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The scattering of a flying photon by a two-level system ultrastrongly coupled to a one-dimensional
photonic waveguide is studied numerically. The photonic medium is modeled as an array of coupled
cavities and the whole system is analyzed beyond the rotating wave approximation using matrix product
states. It is found that the scattering is strongly influenced by the single- and multiphoton dressed bound
states present in the system. In the ultrastrong coupling regime a new channel for inelastic scattering
appears, where an incident photon deposits energy into the qubit, exciting a photon-bound state, and
escaping with a lower frequency. This single-photon nonlinear frequency conversion process can reach up
to 50% efficiency. Other remarkable features in the scattering induced by counterrotating terms are a
blueshift of the reflection resonance and a Fano resonance due to long-lived excited states.
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Introduction.—As light-matter interaction controls an
immense variety of physical processes, its modification
usually leads to new phenomena. One strategy to increase
this interaction is to confine the electromagnetic field in
waveguides and make it interact with few level systems. It
is possible nowadays to reach in this way the situation
where the coherent light-matter coupling predominates
over decoherence processes (the so-called strong-coupling
regime), and to generate, manipulate, and store a single (or
a few) photon. The ability of performing tasks with just one
photon has already been demonstrated [1,2], opening the
path for proposals such as optical transistors [3–5], single-
photon routers [6], one-photon lasers [7], qubit-mediated
entanglement [8], or efficient photodetectors [9].
All these results have been analyzed within the rotating-

wave approximation (RWA) for the photon-dipole inter-
action [10]. The RWA only considers the processes where
light and matter exchange excitations, which is valid when
the couplings are much smaller than the typical photon and
qubit energies. For sufficiently strong couplings, processes
involving spontaneous creation and annihilation of pairs of
excitations are relevant and the RWA picture breaks down
[11]. This regime of ultrastrong coupling opens the door to
new physics [12,13], which is within reach for many
different experimental implementations [14].
From the theoretical viewpoint, within the RWA the

scattering of multiphoton wave packets by qubits is a
complex problem [15–20], but the one-photon scattering is
trivial. Beyond the RWA, computing the scattering of even
one flying photon is difficult as subspaces with different
photon numbers mix in the dynamics. This converts the
problem into a many-body one for which only partial
solutions exist for models that consider linear (unbounded)

dispersion relations and, typically, either in the perturbative
regime (g=ω < 0.2) or in the localization phase (g=ω > 1).
In this Letter we analyze the scattering by one flying

waveguide photon by one qubit for an ample range of
photon-qubit interactions that comprise the strong and
ultrastrong coupling regimes, and take into account the
effect of nonlinearity in the photon dispersion relation. For
that, we use the framework of matrix product states [21–23]
to compute the many-body dynamics. For sufficiently small
couplings, we recover the RWA results where the qubit acts
as a perfect mirror in resonance. However, for stronger
couplings, a richer phenomenology is found: renormaliza-
tion of the resonant frequency, appearance of an asym-
metric Fano resonance, and existence of inelastic Raman
processes.
Model and methods.—The photonic medium is repre-

sented as a chain of L discrete bosonic sites (which can be
considered either as bona fide coupled cavities or as a
discretization of a continuous waveguide) coupled to a
qubit living at site j0 ¼ 0 (see Fig. 1). The Hamiltonian of
the combined system is (ℏ ¼ 1)

FIG. 1 (color online). Left: schematics for the considered
system. Right: dispersion relation of the free photon band
considered in this problem. The discontinuous line represents
a linear dispersion with the same velocity at the qubit frequency
Δ ¼ 1.
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H ¼
X

j

½a†jaj þ Jða†jþ1aj þ H:c:Þ� þ Δσþσ− þ gσxXj0 ;

ð1Þ

where the first two terms represent the photons in the
waveguide, the third one describes the qubit, and the fourth
term is the interaction between a dipole transition and the
local electric field (characterized by a strength g). In
Eq. (1), a†j and aj create and annihilate, respectively, a
photon at position j, Xj0 ≡ a†j0 þ aj0 , and σx and σ� are
Pauli and ladder matrices acting onto the qubit, which has
an excitation energy Δ. The free-photon dispersion relation
depends on both the on-site photon energy (which is taken
as the frequency unit) and the hopping parameter J:
ωk ¼ 1þ 2J cosðkÞ. Throughout the paper we take
J ¼ −1=π and Δ ¼ 1, so that the qubit resonance sits
where the photon band is linear. Importantly, the finite
bandwidth of the dispersion relation implies the existence
of bound states localized in the vicinity of the qubit [24]. As
shown below, these states are essential in some scattering
properties, so continuum models with unbounded photon
dispersion relations may present different physics. Notice
though that realistic waveguides always have at least low-
frequency cutoffs.
The interaction Hamiltonian can be expressed as the sum

of “rotating wave” and “counterrotating” contributions,
HRW

int ¼ gðσþaj0 þ σ−a†j0Þ and HCR
int ¼ gðσþa†j0 þ σ−aj0Þ,

respectively. For g ≪ Δ, HCR
int can be safely neglected,

which greatly simplifies the calculations as HRW
int conserves

the total number of excitations, Nexc. For large enough
couplings (as a rule of thumb when g ≥ 0.1Δ) HCR

int cannot
be neglected and subspaces with different number of
excitations are visited during the dynamics. Nevertheless,
the full Hamiltonian still has parity Π ¼ ð−1ÞNexc as a
conserved quantity.
As mentioned, the presence of counterrotating terms

converts the scattering of even a single photon into a many-
body problem. Hence a brute-force computation of the time
evolution is prohibitive, even for small chain lengths. Our
calculations use the representation of matrix product states
(MPS) to describe the wave function [25,26]. Whenever a
many-body state is slightly entangled, as typically occurs
for 1D systems in the low-energy sector [27], MPS is
optimal. The complexity is not exponential anymore, as it
happens for a random state, but it is polynomial with the
size of the system. This allows the study of the low-energy
physics by means of classical computation. Further details
on both the method, its convergence, and the tests per-
formed can be found in the Supplemental Material [28].
The simulation of the scattering process follows the

following steps: (i) computation of the ground state (GS),
(ii) generation of the input state comprising the GS plus one
incoming photon, (iii) time evolution of the wave function,
and (iv) analysis of the final wave function.

Ground and excited states.—We compute the GS by
imaginary time evolution of a seed state. Within the RWA
the GS is the vacuum (0 photons and 0 qubit excitations).
However, when counterrotating terms are relevant, the GS
is a nontrivial “dressed qubit,” with a photon cloud bound
to the two-level system. Excited bound states can also be
computed by the same method, by proper orthogonalization
with lower lying states. Figure 2 shows the energy of the
ground state and the first bound excited states, as a function
of g. Their spatial profile of number of photons in the cloud
is rendered in the inset of Fig. 2.
For small g, i.e., within the RWA, the index n in En labels

the number of excitations in the state (with GS≡ E0). The
single-photon bound state E1, already predicted in RWA
models [24], does not play a role in the scattering process,
as it lies outside the one-photon band. On the contrary, the
E3 energy lies inside that band, with which it hybridizes.
Thus, strictly speaking, E3 is a leaky bound mode. This
complicates the computation of E3 using MPS; Fig. 2
shows its estimated energy, obtained via numerical diag-
onalization of (1) for a lattice with L ¼ 7 sites.
Scattering simulation.—As the input state, we create on

the GS a one-photon Gaussian wave packet, centered at x0
with spacial width σ, moving towards the qubit with
average momentum kin (and corresponding frequency ωin),

jΨð0Þi ¼ a†ϕjGSi≡
X

x

ϕxa
†
xjGSi; ð2Þ

with ϕx ∝ exp½−ðx − x0Þ2=2σ2 þ ikin�. The time evolution
of this wave gives us jΨðtÞi.
Useful quantities to characterize the scattering are

the average local number of photons hnxðtÞi ¼
hΨðtÞa†xaxjΨðtÞi, its equivalent in Fourier space hnkðtÞi,
and the one photon dynamics over the GS
ϕxðtÞ ¼ hGSjaxjΨðtÞi. From the Fourier transform of the
latter we can extract the transmission amplitude as
tk ¼ ϕkðtfÞ=ϕfree

k ðtfÞ, where tf is a time long enough so

FIG. 2 (color online). Energies of bound states. Dependence
with coupling g of ground state and bound excited state energies.
GS and E2 have even parity, while E1 and E3 have odd parity. The
inset shows the spacial profile of the number of excitations in
each bound state, for g ¼ 0.8.
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that the scattering process has concluded, and ϕfree
k is the

propagation when the dressed qubit and the incoming
photon do not interact. These quantities (together with
the qubit population, which we analyze in the Sup-
plemental Material) suffice for analyzing scattering ampli-
tudes as, in all considered cases, the computed amplitude
for a generation of more than one propagating photon is
negligible.
Figure 3 shows both hnxðtÞi and hnkðtÞi for two

representative cases, corresponding to different kin, and
g ¼ 0.7. For this value of g, at which the RWA is not valid,
the GS comprises a photon cloud around the qubit, as seen
in both hnxðt ¼ 0Þi (at x ≈ 0) and hnkðt ¼ 0Þi (which
presents a finite value around k ¼ 0). As time evolves,
we observe the typical scattering evolution. After a time
span of free propagation (t≲ 100), an interaction period
starts where both reflected and transmitted photon beams
develop. Finally, at larger times (t≳ 300), the scattered
photon propagates freely.
There are always reflected and transmitted elastic beams,

which propagate at the same speed as the incident one.
Remarkably, as shown in the Figs. 3(b) and 3(d), for some
parameters there are also inelastic (Raman) processes
where both reflected and transmitted wave packets propa-
gate with a different speed to the incident one (and thus a
different frequency). Notice also that, in this case, after the
scattering event the photon cloud around the qubit has

changed, being now broader in real space (thus narrowing
momentum space).
Elastic scattering.—Figure 4 renders the transmission

into the elastic channel, as a function of both ωin and g.
The top panel is obtained within the RWA, while the lower
panel is computed using the full Hamiltonian.
For sufficiently small g (g≲ 0.3), the elastic transmission

spectra is, both within the RWA and for the full model,
characterized by a deep transmission minimum, with a
spectral width that increases with g. The main difference is
that, while within the RWA the minimum always occurs at
ωmin ¼ Δ, in the full model the transmission minimum
blueshifts with g. This shift is reminiscent of the frequency
renormalization in the spin-boson model [31,32], which is a
continuum model without band edges. However, the
renormalization group flow predicts a redshift of the
effective frequency of the qubit. Here, the waveguide
presents a natural cutoff at high ω, which prevents a direct
application of the renormalization group. Nevertheless, in
this intermediate regime the counterrotating terms can be
taken into account perturbatively (see Supplemental
Material), leading to an analytical condition for the spectral
position of the transmission minimum, which is rendered in
Fig. 4(b) (white line).
For larger g, (g > 0.3), an asymmetric Fano-like

resonance develops in the elastic transmission spectra.
This feature combines a deep minimum and a strong

FIG. 3 (color online). Time evolution. Evolution of hnxi (upper
panels) and hnki (lower panels) for ωin ¼ 0.70 (left panels) and
ωin ¼ 0.85 (right panels). In both cases, at t ¼ 0 an initial wave
packet is set centered at x0 ¼ −80 and the coupling is g ¼ 0.7.
For ωin ¼ 0.70 the scattering is elastic, while for ωin ¼ 0.85 there
is an inelastic scattering channeling too.

FIG. 4 (color online). Transmission as a function of both
incident photon frequency ωin and g. (a) Transmittance within
the RWA. (b) Elastic transmittance in the full model. The black
line marks the estimated frequency for the Fano resonance while
the white line gives the estimated spectral position for the
transmittance minimum (see text).
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transmission maximum, with a line width that increases
monotonically with g. Fano resonances are the hallmark of
long-lived states entering the scattering dynamics. In this
case, its origin can be traced back to the leaky bound state
E3, as shown by the agreement between the frequency at
which the resonance occurs and the computed energy
difference E3 − EGS (black line in Fig. 2). As commented,
within the RWA, the state E3 contains three excitations and
therefore it is not accessible to the propagation of a single
photon. Counterrotating terms mix the one and three
excitation sectors, opening the way to the appearance of
this novel long-lived transmission resonance.
Notice that for g≳ 0.7 a new regime seems to appear

where the transmission is largely enhanced for a wide
frequency range. This is reminiscent of the decoupling
between light and matter predicted when g≳ 1 in cavity
QED [33]. However, the terms responsible for that decou-
pling, which involve only photon operators at the qubit
position, are not present in our calculation, as they are
expected to play a role only for larger g’s than those
considered here. The analysis of the transmission spectra at
such high g values, in the so-called “deep ultrastrong
regime,” is an interesting problem that is, however, beyond
the aim of this work.
Inelastic scattering: Raman within just one photon.—

Figure 5 renders the transmitted flux at frequencies differ-
ent to the incoming one, as a function of ωin. The Fourier
analysis reveals that the frequency of the output flying
photon is linked to ωin through

EGS þ ωin ¼ E2 þ ωout: ð3Þ
Therefore, this inelastic process corresponds to a Raman
scattering [10,34] that leaves the dressed qubit in an excited
bound state that, if counterrotating terms were not present,
would fully reside in the sector Next ¼ 2. Within the RWA

this sector is not accessible for one photon propagating in
the GS, so this Raman process is genuine non-RWA
physics.
As the output flying photon must belong to the one-

photon band, the minimum frequency at which the Raman
process may occur is min½ωRaman� ¼ E2 − EGS þ 1 − 2jJj.
The dependence with g of this quantity is represented in
Fig. 5 (white line), clearly marking the boundary for
existence the inelastic transmission.
The computed inelastic transmittance never exceeds

0.25. This turns out to be a fundamental upper bound:
the maximization of the current in the inelastic channel,
Pine, subject to the conditions of current conservation
(1 − jrj2 − jtj2 ¼ Pine), and continuity of the photonic
wave function (1þ r ¼ t), readily gives max½Pine� ¼ 0.5.
As a pointlike qubit cannot differentiate between left and
right, Pine is divided equally in both directions. This
argument is analogous to that leading to the maximum
possible absorption by pointlike scatterers [9]. Full absorp-
tion can be achieved in that case if a mirror is placed in the
waveguide (the so-called “one-port coherent perfect
absorption” [35]). Exploiting this analogy, we have con-
sidered the case where the waveguide is terminated at the
transmission side of the qubit. In this case, “one-port
coherent perfect Raman scattering,” implying both photon
frequency conversion and excitation of the dressed qubit, is
possible with unit probability at the one-photon level, as
shown in the inset of Fig. 5.
Both Fano and Raman processes described above are

robust under moderate dissipation. Using a solvable model,
that mimics dissipation by coupling the qubit to an
auxiliary open waveguide, we have estimated that both
processes should be visible at, at least, the dissipation levels
present in some actual realizations in waveguide QED, such
as superconducting circuits. Details on both the estimation
and the model used can be found in the Supplemental
Material.
It is interesting to analyze whether this Raman process

may also occur in other systems. It is possible to show that
it cannot occur if the qubit is substituted by a bosonic cavity
or resonator, even if the coupling contains counterrotating
terms (see Supplemental Material). This negative result can
be traced back to the linearity of the Heisenberg equations
for the bosonic creation operators. Therefore the system
analyzed in this paper represents the minimal setup for
observing inelastic scattering with a single photon.
Conclusions.—The scattering of a flying photon imping-

ing into a two-level system placed in a waveguide has been
studied for a large range of coupling strengths, including
regimes were the rotating-wave approximation is no longer
valid. For that, we have adapted the technique of matrix
product states to scattering problems. Our results predict a
rich phenomenology for the transmission spectra. At
sufficiently small photon-qubit couplings the transmission
spectra is dominated by a deep minimum, as found within

FIG. 5 (color online). Inelastic transmittance. Transmittance in
the full model in the inelastic channel as a function of both
incident photon frequency ωin and g. The white line is the
estimated boundary for the region where the photon frequency
conversion occurs. The inset presents, for g ¼ 0.8, the inelastic
reflection spectra when the waveguide is terminated at position
Δx ¼ 20, showing that a 100% efficient Raman process is
possible using one incoming photon.
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the RWA. But when the coupling is strong enough, we
predict new rich phenomenology for the transmission
spectra: a blueshift in the transmission minima, appearance
of a long-lived Fano resonance, and highly efficient
inelastic processes. All these phenomena are due to the
existence of bound multiphoton modes which are acces-
sible when the full Hamiltonian is considered. The explored
parameter range is accessible to the current experimental
state of the art, at least using superconducting technology
for both qubits and waveguides, thus opening the possibil-
ity to access nonperturbative quantum optics with single or
few flying photons.
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