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IR singularities in multi-leg amplitudes Einan Gardi

1. Infrared singularities

Long-distance singularities are a salient characteristic of gauge-theory scattering amplitudes.
I will report on recent progress in studying these singularities in the context of multi-leg amplitudes.
The first part of the talk is a brief review of what we know and what we wish to know about
infrared singularities. I will then explain the strategy for computing the three-loop soft anomalous
dimension and report on an on-going computation. In the second part of the talk I review the non-
Abelian exponentiation theorem, and then explain how it helps in computing the contributions to
the anomalous dimension from a special class of diagrams, ones involving only gluon exchanges
between the Wilson lines.

Let us begin by summarising what is known about the singularity structure of massless scatter-
ing amplitudes. We consider an L-leg amplitude depending on the scales si j = 2pi · p j, and analyse
it in the limit where si j are all large compared to the QCD scale (fixed-angle scattering). We use
dimensional regularization, D = 4−2ε , with ε < 0. Long-distance singularities emerge from two
distinct regions in the integration over gluon loop momenta: soft (all momenta components are
small compared to {si j}) and collinear with respect to one of the hard external legs. Both of these
factorize, such that

M (pi) = exp

{
−1

2

∫
µ2

0

dλ 2

λ 2 Γ(λ 2/si j,αs(λ
2,ε))

}
H (pi) (1.1)

where the hard function H (pi) is finite for ε = 0, while the exponential factor includes all the sin-
gularities. These are generated through the integration over the D-dimensional coupling αs(λ

2,ε),
which extends down to λ 2 = 0. The anomalous dimension function Γ(λ 2/si j,αs(λ

2,ε)) is a finite
function, which encodes soft and collinear singularities, to all orders in the coupling. A simple
ansatz for this quantity – the so-called Dipole formula – has been proposed a few years ago [1–5],

ΓDip.(λ
2/si j,αs) =

1
4

γ̂K (αs) ∑
(i, j)

ln
(

λ 2

−si j

)
Ti ·T j +

n

∑
i=1

γJi (αs) . (1.2)

Hard-collinear singularities are generated by the anomalous dimension γJi , which depends on the
spin of the hard parton i, but is however, colour singlet, and thus does not present any increas-
ing complexity in the multi-leg case as compared to the simplest amplitudes. These collinear
singularities can also be extracted from the massless form factor [6], which is known to three
loops (e.g. [7, 8]). In contrast, soft singularities may a priori present complicated correlations be-
tween colour and kinematic degrees of freedom in the entire process. Yet, according to the dipole
formula (1.2) soft singularities are remarkably simple: they are effectively associated with two-
body interactions (colour dipoles) between any pair of hard partons, having momenta pi and p j,
and colour charges Ti and T j, respectively.

This dipole ansatz is based on an explicit calculation [9,10] which completely fixed the singu-
larity structure at two loops, consistently with previous predictions [11, 12]. The all-order gener-
alization (1.2) was inspired by constraints based on soft-collinear factorization and the invariance
of soft singularities with regards to momentum rescaling [1–3]. These constraints can be formu-
lated as a set of first-order linear differential equations for the soft anomalous dimension, where
the inhomogeneous term is fixed by the lightlike cusp anomalous dimension γ

(i)
K (αs). Eq. (1.2) is
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a particular solution to these constraints, provided that γ
(i)
K (αs) admits Casimir scaling, namely it

is proportional to the quadratic Casimir in the relevant representation, γ
(i)
K (αs) = Ti ·Ti γ̂K (αs), a

property that may not hold beyond three loops. It follows that potential corrections going beyond
(1.2) fall into two categories: (1) corrections associated with quartic (or higher) Casimir opera-
tors, which contribute to the cusp anomalous dimension and thus modify the non-homogeneous
constraint equations at four or higher loop order; and (2) corrections that depend on conformally
invariant cross ratios, ρi jkl =

(pi·p j)(pk·pl)
(pi·pk)(p j·pl)

, and therefore satisfy the homogeneous set of equations,

and then Γ = ΓDip. +∆(ρi jkl) with ∆(ρi jkl) = O(α3
s ). Only the latter correction may appear at

the three-loop order. Determining the correction function ∆(ρi jkl) is the main motivation for the
calculation I will be discussing in the next section.

Much work has been done in recent years on further constraining ∆(ρi jkl) [1–6, 8, 13–18].
Indeed, as a consequence of the non-Abelian exponentiation theorem, this function must have
a colour factor of the form f abe f cdeTa

1Tb
2Tc

3Td
4 (and permutations). This, in combination with

Bose symmetry, implies a strong constraint on the kinematic dependence. Furthermore, it has
been shown that ∆(ρi jkl) is further constrained by the known behaviour of multi-leg amplitudes
in collinear limits and in the Regge limit. Nevertheless, it appears that general considerations fall
short of determining ∆(ρi jkl), and an explicit three-loop calculation is required.

It is useful to contrast the singularity structure of massless scattering amplitudes with that of
massive ones. The latter is important in the context of heavy quark production, but it is also inter-
esting from a theoretical perspective. Clearly for heavy partons there are no collinear singularities;
interestingly, the pattern of soft singularities is also radically different: here the soft anomalous
dimension does not take a dipole form, but instead, already at two loops, it acquires a tripole com-
ponent with a colour factor of the form f abcTa

1Tb
2Tc

3 [19–28].

Dip. Tri.

Quad.

1

2
3

1 1

2

2

34

Figure 1: Dipole, tripole and quadrupole interactions involving two, three and four hard partons respec-
tively. The dipole interaction (left) – T1 ·T2 – governs soft singularities in massless amplitudes, at least
through two loops. The tripole form (middle) – f abcTa

1Tb
2Tc

3, which is forbidden in the massless case to all
loops, appears in the massive soft anomalous dimension already at two loops. The quadrupole interaction
(right) – f abe f cdeTa

1Tb
2Tc

3Td
4 (and permutations) – is the form of the potential three-loop correction to the soft

anomalous dimension in the massless case.

2. The soft anomalous dimension from correlators of Wilson lines

Let us now turn to describe our general strategy for computing soft singularities. One possi-
bility is to compute an on-shell multi-leg scattering amplitude in dimensional regularization and
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examine directly its infrared singularities. This is difficult to do at three loops, but it is also clear
that the level of complexity of the finite parts of an amplitude is far greater than that of its singular-
ities. Our aim is to determine singularities directly and elucidate their simple, universal structure.
This can be done by considering the eikonal approximation, or equivalently by replacing all hard
partons by semi-infinite Wilson lines, and computing correlators of the form:

S = exp [w] =
〈
Φβ1 ⊗ Φβ2 ⊗ . . .ΦβL

〉
; Φ

(l)
βl
≡ P exp

[
igs

∫
∞

0
dtβl ·A(tβl)

]
, (2.1)

where each Wilson line Φβi with 4-velocity β
µ

i represents a hard parton with momentum pµ

i , where
β

µ

i is proportional to pµ

i . Soft interactions correspond to emission from the Wilson lines (hard
collinear singularities are not captured by this approximation, and need to be accounted for sep-
arately), while the hard interaction is replaced by a local vertex where the Wilson lines all meet,
and where an arbitrary colour exchange may take place. This vertex gives rise to new ultraviolet
singularities (that are unrelated to the renormalization of the theory). Importantly, for any number
of non-lightlike Wilson lines, this vertex is multiplicatively renormalizable [29–32]. Working in
pure dimensional regularization, radiative corrections to correlators of semi-infinite Wilson lines
(2.1) vanish: they all result in scale-less integrals. As a consequence the renormalized correlator is
fully determined by its renormalization factor, Sren. = Z. Thus, the problem of computing infrared
singularities has been mapped to the problem of renormalizing the Wilson-line correlator, hence the
notion of the soft anomalous dimension, ΓS =−Z−1dZ/d ln µ2. This mapping was noted already
in [33] in the context of the cusp anomalous dimension, where the correlator consists two Wilson
lines; it has since been extensively used for both the two-line and the multi-line cases. It is also the
framework we use in computing the three-loop anomalous dimension as described below.

Importantly, we take the Wilson lines all non-lightlike, β 2
i 6= 0. This has several advantages:

firstly it avoids collinear singularities, restricting to one divergence per order, secondly this guaran-
tees multiplicative renormalizability. Finally, by performing the general non-lightlike Wilson line
calculation we gain information about infrared singularities of amplitudes with heavy partons. The
lightlike limit is a special case of this result; the limit may be taken at the end. Note that upon work-
ing with non-lightlike Wilson lines, the symmetry of the Feynman rules with respect to rescaling
any of the velocities β

µ

i , along with Lorentz invariance, implies that the kinematic dependence will

be on the normalised scalar products between the 4-velocities, γi j = 2βi ·β j/
√

β 2
i β 2

j .

3. Computing the three-loop soft anomalous dimension

As discussed above, soft singularities are known at the two-loop level for amplitudes with
any number of either massless or massive legs. Here I report on an on-going calculation aimed
at determining the soft anomalous dimension ΓS at three loops. As a first priority we focus on
four-parton correlations in the massless case, the function ∆(ρi jkl) mentioned above; we consider
semi-infinite non-lightlike Wilson lines (i.e. we take β 2

i 6= 0, expanding in 1/γi j at the end) and
perform the entire calculation in configuration space, using dimensional regularization with D =

4−2ε and ε > 0. The relevant graphs are shown in figures 2 and 3. All these diagrams, or webs1

1Webs, generally, are diagrams that contribute to the exponent; the terminology will be explained more precisely in
section 4 below.
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contribute to ΓS with a colour factor of the form f abe f cdeTa
1Tb

2Tc
3Td

4 (and permutations). We note
that while all these diagrams are required to get the complete, gauge-invariant result, working in the
Feynman gauge, it is natural to make a further separation of the diagrams into three classes based
on the number of connected subdiagrams2, which directly dictates the analytic structure3 of the
result [37]. The results for the 1-2-2-1 and 1-1-3-1 webs in figure 3, each having three individual
gluon exchanges, will be briefly discussed in section 5 below; these results have been obtained
last year [37]. The calculation of the 1-1-1-2 web, which has two connected subdiagrams, one
containing a three-gluon vertex, requires an extended set of techniques; the result will be published
soon [38]. In parallel the computation of the lightlike limit of connected webs (figure 2) which uses
entirely different techniques, is nearing completion [39]. In the following we briefly discuss this
calculation.

Figure 2: Connected graphs contributing to the three-loop soft anomalous dimension with a quadrupole
colour factor f abe f cdeTa

1Tb
2Tc

3Td
4 (and permutations), and their mapping to an auxiliary momentum space.

Left: the two types of connected graphs involving four semi-infinite Wilson lines with 4-velocities β1 through
β4; a single gluon is emitted from each of the Wilson lines at positions x1 through x4, respectively. The four
gluons are connected to the Wilson lines via a single 4-gluon vertex (top) or two 3-gluon vertices (bottom).
Right: a four-mass one-loop box integral (top) and a four-mass two-loop diagonal box integral (bottom)
corresponding to the integration over the position of the 4 and 3 gluon vertices in the diagrams on the left.

Before describing the computation of the rather challenging integrals of figure 2, it is useful to
review the calculation of the simplest radiative correction to a product of semi-infinite Wilson lines,
namely that of a single gluon exchange4. The calculation is particularly simple in configuration
space: we parametrise the point of emission along Wilson line 1 as xµ

1 = β
µ

1 s and along Wilson

2In this context, as in the formulation of non-Abelian exponentiation below, the connectedness property refers to
the graph without the Wilson lines.

3Specifically, it dictates the structure of the rational function multiplying the polylogs. For supersymmetric Wilson
lines in N = 4, the same classification is associated with polynomial dependence on the cosine of the angles between
the orientations of the scalar field in the internal space associated with the different Wilson lines [34–36].

4Since a single gluon only connects two Wilson lines, this is essentially the one-loop correction to the angle-
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1 2

34

1−2−2−1 1−1−3−1

1 2

34

A B1

4

2

3

Figure 3: Three webs contributing to the soft anomalous dimension connecting four lines at three-loops
with the quadrupole colour factor of the type f abe f cdeTa

1Tb
2Tc

3Td
4 . Top left: one of the four diagrams of the

multi-gluon-exchange 1-2-2-1 web (the other three diagrams are related to the one shown by permuting the
gluon attachments to lines 3 and 4, see below). Top Right: one of six diagrams of the multi-gluon-exchange
1-1-3-1 web. Bottom: the two diagrams of the 1-1-1-2 web.

line 2 as xµ

2 = β
µ

2 t; the gluon propagator in D = 4−2ε space-time dimensions is Dµν(x1− x2) =

−N gµν(−(x1− x2)
2 + i0)ε−1 with N = Γ(1− ε)/(4π2−ε), so the diagram evaluates to:

W (1)(γi j,ε) = Ti ·Tj g2
s N βi ·β j

∫ “∞”

0
ds
∫ “∞”

0
dt
(
− (sβi− tβ j)

2 + i0
)ε−1

= κ Ti ·Tj γi j

∫
∞

0
dσ

∫
∞

0
dτ

(
σ

2 + τ
2− γi jστ− i0

)ε−1
e−σ−τ

= κ Ti ·Tj Γ(2ε)γi j

∫ 1

0
dxPε(x,γi j)

(3.1)

with Pε(x,γi j) ≡
[
x2 +(1− x)2− x(1− x)γi j− i0

]ε−1
and κ = −(µ2/m2

IR)
ε g2

s
2 N . A crucial step

in setting up this calculation has been to introduce an infrared regulator (implied by the notation
“∞” in the first line of (3.1)). This regulator takes the form of an exponential cut-off along the
Wilson lines controlled by mIR. In the absence of a cutoff, the result is zero as a scale-less integral.
Having introduced the cutoff, dimensional regularization is employed in the ultraviolet, with ε > 0.
The form of the cutoff facilitates straightforward integration with the variables λ = σ + τ and
x = σ/(σ +λ ), where the latter varies between 0 and 1 depending on the angle of emission. The
ultraviolet divergence corresponding to λ → 0 appears in the last line as a single pole in ε , where
the coefficient of that pole is independent of the infrared regulator.

dependent cusp anomalous dimension. We note in passing that the latter has been computed to two loops already in
1987 [40] (see also [41]). Recently there has been significant progress towards higher loops [34–36] including the
complete three-loop and a partial four-loop result in N = 4 Super Yang-Mills. Furthermore, in this conference Henn
reported on new results at three loop in QCD [42].
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Let us turn now to the integrals of figure 2. Being connected, these graphs have a single
ultraviolet pole, similarly to the one-loop correction just discussed. Parametrising the position
along each of the Wilson lines by xµ

i = β
µ

i si for i = 1..4 we find that the diagram with a four gluon
vertex evaluates to

W4g =g6
s N 4C4g

∫ “∞”

0
ds1ds2ds3ds4 Box(x1− x4,x2− x1,x3− x2,x4− x3) (3.2)

C4g ≡T a
1 T b

2 T c
3 T d

4

[
f abe f cde(γ13γ24− γ14γ23)+ f ade f bce(γ12γ34− γ13γ24)+ f ace f bde(γ12γ34− γ14γ23)

]
,

where we represented the D = 4− 2ε dimensional integration over the position of the 4-gluon
vertex by Box. This integral, we claim, is a 4-mass box integral in an auxiliary momentum space,
where pi = xi− xi−1 (see figure 2). Thus the virtualities of the external legs in the box integral are
determined by the distances between the positions of the gluon attachments to the Wilson lines.
At the next step we wish to perform the integral over the overall distance λ = ∑si, which is cut
off at infinity by our exponential regulator. This can be easily done, e.g. using the following
parametrization: 

s1

s2

s3

s4

= λ


ca

c(1−a)
(1− c)b

(1− c)(1−b)

 , (3.3)

given that the Box integral is homogeneous in λ . At this point the ultraviolet singularity emerges as
an overall single pole in ε , and ε may then be sent to zero in the Box integral, greatly simplifying the
remaining integrations. The second graph in figure 2, involving two 3-gluon vertices, is evaluated
in a similar manner, with the main difference being that now, mapping to the auxiliary momentum
space yields a four-mass two-loop diagonal box integral, as shown in figure 2. The remaining
integrations are non-trivial, and therefore as a first step we performed them to leading order in the
expansion near the lightlike limit. This is sufficient for determining the anomalous dimension in
the massless case, which depends on conformally invariant cross ratios of the form ρi jkl =

γi j γkl
γik γ jl

=
(βi·β j)(βk·βl)
(βi·βk)(β j·βl)

. The result [39], valid up to corrections suppressed by powers of 1/γ2
i j, involves pure

functions of weight 5 composed of Goncharov’s polylogarithms [43–46] with the symbol alphabet
A =

{
z, z̄, 1−z, 1− z̄, 1−zz̄, z+ z̄−zz̄, 1−z− z̄, z− z̄

}
, where ρ1234 = zz̄ and ρ1432 =(1−z)(1− z̄).

Next we would like to consider other integrals, such as the multi-gluon-exchange webs where
three gluons span four Wilson lines. As already mentioned these configurations contribute with the
same colour factor as the diagrams we just discussed, thus they are part of the same gauge-invariant
sector. A new difficulty arises here due to the fact that these diagrams have subdivergences. For
example in the top left diagram in figure 3 (the 1-2-2-1 web), one may consider the limit where the
upper gluon shrinks towards the multi-Wilson-line vertex without affecting the other two gluons,
then the one on the right and then the bottom one, altogether generating a triple pole in ε . The same
is true for the 1-1-3-1 web, top right in figure 3. The presence of multiple poles, in turns, implies
that the procedure applied so far, namely to determine the coefficient of the 1/ε pole would not
work well: it would yield a result that depends on the infrared regulator. Of course the expectation
is that this dependence will cancel out when one sums diagrams, but the result for any individual

7
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diagram may be vastly complicated by cut-off artefacts. I will show that this problem is entirely
avoided by computing together a set of diagrams called a (subtracted) web. The underlying reason
for this simplification is the workings of non-Abelian exponentiation, which we briefly review in
the next section.

4. The non-Abelian exponentiation theorem

A central observation, already alluded to in this talk, is that soft gluons exponentiate. The
exponent w in eq. (2.1) is simpler than the correlator itself, and it is therefore advantageous to
compute it directly. There are two ways to understand soft gluon exponentiation. The first begins
with the observation that the Z factor renormalizing the correlator of Wilson lines in eq. (2.1)
obeys a renormalization-group equation. Upon solving this equation, Z is expressed as an (ordered)
exponential of the integral over the anomalous dimension ΓS , as in eq. (1.1):

Z =P exp
{

1
2

∫
∞

µ2

dλ 2

λ 2 ΓS (αs(λ
2))

}
= exp

{
1

2ε
Γ
(1)
S αs +

(
1

4ε
Γ
(2)
S −

b0

4ε2 Γ
(1)
S

)
α

2
s

+

(
1

6ε
Γ
(3)
S +

1
48ε2

[
Γ
(1)
S ,Γ

(2)
S

]
− 1

6ε2

(
b0Γ

(2)
S +b1Γ

(1)
S

)
+

b2
0

6ε3 Γ
(1)
S

)
α

3
s + O(α4

s )

}
.

(4.1)

Note the higher order poles in the exponent are generated by the running of the coupling. In
contrast Z itself has all the way up to n-th order poles at order αn

s , even in a conformal theory.
From this perspective it is clear that the structure of the exponent is simpler. The second, and
complementary way to understand exponentiation is the diagrammatic approach: one may consider
the diagrammatic rules for computing the exponent w in eq. (2.1). This point of view, which we
shall now briefly summarise (for a more complete review, see [47]), was developed in the context
of multiple Wilson lines in recent papers [48–55].

Diagrammatic exponentiation was conceived in the context of the Abelian theory in 1961 [56];
in this case the exponent w only receives contributions from connected graphs (throughout our
discussion ‘connected’ should be understood as referring to the graph after removing the Wilson
lines). All non-connected diagrams are reproduced upon expanding the exponential. The next
step was taken in the 1980’s [57–59], when the non-Abelian exponentiation theorem was first
formulated. This was done in the context of a Wilson loop, or two Wilson lines, corresponding to a
colour-singlet form factor (for a review see [60]). The generalization to a product of more than two
Wilson lines, as relevant for QCD hard scattering, was only made over the last three years [48–54].

The non-Abelian exponentiation theorem in the two-line case can be phrased as follows: webs,
the diagrams that contribute to the exponent, are irreducible diagrams. The contribution of any such
diagram to the exponent is associated with a modified colour factor, which is the connected part of
the ordinary colour factor of that diagram [59, 60]. Irreducible graphs are a larger class of graphs
as compared to connected graphs: it also includes any non-connected graph whose colour factor
cannot be expressed as a product of the colour factors of its subgraphs. Consider for example the
diagram involving two crossed gluons; this diagram is irreducible, thus a web. In contrast, the
ladder graph, where the two gluons do not cross, is reducible (the colour factor can be expressed
as a product of T1 ·T2 for each of the gluons) and is therefore not a web. Reducible graphs also
have subdivergences related to the renormalization of the cusp, while irreducible ones have a single
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ultraviolet divergence – this is in direct correspondence with what one expects based on the renor-
malization properties: at any order in the exponent (4.1) there is a single 1/ε associated with the
cusp (here we have excluded running coupling corrections, and in the two-line colour singlet case
the commutators vanish). We thus see that each web has a single pole, and the coefficient of that
pole can be readily identified as a contribution to the anomalous dimension Γ

(n)
S , while reducible

diagrams, which have subdivergences, do not contribute.
The generalization of this picture to the case of multiple Wilson lines is non trivial because

here many reducible diagrams do in fact contribute to the exponent. It was found [48] that the
natural generalization of the concept of webs to the multi-line case is in terms of sets of diagrams:
a web is defined as the set of all diagrams which are related to each other by interchanging the order
of gluon attachments to (any of) the Wilson lines. A given diagram D contributes to the exponent w
with an exponentiated colour factor C̃D which is itself a linear combination of the ordinary colour
factors of diagrams in the set. The resulting structure is then:

S = exp

[
∑

i
Wi

]
, Wi = ∑

{D}i

FD C̃D = ∑
{D}i

FD ∑
{D′}i

RDD′ CD′ = F T RC (4.2)

where FD and CD are respectively the kinematic integral and ordinary colour factor associated
with diagram D, and R is a matrix whose entries are rational numbers. We refer to R as the web
mixing matrix. Using a path-integral formulation [61] and the replica trick from statistical physics,
an algorithm was formulated [48] allowing one to compute R for any given web. The mixing matrix
has a rich combinatorial structure [50–53] and some interesting properties relating to the physics
of soft gluons. An important property is that R is idempotent, R2 = R, for any web. This means that
it is always diagonalisable, and has eigenvalues that are either 0 or 1. Its action can be understood
as a projection operator acting in the vector space of the colour factors of the diagrams in the
web: it selects particular linear combinations of these colour factors, the ones corresponding to
eigenvalue 1, to appear in the exponent. It was subsequently shown [54] that all the colour factors
appearing in the exponent correspond to connected graphs. This completes the generalization of
the non-Abelian exponentiation theorem to the multi-line case.

1 2

34
a b c d

Figure 4: The four diagrams of the multi-gluon-exchange 1-2-2-1 web, all related by permutations of the
gluon attachments along lines 3 and 4. The effective colour factor of the web as a whole is connected:
− f abe f cdeTa

1Tb
2Tc

3Td
4 .

It is equally important to understand the action of the web mixing matrix on the vector of
kinematic integrals FD associated with the diagrams in the web. A step in this direction was taken
in [51] where it was argued that the linear combinations appearing in the exponent through the

9
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action of R, for any given web, have the expected structure based on renormalization, as in (4.1).
This is a highly constrained structure, requiring intricate cancellation of the higher-order poles
between diagrams. The mixing matrix is responsible for generating this singularity structure, much
like the way it generates connected graphs through linear combinations of ordinary colour factors.

A three-loop example of a web is shown in figure 4: the web 1-2-2-1 consists of the four
diagrams whose kinematic integrals are respectively F (a) through F (d) and their ordinary colour
factors are C(a) through C(d), respectively. Eq. (4.2) in this concrete example is:

W(1,2,2,1) =


F (3a)
F (3b)
F (3c)
F (3d)


T

1
6


1 −1 −1 1
−2 2 2 −2
−2 2 2 −2

1 −1 −1 1




C(3a)
C(3b)
C(3c)
C(3d)


=

1
6

(
F (a)−2F (b)−2F (c)+F (d)

)
︸ ︷︷ ︸

subdivergences cancel

×
(

C(a)−C(b)−C(c)+C(d)
)

︸ ︷︷ ︸
− f abe f cdeTa

1Tb
2Tc

3Td
4

.

(4.3)

Performing the product we see that this evaluates to one specific linear combination of kinematic
integrals multiplying a corresponding combination of colour factors of the original diagrams. Using
the colour algebra it is straightforward to see that this colour factor is − f abe f cdeTa

1Tb
2Tc

3Td
4 , which

is the same as the connected graph in figure 2 (bottom graph). On the kinematic side one observes a
cancellation of the cubic pole, while the double pole is associated with commutators of lower order
subdiagrams as predicted by the renormalization properties of the Wilson-line vertex (eq. (4.1)). A
detailed analysis of the triple and double pole structure of these diagrams can be found in ref. [51].
The single pole, in turn, contributes to the anomalous dimension – its calculation [37] will be
discussed in the next section.

5. Multiple gluon exchange webs and their analytic structure

In the final part of this talk I would like discuss the evaluation of multiple gluon exchange webs
such as the 1-2-2-1 web of figure 4. The results for latter along with the 1-1-3-1 web, both of which
contribute to the three-loop four-leg soft anomalous dimension, were published in [37]. The anal-
ysis in that paper and in the very recent [62], goes beyond the computation of specific diagrams: it
demonstrates the advantages of organising the calculation in terms of webs, and furthermore defin-
ing subtracted webs, which are the combinations of webs and commutators of their subdiagrams
that enter the anomalous dimension. Organised this way, remarkably simply results are obtained,
offering some insight into the analytic structure of this entire class of radiative corrections. In the
following we briefly summarize these results.

Let us begin by performing the last integration in the one-loop calculation of eq. (3.1) above
and examine the result. It is useful to express the result in terms of the kinematic variable αi j,
corresponding to the exponent of the cusp angle between lines i and j. It is related to the previously
defined γi j by γi j = −αi j−1/αi j. This inherently introduces a symmetry αi j → 1/αi j, so we will
only be considering the kinematic region |αi j| ≤ 1. It is useful to analyse the physical regions in
terms of this kinematic variable. The complex αi j plane is shown in figure 5. The straight-line limit
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1−1 0

Figure 5: The analytic structure of the one-loop result in the complex α plane – a logarithmic branch cut
along the negative real axis – shown together with a contour describing the values of α for real values of γ:
the α ∈ (0,1) region corresponds to space-like kinematics (one incoming and one outgoing parton) where γ

varies between −∞ and −2; next, the region of complex α with a positive imaginary part corresponds to the
Euclidean region where−2 < γ < 2; and finally the region where α is near the branch cut, α = αr + iη with
αr ∈ (−1,0) and η > 0, corresponds to time-like kinematics.

(or Regge limit, where the partons hardly recoil) is αi j = 1. The region where the invariant βi ·β j

is spacelike corresponds to αi j between 0 and 1. There is another physical kinematic region where
this invariant is timelike and both partons are in the final state or both in the initial state: this is
the region where αi j is negative. Finally, the lightlike limit corresponds to αi j near the origin. The
integrand in eq. (3.1) can be partially-fractioned [36, 37] as follows:

p0 (x,α) = −
(

α +
1
α

)
1

x2 +(1− x)2 +
(
α + 1

α

)
x(1− x)

= r(α)

[
1

x− 1
1−α

− 1
x+ α

1−α

]
, (5.1)

where r(α) = 1+α2

1−α2 . Performing the final integration we find Γ
(1)
S = 1

2π
Ti ·Tj F(1)(αi j) with

F(1)(αi j) =
∫ 1

0
dx p0(x,αi j) =

1+α2
i j

1−α2
i j

∫ 1

0
dx

(
1

x− 1
1−αi j

− 1
x+ αi j

1−αi j

)
= 2r(αi j) ln(αi j) . (5.2)

In a similar manner any diagram involving only gluon exchanges between Wilson lines can be
readily brought into a ‘d log’ form, facilitating an algorithmic calculation in terms of polyloga-
rithms [36,37]. The logarithmic branch cut along the negative real axis we identify in (5.2) is shown
in figure 5. This corresponds to the physical cut expected for timelike kinematics. Putting aside
the routing of this cut – or equivalently considering the result at symbol level – we observe that the
final answer exhibits an additional symmetry under αi j →−αi j [37]: this is a crossing symmetry,
relating timelike and spacelike kinematics. This, as well as the inherent αi j→ 1/αi j symmetry, are
consistent with the presence of exactly four singular points in the complex αi j plane, {1,−1,0,∞},
which all have a definite physical meaning. For a quantity such as the cusp anomalous dimension
(with massless fields) it is hard to imagine any further physical thresholds developing at higher
orders. Indeed it has been observed [35, 36], that multiple gluon exchange corrections to the cusp
anomalous dimension can be expressed in terms of harmonic polylogarithms depending on α2

i j.
One may then wonder whether this simple analytic structure is preserved at higher orders in the
case of multiple Wilson lines.
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The two-loop calculation of the 1-2-1 web [24, 26, 28, 37] already provides a hint that it does.
In [37] the two-loop three-line soft anomalous dimension coefficient has been expressed as

Γ
(2)
S =−4w(2,−1)

3g −4w(2,−1)
121 −2

[
w(1,−1),w(1,0)

]
︸ ︷︷ ︸

−4w(2,−1)
121

,
(5.3)

where w(n,k) corresponds to the coefficient of αn
s εk of a given web. The two contributions in (5.3)

are from the web connecting the three Wilson lines through a three-gluon vertex, w(2,−1)
3g , and the

1-2-1 web involving two individual exchanges between the three lines. In eq. (5.3) the latter has
been combined with the commutators of its subdiagrams to form what has been called a subtracted
web. This quantity, by construction, is physical, while the non-subtracted web w(2,−1)

121 on its own is
prone to artefacts due to the infrared regulator. Indeed the αi j→−αi j symmetry is lost for w(2,−1)

121 ,
but it is recovered for the subtracted web w(2,−1)

121 , which evaluates to

w(2,−1)
121 =−i f abcT a

i T b
j T c

k
1

(4π)2 r(αi j)r(α jk)
(

ln(αi j)U1(α jk)− ln(α jk)U1(αi j)
)
, (5.4)

where U1 is a pure dilogarithmic function with the symbol S [U1(α)] =−4α⊗ α

1−α2 .
These results motivated a general analysis of the structure of multiple gluon exchange webs [37].

Using the parametrization of the positions of gluon attachments along the Wilson lines introduced
in the context of the one-loop calculation in (3.1), now applied for any of the n gluons, namely
λk = σk +τk and xk = σk/(σk +λk) we find that the kinematic integrals for any diagram in the web,
or indeed for the web as a whole, take the general form:

F
(n)
W (γi j,ε) = κ

n
Γ(2nε)

∫ 1

0

n

∏
k=1

[
dxk γk Pε (xk,γk)

]
φ
(n)
W (xi;ε) , (5.5)

where the integration over the distance parameters λk has been performed, giving rise to the web
kernel φ

(n)
W (xi;ε), while the angular integrations are left undone. It has been shown that φ

(n)
W (xi;ε)

is a polylogarithmic function of weight n− 1. Performing the angular integrations at this point
would yield a rather complicated answer, with multiple ultraviolet poles and Goncharov polyloga-
rithms that couple between different αi j variables; this result would also invalidate the symbol-level
symmetry αi j→−αi j. However, the favourable way to proceed is to form the subtracted web com-
bination at order ε−1, combining the web with the commutators of its subdiagrams, as was done at
two loops in eq. (5.3). This yields the following kinematic dependence for any given colour factor
in the subtracted web:

F(n)
W

(
αi
)
=
∫ 1

0

[
n

∏
k=1

dxk p0(xk,αk)

]
G

(n)
W

(
xi,q(xi,αi)

)
=

(
n

∏
k=1

r(αk)

)
G(n)

W

(
αi
)
,

where G
(n)

W is the subtracted web kernel. The key property of the latter, observed in all webs
computed so far, is that it is composed exclusively of powers of logarithms of its arguments. All
the polylogarithms which appear in individual diagrams, and also in the non-subtracted web kernel
φ
(n)
W (xi;ε) conspire to cancel, thus eliminating any coupling between the different αi j variables

through polylogarithms.
This analysis led to the formulation of the following conjectures concerning multiple-gluon-

exchange webs [37]:
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• Factorization conjecture: contributions of webs consisting of n gluon exchanges to the soft
anomalous dimension (subtracted webs) take the form of a rational factor consisting of a fac-
tor of r(αi j) for each exchange between lines i and j, times a pure polylogarithmic function
of weight 2n−1, which is a sum of products of polylogarithms of individual αi j variables.

• Alphabet conjecture: the symbol alphabet of these polylogarithms is {αi j,1−α2
i j}.

It should be stressed that neither the factorization into functions of individual αi j variables, nor the
alphabet conjecture have been proven to be general; the violation of one of these elements almost
immediately implies violation of the second. Having said that, there is by now significant evidence
supporting these conjectures [37, 62], and moreover, an all-weight basis of functions has been
constructed [62], which is conjectured to be sufficient for expressing any multiple-gluon-exchange
web involving any number of Wilson lines at any order.

As an example, we quote the final result for one of the two 4-leg three-loop webs [37]:

w(3,−1)
1221 =− f abe f cdeT a

1 T b
2 T c

3 T d
4

(
1

4π

)3

r(α12)r(α23)r(α34)

[
−8U2(α12) lnα23 lnα34

−8U2(α34) lnα12 lnα23 +16
(

U2(α23)−2Σ2(α23)
)

lnα12 lnα34

−2lnα12U1(α23)U1(α34)−2lnα34U1(α12)U1(α23)+4lnα23U1(α12)U1(α34)

]
.

(5.6)

This function involves just two simple trilogarithmic functions, whose symbols are

S [U2(α)] = 4α⊗ α

1−α2 ⊗
α

1−α2 ,

S [Σ2(α)] = 2α⊗α⊗α ,
(5.7)

consistent with expectations. One of the most important implications of this structure is that in the
light-like limit, this web, and likewise the 1-1-3-1 web, will reduce to products of logarithms of αi j,
up to terms that are suppressed by powers of α2

i j. Thus, these webs – in contrast to the connected
webs of section 3 – do not give rise to any finite function of conformally invariant cross ratios.

6. Conclusions

There has been significant progress over the last few years in our understanding, and our ability
to compute, long-distance singularities in gauge-theory scattering amplitudes. The non-Abelian
exponentiation theorem has been generalised to any number of Wilson lines. We have seen that
this also has practical advantages: we can directly compute the exponent in terms of webs, leading
to a major simplification – in contrast to individual diagrams, subtracted webs share the symmetries
and analytic properties of the full anomalous dimension.

We are now very close to completion of the calculation of the soft anomalous dimension for
multi-leg scattering in the massless limit. This will finally give a definite answer to a central
question posed 5 years ago with regards to corrections to the dipole formula. Much progress has
also been made on the calculation of three-loop corrections to the soft anomalous dimension for
massive partons. In this process new configuration-space techniques for Wilson-line correlators
have been developed, providing insight into the analytic structure of webs.
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