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ARRANGEMENTS OF HYPERSURFACES AND BESTVINA-BRADY
GROUPS

ENRIQUE ARTAL BARTOLO, JOSE IGNACIO COGOLLUDO-AGUSTIN, AND DANIEL MATEI

ABSTRACT. We show that quasi-projective Bestvina-Brady groups are fundamental groups of
complements to hyperplane arrangements. Furthermore we relate other normal subgroups of
right-angled Artin groups to complements to arrangements of hypersurfaces. We thus obtain
examples of hypersurface complements whose fundamental groups satisfy various finiteness prop-

erties.

INTRODUCTION

An important open question in the topology of complex algebraic varieties is J.-P. Serre’s prob-
lem to characterize fundamental groups of smooth algebraic varieties (cf. [31]): Which finitely
presented groups are quasi-projective, i.e. isomorphic to the fundamental group of a smooth
connected quasi-projective variety (the complement of a normal crossing divisor in a smooth,
connected, complex projective variety)? Omne could also consider an analogous question for
quasi-Kahler groups, that is, for fundamental groups of hypersurface complements in a compact
Kahler manifold. On the other hand, one could explore particular versions of Serre’s question
by restricting either the ambient projective variety or the divisor, or both. For example: Which
groups can be realized as fundamental groups of hypersurface (in particular hyperplane) arrange-
ment complements in a projective space? or Which finitely presented groups are projective, i.e.
isomorphic to fundamental groups of smooth connected projective varieties?

In this paper we are interested in quasi-projective groups from the point of view of their
finiteness properties. It is well known that such groups are finitely presented, but much less
is known about their higher dimensional finiteness properties. In [34], C.T.C. Wall introduced
general finiteness properties of groups and CW-complexes. A group G is said to be of type F,
if it has an Eilenberg-MacLane complex K(G,1) with finite n-skeleton. Clearly G is finitely
generated if and only if it is F; and finitely presented if and only if it is Fo. An interesting
example of a finitely generated group which is not finitely presented was given by Stallings

2010 Mathematics Subject Classification. 14F35, 20F65, 14F45, 20F36, 55R55, 14N20, 14J70.
Key words and phrases. Bestvina-Brady quasi-projective groups, Artin kernels, hyperplane and toric arrange-

ments, quasifibrations.
Partially supported by MTM2010-21740-C02-02. The third author is also partially supported by grant CNCSIS
PNII-IDEI 1188/2008 and FMI 53/10 (Gobierno de Aragén).
1


https://core.ac.uk/display/289988193?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 E. ARTAL, J.I. COGOLLUDO, AND D. MATEI

in [33]. While Wall’s property F,, has a substantial geometric meaning, it is not easily detectable
by homological algebraic methods.

In [5], Bieri introduced homological counterparts of Wall’s finiteness conditions. A group G
is said to be of type FP,, if the ZG-module Z admits a projective resolution which is finitely
generated in dimensions < n. The condition FP,, is clearly weaker than F,. Note also that G
is of type FP; if and only if it is finitely generated, and that G is of type FPs if it is finitely
presented. But, as shown by Bestvina and Brady [3] FP2 does not imply finite presentation.
Nevertheless, if G is Fg then G is FP,, if and only if it is F,,.

The first example of a group which is finitely presented but not of type FP3 was given by
Stallings in [33]. Afterwards Bieri [4, [5] generalized Stallings’ example to an infinite family. In
a nutshell, let Fy x - -+ x o be the direct product of r 4+ 1 free groups, each of rank 2. Then the
kernel N of the map taking each generator to 1 € Z is F,. but not F,;. Stallings considered
the cases r < 2. In [3], Bestvina and Brady generalized the Bieri-Stallings family by presenting
a systematic way of constructing groups N of type F,, but not of type F,,1. This construction
was further extended in [22] [6], and revisited in [29]. The input is a finite graph I', together with
a character y of its associated right-angled Artin group Ar. The generalized Bestvina-Brady
group N, or Artin kernel, is then defined as the kernel of the homomorphism x : Ap — Z,
see [29]. The Bestvina-Brady groups N of [3] are recovered as Np := N{¥ for the diagonal
character x : Ar — Z sending each generator to 1.

The class of Bestvina-Brady groups Nr which are quasi-projective was determined by Dimca,
Papadima and Suciu in [12] as those corresponding to either trees or special multipartite complete
graphs I', i.e. Ny =, x...xF,, with either r > 2 or n; = 1 for some . In [12], it was proved in
particular that the Stallings-Bieri groups are quasi-projective. It was noticed by Matei and Suciu
in 2004, and pointed out in [27], that the Stallings group may be realized as the fundamental
group of the complement of a complex line arrangement in P?, first considered by Arvola in
unpublished work from 1992, see [30]. In [20] and [I] we reported on our generalization of this
observation. More precisely, we exhibited in [20], for each quasi-projective Bestvina-Brady group
Nr, a complex line arrangement in P2 having Nt as the fundamental group of the complement,
and in [I] higher dimensional hyperplane arrangements realizing just the Stallings-Bieri groups.
In this work we will present the geometric construction that was announced in [20, 1] (see
Theorem for more details).

Theorem 1. Let I' be a graph on v vertices, and suppose Nr is a quasi-projective Bestvina-
Brady group. Then Nr is the fundamental group of the complement of a hyperplane arrangement
Ar in P", for some r < v depending only on T.

Theorem (1| answers negatively [2, Question 2.10] in Bestvina’s problem list. Indeed, the
fundamental group G = Nt of the complement of Ar cannot have a finite K(G,1), as long as
H,11(Nr) has infinite rank. Moreover, as we shall see later in Corollary Ar may be given by
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real equations, and by taking a generic plane section of P” one can realize Nr as the fundamental
group of the complement to a real line arrangement in P2. For another approach to this result
we refer to the work of Cohen, Falk and Randell [§].

Our geometric realization of the quasi-projective Bestvina-Brady group Nt as the fundamental
group of an arrangement complement M, gives more than just the fundamental group of K =
K(Nt,1). In fact M has the homotopy type of the r-skeleton of K.

Theorem 2. Let Ar be a hyperplane arrangement in P" with complement M = Mr such that
Nr = 7m1(M) is a quasi-projective Bestvina-Brady group. Then M has the homotopy type of the
r-skeleton of K(Nr,1). Suppose Nrp is not the direct product of free groups. Then we have that
(1) the homology groups H;(M) and H;(Nt) are isomorphic for i <r.
(2) the homotopy groups m;(M) vanish in the range 1 < i < r.
(3) the homotopy group m.(M) does not vanish, in fact its group of coinvariants m: (M)
under the mi-action is isomorphic to Hy41(Nt).

One could compare this with the results in [I3] where examples are constructed of smooth
projective manifolds M of dimension r > 2 with w1 (M) having the finiteness properties of the
Bestvina-Brady groups, and 7.(M) the next non-vanishing higher homotopy group.

The results in Theorems [T and 2] extend to quasi-projective Artin kernels beyond the Bestvina-
Brady groups. We will show that an Artin kernel fo is quasi-projective if I" is a multipartite
complete graph with Np quasi-projective, and the character x of the Artin group Ar = F,, x
-+ x [Fy,, sends each free factor F,, to a non-zero integer. More precisely, NIZC will be realized
as the fundamental group of an arrangement of hypersurfaces in an r-dimensional weighted
projective space whose weights are given by the images under x of the generators of Ar. In
practice though we will work not in the weighted projective space, but in its associated torus.
Thus all Artin kernel fo realized by our construction turn out to be fundamental groups of
complements to arrangements of hypertori in an ambient algebraic torus. The basic properties
of such toric arrangements are similar to those of hyperplane arrangements, see monographs [10]
and [25].

The description of the quasi-projective Bestvina-Brady groups provided by Theorems [I|and
yields a large class of hyperplane arrangements that exhibit new topological features. More
precisely, the affine arrangements in C"*! induced by the projective arrangements Ar, cannot
be hypersolvable since their groups are not of type F. Thus the techniques described in [26] can
no longer be used to determine the homotopy and homology groups of these arrangement com-
plements. Compare also with the earlier results of [30], obtained using the Lefschetz hyperplane
theorem. This suggests the following open problem.

Problem. Characterize the quasiprojective Artin kernels.

In the following we will explain the motivation and the basic steps for the geometric construc-
tion that will produce quasi-projective Artin kernels. Suppose X is a smooth (quasi)-projective
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variety. Then any finite covering of X is again a (quasi)-projective manifold (see for instance
Griffiths and Harris [15, p. 192] for the projective case and Namba [24] Lemma 2.1.2] for the
general case using the Grauert-Remmert extension theorem of unramified coverings of complex
spaces).

In general, the (quasi)-projectivity property is lost when passing to infinite coverings. Suppose
7m1(X) admits an epimorphism v : m1(X) — Z. Let Y be the regular connected infinite cyclic
covering of X associated with v. We are interested in deciding whether or not Y is a (quasi)-
projective manifold. The first obstruction would be the finite presentability of 71(Y"). We may
wonder what other properties of X or 71 (X) survive after infinite cyclic coverings. For example
the K (m,1) property for X, or other finiteness properties of m1(X) such as F,,, F, or FP,,.

In this context, the general problem that motivates our construction is the following:

Problem. Identify (quasi)-projective manifolds X admitting infinite cyclic coverings which have
the homotopy of a (quasi)-projective manifold. Alternatively, identify quasi-projective groups
G having normal subgroups N, such that G/N = Z, which are again quasi-projective.

A very natural idea is to start with a polynomial mapping f : C* — C, and analyze the
restriction f: X — C*, where X = C" \ V(f). The bifurcation set A = Ay of f is the minimal
set to be removed so that f : X \ f~1(A) — C*\ A is a locally trivial fibration. Then A contains
C = Cf the set of critical values of f (in general only as a proper subset).

Now suppose that f has finitely many singular points, and it behaves like a proper map, in
particular the critical set is the bifurcation set of f. If n > 3, then one can obtain, by standard
arguments, an exact sequence of groups

1> m(F,) »m(X)—=2Z—1,

for any fiber F, = f~1(a),a € C* of f, whether smooth or singular, see [12, B32].

In the present paper a different approach will be presented. Suppose f and g are two polyno-
mial mappings C" — C, and consider the restrictions fi; : T'— C*, where T'= C" \ V(f), and
fix : X = C*, where X =T\ V(g).

If fir : T — C* is a trivial fiber bundle, and V' (g) is transverse (in the stratified sense) to the
fibers f|}1(a) with a € C*\ A, then fix, : Xp = C*\ A, X; := X \ f71(A), is again a fiber
bundle (A is the bifurcation set of f: X — C*).

Let ¥ be the union of the strata in V(g) which are not transverse to f~(A), and denote its
dimension by s := dim X. Then, using Dold-Thom fibration theory one can see that the map
f : X — C* behaves like a fibration up to dimension n —s—1 (details will be given in Section .

Now suppose X is aspherical and s = 0. It follows that all the fibers F, = f~!(a) share the
same homotopy type up to dimension (n — 2), in particular, if n > 4, the same fundamental
group. Furthermore, if the monodromy of f : X — C* about the points in A is trivial, we then
have an exact sequence 1 — 71 (F) — m(X) — Z — 1. We will show that indeed that is the
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case for the constructions of interest to us, by analyzing the homotopy short exact sequence
1= m(F) = m(Xa) =7 (C*\A) = 1.

The paper is organized as follows: in the first two sections the main objects are introduced.
More specifically the group theoretical objects, such as Artin groups, Artin kernels, and their
presentations, are described in Section I} The geometrical objects such as hyperplane and toric
arrangements are described in Section [2| together with their homological properties. The main
results extending Theorems [I] and [2] are stated in Section [3| and their proofs will be shown in
the following two sections. Section [4] describes the arrangements realizing the quasi-projective
groups of Section[I] Finally, the homotopy and homology properties of these groups are discussed
in Section [f] in terms of the arrangements using quasifibration theory.

1. ARTIN KERNELS

Let I be a finite simplicial graph, i.e., T := (Vp, Er), where VT is a finite set, say {0,1,..., s},
and Epr C {A C Vr | #A = 2}; let Lp be the flag simplicial complex generated by I', where
J :={j1,...,Jk} is a simplex of Lr if and only if the complete graph on the vertices J is a
subgraph of I'. The right-angled Artin group Ar associated with I' is the group with generators
o1,...,0s and relations 0,05 = 0;0;, one for each edge {i,j} € Er of I.

The Eilenberg-MacLane space K(Ar,1) has two remarkable incarnations as toric spaces.
First, consider the real (s + 1)-torus T' = (SI)SJr1 with its standard CW-complex structure,
where k-cells are in bijection with k-subsets of {0,1,...,s}. From a simplicial complex L = Ly
one constructs the subcomplex T, of T', by retaining only the cells corresponding to the simplices
of L. It is well known that 77, is a K(Ar, 1)-space [7]. In the language of [I1], 77, is the moment-
angle complexr Zp(S'), obtained by gluing subtori of T according to the simplicial structure of
L. A similar gluing process, but using the complex (s + 1)-torus T5T1 = (C*)*™! and complex
subtori accordingly, produces Z(C*), which we denote by Ty.

The properties of the construction Zz,, see [I1], ensure that T, and Ty, have the same homotopy
type. It also follows that T4y = 11 X Ths, and respectively Tr.n = Tr X Tays, where L x M is
the join of L and M.

Example 1.1. Let us consider two standard examples of graphs on s+ 1 vertices, namely, Ks i1
the complete graph, and K, the graph with no edges. The flag complexes are respectively
an s-dimensional simplex and K, itself. As for the associated right-angled Artin groups,
Ak,,, = 2T and Ag,., = Fgi1, the free group of rank s + 1. The toric complexes are
Tg,y, =T ~T =Tk, and Tg,, = \VETESt ~ ST = Tg,., respectively. Note that
\/5Jrl C* has the homotopy type of C punctured s + 1 times. We denote by C;,; an (s + 1)-
punctured C. Thus we have Tg >~ C{ ;.

Example 1.2. Let n := (ng,...,n,) be an (r + 1)-tuple of positive integers, n; > 1. Denote
by Kg the multipartite graph defined by the join K, * --- * K, . The associated flag complex
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L = Lg_ has the homotopy type of a wedge of m := [[;_j(n; — 1) spheres \/" S". The Artin
group Ag,_ is the product Fp, x - -+ x Fy, of free groups, and Ty ~ Cj,/ x --- x C], .

We will consider here a class of subgroups of the Artin group Ar, generalizing the Bestvina-
Brady groups of [3]. An Artin kernel is nothing but the kernel of an epimorphism y : Ar — Z,
see [29]. More precisely, given an epimorphism y : Ap — Z such that x(o;) € Z, we denote its
kernel by NyX.

Theorem 1.3 ([3, 22, [6, 29]). The Artin kernel N{¥ is finitely presented if and only if LY is
simply-connected. Moreover, N{\ is of type F, (respectively FP,) if and only if the flag complex
L is (r — 1)-connected (respectively (r — 1)-acyclic). In addition, N{¥ is of type FP, if and only
if dimg H<, (N, K) < oo, for any field K.

In this paper we will always assume that all x(o;) are non-zero. This implies that L in
Theorem is the usual flag complex Ly on I'. The particular case where x is the epimorphism
X : Ar — Z defined by x(o;) := 1, the kernel Np := kery is known as the Bestvina-Brady
group associated with I'. As noted, it is finitely presented if and only if L is simply-connected.
In that case, Npr admits a commutator-relators presentation, see [28]. As a consequence, one
immediately obtains that b;(Np) = [Vr| — 1 and be(Ny) = |Ep| — |Vr| + 1.

The Artin kernels that interest us most here are those associated with the multipartite graph
Kg. For this special case, we introduce now some notation. After a suitable labeling, we denote
the set of vertices of Kz by ._o{(k,i) | 1 < i < ny} where (k,7) is a vertex of K,,. The
corresponding generators of Ag_ are denoted by oy ;.

Let d := (do,...,d;) € Z" and consider the character xq : Ag, — Z defined by xa(o%,;) := dp-

Corollary 1.4. The Artin kernel N3 = NI)—?{ is of type F,., but not FP,1q, if all n; > 1.

Proof. Since Lg_ ~ \/™S" is (r — 1)-connected, but H,(Lg_) # 0, it follows from Theorem [1.3
that Nr—‘lj is of type F;., but not FP, 4, if all n; > 1. O

Note that, as soon as r > 2, the Artin kernel Ng is finitely presented and thus the F,, and
FP;, properties are equivalent. For N = Ng_ one obtains:

r r
bl(N):Zni*]_, bQ(N): Z nmjoniJrl.
=0 0<i<j<r i=0

Recall the definition of the Poincaré series as the generating function of the Betti numbers,
that is, Pg(t) := >3, bi(G)t*. From the results of [29] it follows that the truncated Poincaré
polynomials of Ar and Nt are related as

Pa.(t) = (1 +1)Py.(t) mod t"T,
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It is easily seen that the r-th truncation of the Poincaré polynomial of A = Ag,_ is given by

T

Pty = [J(1 4+ nit) mod 7+,
i=0
This gives the Betti numbers by of N = Nj_, in the range 0 < k <
k

b(N) =D (=7 Y niy.n,
0

p= 0<ip<-<ip<r

1.5. Finite presentations of Nr. Assume I' is a finite simplicial graph with s 4+ 1 vertices.
As a general fact, an infinite presentation for Np can be obtained by the Reidemeister-Schreier

algorithm. A set of generators can be taken to be
Qjom 1= O'Sna'io'o_m_l,o <i1<s,mé€Z.

In order to simplify the notations, we will also consider ag,, := 1. Then a complete set of
relators is given by:

AjmQjm+1 = Of:mOim-1, {Zaj} € Er, melZ.

Suppose now that I' = Ky where 2 < ng < --- < n,. If » > 2 then the flag complex L is
simply-connected and Bestvina-Brady work ensures that the countable presentation above can
be reduced to a finite one; for » = 1 the group will be finitely generated. In the following we
approach this question in a more direct way.

The generators of Ar are denoted by oy ;, for 1 < ¢ < nj and 0 < k& < r. An infinite set of
generators of N is given by

Qs 1= ag?lamaa’f‘*l, 0<k<r, mez,
with the trivial relations o 1.m, = 1, Vm € Z. An additional set of complete relators is given by:
(L) okimOejime1 = Qe jimOkims1, O0<k<f<r, 1<i<n, 1<j<n, meZ.

We consider three different cases separately. If » = 0 then no relation exists and Nt is a free
group in o :m, where 2 < i < ng and m € Z. As expected, this group is not finitely generated.

For r = 1, the relations for (k,7) = (0, 1) allow to conclude that o j.,, does not depend
on m. The relations for £ =1 imply that

al’.. . .
(12) Q0,i;m = 01072’;6’(), 2<i< ng, ME¢E Z7 1< J < nj.

Using j = 1 in (1.2) allows one to show that the group is generated by v i:0, a1,5;0 for 2 < i < ng
and 1 < j < ny; for simplicity, we drop the index 0. The remaining relations in (|1.2)) are
rewritten as:

(1.3) [aoji,a’fjaim =1, 2<i<ng, 2<j<n;, mecZ.

This infinite set of relators cannot be reduced.
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For » > 2 we proceed as above; the set

.
(1.4) {@0,i0}25, U U {ak 0}k,
k=1

is a generator system for Nr; as before, we will drop the subindex 0.
To the relations (1.3) we add the relations (|1.1)) for 1 < k < ¢:

(1.5) ki, a0l =1, 1<k<t<r, 1<i<n,, 1<j<ny,

We add now the relations for k =0 and ¢ > 2 and we obtain:

(1.6) [ao,i,azljaﬁn] =1, 2</¢<r, 2<i<ng, 1<j53<ny,, meZ

For ¢ > 2, one has oj;a; 1" = (ozg’jal_j)m and hence and are consequences of

(1.7) [a07i,ak,jaiﬂ =1, 1<i<ng, (k=1, 2<j<my)and 2<k<r, 1<j<mnyg).

A finite presentation of Ny is given by

(@@ )

1.6. Finite presentations of NX. We now consider presentations for NX = N4, where r > 2
and ng,...,n, > 2. Fix ay € Z so that >, _,ard, = 1 and define 7 := [[;_, Uz,kﬁ note that
x(7) = 1. Since oy1,01 commute whenever k # £, note that 7 := [[;_, afo’“, m € Z. We
can add 7 to the generators of Az, adding the following relations (some of them are redundant
but useful):

(1.8) T= HUZ;“I, [T,061) =1, k=0,...,r
k=0

Applying the Reidemeister-Schreier method, a set of generators of NX is given by
Ok ism, 1= Tmak,ﬂ_m_dk, 0<k<r,1<i<ng meZ.

The commutativity relations in (|1.8) imply that 1., does not depend on m and hence we
denote them by (k. The remaining relation in (|1.8]) gives the following one for NX:

(19) T]oe =1
k=0

The relations [0y 4,00 ;] = 1, k # € give the following ones in the kernel NX

(1.10) Ok ism O jim+d, = Ol jm Ok ism+dys if k # L.
Ifi =45 =1, (1.10)) simplifies as:
(1.11) [Br, Be) = 1,k # L.

If i =1 < j, (1.10) simplifies as:
(1.12) O jomtd, = By L jmbBr, YmE€Z, k€ {0,....r}, £#£k, jE€{2,...,ng}.
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Let us denote ey := ged{dy, | k # £} and choose integers aj ¢, aj , := 0, such that

T
er = Z ag edy.
k=0

Clearly, using relations (1.12)), we can reduce the infinite set of generators {ay .., | m € Z, k €
{0,...,7},1 < i < ng} to the finite subset

(1.13) (Bel1<k<rtU{onp|0<p<en 0<k<r 1<j<ml
Let us denote v := [[}_o B."". Then, we obtain:

(1.14) Qpjimte, = ’y[lag’j;mw, VmeZ, Le{l,....r}, j€{2,...,n4}.
Denote fi ¢ := i—’;, k # £. Combining —, we obtain:

(1.15)  [oejm ™ B =1 ke{0,....r}, L£k, je{2...,n}, me{0,... e —1}.

Consider now the relations (1.10|) for 7,5 > 1:

(1.16) OismBr L jimBe = o jim By kiomBes if K # L.

Given k # {, fix m # k, £ such that d,, is minimal; this is possible since r > 2. Then it is enough
to consider relations (1.16]) for m € {0,...,d,, — 1}.

The presentation of NX admits ((1.13) as a system of generators and (1.9), (1.11), (1.15)),
and (1.16) as a system of relators.

Example 1.7. If dyg = 1, we can choose 7 = 0¢ 1, i.e. a9 =1 and a = 0if kK > 0. We get Sy =1,
er = 1if £ > 0, and hence v, = 1 if £ > 0. Then NX is generated by ay, ;. = agflak,ia&?l_d’“,

for
{(0,;m) |1 <i<mng, 0<m<eg} U{(k,3;0) |0<k<r 1<i<ng}.

Let us denote fi;m = aogm and vg; = a0 (kK > 0). Note also that if & # ¢ and both are

different from 0 then, we can choose m = 1. The relations are:

[Vk‘,la Vf,l] — 17 0< k < f,
dj
[4i.m>7%6° Vi 1)

1, 1<i<ng, 0<m<ey, 0<k<r,
[VM,V&J-]:I, 0<kl<r k#/L 1<i<ng 1<j<ny,

[/J,j7m,l/k7il/k_j]:1 O0<k<r 1<i<ng l<j<mng 0<m<dy,

a1
where (1 mye, =Y HjimY0-
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2. HYPERSURFACE ARRANGEMENTS AND THEIR COMPLEMENTS

In this section we introduce the arrangements of hypersurfaces that will be needed in the
sequel. We will consider two classes: hyperplane arrangements and toric arrangements. In each
case, we will explain how the homology of complements to such arrangements may be computed
in terms of their combinatorics. We will end with computations of the Poincaré polynomial for
the arrangements that we will later relate with Artin kernels.

2.1. Hyperplane arrangements.

An arrangement of hyperplanes is a collection A of hyperplanes in a projective, or affine
space. An arrangement A in P” may be viewed as a central arrangement in C™+1. If M is the
complement of A in P", and M’ the complement in C"*!, we have that M’ is homeomorphic to
M x C*. Tt follows that P(M',t) = (1 +t)P(M,t), and m1(M') = w1 (M) x Z.

The Poincaré polynomial of a complement to a hyperplane arrangement A is completely
determined by its intersection poset L(.A), which consists of all non-empty intersections among
hyperplanes in A ordered by reversed inclusion and ranked by codimension.

More precisely, if A is an affine hyperplane arrangement, the characteristic polynomial of the
intersection poset L(A) is defined by

XA, q) = > p(9)gt™,
SeL(A)

where p : L(A) — Z is the Mébius function of the ranked poset L(A), see [25].

Proposition 2.1. Let A be a hyperplane arrangement in C'T with complement M. We then
have

P(M,t) = t"x (A, —t71).

The best understood arrangements are those of supersolvable type, see [25]. The complement
M of such an arrangement seats at the top of a tower of linear fiber bundles with fiber a
punctured complex plane. In particular M is a K(G,1) space for G := m1(M). A more general
class, comprising both supersolvable and generic arrangements, is that of the hypersolvable
arrangements, see [19]. The group G of a hypersolvable arrangement A4 is still of type F, as it
is also a group of supersolvable arrangement A to which A deforms.

A class of arrangements that contains both hypersolvable and non-hypersolvable examples is
that of graphic arrangements. We refer to [26} 27] for the details of the discussion. One associates
to a graph G = (V,€) on a set of vertices V := {0,...,r}, the arrangement Ag in C"*! of all
hyperplanes H; j = {w; = w;} for {i,j} € £ an edge of G. Any Ag is a sub-arrangement of the
braid arrangement, which corresponds to the complete graph K, 1. Denote by ¢, the number of
complete subgraphs K11 of G. Thus ¢; is the number of edges and c3 is the number of triangles

of G.
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An arrangement Ag is supersolvable if and only if G is a chordal graph (i.e. every circuit of
length > 4 in G has a chord). For example, an arrangement Ag with ¢ = 0 is hypersolvable.
Suppose G contains no complete graph K4 as a subgraph, that is ¢3 = 0. A sufficient condition
for such an arrangement Ag to be non-hypersolvable is that 0 < ¢; < 2¢s.

Example 2.2. Let G = W, be the (wheel) graph on r+1 vertices obtained by coning an r-cycle,
hence Ay, is defined, after the linear change of coordinates zgp = wo, 2; = w; — wp,1 <7 <1 by

21..oz0(21— 22) o (Zrm1 — 20) (2r — 21)-

Then ¢y = 2r, ¢ = r, and ¢z = 0, if r > 3. Thus ¢; = 2¢g, and so Ay, is decomposable and
non-hypersolvable. We shall see that the group of the arrangement Ay, is not of type F,.

2.2. Toric arrangements.

Let v be a character of the torus T"*! = (C*)™*! and a € C*. The pair (v,a) defines a
translated 1-codimensional subtorus H,, = {x € T""! | v(x) = a}. Note that if v(x) =
xgo ... 2% then H, , has d := ged(dy, . .. ,d,) connected components.

A finite set A of such hypertori in T"*! is called a toric arrangement. Much of the combina-
torial and topological theory of such arrangements parallels that of hyperplane arrangements,
see [10]. The de Rham cohomology ring of the complement was determined in [9]. Moreover,
under certain conditions the de Rham algebra is formal and generated by logarithmic 1-forms.

Furthermore, the Poincaré polynomial of the complement M = T" ™1\ V(A) essentially coin-
cides with the characteristic polynomial of the intersection poset L(.A) of A, as shown in [23].

Proposition 2.3. Let A be a toric arrangement in a (r + 1)-torus with complement M. We
then have

P(M,t) = (—t)" "y (A, —t71 —1).

Here L(A) consists of all connected components of all non-empty intersections among hy-
pertori in A ordered by reversed inclusion and ranked by codimension. As before, x(A,q) :=

> seria #(S)at™ .

Remark 2.4. Let 7 be a toric arrangement in T"*! which is obtained by the restriction a
hyperplane arrangement H in C"*! defined by equations of the form z; — az; = 0, with a € C*.

Then the complement of 7 in T"*! may be seen as the complement in C" ! to the hyperplane
arrangement A obtained by adding the coordinate hyperplanes to H. The equality of Poincaré
polynomials gives the following relation between characteristic polynomials

X(A q) = (1) X(T,q—1).

Remark 2.5. Note that the formula of Proposition [2.3]can be as well applied to an arrangement
of subtori in an r-torus T, , C T"*! defined as T, , = {v(z) = a} for some a € C* and some
character v of T"*! with ged{dp,...,d.} = 1.
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2.3. General position toric arrangements.

We focus now on a particular class of toric arrangements, which consists of general position
toric arrangements and some mild deformations of them. Our goal is to compute the Poincaré
polynomials of such arrangements.

We start by analyzing an example illustrating all the features of the general case.

Example 2.6. Let A, = {Hoq, Hi,...,H,} be the toric arrangement in T" defined by the
hypertori Hy = Hpq = {x1 ... -z, = a} and H; = {a; =1}, 1 < i <r, for some a € C*.

Note that the hypertori in A, intersect in general position, except maybe if we consider the
intersection of all »+ 1 of them. Indeed, if H; denotes the intersection N;crH;, and [ is a proper
subset of {0,...,r}, then Hy is a connected torus of codimension |I|. Now ();_, H; is either
empty if a # 1, or the point (1,...,1) € T. It follows that the intersection poset L(.A,) is either
the truncation of the lattice of subsets of {0,...,r + 1} (maximal element removed), if a # 1,
or the obvious collapsing of this truncation for a = 1. More precisely, the poset L(Aq+1) differs
from L(A;) only in the maximal elements: there are r + 1 of them, if a # 1, each with Mdbius
function g = (—1)", respectively only one, if a = 1, with = (—1)"r.

The calculation of the characteristic polynomial of A, is then immediate:

g = [Tt fat1
as -
Shoo(—DE(EN R = (~1) T ifa=1

After evaluating at ¢ = _%7 we obtain the Poincaré polynomials
s 1 r+1 _ tr—l—l
(2 + t)—i— 1 ifa #1,

2t+1)" —¢"

20+1)———— ifa=1.
oy EEDZE

Note that the complements M (A,x1) differ from M(A;) only in their top Betti number b,,
as P(M(A,),t) — P(M(A1),t) =t". In fact the complements M (A,) are all homeomorphic if
a # 1, and, as we shall see later, they share their (r — 1)-skeleton, up to homotopy, with M (.A;).

We now treat the general case. We work in T"*! and fix a character v such that v(x) =

gdo .. x% with ged(dy,...,d,) = 1. Consider the connected r-torus T, = {v(z) = a} in
Tt! for a € C*. Let n := (no,n1,...,n,) and m; := n; — 1 as before. We want to compute

the Poincaré polynomial of the complement in T, , of the arrangement A} , () consisting of the
hypertori H} = {z; = a;;}, 0 <i <7, 1 <j < m;. As we shall see, A} ,(c) depends on the
data a := (a; ;). Denote by A := {v(agjy,...,05.) | 1 < ji <m;, 0<i<r}
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Proposition 2.7. Let M, := M (A} ,()) be the complement of A (o) in T, q. Supposea & A.
Then the Poincaré polynomial of the complement is equal to

P(M,,t) = Ztk +1)" Z dymy.
IC[r],|I|=k
In particular, the i-th Betti number of M, is
. l
bi(M,) = ZA <T N Z> > dpmi.
l=r—i [I|=r—1
Furthermore, if X\ € A then P(My,t) # P(Mg,t). More precisely, we have
bi(M,) = bi(M)y) Vi < r, and b.(M,) > by (M)).

Proof. We compute the characteristic polynomial x(A, g) of the toric arrangement A = A7 ().
We claim that the hypertori HZJ intersect in general position, except maybe if we consider
intersections of r + 1 of them.

First note that HZJ " and HZJ " never intersect if 3" # 3”. Then denote by H} the intersection

H} =T, o0 () H, for I C[r], je[[lmil,

il el
where [r] := {0,...,r}. If |I| < r, then it can be easily seen that H{ is non-empty and of
codimension r — |I], and it consists of d;j connected components. Indeed, if I = {i1,... i},
j=(j1,...,jk) then H} has dj connected components
k
di _
[Tt = o [T s, = 01 <

il p=1

Ifa & A, then Hfﬂ is empty for all j, and so it does not appear in L(.A). Moreover, the M&bius
function is readily computed as ,u(H}) = (=D)L

Now if we fix k = [I| then clearly there are }; ,_, m; intersections H}, and all these
are mutually disjoint. Summing up the Mobius function contributions for all the connected

r—k

components of H} gives the coefficient of ¢ in the characteristic polynomial x (A, ¢), and we

obtain:
.

XA q) =Y (=D > dpmy

k=0 ICIr] =k
Which, after the substitution ¢ = —¢~! — 1, gives the Poincaré polynomial of the M,.
The formula for the Betti numbers follows after a routine rearrangement of the sum. More

precisely, if

X(@) = > (=D, xg ", th and P(t) = (—t)"x(~t"' — 1)



14 E. ARTAL, J.I. COGOLLUDO, AND D. MATEI

then b; = >/, (rl_l) c;. Note that b, = >, ¢; and that b; does not depend on ¢g if i < r.
Consider now the case A € A. It is readily seen that positive dimensional intersections H }]

have the same description as in the generic case. Thus the coefficient of ¢"~*

in x(A, q) will stay
the same if £ < r. The only difference may appear in the free term. To that coefficient only H}
with |I] equals 7 or r + 1 may contribute.

Let us start with the case |I| = r; let p € [r]\ I. We distinguish two types for the intersections

H} In the first type there exists j, € {1,...,mp} such that X\ = v(agjy,..., 0 .). In the

second type, Vj, € {1,...,m;,} we have A # v(aojy, - .-, ;). Then, we have
. {g;dp = adp, Ts = Qs j.,S F p} in the first type
H‘} = p D.Jp’ S EVER) ’
{xgp =alls, a;?;‘, Ts = Qg j,,5 F p} in the second one.

Both types consist of d;, distinct points. The conditions on the value of v immediately imply
that intersections of the first and second type are disjoint. Moreover two different intersections
of the second type are disjoint. Finally if in the second type we choose j’ such that j; = j; if
and only if ¢ # p, then Hf;] is empty. It remains to consider what happens with the intersection
of two pairs of the first type.

We fix notations. Let H}, H}l, be two intersections of the first type (|I| = |I'| =r, p € [r] \ I,
p" € [r]\I'). Let jp,jp be such that v(aojy,..., ;) = A = v(agg,---,oj) Then H} and

H}l, will intersect if and only if either

A | dp _ _dp
P=D,s = s fOI’S;’ép, and apJp _apyj{j’
or
;o / dp _ dp dpy_ dy
p#F P, s =Jslor s#pp, and o =l 00, = Oy,

We add an additional hypothesis: for any p € [r] and 1 < j, < j,, then
dp dp
(2.1) ap7jp # apzjll)‘

Under this hypothesis H} and H}l, are disjoint.

Now we consider the case |I| =7+ 1, i.e. I = [r]. Let j such that Hfﬂ # (), i.e. it consists of
a single point {zs = a,j,,0 < s <r}. For any p € [r], this point lies also in H;i;p (where jP is the
r-tuple obtained by forgetting j,. Note also that the other (d, — 1) points in Hljjp only belong
to this set. Hence, for the point in Hfr] # () it follows that u = (—1)" while for the other points,
we have p =r(—1)".

Now if we sum up the contributions of all connected components of zero-dimensional inter-
sections, grouping them into the two types, we obtain a free term contribution with sign (—1)"
and whose absolute value is at most ZPE[O’T] dpymgp, the free term in the generic case. Indeed,
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the free term writes as (—1)" times

T

SAD @ -D+r |+ D D dy| =D dymp— #{J type 1}.

J type 1 \ p=0 K type 2 \ p=0 p=0

Finally, in case condition (2.1)) is not satisfied, then the free term clearly drops even more in
absolute value. O

Let us fix n := (ng,n1,...,n,). We denote m; := n; — 1. For 0 < ¢ < r, fix arbitrary sets
of m; non-zero complex numbers {a;;}7",. Let us denote H] = {z; = a;;}, if i > 0, and
H} o = {v(z) = aaa}}, for some a € C*. Fix a € C* and denote Hé := HJ .. We will consider

the following toric arrangement A}, := Jp_o{ H, ,jg};n:’“l

3. MAIN THEOREMS

In this section we collect the main results of the paper. The proofs will be given in the last
two sections. The quasi-projective Bestvina-Brady groups were determined in [12].

Theorem 3.1 ([12]). Let T be a finite graph. Suppose the Bestvina-Brady group Np associated
to I' is quasi-projective. Then I' is either a tree, or a complete multipartite graph K. .. n,, with
either somen; =1 or all n; > 2 and r > 2.

We shall make this statement more precise, by showing that all quasi-projective groups Nr
are in fact fundamental groups of hyperplane arrangement complements in P".

Theorem 3.2. Any quasi-projective Bestvina-Brady group Nr is a hyperplane arrangement

group for an arrangement in P".

In the first case, N is simply a free group of rank v — 1 (v is the number of vertices of the
tree) , which is known to be the fundamental group of the complement in P* of v points.

The second case will interest us most. Let I' = Ky, with n := (ng,...,n,). The first part is
again easy. Assume n; = 1 for 0 < ¢ < s and n; > 1 for s < ¢ < r. Then it is readily seen that
Nk, =7Z° xF
of a hyperplane arrangement in C" = P" \ {29 = 0} with equation

neyr X -+ X IFp . This group is clearly the fundamental group of the complement

zi=a;, 1<i<s, zi=q;5, s+1<i<r, 1<j<n;

for generic choices of a;, a; ;. Taking a generic plane section it can be seen as the fundamental
group of the complement of a line arrangement: Consider r» — s distinct directions in C? and
take n; lines parallel to the s + i*" direction, and s other lines in general position.

So only the case Nk, with all n; > 2 and r > 2, is left. We will show in the next section
that N, is the fundamental group of the complement in P” to the hyperplane arrangement A%
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defined by the polynomial

no—1 r—1n;—1 np—1
20 ... 2 H (azo — v j21) - H H (zi — @ jzit1) | - H (zr — 0y j20),
j=1 i=1 j=1 j=1

A generic plane section provides a line arrangement with a precise combinatorics.

Corollary 3.3. The group Nk, can be realized as m1(P?\ Ay), where Ay, is a line arrangement
in P? consisting of (no+1)-...-(n, + 1) lines, formed by r lines in general position cutting out
a polygon with r + 1 sides which have at verter i another n; — 1 lines that intersect transversally

among themselves.

IfI' = K,,,... n, then the right-angled Artin group Ar is the product of free groups [F,, x - - - X
F,,.. Using the same arguments, one can extend this result to other subgroups of Ar, namely
to the generalized Bestvina-Brady group N, where n = (ng,...,n,), and d = (dy, ..., d,) with
ged(d;) = 1.

Theorem 3.4. Any generalized Bestvina-Brady group N2 is the fundamental group of the com-
plement to an algebraic hypersurface in the weighted projective space P"(d).

In fact, it is more convenient to view this complement space as obtained from an algebraic r-
torus by removing > . (n;—1) hypertori. More precisely, we will consider the toric arrangement
A (a) from Section In certain cases, as we shall see later, it is still possible to realize
this toric arrangement complement as a hypersurface complement in P", but in general this
hypersurface is not the union of hyperplanes. Now recall that a K(m, 1) space for NI‘Ii may be
chosen to be the infinite cyclic cover ']I"f; of the product Tk, of tori. Then, by putting together
the geometric realizability of N from Section 4 and its higher dimensional consequences from
Section [f] we obtain the following.

Theorem 3.5. Let M = M(.Aﬂﬂ(oz)) be the toric arrangement complement, where r > 2,
n; > 1, and a € A. Then we have the following
(1) the r-skeleton of T}‘; has the homotopy type of M.
(2) the Artin kernel NS is isomorphic to m (M).
(3) the homotopy groups m;(M) vanish in the range 1 < i < r.
(4) the homology groups H;(M) and H;(N9) are isomorphic for i <r.
4. A GEOMETRIC CONSTRUCTION

Suppose T™ ™1\ D is a hypersurface complement in a complex torus of dimension r + 1. If
f: T\ D — C* is a polynomial function then let Ay C C* be the bifurcation set of f, that is
the smallest set A such that f is a locally trivial fibration over the complement of A.

In this section we will determine the bifurcation set Ay for certain monomial maps defined on
T7+1\ D for which D is a union of hypertori of T"*!, that is a toric arrangement complement.
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More precisely, given (r + 1)-tuples n := (n;);_, and d := (d;)]_, of positive integers, with
gedd =1, let p := pd denote the multiplication map:

do

p: T — C*, p(xo, ..., 2Tp) == xp et

U
Now, let f := fd: X — C* denote the restriction of p to the complement X := T"*+!\ D of
the hypersurface D := U(i,j)eB D; ; in the torus T+, where D;j:={z; = a;;}, o;; € C* and
B :={(i,j) | 1 <j <mn;0 <i < r}. Note that X is homeomorphic to Cy  x --- x C;, | the
toric complex Tk, associated to the complete multipartite graph K,; the analytic structure of
X depend on the sets of n; — 1 points removed from each C* factor. In fact, f = f< also depends
on them, but they are omitted for notational simplicity.

Lemma 4.1. The map f = f9: X — C* induces the group homomorphism x := x93 : Ar — Z.

Let a € C*. Then the fiber p~'(a) = {z - ... 2% = a} is a connected hypertorus ambient
isomorphic to the hypertorus {yo = a}, via a monomial automorphism x; — H;:o yf” , deter-
mined by a unimodular integer matrix A = (a;j)o<i j<r. Clearly the map p is a trivial fiber
bundle with fiber a connected torus. Let C := {j = (jo,...,Jr) | 1 < ji <n;,0<i<r}.

Proposition 4.2. The bifurcation set Ay consists of the values {aj := aoj, - ... - Qrj, }jeC-
For generic points {c; ;} the map f has exactly m := (ng — 1) -...- (n, — 1) distinct special

fibers f_l(aj).

Proof. The hypersurface D determines a stratification of the ambient torus T" ! as follows. For
each I C B consider the intersection Dy = ﬂ(i, Jel D; ;; the strata are defined as differences of
these closed sets. Then the top stratum is X itself and the positive codimension strata are the
intersections D away from lower dimensional Dp.

Now f : X — C* is a restriction of p which is a trivial fiber bundle. In order to apply the
Thom Isotopy Lemma, it is enough to compactify X as a subspace of (normalization of)

Z={([xo: -z :y],t) € Pl x C* ] ajgo -...-:Uf" = tydT“}, dryi1 = Zdi,

and extend p to a proper map of Z — C*. Note that p defines a trivial fibration at the strata
at infinity.

In order to make f into a fiber bundle we only have to remove those values a € C* (and their
preimages from X) such that p~—!(a) does not intersect transversally at least one stratum of the
above stratification of T"*!. It is immediate that the fibers p~!(a) intersect D; transversally
away from lower dimensional Djs, unless D are already zero-dimensional. In that case, the
stratum is simply a point which may lie or not on p~!(a). More precisely, Dy is a point if
and only if I = I,y = {(0,70),...,(r,jr)} for (jo,...,jr) € C. Note that I, ;) C
[ Yoy - ... arj,) and hence, Ay is determined.

Finally, if {a; j}(; j)ep are generic, then the values a = aq j, . . .-a. ;. are pairwise distinct. [
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For the sake of simplicity, we will first treat the situation where d; = 1 for all 7. In that case

we just write f = fn and p : "t — C*, p(x) = xo - ... - x,. The fibers p~1(a) = {x € T"! |
xo ...z, =a} of the product map are isomorphic to the r-torus T" under the identifications
a
(4.1) (o, yxp) = (1, xy), (1,00, 2p) (,:L"l,...,x,) .
1 ... Ty
Moreover one can identify T" with P" \ {zy - ...z, = 0}, via

Z2 ’ 20

T T
z z
(4.2) (x1,...,2p) — I:ij:ij:---:xr_lxr::rr , [zoz---:zT]H<1,... r).
=1 =2

Thus, composing the inverse of the identifications (4.1))-(4.2)), we obtain a diffeomorphism from
P'\ {20 ... 2 =0} to p~!(a) provided by

(4.3) [zo:~--:zr]»—>(azo,zl,...,zr>.
zZ1 R2 20

Lemma 4.3. Consider the map f = fn: X — C* as defined above. The fiber F = f~'(a) over
a € C* is homeomorphic to the complement in P" of the hyperplane arrangement A, defined by

the polynomial

no—1 r—1n;—1 ny—1
20 .. Rp H (CLZQ - 0[07]‘2’1) : H H (Zi - ai7jzi+1) . H (ZT - amzo),
j=1 i=1 j=1 j=1
Proof. Under the identification {x € T"*! | zo-... 2, =a} = P"\ {zo-... 2, = 0} described

in (4.3)) the fiber F = f~1(a) = {x €T |20 ... 2, = a,x; # ; j} is sent to
{[Z() A L Zr] e P ’ Z3 7& O, azo 7& QQ,521, i 7é Ol 2541, Zr 7é OATJ‘Z()}. ]

Remark 4.4. Because of Proposition we know m = [[;_(n; — 1) > m/ := #As. Let us
denote

w1 =C Ay E=T[Cr\ Ay,
=0

The restriction f = fn: B — C},  is a locally trivial fibration. For generic values, m = m' as
stated in Proposition For non-generic values of the «; ;’s the bifurcation set could very well
have smaller cardinality than m.

For example the map f = f3 _3: (C*\ {£1})""! — C* will have Ay = {£1}, thus m’ =2 <
271 = m. More generally, one may take the set of {a; j}1<j<n, to consist of the subgroup fin,—1

of roots of unity of order n; — 1 in C*.

We assume from now that m = m/. The exact sequence in homotopy of the fibration f = fy, :

E — C;, ., gives a short exact sequence of groups

(4.4) 1 = m(F) = m((E) = m(Cyq) — L



ARRANGEMENTS OF HYPERSURFACES AND BESTVINA-BRADY GROUPS 19

Identify 7 (C;,, ) with the free group of rank m + 1 written as Z x IF,,,, where Z is generated
by the class t of a meridian around the origin, and F,, is the free group on a; (coming from
meridians around the points in Ay), j € C.

Note that 71 (E) surjects onto the Artin group A = [[;_,F,,, and the epimorphism is in-
duced by the inclusion E — [[i_yC;. ;. The inclusion C*\ Ay < C* induces the obvious
epimorphism Z x F,, — Z. Comparing the short exact sequence of the fiber bundle with the
one defining Bestvina-Brady group, we obtain a commutative diagram whose vertical arrows are
epimorphisms. In fact we have the following.

Lemma 4.5. The arrangement group 71(F) is isomorphic to the Bestvina-Brady group N = Ny,.

Remark 4.6. The particular case f = fo__o: (C*\{1})"t! — C* leads to interesting hyperplane
arrangements. The fiber F' = f~!(a) over a # 1 is homeomorphic to the complement of the
hyperplane arrangement A, in P" defined by zpz1 ... 2zr(azo — 21)(21 — 22) . . . (zr—1 — 2r) (2r — 20)-
The bifurcation set Ay is just A = 1. If r > 2 then it is readily seen that the fundamental group
of the complement to A, does not change even when a = 1. Lemma will imply that Na o is
the group of the graphic arrangement zpz1 ... z(20 — 21)(21 — 22) ... (zp—1 — 2) (20 — 20), T > 2.

Proof of Lemma 1.5 We have the following commutative diagram, where the rows are exact and

the vertical arrows are surjective:

0 —» m(F) = m@FE) — m(C,)=ZxF, — 0

\ \ 3
0O - N —- A = m(C*) =2 — 0

Let us fix j := (jo,...,jr) € C. Let ~; be a lift of aj to 71 (F) that becomes trivial in the Artin
group A. Let G be the subgroup of 71 (£) normally generated by 5, j € C. If we identify 7 (F)
as a subgroup of m;(E), then K := ker(m(F) — N) = GNmi(F). It can be easily checked that
K is normally generated by [g,7;], g € mi(F), j € C. The goal is to prove that K is trivial and
this fact holds if g% = g for all g in 71(F) and j € C.

The crucial observation is that the conjugation by 7; is obtained by means of the monodromy
action of a; on m(F); this is due to the choice of the lift 7; to be trivial in A. In order to
understand the action, we need to understand the behavior of f near the bifurcation value ;.
The only stratum not transversal to f~!(q;) is the stratum I; which consists of a point pj :=
(@0,jo, - - j,). Let Dj be a small closed disk around «;j and let us denote D := Dj \ {o}.
The disk is chosen in order to ensure the following facts:

e There is a small Milnor ball B; C p~!(Dj) for p around pj.

o X;:= ¢ 1(Dj) \ B; fibers trivially over Dj.
We have realized a decomposition f_l(ID)JT‘) =X U B; for X! =XjNE and B; :=B; N E. The
intersections Yj := X5 N Bj YJ* =X j* N IB%J- are arcwise connected.
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Since the statement deals with a conjugation equality, we may choose as F' any non-special
fiber. Let us fix &; € ODj and fix F := f~1(q;); for later use, let us denote F} := f~!(aj), which
is a special fiber. Let us denote M := F ﬂEj, M; == F ﬂIBBJ-, F = FnNX;, FJ = F; N Xj,
F?=MnNF and F = M; N F}.

By the above construction:

ngFXngEiXDj, XJ*gFXD;
and these homeomorphisms restrict to:
V= FOx Dy = FP <Dy, V= F? x Dj;

moreover the pairs (F, Fa) and (FJ, Fja) are isotopic in Xj. We can choose a representative of
75 in Yj*; the above homeomorphism imply that the action of v; by conjugation on m(F) is
trivial. Hence, applying Seifert-van Kampen theorem, it is enough to check that the action of
7; by conjugation on (M) is also trivial.

This is done as follows. Using the Taylor expansion of p around p; we can choose ana-
lytic coordinates ¢ for D (centered at «;) and (yo,...,yr) for B; (centered at p;) such that
P(Yos -+ Yr) = Yo+ + Yr.

Then, M has the homotopy type of the complement of the arrangement of equation z7 - ... -
zr-(z14+ -+ 2 —b)=01in C", for some b € C*. This group is generated by the meridians of
the hyperplanes and it is abelian (since r > 2). Let u be the meridian of one of the hyperplanes;
the element p% is constructed geometrically using the monodromy around a; and it is again
a meridian of the same hyperplane. Since the group is abelian we obtain that pY = pu; since
the group 71 (M) is generated by these meridians we obtain that v; acts trivially on 71 (M) as
required. ]

Proof of Theorem[3.2] Tt is an immediate consequence of Lemmas [4.3] and O

Proof of Corollary[3.3. In order to obtain the arrangement A, in P? we only need to take a
generic 2-dimensional slice of the hyperplane arrangement A, in P". O

We now look at the general case of f = fd, where d; > 1 are integers whose greatest common
divisor is 1. The fibers of the product map p = pd : T+ — C* are still tori isomorphic to T",
but the identification map does not have an explicit form in terms of the d;’s. In fact, the torus
T" naturally lives as P"(d)\ {z0 - - - 2, = 0} inside the weighted projective space P"(d). Therefore
the fibers of f can be identified with complements of hypersurfaces in P"(d).

Remark 4.7. In case one of the d;’s is equal to 1, say dy = 1, we can still realize the fibers of f
as complements of hypersurfaces in P". Indeed, the fiber p~!(a) = {xg‘:cill xde =a) C TTH
is homeomorphic to P \ {zy - ... 2z, = 0} via the mapping: x; = zizilll for 1 <i <r, and

_ - dr_1—d
xo = azdray M i L 1T
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Example 4.8. Consider the map f = féi,.‘.,Q : (C*\ {1})"*! — C* and assume dy = 1. The
bifurcation set is Ay = {1}. The fiber F = f~!(a) is homeomorphic to the complement of the
arrangement of hypersurfaces A, in P” defined by the polynomial

T no—1
ZO oo ZT‘ . H(ZZ — Z’L+1) . H (aZgT . Zflz2dQ_dl . Zgr—drfl).
i=1 j=1

Proof of Theorem [3.4] The proof follows the same ideas as the proof of Theorem We have
seen above that the generic fibers of f are in a natural way hypersurfaces of in some weighted
projective space. The special fibers are obtained as in Proposition they correspond to
some O-dimensional non-zero strata. If we take out the special fibers we obtained a short exact
sequence like . The local behavior around the bad O-dimensional strata are like in the proof
of Lemma [£.5] and the result follows. O

5. FIBRATIONS AND HOMOTOPY GROUPS

We will show here that the map f: X = T"*1\ D — C* considered in the previous section is
in fact like a fibration in codimension 1. Also, in order to investigate the homology of the Artin
kernels NX, we construct geometric approximations of their K (m,1) complexes.

Recall that f: f~1(B) = X5 — C*\ A = B is a fiber bundle. The bifurcation set A consists
of the a € C* for which the fiber F, = f~!(a) is not transverse to all the strata of the divisor D.
Also recall from the proof of Proposition that the union X of those non-transversal strata is
a finite set of points.

5.1. Quasifibrations.
In order to describe the objects and concepts mentioned above we need some definitions. In
what follows we will consider f : X — C surjective maps where C' is path-connected.

Definition 5.1 ([I4]). A map f : X — C is a quasifibration (resp. up to dimension n) if
it induces a weak homotopy equivalence (resp. n-equivalence) f : (X, F.) — (C,c) for all
ce€ C,F. = f~Y(c), that is, if for any 2 € F, the morphism

f* : 7"'Z'(‘Xva FC,$) — Wi(c’ C)

is an isomorphism for all ¢ > 0 (resp. for all i < n and a surjection for i = n). We call a
quasifibration up to dimension n an n-quasifibration for short.

A characterization of n-quasifibrations is the following (cf. [21, [16]): A map f: X — C is an
n-quasifibration if and only if the inclusion F. — H.. of any fiber I, = f~!(c) into the homotopy
theoretic fiber H, is a (weak) homotopy n-equivalence.

As a consequence of this, all the fibers of an n-quasifibration have the same weak homotopy
type up to dimension n.
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5.2. Monomial quasifibrations.

We will show that the monomial maps f : X = T"*!\ D — C* considered in the previous
section have a quasifibration structure. For the rest of the section we assume r > 3 unless
otherwise stated.

Proposition 5.2. The map f : X = T"*'\ D — C* defined by f(x) = xgo cooa s an

T

r-quasiftbration.

Proof. The proof will use the tools for quasifibrations devised in the proof of the Dold-Thom
theorem as outlined in Hatcher [17, Chapter 4, Section 4.K]. The restriction f : X, — C*\A =B
is a fiber bundle, and thus a fibration and a quasifibration. Choose neighborhoods B; of the
points g; in the finite set A so that BUJ ; Bj is a cover of C*. The result will follow from the
gluing theorem in [17, Lemma 4K.3] (see also [16, Theorem 2.3]) as soon as we prove that the
restrictions f : f~1(B;) — B; are r-quasifibrations.

Recall that to each ¢; € A it corresponds a non-transversality point p; in the intersection of
D with the fiber f=1(\) of f: T"*! — C*. Using [17, Corollary 4K.2], it is enough to show the
following local statement: For any g; € A, there exist neighborhoods U; of p; in T+ and Vj of
g; in C* such that f: X; = U; N X — Vj is an r-quasifibration.

Asin Lemma@ in local coordinates centered at p;, respectively g;, we have to consider the
map f : T"*!' — C given by f(2) = dozo + - - - + dyz-. The fibers of this map F. = f~!(c) are
complements to hyperplane arrangements:

F.=C'\{z1...2:(d1z1 + -+ drzr — ) = 0}.

The arrangements involved are in general position as in the work of Hattori [18]. The results
there give that F, has the following homotopy type

(T7)(") if ¢ # 0,

F, ~
(T H0=Dif e =0,

where T* is the real k-dimensional torus, and (7)) is its I-skeleton. That yields 7 (F,) = Z"
and

l<i<r and ¢ # 0

mi(F,.) = 0 if 70,

l1<i<r—1 andc=0.
The long exact sequence of the pair (T"*!, F,.) provides the vanishing and surjection needed to
obtain that the map f : (T"*!, F.) — (C,¢) is an r-equivalence. Hence f : T"*! — C is an
r-quasifibration, and the local statement is proved. ]

Corollary 5.3. Let F be any fiber of the map f : X = T'*1\ D — C*. Then m(F) = 0 for
l<e<r—1.
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Proof. The result follows from the long exact sequence of f which is an r-quasifibration with
aspherical base and total space. ]

Proposition 5.4. Let F be the general fiber of the map f : X = T'*'\ D — C*, r > 2. Then
7TT,1(F) =0.

Proof. Note that f : E — B is a fiber bundle with fiber F' and aspherical base B = C*\ A. Thus
we are done if we show that m,_1(FE) = 0.

Suppose the map f : X = T"*1\ D — C* defined by f(x) = l‘go -...-z% has m special fibers
A ={ai,...,an} (see Proposition , thus £ = X\ U;”Zl{xgo oozt = a4}

Consider now the divisor D = D U Uit i{zrsr — aa;! = 0} in T"*2, for some a € C*.

J — _
It is readily seen that E can be identified with the special fiber F, = f~!(a) of the map

f:X =T1\D — C* given by f(x,7,41) = xgo coooxbray. But w1 (F,) = 0 from
Corollary [5.3 O

Let F be the general fiber of the map f : X = T"*!1\ D — C* defined by f(x) = acgo ol

T
where D = [J;_, U;“:_ll{ml = «;j}. Then X is clearly homotopy equivalent to 7 C 77! the
toric complex associated with the complete graph I' = Ky,. Let T be the infinite cyclic cover
of Tt associated with the epimorphism x : Ar — Z defined by x(o; ;) = d;. The multiplication
map f : Tt — S!, now seen in the real context, is a fibration with fiber TYX. Recall that T} is

an Eilenberg-MacLane space for the Artin kernel N = ker x.

Corollary 5.5. Forr > 2, the general fiber F' is a smooth quasi-projective variety of dimension r
that has the homotopy type of an r-dimensional CW-complex. The r-skeleton of the infinite cyclic
cover T13< has the homotopy type of F. In particular

i (F), fori=r+1,

where T are the coinvariants of m; under the mi-action.

Proof. We know that m1(F) = N{. From Corollary and Proposition we have that
mi(F) =0 for 1 <4 < r. That ensures (7)) = F. O

We obtain that the first non-vanishing homotopy group of the general fiber 7,.(F') is of infinite
rank, as 7 (F) is so.

All the special fibers Fy are smooth r-dimensional quasi-projective varieties sharing the ho-
motopy type of an r-dimensional CW-complex. If > 3, the (r — 1)-skeletons of F and of the
general fiber F' have the same homotopy type.
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Corollary 5.6. The special fiber Fy is a smooth r-dimensional quasi-projective variety. Ifr = 2,
the special fiber Fs is aspherical and m (Fs) is not isomorphic to fo. If r > 3, we have that

=NY, ifi=1,
mi(Fs) { =0, ifl<i<r—1, H(NY)=H(F) fori<r
40 ifi=r—1,
and an exact sequence
(5.1) H,(Fy) — H.(NX) = 7f_{(Fs) — 0.

In other words, ifr > 3, then 7}_,(F5s) is a finitely generated abelian group of rank by (Fs)—b,(F).

Proof. We know that m(Fs) = Ny¥, if » > 3. From Corollary [5.3{ we have that m;(Fs) = 0 for
1 <i<r. That ensures F\' " = pr=1) = (TX)"=1). The exact sequence (5.1) comes from the
long exact sequence in homology obtained from the classifying map Fs — TX = K(NX,1). O
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