View metadata, citation and similar papers at core.ac.uk

brought to you by .{ CORE

provided by Repositorio Universidad de Zaragoza

Spacetime from locality of interactions in deformations of special relativity:
The example of x-Poincaré Hopf algebra
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A new proposal for the notion of spacetime in a relativistic generalization of special relativity based on a
modification of the composition law of momenta is presented. Locality of interactions is the principle
which defines the spacetime structure for a system of particles. The formulation based on x-Poincaré Hopf
algebra is shown to be contained in this framework as a particular example.
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I. INTRODUCTION

There is a consensus that the classical spacetime struc-
ture of special relativity (SR) will probably have to be
modified in a quantum theory of gravity (see, for example,
the different contributions in Ref. [1]). If this is the case,
Poincaré invariance, the symmetry of spacetime at low
energies, may have to be abandoned as a good symmetry of
Nature at the energy scale at which effects of the nontrivial
(““quantum”) spacetime structure would start to emerge. An
attractive idea is the possibility that the new physics beyond
SR will still be compatible with the relativity principle, as
happened in the past with the transition from Galilean
physics to SR. In this sense, double (or deformed) special
relativity (DSR) theories (see Ref. [2] for a review), in
which an energy scale A is an observer-independent
quantity, were proposed as relativistic generalizations of
SR which could be relevant to account for such modifi-
cations appearing at this energy scale, even in a classical,
flat spacetime limit of a theory of quantum gravity [3].

Most of the attempts to consider a relativistic generali-
zation of SR-kinematics, like DSR theories, take as a
starting point a generalization of the dispersion relation,
adding new A-dependent terms to the standard relation
E? — p*> = m?. This requires a nonlinear (A-dependent)
implementation of Lorentz transformations in momentum
space in order to guarantee the invariance of the modified
dispersion relation (MDR) imposed by the relativity
principle.

_jcarmona@unizar.es
fcortes @unizar.es
*relancio @unizar.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2018,/97(6)/064025(12)

064025-1

When one considers the energy-momentum conservation
law in a process among particles then one finds that in a
consistent relativistic kinematics the total four-momentum
cannot be the sum of the four-momenta of the particles,
since the linearity of the additive composition law of energy
and momentum is not compatible with the nonlinearity
introduced at the level of Lorentz transformations [4].
Moreover, a modified composition law (MCL) requires to
extend the nonlinear implementation of Lorentz trans-
formations for one particle to a system of particles in a
nontrivial way: since the nonlinear terms of the MCL mix
the components of the momenta which are being com-
posed, a boost transformation on these momenta will also
generically mix them. In fact, once an expression for the
total momentum of a system of particles in terms of the
individual momenta (the MCL) has been chosen, it is
possible to use the relativity principle to get the generali-
zation of both the MDR of a particle and the Lorentz
transformations of a system of particles [5,6]. This suggests
to take the composition law as the starting point of a
generalized relativistic kinematics instead of the dispersion
relation of particles.

Generalizations of SR based on modified dispersion
relations and composition laws are naturally formulated in
momentum space. On the other hand, a number of argu-
ments identifying the existence of a minimum length
(which is equivalent to an energy scale) as a qualitative
feature of the quantum structure of spacetime [7] have led
to the introduction of deformations in the Heisenberg
algebra as a way to introduce such a scale. The first
noncommutative model was proposed by Snyder [§8] in
connection with ultraviolet divergences in quantum field
theory. Nonetheless, the study of noncommutativity was
forgotten until this was considered as an approach to
quantum gravity. In fact, as it is shown in Ref. [9], when
one introduces gravity in the gedanken experiment of the
Heisenberg microscope, nontrivial commutation relations
in phase space appear.
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A number of works have explored the connection,
through the product of plane waves, between a deformation
of the Heisenberg algebra (phase-space commutation rela-
tions) and energy-momentum modified composition laws.
In this context, the spacetime proposed by Snyder has got a
MCL associated to it, as shown in Ref. [10]; in this case,
and due to the fact that this is a covariant model, there is
no modification in the dispersion relation nor in the Lorentz
transformations. Another noncommutative spacetime
model, x-Minkowski, was inspired by the Hopf algebra
known as k-Poincaré [11,12], in which a MCL for the
momenta, a modified Casimir (the MDR) and an imple-
mentation of nonlinear boosts in momentum space are
chosen in order to satisfy the relativity principle. The
modification in phase space appears as a consequence of
this deformation, through the “pairing” operation [13]
making compatible the momentum space modification
with the phase space one.

These mathematical approaches, however, lack a physical
intuition about the connection between the noncommutative
spacetime and the generalized kinematics given by the
modified composition law. Our objective in this paper is
to give such a physical interpretation in terms of the notion of
locality in a classical picture of particle interactions.

In SR, the locality of an interaction (crossing of world-
lines) is an observer-independent fact. This assertion is
however subtler in the case of a MCL, since the crossing of
worldlines in spacetime coordinates which are canonically
conjugated to the momentum coordinates is perceived
differently according to the distance between the observer
and the interaction point, a phenomenon named as relative
locality, described systematically for the first time in
Ref. [14].l Such loss of the absolute notion of locality can
be interpreted in geometrical terms, as a consequence of a
curved momentum space [3,14], but it can be easily under-
stood from a variational principle [14,17]. Heuristically, one
has invariance under a transformation (translation) generated
by the total momentum, which is conserved in the interaction.
In the case of a MCL, this total momentum differs from the
sum of the momentum variables of the particles. Then a
translation is not a constant displacement, the same for the
spacetime coordinates of all the particles. As a result, an
interaction seen as local for one observer is no longer local for
another observer related to the first one by a translation.

In this work we explore the possibility to look for a new
spacetime, whose coordinates differ from the spacetime
coordinates canonically conjugated to the momentum
variables, such that absolute locality is compatible with
the modified composition law. This will make possible to

lAlthough the idea of relative locality has been especially
studied in the classical, flat spacetime limit mentioned above (see,
for example, Refs. [15]), it has also been explored in candidates
for a quantum theory of gravity, such as the “metastring theory”
of Ref. [16].

associate a spacetime with a given MCL that defines a
generalization of SR. We will see that the relation between
the x-Poincaré Hopf algebra and x-Minkowski spacetime
through the pairing procedure is indeed of this type, but the
idea of locality in the new spacetime gives rise to other
possible extensions of the phase space of SR.

II. INGREDIENTS OF A KINEMATICS BEYOND
SPECIAL RELATIVITY

A. Relativistic generalization of special relativity
kinematics through a modified composition law

As we have argued in the Introduction, the composition
law of momenta can be considered as the fundamental
ingredient in a relativistic generalization of SR-kinematics.
We will review in this section how such a framework beyond
SR can be constructed from a generic composition law. We
follow the steps shown in Ref. [6], considering as a starting
point a covariant composition law” and then obtaining any
other MCL through a “change of variables” and a “change of
basis.” Let us first consider a generic covariant composition
law, that is, a composition law which is invariant under the
standard (linear) Lorentz transformations:

P2 P-Q 07 P2 P-Q Q7
(POQ),=P,.f (F?P) +0,./> <P7P>

(1)

where we have defined f; and f, as functions whose
arguments are Lorentz invariant quantities constructed from
the four-vectors P and Q, with the conditions:

2 2
fi <i2,o,o> =f2<0,0,f2> =1, (2)

so that the following consistency requirements are satisfied:

(P®Q)loo =P (P®Q)lp—g =0y ()

Now we will mix the momenta of the two-particle system
through a “change of variables”

(P.Q) = (p.q) = (FH(P.Q). F*(P.Q)). (4)
which has to satisfy the following properties:

FE(P,0) =P,
FR0.0) =0,

FL0,0) =0,
FR(P,0) =0, (5)

P =(FL(P.Q))% Q= (FRP.0)>. (6)

A generic covariant composition law cannot be constructed
through a change of momentum variables.
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Equation (5) guarantees that when one of the momenta is
equaled to zero, then the change of variables is just the
identity function (the two-particle system reduces to a one-
particle system), and Eq. (6) guarantees that there is no
mixing of variables in the dispersion relations: momentum
variables p, g satisfy standard dispersion relations. All the
nontriviality is in the nonlinear Lorentz transformations of
the system of the two particles, and one can easily see [6]
that the composition law (p & g) = (P ®Q), satisfies
consistency conditions analogous to Eq. (3) for the new
momenta p and g. This procedure allows one to define a
nonlinear composition law which is compatible with the
standard dispersion relation through a proper modification
of the transformation properties of the two-particle system
(in the context of Hopf algebras, the {p} variables are
usually known as the classical basis of the algebra).

Finally, one can get an arbitrary modified dispersion
relation by introducing a “change of basis”

Pu :Bﬂ(i)>7 (7)

where the B, are four arbitrary A-dependent functions of a
single momentum variable p such thatlim,_,.,B,(p) = p,,.
The composition law for the variables p and ¢ is now [6]:

(p ® q), =B.(B™(p)®B'(q)). (8)

From this change of basis one can then get the set of relations
(also called “golden rules”) [4-6] between a generic MCL
and its corresponding MDR in a relativistic kinematics
beyond special relativity.

B. Relative locality

A nonlinear composition law of momenta can be
interpreted in terms of a nontrivial geometry of momentum
space [3,14], which modifies then the locality property of
interactions. A modified conservation law implies that the
sum of the momentum variables is not conserved: therefore,
the system is no longer invariant under fixed translations of
the canonically conjugate coordinates. Since the system has
lost this symmetry property, local interactions for an
observer (the crossing of worldlines) are seen as nonlocal
for other observers.

This qualitative reasoning can be made quantitative by
analyzing the interaction with a variational principle [14,17].
Let us consider a process with N interacting particles: we
will number from 1 to N the incoming worldlines, and from
N + 1 to 2N the outgoing worldlines (since it is a classical
interaction, the number and identity of particles is conserved
in the process). The action is

Stotal = Slfl:ee + Shee + Sints (9)

free

where the free part of the action for the incoming
worldlines is

he =" [ stk + M (Cw) - ). (10)
J=1 G

and for the outgoing worldlines

Stee = iv: AmdS(xj}ifﬁJrNj(C(k’)—mz))- (11)

J=N+1

In the above expressions s is an arbitrary parametrization of
the particle world line and N/, is the Lagrange multiplier
imposing the mass shell condition

C(k’) = m% (12)
and the usual Poisson brackets are used
{kl, )} = 806), (13)

that is, x; and k’ are canonically conjugate variables.
The interaction contribution to the action is simply a
Lagrange multiplier times the conservation law:

sw= (@

N+1<J<2N

KO- @ kz<o>)¢v. (14)

1<JSN

The affine parameter (s) is chosen so that the interaction
takes place at s = O for every particle, and & can be just
considered to be a Lagrange multiplier to enforce the
conservation of momentum at that point. After varying the
action and integrating by parts one finds

$2 . J

6St0tal = Z/ <6xljlki - 5kﬁ |:x/; _NJ %}) +R,
J S1 (2

(15)

where R contains both the result of varying S;, and the
boundary terms from the integration by parts, and s, , are 0,
oo or —oo depending on whether the corresponding term is
incoming or outgoing. One gets

(o

N+1<J<2N

k(0)- D ki(0)>5§”

I<JSN

+3 (20 - 50, @] 0ot

1<IKN
2N xﬂ (:) , ;
_ 0) — & — k;, | (0) |6k;(0),
3 (0-e5p], @ #o)so

(16)

where the x(0) are the spacetime coordinates of the
ending (starting) point of the world line for 1 <J <N
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(N + 1 <J £ 2N). According to the variational principle,
the worldlines of particles should be such that 6S,,; = 0
for any variation 6&*, 6x'), 5k/J4. From the vanishing term
with 6&” one obtains the conservation law for the momenta,
and for the one with 5k (0) one sees that the equalities’

x5(0) = akj{ ) k’} for/=1,...N

I1<IKN
do=e-2 | @ K| fors=N+1.2N  (17)
Oky [N151<2n

have to be satisfied.
The transformation

S5 = at, 5x’j:a”%[ b k,{] (J=1,...N),

w Li<i<n

o)
5)‘”—6’1[ D ki](J:NH,...zN), 8k =0,
ok N+1<I<2N

(18)

connects different solutions from the variational principle.
This is the translational invariance of the classical model.
We see that the interaction will be local (all x;(0) coincide)
only for the observer with & = 0. This shows the relativity
of locality. The purpose of this paper will be to find new
spacetime coordinates such that an absolute locality of
observers hold.

C. Noncommutative spacetime

In many approaches to quantum gravity a noncommu-
tative spacetime appears. This is associated to a minimum
length as one cannot measure the position with more
precision than the scale which deforms the standard
commutators [9]. This minimum length appears in different
contexts, such as string theory [7] or DSR theories [18].

Spacetime noncommutativity can be constructed by
introducing new spacetime coordinates X from canonical
phase space coordinates (x, p)4:

#=x'gy(p). Appx'}=8, {x}={p.p.}=0

(19)

where the function ¢ (p) is really a function of p/A by
dimensional arguments, and has to satisfy that when
p/A — Oitreduces to 5. These new spacetime coordinates
can be seen as a nontrivial subspace of four dimensions in a
canonical phase space.

The Poisson brackets of the new spacetime coordinates
in the one-particle system is

’The vanishing of the term proportional to ox4(s) in
Eq. (15) implies that the momenta are constant along each
worldline.

*For recent works using this construction see Ref. [19].

{2, 53} = {x*gl(p). ¥ o3 (p)}
_xu&pu(p) . . 993(p)

=, @5 (p) = op, @ (p)
(M ggt0) -2 ). a0)

We will restrict ourselves in this work to the case of -
Minkowski spacetime (see the next subsection) where the
bracket turns out to be a combination of the X coordinates
with coefficients independent of p. The remaining phase
space Poisson brackets are

{p.. ¥} = ol(p). (21)

One can see that there are different representations for each
noncommutative spacetime, i.e., different choices of ¢}/ (p)
leading to the same spacetime noncommutativity. In fact
different choices of momentum variables in the canonical
phase space lead to different representations of a non-
commutative spacetime (see Appendix A).

D. The case of k-Poincaré Hopf algebra

The mathematical formalism of Hopf algebras offers a
connection between two of the ingredients that we con-
sidered above: the presence of a modified composition law,
which, in this context, is referred to as the “coproduct”
operation, and a modified phase space, which is obtained
from the coproduct through the mathematical procedure
known as the “pairing” construction.

We will review these ideas in the specific case of the
Hopf algebra known as x-Poincaré, in the bicrossproduct
basis [20]. In this basis the coproduct of the generators of
translations P, reads

A(Py) =Py ®1+1® Py,
A(Pi):Pi®ﬂ+€_PO/A®Pi. (22)

The coproduct (22) defines the composition law for the
momenta
=pi+e/hg. (23)

(P®9)o=ro+4q0. (P®9),

In Hopf algebras scenarios, given a coproduct, one can
obtain the resultant Poisson brackets in phase space
through the method of pairing. Following this algebraic
procedure [20] one obtains that the phase space Poisson
brackets associated to the coproduct of momenta in the
bicrossproduct basis of x-Poincaré is

{5507170} -

05— X
{'x ’x} A’

% Pi Si i si
W =Bl W h=s (=0 (29
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The first of these relations defines the spacetime non-
commutativity known as k-Minkowski spacetime. The
previous commutation relations can be expressed in terms
of the ¢(p) functions defined in the previous subsection, as
Di

»(p)=—=

(25)

wo(p) =1, @i(p) =4,

These are the functions ¢(p) that define the phase space of
k-Poincaré in the bicrossproduct basis. It is sometimes
useful to use a covariant notation [6] and write Eq. (25) in
the more compact form:

( 1 !
q/y‘(p) = 51}/ ——n'p, +¥nﬂnw (26)

A
(1,0,0,0).

where n* is a fixed vector of components n* =
III. LOCALITY OF INTERACTIONS WITH A
MODIFIED MOMENTUM COMPOSITION LAW

In the previous section we have explained how a
modified composition law allows us to build a relativistic
generalization of the kinematics of SR, with an associated
modified dispersion relation and modified Lorentz trans-
formations. We have seen that a MCL causes also a
relativity of locality of interactions when using spacetime
coordinates which are canonically conjugated to the
momentum variables appearing in the MCL. We have also
learned how a noncommutative spacetime can be derived
from the introduction of new spacetime coordinates in a
canonical phase space. We can ask the question: how is an
interaction viewed in the noncommutative spacetime? Is
there a choice of noncommutative spacetime coordinates
such that interactions are still local for every observer in the
generalized relativistic theory?

A. Locality from a MCL: A first attempt

We consider the simplest process, an interaction with an
initial state with two particles with momenta k, / and a total
momentum k @ / and a final state of the two particles with
momenta p, ¢ and total momentum p @ ¢. This is just a
particular case (N = 2) of the model of relative locality
presented in the previous section. From Eq. (17) we get

where w#(0), x#(0) are the spacetime coordinates of the end
points of the worldlines of the particles in the initial state
with momenta k, [ and y#(0), z#(0) the coordinates of the
starting points of the worldlines of the particles in the final
state with momenta p, g.

In the case of the conventional composition law p @
g = p +¢q one has a local interaction w*(0) = x#(0) =
y#(0) = z#(0) = &, and the interaction of particles can be
used to define events in spacetime. In the general case this
is not possible any more.

A first attempt to associate an event to the interaction is
to introduce new spacetime coordinates X from the canoni-
cal phase space coordinates (x, p), as in Eq. (19):

X =29l (p). (28)

so that the end and starting points of the worldlines in this
new spacetime are

ok, keI,
w0) = LRV 0. w0 =2 R
#(0) =200 D ) u(0) =2 228D iy

p, dq,

(29)

If it is possible to have a composition law and a set of
functions ¢! such that’

HED D ppiay = AE 2D
a(paqu)u o (p)
_0p&®q)

L , 30
5 k@ G0
then one will have w*(0) = ¥(0) = #(0) = z#(0) and the
interaction will define an event in this new spacetime. If we
consider the limit where one of the two momenta in the
initial state goes to zero, using that lim,_o(k ® ) =k
[recall the consistency conditions Eq. (3)], and that in this
limit the conservation law of momenta is just k = p @ ¢,
Eq. (30) implies that

3(1;69 Q)y(pﬁ(p) _r®q),

v (&) =
dpoa="1" B

p(a)|  (31)

If one takes the limit p — 0 in each of the three expressions
in the equality chain of Eq. (31) then one has

= ¢i(q). (32)

where we have used that lim,_o¢)(p) = 8, [recall the
conditions over ¢/ (p) exposed after Eq. (19)]. On the other
hand, when one takes the limit ¢ — O one has

°Note that the conservation law of momenta implies that

kdl=pdgq.
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o.(p) = @i (p) :limm-

¢=0  Ogq (33)

u

Changing the labels p and ¢ in Eq. (33) and comparing
with Eq. (32), we conclude that

lim 2P @Dy _ ;29O p),

34
p—0 apﬂ p—0 8p ( )

"

This is a condition that not every modified composition law
will satisfy. In particular, Eq. (34) is satisfied if

P®g=q®p, (35)

that is, in the case of a commutative MCL. However, the
case of a commutative MCL is a restriction that does not
include the case of the «-Poincaré Hopf algebra,
see Eq. (23).

Moreover, it can be proved that Eq. (31) implies that
the new spacetime X is a commutative spacetime, which
allows to identify new variables p, = g,(p) such that
{p,. ¥} = &, and which compose additively, [p & ] .=
Py + G, (see Appendix B). This means that the original
variables (x, p) are related by a canonical transformation to
the variables of SR (X, p), and the new spacetime that we
have identified through the condition of locality is just the
spacetime of SR. This identification will not work, how-
ever, for a generic (noncommutative) composition law
(including the case of x-Poincaré). We therefore need
something beyond Eq. (31).

B. Second attempt: Nontrivial implementation of
spacetime in the two-particle system

As we mentioned in Sec. I A, in a relativistic generali-
zation of SR based on a modified composition law, the
extension of the one-particle system to the two-particle
system is rather nontrivial. Since the composition of two
momenta is a nonlinear function of each of them, the
relativity principle requires that the Lorentz transformation
of one of the momenta of the two-particle system depends
also on the other momentum, in an order dependent way:
each of the momenta transform differently under Lorentz
transformations [5]. This argument leads to consider the
introduction of new spacetimes for the particles of a two-
particle system different from the new spacetime of a single
particle. The simplest way to do that is to consider

=y, (p.q). =0k (p.q). (36)

The condition to have an event defined by the interaction
is in this case

Ip®q)

o(p @)=L 20y (p.q) =00

L@y (P> q)-

P 14

(37)

In order to find the new spacetime for a two-particle
system one has to introduce the functions ¢;, ¢y, defined
by a composition law p @ ¢, through

or®9) _ s

0
7o(P.q) 5 475?&,(19,61)M

— .
P, dq, ’

(38)

These functions determine the spacetime of a two-particle
system once the spacetime of a one-particle system (i.e., @)
has been fixed:

V1(P-q) = 91, (P ) (p ® q),
Pro(P-q) = Pro(P> Q)0 (P © q). (39)

Note that ¢/ (p.0) = ¢} (0,q) = 84, and then

91o(p.0) = w6(p),  9#,(0,9) = ¢(q). (40)
which is what one obtains directly by taking the limits
q — 0, p = 0 of the relation Eq. (37).

The implementation of locality is compatible with an
independent choice for a one-particle noncommutative
spacetime (the ¢ function) and a modified composition
law. In contrast, these two ingredients are related when the
composition law is defined through a product of plane
waves in the noncommutative spacetime. Therefore, there
is a much larger arbitrariness when one considers a
relativistic generalization of SR based on the locality of
the interactions than in the framework of Hopf algebras.
This suggests to look for additional criteria, beyond local-
ity, that a generalization of SR should satisfy. The algebraic
structure of the spacetime of the two-particle system could
be the place to introduce new restrictions on a relativistic
generalization of SR. Results along this line will be
presented elsewhere [21].

In order to show how the framework of Hopf algebras
can be interpreted in terms of the locality of interactions we
will consider the simplest way to restrict the implementa-
tion of locality establishing a relation between the one-
particle spacetime coordinates and the modification of the
composition law of momenta. It corresponds to an inter-
mediate step between the first (failed) attempt and the
second attempt. In the first attempt we considered an
introduction of the new spacetime independently for each
particle while in the second attempt the new spacetime
coordinates of each particle depend on the momenta of both
particles. In the intermediate step the spacetime of one of
the particles is independent of the other particle while the

064025-6
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spacetime coordinates of the other particle depend on the
momenta of both particles. Then one has

#1,(P. @) = ¢1,(p.0) = @ (p), (41)

and Eq. (37) implies that

WLy, @)

P

P(p®q) =

which could be used to determine the composition law of
momenta for a given one-particle noncommutative space-
time (i.e., for a given function ¢). Taking the limit p — 0
one has

(q) = tim 0O D (43)

p=0  Op,
which gives the one-particle spacetime corresponding to a
certain composition law. Equation (43) has a simple inter-
pretation: the change of the momentum variable p, by an
infinitesimal transformation with parameters e generated by
the noncommutative spacetime coordinates X is

6p, = e {3, p,} = —e, 0l (p)

0(q &

= el L2 (@ p), - pl. (44
The transformation generated by the noncommutative
spacetime coordinates is a displacement in momentum
space defined by the modified momentum composition law.

Similar results would have been obtained if we would
have considered the case where it is the spacetime of the
particle with momentum ¢ which is chosen to be inde-
pendent of the particle with momentum p. In this case one
would have

@rp(P:q) = @, (0.9) = @(q), (45)

ww@@zﬁ%?ﬁwmx (46)
o(p) = tim "L B e, (@7)

and
Spu=—lp ®e€), — pul- (48)

We note that Eq. (48) is used in Ref. [14] to introduce the
parallel transport in a geometric interpretation of the
generalization of SR induced by a modified composition
law. One can then identify the function ¢} (p) in Eq. (47)
with the function z(p) which defines the parallel transport

operation in a curved momentum space, as introduced in
Eq. (16) of Ref. [14]. It seems interesting to explore the
connection between the geometric interpretation and the
new notion of spacetime based on locality proposed in
the present work.

C. Application to x-Poincaré

One can wonder about the relation between the relativ-
istic generalization of SR based on the identification of new
spacetime coordinates for a two-particle system such that
interactions are local, and the generalization based on the
use of Hopf algebras. In the framework of Hopf algebras a
generalization of SR is defined by a deformed Poincaré
algebra, a coproduct of momenta, and a coproduct of
Lorentz generators. From a kinematical perspective, the
deformed Poincaré algebra defines a modified dispersion
relation through the Casimir of the deformed algebra, the
coproduct of momentum defines a composition law of
momenta, and the coproduct of Lorentz generators defines
the Lorentz transformations of the momentum variables of a
two-particle system. On the other hand, the change of basis
and change of variables that applied to a covariant compo-
sition law allows one to define a modified composition law
can be used to identify the modified dispersion relation
(through the change of basis) and the modified Lorentz
transformation of two momentum variables (through the
change of variables and change of basis), which guarantees
that the Lorentz transformation of the composition of two
momenta is the composition of the transformed momenta
(relativity principle). Since the Hopf algebra framework
implements the relativistic invariance then it will be possible
to associate a covariant composition law, a change of basis
and a change of variables to a given Hopf algebra.

What is the relationship between the noncommutative
spacetime coordinates for which the interaction in the
relativistic generalization of SR is local and the introduc-
tion of spacetime coordinates through the mechanism of
pairing in Hopf algebras?

We will consider the case of x-Poincaré Hopf algebra

which corresponds to x-Minkowski noncommutative
spacetime
o~ L -
{x#, 3"} = A (X#n* — x*n*), (49)
so that ¢ (k) is such that
Opa(k) I (k) 1
vk) — —= k) = — (¢h(k)n* — @4 (k)n*).
B, ) =g ) = 5 (bl = o)
(50)

For simplicity, we will take the function ¢} (k) of the
bicrossproduct basis, Eq. (26). If now we impose that
@, (p.q) = ¢.(p), we can determine unequivocally the
composition law from Eq. (42). The result (see Appendix C)
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is just the momentum composition law corresponding to the
coproduct of the momentum in the bicrossproduct basis.
This is a proof that the framework of Hopf algebras to study
relativistic theories in a noncommutative spacetime is
contained in a general study of relativistic theories based
on the implementation of locality.

To complete the proof one can show explicitly (see
Appendix D) how the modified Casimir of the deformed
Poincaré algebra and the coproduct of Lorentz generators
in the bicrossproduct basis are derived from the corre-
sponding function ¢/ (k) and the composition law derived
from it through the particular implementation of locality
with ¢/, (p,q) = ¢l(p).

To end up the discussion of the x-Poincaré algebra from
the perspective of locality of interactions we can determine

ok,(p. q) through Eq. (39):

1
Pk, (p.q) = Ser/™ + X”"(”y(e””/ Apn 4+ qn

+ (1 - epn/A)A) - epn/Apy - QD)’ (51)

or, in components,

oo(p.a)=1. ok(p.q)=0,
ePO/AP‘—’_qi A A
o(pg) =——— " ky(p.g) =5 (52)

We notice that, as expected,

?4,(0.9) = @i(q). (53)

From this, one obtains the two-particle phase-space Poisson
brackets that are different from zero:

<0 i y -

{yo,y}:—x, {yO,Po}:—l,

~ Pi o ; 0 i Zi
{yovpl}:le {y,pl}:—éj, {yO,Z}:—K’
50 =i 7_~_i ~0 _

{2".2 : {z% qo} = -1

’ A’ "IO )

- ePO/Ap.+q, . )
{2%.q:} = + {Z',q;} = —ero/Asi. (54)

It is remarkable that all the Poisson brackets of spacetime
coordinates are independent of momenta.

A similar phase space in the two-particle system was
obtained in Ref. [22] by considering a Lagrangian deriving
from (24 1)D gravity.’ This can be seen as an specific

®While the same two-particle spacetime algebra is obtained in
Ref. [22], some differences arise in phase space owing to the fact
that the relationship between canonical and noncommutative
coordinates mix the two-particle coordinates, in contrast to the
simpler situation considered in our Eq. (36).

choice for the ¢;, ¢p functions relating the noncommu-
tative and canonical coordinates in the two-particle system.
In Ref. [22], the requirement of “rigid translations”
generated by the total momentum of the two-particle
system was used to obtain the deformed composition
law of the momenta, which turned out to be the one of
k-Poincaré. In fact one can see that these ‘“rigid trans-
lations” implement the locality of the interaction in the
noncommutative spacetime, our Eq. (37), which, applied to
the xk-Minkowski spacetime, includes the x-Poincaré Hopf
algebra framework, as we have seen above.

IV. OUTLOOK

In this work we have considered relativistic generaliza-
tions of SR which are implemented through a nonadditive
composition law for the momenta. We have seen how this
ingredient is enough to define modified dispersion relations
and modified Lorentz transformations in an unequivocal
way. In particular, DSR theories are examples of this kind
of generalization of SR.

We have also seen that a modified composition law of
momenta is related with the loss of the absolute notion of
locality in a classical model of interactions (there is no
crossing of worldlines for every observer). In this case, a
“relative locality” appears, in which distant observers must
describe the interaction in a complicated way in the
ordinary spacetime coordinates, canonically conjugated
to the momentum variables. In particular, translational
invariance is implemented in a nontrivial way in such a
spacetime. This might represent a difficulty in the con-
struction of a quantum field theory version of these type of
theories.

Our main result has been to show that it is possible to
define a noncommutative spacetime for particles partici-
pating in an interaction in such a way that the interaction is
seen as local for every observer. The absolute locality of
interactions is then implemented by Eq. (37). In doing so,
the noncommutative spacetime of the one-particle system,
given by the function ¢, (p) which defines the new
coordinates ¥, needs a nontrivial extension to the space-
time of the two-particle system, given by the functions ¢/,
and ¢}, , which define the coordinates of the two particles,
7 and z*. Both functions, ¢/, and ¢}, can be obtained
from the MCL and the function ¢} (p) through Eq. (37).

In the condition implementing locality, Eq. (37), the
function ¢/ (p) defining the noncommutative spacetime of
a single particle appears as an input ingredient, independent
of the MCL defining the relativistic generalization of SR.
There exists then a large freedom to introduce a non-
commutative spacetime in a relativistic theory beyond SR
in a way compatible with the locality of interactions. An
interesting particular case is the one in which the new
spacetime of the two-particle system is such that the
coordinates of one of the particles depend only on its
own momentum. In this particular case there is a one-to-one
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correspondence between the MCL and the function ¢} (p)
[see Egs. (43)—(42)], and the coordinates of the one-particle
system (limit of the two-particle system when one of the
momenta goes to zero) are the generators of “deformed”
translations Eq. (44) in momentum space.

We can do several remarks that derive from the present
work. First, this framework provides a different perspective
of the idea of noncommutative coordinates, which has been
widely discussed in different contexts, particularly in
connection with a quantum spacetime structure that could
be of relevance for the quantum gravity problem. In our
proposal, a noncommutative spacetime emerges in fact
from a locality condition in a classical model which
generalizes SR instead of from the implementation of a
possible minimal length in a quantum spacetime.

Second, the new perspective of the origin of the non-
commutativity of spacetime could give a new way to
explore the possibility to go beyond relativistic quantum
field theory based on the incorporation in the framework of
field theory of a modified composition law of momenta
together with some notion of locality.

Third, we gave a physical interpretation (based on the
introduction of a new spacetime to make a modified
composition law of momenta compatible with locality) to
the formal, mathematical procedure of “pairing,” which is
used in the context of Hopf algebras to obtain a non-
commutative spacetime (and phase space) associated to the
coproduct of the coalgebra (which is in fact the MCL in our
language). The identification of the mathematical formalism
of Hopf algebras as a particular case of a formulation of a
relativistic generalization of SR based on locality opens up
the possibility to go beyond this formalism [21] in the study
of relativistic theories with a noncommutative spacetime.
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APPENDIX A: DIFFERENT REPRESENTATIONS
OF A NONCOMMUTATIVE SPACETIME

One can consider a canonical transformation in phase
/ !/
space (x,p) = (x', p’)

X =x"g(p'),

for any nonlinear change of momentum variables, i.e., for
any set of functions f, of the momentum variables, with

Pu :f;t(pl)v (Al)

9 (P ag“;f’/) =4 (A2)

The canonical transformation can be used to write the
noncommutative spacetime coordinates in terms of the new
canonical phase space coordinates

= xgy(p) = x"Pg,(p e (f(P)). (A3)
If one introduces
) = ) = P gtp).  (Ad)

ap, "
the noncommutative spacetime coordinates are given by

= 2l (p). (AS)
One has then a different representation of a noncommu-
tative spacetime, i.e., a different set of functions ¢}, which
allow to express the noncommutative spacetime coordi-
nates in terms of canonical phase space coordinates, for
each choice of momentum variables in phase space.

APPENDIX B: SR SPACETIME FROM THE
LOCALITY CONDITION FOR A
COMMUTATIVE MCL

We saw in Sec. Il A that the first attempt to implement
locality through the condition Eq. (31) is not valid for a
generic composition law, since it implies Eq. (34). As we
mentioned there, in those cases in which it is valid (such as
for a commutative MCL), it can be proved that the
spacetime defined by Eq. (28) is the one of SR. Let us
first see that the new spacetime coordinates X* are indeed
commutative coordinates. Deriving with respect to p, both
sides of the first equality in Eq. (31), we get

dpi(p®q) 0 (5‘[19 ® qh) “(q)
ap, Pp\q)-

op,  Oq,

(B1)

If we use that the left-hand side of the previous equation
can be written as (applying the chain rule)

dgi(p ® q) _ Opl(p & q)9lp @ dl,
ps p®ql, Ips

, (B2)

and take the limit p — O of the right-hand sides of
Egs. (B1) and (B2), we get, using also Eq. (33),

WD (g = 2D .

(B3)

Comparing Eq. (B3) with Eq. (20), we see that,
indeed, {¥,%°} = 0.

The commutativity of X allows one to identify new
momentum variables p, = g,(p) such that (%, p) are
canonically conjugate variables, as it was the case for
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(x, p), that is: there is a canonical transformation relating
both sets of variables. One can then show that the new
momentum variables compose additively, that is,
P83, =9.p®q) =Py + (B4)
[where the composition law @ has been defined as in
Eq. (8)], so that (%, p) is indeed the phase space of SR.
In order to prove this, let us first show that Eq. (31) is
invariant under changes of momentum variables. Considering
new momentum variables p, = g,(p), the first factor in the
second term in Eq. (31) is

op®3q], 0g,(p®q) 09, (p®q)0lp®ql|, Op,

op,  0g,(p)  Olp®4ql, 0Op, 99,(p)
(B5)

and the second factor

o 99,(k® p)

0g,(k® p) Ok ® pl; Ok, _ g,(p)
9g,(k) Ope

=lim

=0 Ok@pl. Ok, ve(p).

(B6)

where we used Eq. (33) and the fact that the change of
variables is such that p =0 = p =0. So putting all
this together one finds that the second term of Eq. (31)
transforms as

dg,(p ® q)Ilp ® ql; 4

olp®al,
ped, op, P

op,

/J(f’) - (B7)

The transformation of the third term of Eq. (31) can be
obtained following the same steps

a[pagiq]y @%(ZI) _ agv(p @ Q) 6[[) @ q]ﬂ (0’;—(6]) (BS)

a[p 7] qh 8q6

Finally, the transformation of the first term of Eq. (31) follows
from Eq. (B6), giving

99,(p @ q)

p&a) = B ep@q).  (89)

In conclusion, we see that if Eq. (31) is satisfied for the
variables (p, g), it will also be satisfied for the variables (p, §)
obtained by a change of momentum variables p, = g,(p),
4y = 9,(q). This means that one has Eq. (31) for the new
momentum variables and its corresponding composition law,
with @} (k) = & since one has locality in their canonical
spacetime coordinates. But in this case one has

o

= (B10)

p®a, Jpdy, _ 5
P, Br v

and then [p & g|, = p, + ., as we stated in Sec. IIT A.

APPENDIX C: MCL OF x-POINCARE IN
THE BICROSSPRODUCT BASIS
THROUGH LOCALITY

In this Appendix we will see how the composition law is
obtained unequivocally through the locality condition when
#1,(p.q) = ¢i(p) taking the @ (p) of Eq. (25) corre-
sponding to k-Poincaré in the bicrossproduct basis. From
Eq. (42), the system of equations that we have to solve is

_9r®q)_0(p®q)ri

Forp=0, v=0 1= dpo opi A
Foru=i, v=0 OZM&}.
. _(p®q); Op®q); IpDg)Pp,
F = = — = — .
oru=0, v=i A o, ap, A
.0 ;
FOI‘”:[’ y:j 5;:% (Cl)

From the second equation we can see that the zero
component of the composition as a function of the momen-
tum p depends only on its zero component, but the first
equation tells us that (p @ q), is linear in p,. Hence, the
condition Eq. (3) gives the result

(P ® 9)o = Po + qo- (C2)

From the fourth equation we see that the spatial component
of the composition is linear in the spatial component of the
first momentum, giving

(P ®q); = i + a:f(Po- 90- 7°)- (C3)

With this form of the composition law we can solve the
differential equation appearing in the third equation, giving

f=e"g(q0. ), (C4)

but in order to satisfy Eq. (3), g(q¢.g*>) =1, so the
composition finally reads

(P®q)o=rot+q0. (P®q);=pi+qe P/ (C5)
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APPENDIX D: LORENTZ TRANSFORMATION
IN THE BICROSSPRODUCT BASIS
FROM LOCALITY

We start from the ten-dimensional Lie algebra including
the Lorentz algebra and the x-Minkowski noncommutative
spacetime coordinates as generators. The noncommuta-
tivity of spacetime requires a modification of the Poisson
brackets of boost generators J% and spacetime coordi-
nates x*:

. o1 oo , 1 .
70 70i\ _ 5 0i = 0i1 — §iz0 i
{0, "} =% +XJ . XV =00x +XJJ. (D1)
Using the notation

M =xl(p). I =xyY(p),

J7 = x'yl (p) = ¥/ p; = x'p;, (D2)
the modified Poisson brackets lead to the system of
equations

0w o Oy i Lo
— - + _ Ol7
8171/ WI/ 8171/ (pI/ (pﬂ A l//ﬂ
O o W o L J
H—pyw”l - a—pyfﬂu =00, + A (6,p; = ip;). (D3)

If we insert ¢i(p) of Eq. (25) corresponding to k-
Poincaré in the bicrossproduct basis we can solve (D3)
for y{. The result is

(D4)

EZ +pipj
A2 A

: G
Vo ==pi Wi =67 [e—QPo/A -1-

From this result we can calculate the Poisson brackets of
p, and J”

{pO’JOi} =—Pi

A
{p;. 1} =05 [e—%/A— 1- (D5)

Pl piv
A? A

to be compared with the deformed Poincaré algebra in
the bicrossproduct basis [20]
[P(),Ni] - —iPi,

A Pl PP
[P;,N;] = i, 5 [6_2P0/A— 1 ——} +i—.

A? A (D6)

We can also identify the function of momenta C(p,, p?)
which is invariant under boosts. It has to satisfy the
equation

. oC . oC .
0 = C7 JOl = b ‘IOl 2 i >0 -’ JOl
{ } apo {pO } + p] 852 {p.l }
oC p] oc
. Ale2po/N 1 L 2| 2= D7
Pigpe TP {e + Az] o7 (D7)

The solution for C, such that C~ p}—p> when
(Ip/A) < 1. is
C(po. p*) = N*(ePo/N - e=Po/A —2) —ePo/AR2 - (DB)
to be compared with the Casimir of the deformed
Poincaré algebra in the bicrossproduct basis’ [20]
C(Py. P?) = A2(ePo/A 4 e=Po/N —2) — ¢P/AP? . (DY)
In order to determine the boost transformation of a

system of two particles with momenta (p, ¢) and a total
momentum p @ g we introduce the notation

It = xwi(p.a) + Yy, (p.q)  (D10)
for the boost generator acting on a two-particle
system written in terms of the canonical phase space
coordinates (x, p), (v,q). In correspondence with the
choice ¢; (p, q) = @(p) for the implementation of locality,

we make the choice y’ (p,q) = wi'(p) so that

{pu I} = wid (p), (D11)
and the first momentum variable p has the transformation
under boost found previously in the case of a one particle
system. For the second momentum variable we have
{990} = v (P, @) (D12)
In order to determine z//%l( p,q) we impose the relativity
principle as the requirement that the momentum of a
Lorentz transformed one-particle system with a momentum
p @ g should be equal to the composition of the Lorentz

transformed momentum variables of a two-particle system
with momenta (p, ¢). This requirement implies that

Np®q)

. Ap®dq), .
Ko 0i K0
op W (P)+——F5—

U

woi(p®q)= 9 v, (p.q).

(D13)
When one inserts ) (p) of Eq. (D4), and the composition

law of Eq. (C5) derived from the implementation of
locality, one can solve (D13) for y,. The result is

"The correspondence between the expressions for { pH,JOi }
and [P,, N;| guarantees that one will find the same function C.
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who(p.q) = e P/ Myli(q),

i - i Pk
wi(p.q) = e P™y% (q) + =ik (q).

A (D14)

The boost transformation for the two momentum
variables (p,q) [Egs. (D11)~(D12)] is related with the
coproduct of boosts of x-Poincaré in the bicrossproduct
basis [20]

1
A(Nl'):Ni®I+€_PO/A®Ni+—€ijkPj®Mk,

X (D15)

where M, are the rotation generators. From Eq. (D15),
one has

P, ® LAN,)| = [P, . N]®1  (DI6)
to be compared with Eq. (D11), and
I ® P,.A(N))] = eP/* @ [P,.N/]
1
+—€iP; @ [Py My, (D17)

A
to be compared with Egs. (D12) and (D14).
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