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Abstract The class of B-Nekrasov matrices is a subclass of P-matrices that contains Nekrasov
Z-matrices with positive diagonal entries as well as B-matrices. Error bounds for the linear
complementarity problem when the involved matrix is a B-Nekrasov matrix are presented.
Numerical examples show the sharpness and applicability of the bounds.
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1 Introduction

The linear complementarity problem (LCP) has a crucial importance in many applications,
as shown in [1]. It looks for vectors x € R" such that

Ax+¢g>0, x>0, xT(Ax+q):0 1)

where A is an n X n real matrix and g € R". This problem will be denoted by LCP(A, g) and
its solutions by x*. It presents nice properties when the matrix A belongs to some special
classes of matrices. If A is a P-matrix, then the LCP problem has a unique solution and for-
mulae for the error bound can be provided (see [3], [4], [12] and Section 3). If A satisfies the
stronger property of being an H-matrix with positive diagonal entries, then the error bound
becomes simpler (see formula (2.4) of [3]). In the particular case that A belongs to certain

M. Garcia-Esnaola

Departamento de Matemética Aplicada
Universidad de Zaragoza

Tel.: (+34) 976 761985

E-mail: gesnaola@unizar.es

Juan Manuel Pefia

Departamento de Matemética Aplicada
Universidad de Zaragoza

Tel.: (+34) 976 761129

E-mail: jmpena@unizar.es


https://core.ac.uk/display/289980907?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 M. Garcia-Esnaola, Juan Manuel Pefa

subclasses of H-matrices, more formulae for error bounds can be provided (see [9], and [11]
for Nekrasov matrices). When the matrix A of (1) is not an H-matrix we cannot use for-
mula (2.4) of [3]. However, for some subclasses of P-matrices that are not H-matrices, error
bounds for the LCP problem have also been obtained. For instance, for B-matrices ([8]), for
DB-matrices ([6]), for SB-matrices ([7]), for BS-matrices ([10]) and for MB-matrices ([2]).

In this paper we present an error bound for a class of P-matrices containing as subclasses
both B-matrices and Nekrasov Z-matrices. We call these matrices as B-Nekrasov matrices.

In Section 2, we define the classes of matrices mentioned in this paper and we analyze
the B-Nekrasov matrices. We prove that they are P-matrices and we present a character-
ization of the B-Nekrasov matrices. In Section 3, we obtain error bounds for linear com-
plementarity problems corresponding to B-Nekrasov matrices. We also include numerical
experiments that show the sharpness and applicability of the bounds.

2 B-Nekrasov matrices

We start by introducing some classes of matrices. A square real matrix with nonpositive
off-diagonal entries is called a Z-matrix. The unisolvence of the LCP(A,q) problem given
in (1) holds if and only if A is a P-matrix (see [4]), concept that will be recalled now. A
submatrix of a square matrix involving the same rows and columns is called a principal sub-
matrix. A real square matrix is a P-matrix if all its principal minors are positive. A complex
matrix A = (a;j)1<i j<n i strictly diagonally dominant (by rows) if |a;;| > ¥ ;;|ai;|, for all
i=1,...,n. A Z-matrix is a nonsingular M-matrix if it has nonnegative inverse. A square
complex matrix A is an H-matrix if there exists a diagonal matrix X such that AX is strictly
diagonally dominant. It is well known that nonsingular M-matrices and H-matrices with pos-
itive diagonal entries are P-matrices. In order to define Nekrasov matrices, let us introduce

some notations. Given a complex matrix A = (aij)lgi,jgn witha; #0foralli=1,...,n, we
define
i—1 hj(A) n )
h](A) 2:Z|alj|a hl‘(A) ::Z|a[j| - + Z \a,-j\, i=2,...,n. 2)
j#1 j=1 lajjl j=itl

Then we say that A is a Nekrasov matrix if |a;;| > hi(A) foralli=1,...,n (cf. [5], [11], [15]).
It is known that a Nekrasov matrix is an H-matrix (see page 5021 of [5] and [15]). From
now on whenever a reference to H-matrices (resp., Nekrasov matrices) is made it will mean
real matrices as the LCP requires. We finish this list of known definitions with the concept of
B-matrix (see [13]). We say that a square real matrix A = (a; j) 1<i,j<n With positive row sums
is a B-matrix if all its off-diagonal entries are (strictly) bounded above by the corresponding
row means, that is, foreachi=1,...,n,

n 1 n . )
Zaik>0, fZaik>a[j, V];ﬁl.
k=1 Ly

In contrast to Nekrasov matrices, B-matrices are not necessarily H-matrices.

Let us now define a class of matrices that will contain Nekrasov Z-matrices with positive
diagonal entries as well as B-matrices. First we recall a decomposition of square matrices
that will be useful for our purposes.

Given a real matrix A = (a;;) 1< j<n, We can write it as

A=B"+C 3)



B-Nekrasov matrices and error bounds for linear complementarity problems 3

where . N N N
a”frl ...a],,frl rl ...rl
Bt = ’ “|and C = ’ ’ “4)
anl — 15 oA — 1 ot
with
+ . Sy
r;” = max{0,a;;|j # i}. )

Observe that BT is a Z-matrix and C is a nonnegative matrix of rank 1.

Definition 1 We say that A is a B-Nekrasov matrix if it can be written in form (3) with BT a
Nekrasov Z-matrix whose diagonal entries are all positive. For this to happen, the maximum
of the positive off-diagonal elements of each row must be strictly less than the corresponding
positive diagonal element of the original matrix.

Remark 1 Let us observe that a Nekrasov Z-matrix with positive diagonal entries is trivially
a B-Nekrasov matrix (with C = 0 in (3)) and that a B-matrix is also a B-Nekrasov matrix.
This last property is a consequence from the fact that a strictly diagonally dominant ma-
trix is a Nekrasov matrix and from Proposition 2.1 of [8], which characterizes B-matrices
through (3), with the condition that B is a strictly diagonally dominant (by rows) matrix
with positive diagonal entries.

The following family of matrices belongs to the class of B-Nekrasov matrices although
they are not Nekrasov matrices nor B-matrices:

4333
—k311
—k150 |’
—k104

A=

Observe that matrices Ay are not Nekrasov because the first row is not strictly diagonally
dominant. The decomposition (3) for these matrices becomes

10 0 0 3333
k-12 0 0 1111

_pt _
A=Be+G=| 4 10 41|t 1111
—k—10-1 3 1111

and satisfies Definition 1. Finally, matrices Ay, for k > 2, are not B-matrices because matrices
B,j are not strictly diagonally dominant matrices. Let us see now that B-Nekrasov matrices
are P-matrices.

Proposition 1 If A is a B-Nekrasov matrix, then A is a P-matrix.

Proof By Definition 1, A = B™ 4 C, where B™ is a Nekrasov Z-matrix and C is a nonnegative
matrix of rank 1. It is well-known that a Nekrasov matrix is a nonsingular H-matrix (cf. [5])
and so BT is a nonsingular M-matrix. Then the result follows from Corollary 2.4 of [14],
which guarantees that A is a P-matrix because it is the sum of a nonsingular M-matrix and a
nonnegative matrix of rank 1

Let us provide a characterization of B-Nekrasov matrices.
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Theorem 1 Let A = (a;j)1<i j<n be a real matrix. Then A is B-Nekrasov if and only if the
following conditions hold:
(i) Yjya1; > 0and %(Z’}:l aij) > ay, forall k # 1.

g X @yt E ey . o X lar—rf|
(i) ri <min{ SRS Gl S =2, n, where i is given in (5), oy 1= =2 L
i L) @t (n—i+1) ! lay—r{ |
ey o2 ey .
and o; :— Y ‘a”’ir " Y L fori=2,...,n.
1

Proof Let us assume that (i) and (ii) hold, and let us see that the matrix B™ of (3) is a
Nekrasov matrix. Given a matrix A, let 4;(A) given by (2). Taking into account the definition
of i and (i), we have: hy (B*) =Y, lar; —r{ | =X, (r{ —a1j) = (n—=)r{ =¥} pa1;=
(nrf — Yiiaiy)+(an — r7) <an —r{ = |ai —r{| and the first row of BT satisfies the
definition of a Nekrasov matrix. We continue with any row i > 2. Then

i—1 i—1
(0 mi(BY) = X laij —rf [+ Xy |aij —rf | = T2 (7 —aip) g+ X (7 —aij) =
(Zl 10‘/+”_i+1> Zl Y aijoy—r - Yj_iaij+ai=
1 1

:[rf( ]aj+n_i+1)_Zé;llaijaj_2?:iaif]+(aii 1) <ai—r = ai—rf]

and BT is a Nekrasov matrix.
Conversely, let us now assume that A is a B-Nekrasov matrix and let us prove that (i)
and (ii) hold. Since BT is a Nekrasov matrix with positive diagonal entries, we have

an —rf =lan—rf |>Z‘011*r1|—2( —a1j)=(m—-1)r Zal,

+ n . n . oer + 1 vn
and so, nr|” < Zj:1 ayj. In particular, Zj:1 ayj > 0 and, in addition, r|” < ;ijl ayj then
condition (i) holds. Since B is a Nekrasov matrix with positive diagonal entries, |a; —r;" | =
a;; —r; and we also have

aij—r{ = laj—r| > h(B*) = ZWU rilo+ Z |aij—r| =

Jj=i+1
i1 n i1 1 "
=Y (i —a)o+ ¥, (rf —ay) =} rfoj— Y ajoy+(n—i)rf = Y ay.
j=1 j=itl j=1 j=1 j=i+1
Then
i—1 n
a,,>r Zaf n—l+1) —Za,-jaj— Z aij
j=1 j=it1
and so
i—1 i—1 n
Zaj—i—(n—H-l) <Zaijaj+zaij~
j=1 =1 =i
Therefore,

i—1 n
o+ Y aijo+ Y aij

' Zl 1O‘J+( —i+1)

and so (ii) holds.
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3 Error bounds for linear complementarity problems

In previous papers, we have obtained error bounds for linear complementarity problems
when the matrix is a B-matrix (see [8]) and when the matrix is a Nekrasov matrix satis-
fying an additional property (see [11]). Since B-Nekrasov matrices contain B-matrices and
Nekrasov Z-matrices, we consider in this section B-Nekrasov matrices such that B* in (3)
satisfies the mentioned additional property. We start with an auxiliary result for these matri-
ces.

Lemma 1 Let A= (a;j)i<i j<n,n > 2, be a B-Nekrasov matrix such that foreachi=1,...,n—
1, there exists m > i with ay, < max{0,a;;|j # i} = r". Let B™ be the matrix of (3). Then the
hi(BY) ha(B*)

matrix W =diag(wi,...,wy,) withw; := ﬁ,forizl,...,nflandwn::ers,sE
i~ T 1 n

"
(O, | — [m(B l), has positive diagonal entries less than 1 and it satisfies that B*W is a

Ann—Tn
strictly diagonally dominant Z-matrix.

Proof Observe that BT is a Nekrasov matrix. Since a;,, < r;“, we have that B satisfies the
hypotheses of Theorem 1 of [11] and, applying this theorem to B, the result follows.

The next lemma provides a typical bound for the inverse of certain matrices, and it will
be used later.

Lemma2 IfP:=(pi,...,pn) e, wheree=(1,...,1) and py,...,py >0, then
(7 +P) M <n—1,

where I is the n X n identity matrix.

Proof Observe that

_p o _p

1+Yi pi 1+Y0, pi 1+Yhpi
. P2 1— P2 _ D2

I+Ypi L+YXL pi 1+Y0 pi

(1+P)*1 — . . .
Pn Pn Pn

1 +Xiai 1 Xl - 1+ Y0 pi
Then we obtain
(n—2)max;p; <no1
1+Y pi
and equality in the second relation above holds if and only if n = 2.

T+P) =1+

The following result provides the announced error bounds for linear complementarity
problems. By Proposition 1 a B-Nekrasov matrix is a P-matrix. Given an n X n P-matrix A
and any x € R”, by Theorem 2.3 of [3] we know that the solution x* of the linear comple-
mentarity problem (1) satisfies

[l = x[|oo < maxgefo 1jo | (1 =D +DA) ™ |eo[ () o,
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where [ is the n x n identity matrix, D is the diagonal matrix D = diag(d;) with 0 < d; < 1 for
alli=1,...,n, and r(x) := min(x,Ax + g), where the min operator denotes the componen-
twise minimum of two vectors. The next result gives an upper bound for max ¢ (o, 1} (I —

D+DA) .

Theorem 2 Let A = (a;j)1<i, j<n,n > 2, be a B-Nekrasov matrix satisfying the hypotheses of
Lemma 1, let Bt be the matrix of (3) and let W = diag(wy, ..., w,) be the diagonal matrix
of Lemma 1, such that B := B*W = (bij)1<i j<n is a strictly diagonally dominant Z-matrix.
Let B; := bij — ¥ j4; |bij| and &; := %for i=1,...,n and & :== minicy {8} Then

B n— 1)max;{w;
maxe(o,1)e || (1 =D+ DA) |l < rn(in{5 )1}m1111{~{vv}}

6)
Proof Since A is a B-Nekrasov matrix, A = B* 4 C as in (3), with B™ being a Nekrasov
Z-matrix with positive diagonal entries. Then AW = B + CW, where B is strictly diago-
nally dominant by Lemma 1 and has positive diagonal entries. Given a diagonal matrix
D = diag(d;), with0 <d; < 1, we have Ap :=1—D+DA = (I—D+DB")+DC = B}, +Cp,
where B}, :=1— D+ DB" and Cp := DC. Besides, we can write

By =I-D+DBW )Y=W(I-D+DW 'B)WL (7)

Observe by Lemma 1 that I — D +D(W~'B) is a strictly diagonally dominant Z-matrix
and has positive diagonal entries. Therefore, I — D+ D(W~!'B) is a nonsingular M-matrix
and so, by Theorem 2.3 of Chapter 6 of [1], has nonnegative inverse. Since we can write
Ap=BA(I+(Bj)~'Cp) . Ap' = (I+(Bjy)~'Cp)~!(B;)~" and then

1AD Nl < 12+ (BS) ™' C) ™ [ll|(B) ™ o ®)

Above, we have seen that I — D+ D(W~!B) has nonnegative inverse since W is a positive
diagonal matrix and then (B}))™! = W(I— D+ D(W~'B))"!W~! > 0. Observe that the
matrix C of (3) is nonnegative and with the form given in (4). Then Cp is also nonnegative
and with the form Cp = (dyr{,...,d,r;} ) e, where e = (1,...,1). Therefore (B},)~'Cp can
be writen as (p1,...,p,)" e, where p; > 0foralli=1,...,n. By Lemma 2 we get

17+ (Bp) ™ Cp) e <n—1. ©)

As for the matrix By}, we use (7) and, applying Theorem 1 of [16] to the strictly diagonally
dominant matrix I — D+ D(W~!B), we obtain

W e[ W~ "o

B+ —1 - <
A e

) (10)

where &P := (1 —di) + & (b — ¥z 1bijl) = (1 —di) + & i(> 0), for each i = 1,...,n.
Observe that

1
Wl = maxi{w;} and W™ '[lo=—"—. 11
Wl = s} and o= an
Letk € {1,...,n} be the index with & := min;{&"}. Then
1 1 1
(12)

rnin,-{éciD} (1 —di) +dpO (1 —di) +di0
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If 6 > 1, then
1
— <. 13
(I—d)+did = 13
If 6 < 1, then
1 1 1 1
= < = .
(—d)+dd 1-(1-8)ds ~1-(1-98) _ 5 14
By (12), (13) and (14) we have that
1 1 (15)

<
min;{&”} ~ min{5,1}’
and the result follows from (8), (9), (10), (11) and (15).

Let us illustrate the previous bound with a B-Nekrasov matrix that does not belong to
classes of matrices for which error bounds are known.

Example 1 Let A be the matrix

6020 20 30

A= 10 50 —=20 10
—60 0 60 —10

3030 20 40

We can check that A is not an H-matrix, so that we cannot use the bounds valid for H-
matrices. Since Nekrasov matrices and S-Nekrasov matrices are H-matrices, we cannot use
the bounds of [11]. On the other hand, A can be written A = B™ 4 C as in (3), with

30 -10 -10 O 30 30 30 30

Bt — 0 40-30 O C— 10 10 10 10
—-60 0 60—-10 |’ 0000

0 0-10 10 30 30 30 30

Since B* is not strictly diagonally dominant by rows, A is not a B-matrix and so we cannot
apply the bounds of [8]. By Lemma 2.5 of [10], A is not a BS-matrix and so we cannot
apply the bounds of [10]. However, BT is a Nekrasov matrix and so A is B-Nekrasov. The
diagonal matrix W of Lemma 1 is given by W = diag(%, %, %, % +¢€), with € € (0, %) If we

take &€ = 5, then § = ¥ and the bound (6) is 4.5375.

We now consider B-Nekrasov matrices that are also H-matrices in order to compare
our error bounds with formula (5) of [3]. Let us recall this last formula. Given a matrix
A = (aij)1<i,j<n, We consider its comparison matrix A= (@ij)1<i,j<n With dj; == |a;;| for all
i=1,...,n, and @; := —|a;;| when j # i. Then, by formula (5) of [3], the solution x* of the
LCP given by (1.1) for an H-matrix A with positive diagonal entries satisfies

maxde[O’l]nH(l—D—i—DA)*l lloo < ||A71max(A,I)Hm (16)
with A := diag(a;;) and max(A,[I) := diag(max{aj, 1},...,max{am, 1}).

The following examples show two families of 2 x 2 and 3 x 3 H-matrices for which our
bound (6) is close to 1 and 8, respectively, in contrast to (16), which can be arbitrarily large.
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k —k+1
—k+1 k
trices are also B-Nekrasov matrices with Ay = B + Cy as in (3), B’ = Ay and C; = 0. Then

we have that A; = A; and
k k=1
{1 [ 2k—1 2k—1
Ay *(kfl k .
2k—1 2k—1

Example 2 Let Ay, be the H-matrices given by Ay = > ,k > 2. These ma-

K2 (k=Dk
Then the matrix A~k71max(A,I) of (16) is < (szf)}( 2kk2 ) and ||A; lmax(A,I)Hw =k
%1 %1

Therefore, the bound (16) can be arbitrarily large. Now we consider the bound (6). We have
that wy = &2 wy = (51)> + €, withe € (0,2 — kiz) The matrix W of Theorem 1 is here

e 0
W= ( 0 ("kl)z+8)

_1(— k=1y2
BZ'W—< k+1)kk 1)1( k+1l)cggk,t1;213>

and

3
If we take € = k, we have that ) = k L and &, =

2
o Then § = min{8;,8} = k—
max{wl,w2} = k+l , min{wy,wy} = &1 and the correspondlng bound of formula (6) is
1 + e k o which converges to 1 when k —5 o0,
Example 3 Let Ay be the H-matrices given by
k+1 0—k
A= 02 —k |, k>4,
-k 0 k

with Ay = B +Crasin (3), Bf =Ay,Cy =0.Then Ay = A and ||A~k_lmax(A,I)Hw =2k+2.
Therefore, the bound (16) can be arbitrarily large. Now we are going to obtain the bound
(6). We have that w; = HLI Wy = é,W3 = k% + €&, where € € (0, k+1) The matrix W of
Theorem 1is W = dlag(kL 22> 77 T €) and

k
BW = kg)k—k(w—i-s)
1 0 Kgg+e)
If we take € = 2k’ we have that §; = 3, = k+l and f83 = 5. Then 8; = 2k , 0 = k+1 L and
2
&= 2k2]1+k1+1 Then § =min{&;, 8,8} = 2k ,max{wl,wz,W3} zzkka_T)l,mm{wl,wz,wﬁ:

% and the corresponding bound of (6) is W, which converges to 8 when k — co.

We now provide an alternative bound to (6) without using min;{w;} and max;{w;}.

Proposition 2 Let A = (a;j)i<i j<n,n > 2, Bt and W = diag(w, ..., w,) be the matrices of

n i—ri
Lemma I and let 8 be the real number defined in Theorem 2. Let Y := milie(1 . -1} %
If either x

Y (anj—ry)=0 (17)
j=1
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holds or
n—1
Z|anj_ ;_1‘—|Zann_rjl_ (18)
i=1
holds, then
_ n—1
maxgeo, 1)1 ||(I — D+ DA) e < min{5,1}7’ (19)
Otherwise, the following bound holds:
_ n—1 A — 17
maXdE[O,]]nH(I_D+DA) 1||°° < mln{5 1},)/ Zn—lnra 'i}’+ : (20)
) j=119nj n
Proof Observe that, by Lemma 1,
no. aii —rt
1>wi2M7% i=1,....n—1. 1)
ajj—r;

If (17) holds, then we can choose by Lemma 1 any w, € (0,1). Since y < 1 by (21), we can
take w, > 7. So, by Lemma 1, (21) and Theorem 2, (19) holds. Now assume that (17) does

not hold. From Lemma 1 we also derive w;,, > Y"'— 1 lan— ilw ;. Using (21) in the previous

j=1 Ann
formula, we get w;, > yZ’J’ 11 |Z"’ ' and so
min;{w;} > min{ 7, }/Z M (22)
j=1 @nn —Tn

By Lemma 1, Theorem 2 and (22) we have

_ n—1
max (o, || (7 = D+ DA) [l < ooy @
min{J, 1} min {y, y%}
n—1 et
Observe that min {y, y% } = ¥ (respectively, y%) when (18) holds (resp.,

(18) does not hold). Now, (19) follows from (23) when (18) holds and (20) follows from (23)
when (18) does not hold.

Remark 2 Observe that condition (17) of the previous theorem holds if and only if either
the last row of the matrix B has zero entries up to the diagonal entry or r;” = a,, for all
ke {1,2,...,n—1}. Besides, condition (18) holds if and only if the last row of the matrix
B™ is not strictly diagonally dominant.
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