] = _2E87 [E37E4] = 4E8

The ascending central series {(g,)x}x>1 of the Lie algebra g, is

(gv)1=Z(9v) = (Es), (8v)2 = (E3, Ey, E5, E, L),
and

for v =0: (go)s = go,
for v =1: (g1)3 = (E3, E4, Es, Eg, E7,Eg), (g1)4a = g1.

Thus, for v = 0 the ascending central series has dimensions (1,5,8) and the Lie algebra gg is
nilpotent in step 3, whereas for v = 1 the ascending central series has dimensions (1,5, 6,8) and
the Lie algebra g; is 4-step.

Let us define the almost complex structure J given by

Jeb = —62, Jed = —64, Je® = —66, Je' = —¢b.

Since the center Z(g, ) is 1-dimensional, it is clear that it cannot contain any non-trivial J-invariant
ideal.
Let us consider the following basis of complex 1-forms of bidegree (1,0) with respect to J:

w=et+ie?, wr=e3+iet, Wi=e+ieb, wr=e"+iéd

It follows from (6) that the differentials of these (1,0)-forms are

dw' = dw? = 0,
(7) dw?® = W'+ W',

dw* = ivwll +iwl3 + 2022 — w3k

Observe that the differential of each w’ has no component of bidegree (0,2), thus the almost
complex structure J is integrable both on go and on g;.
Let F be the J-Hermitian metric on g, given by
- _ _ _ 1 _ -
F=i(wl+w?tws oty 5 (w!3 — w3h).
A direct calculation using the complex structure equations (7) shows that the metric I satisfies
00F A F? = 0, namely, it is a 1-st Gauduchon metric. Therefore, we have proved:

Proposition 3.1. For each s € {3,4}, there exists an s-step nilmanifold of complex dimension 4
with an invariant 1-st Gauduchon metric such that the center Z(g) of its underlying Lie algebra g
does not contain any non-trivial J-invariant ideal.

Our next purpose is to construct 1-st Gauduchon nilmanifolds with nilpotency step s = 5. For
this aim, we consider the family of 8-dimensional nilpotent Lie algebras g defined as the following
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extensions of h3; (see Table 1):

de! = de? =0,
ded = 2,
det = 13,
(8) de® = e,
deb = M4 25
de” = boel? +6eB 4 ay (el —e?®) —ag (e!® + €24) + 2626 — 234,
de® = —bye!? 4 ay (M — 25) 4 ay (€15 + ) — 2616 4§28 _ 263,

where a1,a9,b1,bs € Q, and § is equal to 1 or —1. The coefficients a1, as, by, bs are rational
numbers to ensure the existence of a uniform discrete subgroup for the associated simply-connected
nilpotent Lie group G (see [17]). In this way, the equations (8) define a nilmanifold.

Let {E;}%_; be the dual basis of {¢'}?_;. From (8) one has that the non-zero basic Lie brackets
[Ei, Ej], 1 <i<j <8, are

[Fy,Ey) = —E3 — by By + by Es, [E1, Eg] = 2 Eg, [Fs, Eg) = —2 Ex,
[Ey, Es] = —E4 — 6 B, [E», E3] = —Es5 — 6 s, [Es, E4] = 2 Ex,
[Eh, Ey) = —E¢ — a1 By — aa Eg, [Eq, E4] = a2 Ey — a1 Eg, [Es, E5] = 2 Eg.
[El,E5] :a2E7—a1 Eg, [E27E5] = —E6+a1 E7+CL2E8,

The ascending central series {g}r>1 of g is given by

01 = Z(g) = (E7, Es), 92 = (Eg, B7, Es), 93 = (Eu, B5, Eg, By, Es),
04 = (B3, By, B5, B, E7, E8), g5 =g.
Hence, any Lie algebra g defined by (8) is nilpotent in step s = 5.
For 9 = +1, let Js be the almost complex structure on g defined by:
Js(el) = =, Js(e®) = —26€8,  Js(e!) = —€®,  Js(e") = —€P.

Notice that the center Z(g) is Js-invariant.
It is clear that the forms
2
wh = \2[( Lirie?), w?=v2(et+ie®), w?=e3+26ie’, wi=Vv2( +ied),
constitute a basis of type (1,0) with respect to Js.
Now, it follows from (8) that their differentials are

dw' = 0,

dw? = Wi 4wt
9 . P .
©) dw? = iwt +i§(w!? —w?),

dwt = \/§Aw12+w23+\/§Bwﬁ+25w1§+w2§,

where A = a; +ias and B = by + i by belong to Q[i]. Since the differentials of each w’ have no
component of bidegree (0,2), we conclude that Js is integrable and defines a complex structure
on g.

In the result below we show that it is possible to choose appropriate numbers A and B in Q[i]
that allow to construct complex nilmanifolds having 1-st Gauduchon metrics.

Proposition 3.2. There exist 5-step nilmanifolds of complex dimension 4 with invariant 1-st
Gauduchon metrics.
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Proof. Let (g,J) be a nilpotent Lie algebra given by (8) endowed with the complex structure
J = Js. We consider a J-Hermitian metric ' on g of the form

F:Q+%w44,

where () is given by

Q=irwt +isw? +itwP +r50"” — T30 F 300 — T W 4 1930 — T3 w2,

where 7,5, € RT and x5 € C satisfy the conditions ensuring that § (and thus F) is positive
definite. Notice that Q is equivalently given by (5), simply writing x17 = ir, 295 = is, and
xq3 =it, for r,s,t € RT.

For the computation of the form JOF A F2, we observe that

DIF A F? = (059 + %85@14‘1)) AQ2 +i QAW
= QNP +id0QAQA WM + L% A DI(wH) — 3 QA DI(wH) AWt
= i00QAQA WM™ — 1O AI(WH) AWt

S (Q A OD(W™) — 4e1(Q) 93) AWt

(10)

Simply note that in the third equality of (10) we have used that 90 QA Q% = 0, as this is a form of
degree 8 on the 6-dimensional algebra h2+6' Moreover, we have also applied that Q2 A 99(w**) = 0,
because

(11) Oé(ofﬂ) = 90w* A w4 dw? A wt — dwt A Bw + wt A DDw!

and from the complex equations (9) it follows that 0dw* and ddw? are forms of degree 3 on the
Lie algebra b;rﬁ, and Ow* A Ow? and dw?* A Ow? are forms of degree 4 on h;G. Finally, notice that
the last equality of (10) makes use of the definition of ¢;(£2) given in (1).

From (10) and taking into account (11), it follows that F' is 1-st Gauduchon if and only if

(12) QAN (5w4 A dwt — wt A 5&}4) —4c1(Q) Q3 =0.

s24t2

614 det(xyp)° A long

The value of the constant ¢;(2) is given by Proposition 2.7 (iii), i.e. ¢1(2) =
but direct calculation shows that condition (12) is equivalent to

0=r+2s+t|AP —25Tm(z3) + V2Im(z3 A) + V2Im(ze3 B) +25% + 212

We can now produce many explicit examples of 1-st Gauduchon nilmanifolds. For instance, if
we choose 7,53 = 715 = 0 and x93 = 1/v/2, then it is enough to make by = Jm(B) = —r — 25 —
t|A]? — 2% — 22 to solve the previous equation. Taking the metric coefficients r, s, in QT, we
ensure that by is a rational number. Thus, this 1-st Gauduchon metric F' has the form

; 5 s i 1 a5 1
F=irol+isw?+itw®+ -0t + —w?— —w32,
2 V2 V2
where 7, s,t belong to Q*, and st > 1/2 in order to ensure that F is positive definite. The associ-
ated complex nilmanifold corresponds to the complex structure equations (9) where aj,as,b; € Q
and by = —1r — 25—t (a? +a3) — 2% — 2¢2. O

Remark 3.3. Notice that the result in Proposition 3.2 is optimal, in the sense that we have
obtained 1-st Gauduchon metrics on complex nilmanifolds with the highest possible nilpotency
step. In fact, by [14] (see also [2]) filiform Lie algebras, i.e. nilpotent Lie algebras with maximal
nilpotency step, never admit a complex structure; and by [12] an 8-dimensional quasi-filiform
nilpotent Lie algebra, i.e. with nilpotency step s = 6, cannot admit any complex structure. Hence,
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the Lie algebra underlying a complex nilmanifold of complex dimension 4 must be nilpotent in
step s < 5.

Remark 3.4. In [16, Proposition 2.2] it is proved that if an invariant Hermitian metric F' on a
complex nilmanifold X of complex dimension n > 4 is k-th Gauduchon for some 1 < k < n — 2,
then F' is k-th Gauduchon for any other k. Notice also that any invariant Hermitian metric is
(n — 1)-Gauduchon. Therefore, all the 1-st Gauduchon metrics constructed in this paper are also
k-th Gauduchon for every 2 < k <n — 1.

In the following result we summarize the main differences that we have obtained between the
SKT and the generalized Gauduchon geometries of nilmanifolds in complex dimension > 4.

Theorem 3.5. For 3 < s <5 and for any n > 4, there exists an s-step nilmanifold of complex
dimension n admitting invariant k-th Gauduchon metrics for every 1 < k <n — 1. Furthermore,
for s =3 or s = 4 there exist such nilmanifolds with the additional property that the center of
their underlying Lie algebras is not J-invariant.

Proof. Let (X, F) be a 1-st Gauduchon nilmanifold constructed in Propositions 3.1 or 3.2. Let
X' be any other nilmanifold with an invariant 1-st Gauduchon metric F’ (for instance, a torus
of complex dimension > 1). By Proposition 2.3, the nilmanifold Y = X x X’ has invariant 1-st
Gauduchon metrics. Since X has nilpotency step 3 < s < 5, the nilmanifold Y is at least s-step,
too. When (X, F') is given by Proposition 3.1, one can always ensure that the center of the Lie
algebra underlying Y is not J-invariant (although it might contain a non-trivial J-invariant ideal,
depending on the complex geometry of the factor X').

Finally, by Remark 3.4, the invariant 1-st Gauduchon metrics on Y are also k-th Gauduchon
for every 1 < k <mn — 1, where n is the complex dimension of Y. O

Observe that the nilmanifolds in Theorem 3.5 do not admit any (invariant or not) SKT metric,
as a consequence of [4].
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