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ABSTRACT: We compute a class of diagrams contributing to the multi-leg soft anomalous
dimension through three loops, by renormalizing a product of semi-infinite non-lightlike
Wilson lines in dimensional regularization. Using non-Abelian exponentiation we directly
compute contributions to the exponent in terms of webs. We develop a general strategy to
compute webs with multiple gluon exchanges between Wilson lines in configuration space,
and explore their analytic structure in terms of «;;, the exponential of the Minkowski
cusp angle formed between the lines ¢ and j. We show that beyond the obvious inversion
symmetry o;; — 1/a;, at the level of the symbol the result also admits a crossing symmetry
aj;j — —aj, relating spacelike and timelike kinematics, and hence argue that in this class
of webs the symbol alphabet is restricted to a;; and 1 — ozfj. We carry out the calculation
up to three gluons connecting four Wilson lines, finding that the contributions to the soft
anomalous dimension are remarkably simple: they involve pure functions of uniform weight,
which are written as a sum of products of polylogarithms, each depending on a single cusp
angle. We conjecture that this type of factorization extends to all multiple-gluon-exchange
contributions to the anomalous dimension.

KEYWORDS: renormalization, perturbative QCD, resummation, exponentiation, Wilson
lines, eikonal approximation, soft singularities, polylogarithms, symbol
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1 Introduction

Gauge theory scattering amplitudes are known to be infrared singular [1]. Understanding
the detailed structure of these singularities is important for collider physics [2-42]: it is a
prior condition to cross-section calculations in which these singularities cancel in the sum
of real and virtual corrections. In many circumstances these cancellations leave behind
parametrically-large logarithms, which can be resummed to all order, see e.g. refs. [43-75].

The infrared structure of amplitudes is also interesting from a purely field-theoretic
perspective. This is underlined by the possibility to explore all-order structures and form a
bridge with strong-coupling methods. While progress on this front was largely restricted to
(planar) N = 4 supersymmetric Yang-Mills theory, e.g. [76-85], where amplitudes appear
to be directly related to certain Wilson loops, infrared singularities are generally similar
across all gauge theories and can be computed by considering products of Wilson-line
operators.

Long-distance singularities have been investigated since the early days of QCD, and
have been a subject of continuous theoretical interest [2-16, 18-42]. In recent years we
have seen significant progress towards determining the singularities of multi-leg amplitudes
with general kinematics beyond the planar limit and beyond one loop [4, 19, 20, 25-34, 41].
Complete two-loop results are now available for the soft anomalous dimension in both the
massless and massive cases. Furthermore, in the massless case all-order constraints have
been deduced from factorization and rescaling symmetry, leading to a minimal ansatz in
which the anomalous dimension takes the form of a sum over colour dipoles [35-37, 39,
40]. Corrections to the dipole formula may first appear at three loops, from diagrams
involving four Wilson lines. Despite recent progress [35-40, 86-92], it seems that general
considerations fall short of excluding or fixing these corrections!; further input from explicit
calculations is needed. This motivates the present work, which is part of a larger project
aimed at determining the anomalous dimension at three-loop order, and understanding its
structure to all orders.

A separate line of investigation where much progress was made recently is soft-gluon
exponentiation. Denoting the soft-gluon amplitude, or equivalently the correlator of Wil-
son lines, by S (see eq. (1.9) below), the general observation is that the corresponding
exponent w, defined by & = expw, has a simpler perturbative expansion with some re-
markable properties. In particular, all colour factors appearing in the exponent correspond
to connected graphs [93]. There are two complementary approaches to exponentiation: one
is based on evolution equations [2-15, 18, 19, 21-40], which are ultimately a consequence
of multiplicative renormalizability [94-97], and the second is a diagrammatic approach,
the direct computation of the exponent in terms of webs [93, 98-104]. Following ref. [104],
we shall make simultaneous use of both approaches, aiming to compute the anomalous
dimension in terms of webs.

The diagrammatic approach to exponentiation is summarised by the non-Abelian ex-
ponentiation theorem. This theorem was established in the 1980’s in the context of a

LA very interesting argument has been formulated recently [92] based on the Regge limit, indicating that
the dipole formula should be violated at four loops.



Wilson loop [99, 100], and was recently generalised to the case of multiple Wilson lines in
arbitrary representations of the colour group [93, 101-104]. In contrast to the Abelian case,
where only connected diagrams contribute to the exponent, in a non-Abelian theory cer-
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tain non-connected diagrams® contribute as well. The non-Abelian exponentiation theorem

states that such a diagram D contributes to the exponent with a modified, Exponentiated
Colour Factor (ECF) C(D), which corresponds to a connected graph [93].

In the case of multiple Wilson lines it is useful to define webs as sets of diagrams which
contribute to the exponent together, rather than as individual diagrams. These sets are
formed by taking all possible permutations of the order of gluon attachments to the Wilson
lines. Each such set of diagrams constitutes a single web W. A web will be denoted by
Win,,....np) OF Simply nq1 —na—...—np, where n; > 0 is the number of gluon attachments on
line ¢, and it is assumed that there are L lines in total. The contribution of these diagrams

to the exponent w takes the form [101]:

W =Y F(D)CD)= > F(D)RppC(D). (1.1)
D D,D!

Here {F(D)} and {C(D)} are, respectively, the sets of kinematic functions and colour
factors associated with all diagrams D € W, diagrams which are related to each other by
permuting the order of gluon emissions, while Rpps is a matrix of rational numbers called
the web mizing matriz. Thus each web has an associated web mixing matrix which dictate
how colour and kinematic information is entangled. These matrices were further studied
in refs. [103, 104], where it was shown that web mixing matrices are idempotent, R? = R,
namely they act as projection operators, selecting particular linear combinations of colour
factors, those corresponding to unit eigenvalues of R, to appear in the exponent. It was
then proven [93] that these combinations always correspond to connected graphs.

The mixing matrix can also be viewed as acting on the kinematic factors, generating
particular linear combinations of {F(D)} in which certain subdivergences cancel, as dic-
tated by the renormalisation properties of the vertex at which the Wilson lines meet [104].
It was also shown that the contents of web mixing matrices can be obtained purely from
combinatorial reasoning [103]. This has been further used in refs. [105, 106] to establish
a relation with partially ordered sets, and deduce all-order solutions for certain classes of
webs.

Our interest in the present paper is to develop techniques to evaluate the integrals
associated with webs connecting several non-lightlike Wilson lines and determine the con-
tributions of these webs to the angle-dependent soft anomalous dimension. We consider
here webs involving multiple-gluon-exchange diagrams with no three- or four-gluon vertices.
An example of a diagram in this class is shown in figure 1. Within this general class we
further focus on these webs that connect the maximal number of Wilson lines at any given
order, that is three Wilson lines? at two loops, as in figure 6, where we will reproduce the
results of refs. [26, 31, 33|, and four Wilson lines at three loops, as in figures 7 and 8. We

2In this context ‘connected’ and ‘non-connected’ refers to the diagram after removing the Wilson lines.
3The two-line case is the familiar angle-dependent cusp anomalous dimension, which was computed at
two-loops in refs. [4, 16].



Figure 1. An example multiple-gluon-exchange diagram connecting four semi-infinite Wilson lines
at seven loops. The 4-velocities associated with the directions of the Wilson lines in Minkowki
space are indicated by ;. The lines all meet at the origin, where there is a local effective vertex

representing the hard interaction.

emphasise at the outset that evaluating the full soft anomalous dimension at three loops
is beyond the scope of the present paper. In particular the computation of webs involving
three- or four-gluon vertices, as shown in figures 2 and 3, requires different techniques; this
work is being carried out in parallel and the results will be published separately.

Figure 2. Connected three-loop diagrams with 3- or 4-gluon vertices spanning four Wilson lines.

In the final part of the introduction we briefly review how correlators of Wilson-lines
arise, define the soft anomalous dimension and outline the general strategy for computing
it. This closely follows the approach of ref. [104] (see also refs. [31, 102]) where detailed
derivations can be found. Our approach uses the very powerful observation [4], that soft
singularities in amplitudes can be deduced from the ultraviolet singularities of a product of
semi-infinite Wilson lines. Wilson-line operators arise upon factorizing an amplitude into
soft and hard modes:

M (pi,er) = SEL (vij, em) M (p:) (1.2)



Figure 3. The 1-1-1-2 web. Each of the two diagrams in this web (A and B) contains two connected
subdiagrams, one of which has a three-gluon vertex.

where the hard function Hz, similarly to the amplitude itself, is a vector in colour space,
while the soft factor, S'7, for which we give an operator definition below, is a matrix in this
space (we denoted the collection of colour indices schematically by I and J). To identify
the soft modes one introduces Wilson lines as follows: a field ¥(z) in the time-ordered
product in M, corresponding to the annihilation of an outgoing quark with momentum g,
is replaced by

U(z) — Pexp <—igs /ZOO dx“AM(a:)> P(2) (1.3)

where the soft gauge field interacts with the Wilson line and decouples from v (z). The
integration path in the exponent is along a ray in the direction of quark, and the anti-path-
ordering operator P places colour fields that are closer to the lower limit of integration to
the right; in fig. 1 this is indicated by the direction of the arrow along the Wilson lines?.
In this paper we follow the convention where all momenta p; are incoming, so the outgoing
quark in (1.3) has 4-momentum p; = —¢q. Using the rescaling symmetry of the Wilson
line we can use the 4-velocity §;, which is proportional to p;, and parametrize the path as
ot = zM — tBY, obtaining’:

P, (00, z) = Pexp <igsﬁf /OO dtA,(z — tﬂi)> , (1.4)
0

and the replacement of eq. (1.3) takes the form W(z) — ®g, (00, 2) 9 (2). Similar replace-
ments with the same formula for the Wilson line (1.4) apply to other partons where the
relevant representation of the gauge field is dictated in each case by that of the corre-
sponding parton [107, 108], A, = A}T}, where (T}")ap = t34 for a final-state quark (or
an initial-state anti-quark), (7;")as = —13, for an initial-state quark (or a final-state anti-
quark), and for gluons 7' is in the Adjoint representation with (7). = —ifape-

“We follow the conventions used in Ref. [8]; Appendix A there summarises some useful properties of
Wilson lines.

®Gauge fields are still ordered such that the rightmost ones are those closest to the point z; the Wilson
line is path ordered with regards to f3;.



Soft gauge fields correlate the Wilson lines associated with all partons, while they
decouple from the remaining hard components. The latter (¢(z) in eq. (1.3)), become part
of the hard coefficient function H; in eq. (1.2) while the soft function is defined by

S(%j,EIR)E <0|‘I)51 ®(I)52®...®(I>5L|0> , (1.5)

where ®3, = ®3,(00,0). S (745, €ir), as hinted by the notation, captures all infrared singu-
larities. Note that we ignored here collinear singularities which occur for massless partons.
For the purpose of the present paper it is convenient to assume that the Wilson-line veloc-
ities are non-lightlike (82 # 0). This will also guarantee that the operator in eq. (1.5) is
multiplicatively renormalizable (see below). The lightlike limit may of course be taken at
the end.

Owing to the rescaling symmetry mentioned above the dependence of the soft function
on the kinematics is only through the Minkowski-space angles between the Wilson lines ¢
and j. We define

2ﬁi-ﬁj+10 2pi'pj+io

’YUE 2 . 2 . - 2 . 2 )
\/BZ. —10\/6]-—10 \/mi—lo\/mj—lo

where we indicated the prescription for each Lorentz invariant. In the second expression we

(1.6)

restored the dimensionful kinematic variables: p; is the momentum of a heavy parton with
squared mass p? = m?. Related kinematic variables will be defined below (see eq. (2.10)).

In dimensional regularization S presents a rather remarkable relation between the ul-
traviolet and the infrared singularity structure [4] owing to the fact that scaleless integrals
vanish identically. Instead of computing infrared singularities we will compute the renor-
malization of the vertex formed by the Wilson lines in eq. (1.5). This operator renormalizes
multiplicatively [94-97]:

Sren. (€1R, 1) = Suv4IR Z(€Uv, ) 5 (1.7)

where for lightness of notation we omitted here the dependence on the kinematic variables.
In the absence of any cutoff all radiative corrections vanish and Syyimr = 1, which implies

Stren. (EIRa ,U*) = Z(EUVa ,LL) (18)

Thus our task is to compute the renormalization factor Z. To this end we consider the
correlator of eq. (1.5) with an infrared cutoff:

S (ij, as(p, €), €,m) = <O ‘@E;;l) ® <I>(B;n) ®...0 @%T)‘ 0> , (1.9)

where m is a mass scale associated with the (exponential) damping we use for the coupling of
the gauge field to the Wilson lines as defined in eq. (2.1) below. Dimensional regularization
with d = 4—2¢ is used in the ultraviolet (¢ > 0). After renormalizing the strong coupling, all
remaining ultraviolet singularities should be associated with the multi-Wilson-line vertex
Z as follows:

S (’Yijv Qs (:u%%)’ €, m) Z (%’]ﬁ Qs (:u?%)v € :U’) = Sten. (’Yij’ s (/13%)7 H, m) ) (1‘10)



where Syen. is finite for € — 0 and p is a renormalization scale introduced in defining Z
(this scale is in principle distinct from the renormalization scale of the strong coupling, ur).
The Z factor does not depend on the infrared regulator. The soft anomalous dimension I',
which is itself finite, is defined through

dz
dlnp

—ZT. (1.11)

As one expects from this evolution equation, the perturbative expansion of Z takes a
particularly simple form upon exponentiation. The exponent of the Z factor may be
written in terms of the coefficients of the anomalous dimension T' = 3% o?T'™ (and
those of the /8 function, b,) yielding:

1 1
Z = exp { % rWa, + <4 r® — % F(l)) o?
€ € €

1 3 1 1 2 1 2 1 b(% 1 3 4
+ (&F( '+ [ﬂ ), 1 )} -3 (b0r< ) 4 b1 >> + 50 ) ol + 0(ad) |

(1.12)

Note that in contrast to the Wilson loop case (or, equivalently, the case of two Wilson lines
with a colour singlet operator at the cusp), . similarly to Z, are matrices and thus even
in a conformal theory where b, = 0 the expression for the exponent involves higher-order
poles in € governed by commutators. As discussed above, also the Wilson-line correlator S
itself is most naturally expressed as an exponential

oo
S (igs as(p, €), €, m) = exp{w} = exp {Z w™ a?} = exp Zw(”’k) ay e’y . (1.13)
n,k

n=1

where the coefficients w(™ and w(™*) collect all non-renormalized webs at a given order in
Qg, 1.e.
whal = S ow (1.14)
N,y L
Our strategy will be to make use of the non-Abelian exponentiation theorem and
compute the exponent w as a sum of webs according to eq. (1.14). Having w(™*) at hand,
we will determine the coefficients of the soft anomalous dimension using the following
relations [104]:

W = —2yp—1) (1.15a)

@ = 421 _2 [w(l’_l),w(l’o)] (1.15b)

r® — _guw®-1 1 §bo [wu,—l) w(u)] 13 [w(lm w<27—1)] 13 [w@,m w1
2 ) ) )

(1.15¢)
i [w(1,0)7 {w(l,—l)’w(l,o)” _ [w(l,—l), {w(l,—l)jw(l,l)” .

(n,k)

We emphasise that while individual web coefficients w may depend on the infrared

regularization, I'™ are strictly regulator independent.



In the following sections we explicitly evaluate the integrals corresponding to multiple-
gluon-exchange diagrams in the Feynman gauge and determine their contributions to w(*)
through three loops (n = 3). At each order n the soft anomalous dimension coefficient I'(")

involves a sum over terms depending on up to (n + 1) Wilson lines, namely

n+1
rem =3, (1.16)
k=2

n) . 1. . . .
where I‘g ) is the familiar cusp anomalous dimension. As mentioned above we focus here

on these gluon-exchange webs that connect the maximal number of Wilson lines at each
order. Individual webs will be identified by the number of gluon attachments to each of
the Wilson lines. We will compute the 1-1 web at one loop (figure 4), which contributes
to the leading-order cusp anomalous dimension I‘gl , the 1-2-1 web at two-loops (upper
diagrams in figure 6), which contributes to Fz(f), and the 1-2-2-1 and 1-1-1-3 webs at three
loops (figures 7 and 8, respectively) both contributing to T’ 33).

The entire calculation is done in configuration space. In case of gluon-exchange di-
agrams this has an obvious advantage over a momentum-space calculation: one obtains
parameter integrals along the Wilson lines instead of d-dimensional loop integrals. Besides
computing individual integrals we develop in this paper a general strategy for evaluating
and organising the contributions of multiple-gluon-exchange diagrams. We will see that
it is straightforward to combine integrals corresponding to different diagrams in a given
web. We will further see that it is natural to combine the web integrals with the relevant
commutators of lower-order webs corresponding to their subdiagrams according to the
combinations that contribute to the anomalous dimension coefficients, eqs. (1.15). These
combinations, which we refer to as subtracted webs, are singled out by the fact that they
are associated with a single pole, where the effect of subdivergences associated with the
hard-interaction vertex is removed by including the commutators [104]. We will see that
certain symmetry properties are only recovered at the level of these subtracted webs, which
provides an important consistency check of the computation.

The paper is organised as follows: in section 2 we recall the Feynman rules and go
through the calculation of a single gluon exchange between two semi-infinite Wilson lines
to all orders in e. In section 3 we compute the contributions to the two-loop anomalous
dimension associated with three Wilson lines from the 1-2-1 web (w(®>~1) and then proceed
to evaluate the corresponding finite term w(*% which is relevant for the three-loop anoma-
lous dimension. In section 4 we perform a general analysis of the integrals corresponding
to multiple-gluon-exchange diagrams and determine a basis of functions by which one may
express the contributions to the anomalous dimension from this class of webs. This also
prepares the grounds for the more complex three-loop computations. In section 5 we sum-
marise the results for the contributions of the three-loop webs 1-2-2-1 and 1-1-1-3 to the
anomalous dimension, where the details are relegated to three appendices, appendix A
where we compile the results for all relevant webs, appendix B where the three-loop web
diagrams are expressed in a canonical form as parameter integrals, and appendix C where
the latter are combined with the corresponding commutators of their subdiagrams, obtain-



ing subtracted webs, and these are evaluated explicitly in terms of the basis of functions
of section 4. In section 6 we discuss our results and conclude.

2  One-loop calculation and the choice of kinematic variables

In this section we recall the one-loop calculation. Although the calculation is essentially
the same as that of the cusp anomalous dimension [4, 16, 83, 84], we present it in some
detail in order to introduce the infrared regulator, the kinematic variables and some further
notation. We will also explain how the integrals are performed, preparing the grounds for
similar higher-loop computations.

Throughout this paper we use an infrared regulator which exponentially suppresses
the coupling to the Wilson lines at large distances from the vertex as follows [103]:

(o.9] o0
Gg)dt [ e) () a [ e VI ()
0 0

where we indicated the relevant prescription® for 61-2 — Bf — 40, the same prescription as
in the denominator of eq. (1.6). This is in keeping with the fact that this variable takes
the role of a squared mass, rather than a squared off-shell momentum. Note that thanks
to this prescription the convergence of the A integral at infinity is guaranteed” for both
space-like and time-like Wilson lines.

sBj %

Figure 4. One loop web, where the gluon is emitted between partons i and j, whose kinematic
part is given by eq. (2.11).

Let us consider the calculation of the one-loop diagram in figure 4 with this regulator
in place. We follow the conventions described in the introduction, where the Wilson lines

®In the calculation we will eventually rescale the integration variable to absorb the factor /32 —i0. In
this case the prescription will be carried by the regulator m — m — i0.

"To verify this note that the analytic continuation reads 2 — i0 = |3Z| exp(—if) where § > 0. One has
6 = e — 0" for time-like Wilson lines, while § = 7 for space-like lines. In the former case the exponent
in eq. (2.1) is —imAy/|B2|(1 — ie/2) and in the latter it is —imA\/|BZ|(—i), so in both cases one finds
exponential suppression in the A — oo limit.



are defined in eq. (1.4) and the velocities are incoming. We denote the one-loop diagram
with a gluon exchanged between legs ¢ and j by

W = T Ty FP (g, 12 fmP,e), (2.2)

(4,5)

where we have written the colour factor in terms of the generators of the two lines, defining
T-T; =, Ti(a)Tj(a), where T; and T; may belong to different representations. The
Feynman rule for the configuration-space gluon propagator in the Feynman gauge in d =
4 — 2¢ dimensions is (¢f. appendix A in Ref. [7])
d .

Do) = e = o (397

2 T(1—¢)
4m2—e '

(2.3)

where N =pu e>0.

Note that we included the dimensional regularization scale in the propagator, making it
dimensionless. Parametrizing the positions along the two Wilson lines ¢ and j by s and
t respectively, the one-loop calculation reduces to a parameter integral over the gluon
propagator (2.3) between the two points sf; and tf3;, with exponential damping associated
with the infrared-regulated interaction vertices (2.1):

=1 _imsy/B2—10—im 2_j
f(l) (r}/'l]? 7, > — gs N,BZ ﬁj/ dS/ dt S/B’L —_ tﬁ]) _|_1€> e m t\/m
e—1 . .
= giNWij / dO’/ dT — 0’2 — 7'2 +vijoT + 15) e—1(0+7')(m—10)
2 0 0

1
=k I'(2e¢) %j/o dx P(x,7ij) ,
(2.4)

where in the second line we rescaled® the integration variables such that o = s,/ B? —i0
and 7 =t/ 53 —i0 and in the third line we defined

= _ LQ ‘ gj I'd-¢ (2.5)

- m2) 2 A4Am2-€ ’ ’
and integrated over the distance scale to obtain an ultraviolet divergence. In doing so we
introduced the following integration variables:

A=0c+T and T = g

(2.6)

oc+71’

where the semi-infinite parameter A\ captures the overall distance of the gluon from the cusp,
while z € [0, 1] represents the emission angle, where the two collinear limits correspond to
the boundaries x = 0 and x = 1. The A dependence scales out of the propagator and the

8Note that for spacelike Wilson lines, /7 = —iy/|#?], one may simply define o = s1/[f?] and 7 =
|87|, and then identify (28; - B; 4 ie)/4/|67[|87| = —7ij, consistently with the final result in eq. (2.4).

~10 -



A integral generates an ultraviolet pole I'(2¢) ~ 2% This leaves only x dependence in the

propagator-related function,

P(x,vj) = $2+(1—l‘)2—1‘(1—$)’ﬁj—i€:|6_1 = [1—43@(1—30) (; + % —i—iz-:) r_l. (2.7)

In order to perform the final integration over z in eq. (2.4) it is convenient to express
the integral in terms of «;;, defined by

1
— % = oij + (2.8)

Note that this definition inherently introduces an inversion symmetry, a;; — 1/c;;, which
implies that one can either choose || < 1 or |ay;| > 1, as both are describing the same
kinematics. Throughout this paper we shall assume the former, so all relevant values of
«j; are within the unit circle.

Let us now consider the coefficient of the 1/e pole in eq. (2.4), which is regularization-
independent, in term of a;:

1,-1 9% [

— i Qi+ — /1 dx 1
1672 \ 7 i) Jo 2+ (1—2)2+ 2l —2)(u+ 1 i) — e

(
g2 1+a} /1d 1 1 (2.9)
= — T — —
1672 1 —aZ; Jo T =g —10 T4 2 40

= — Y 10 (ay; + 10)
167271 — a3, K
where Py(z,7;;) is the € = 0 limit of P(z,~;;) of eq. (2.7). In the third line we performed
a partial-fraction decomposition of the integrand, obtaining a dlog form. The final result
in eq. (2.9) is the familiar one-loop cusp anomalous dimension (see e.g. [4, 25, 30]), often
expressed in terms of the Minkowski space cusp angle ;;:

rWa, = —200Va, = —27; - T) FOD ()

2 1+ a2 2
L= (. ) = I y N ) y .
FUD () = 22 [_2 In(ag) 757 | = g2 26 coth(&y) (2.10)

where &ij = cosh 1 (—;;/2) = Inay; .

We identify «;;, which will be our preferred kinematic variable, as the exponential of the
cusp angle between the two lines, a;; = exp&;;. We note that the o;; — 1/a;; symmetry
mentioned earlier corresponds to &;; — —&;;. As usual, the ic prescription of the propagator
in eq. (2.3) dictates the sign of the imaginary part of a;; 410 in eq. (2.9), which is important
when «;; is negative. From now on we shall not write explicitly the imaginary part; it can
always be recovered taking o;; — «;; +ic with € > 0.

- 11 -



Im(x)

Re(x)

\
\ 4

Figure 5. The analytic structure of the one-loop result in the complex « plane — a logarithmic
branch cut along the negative real axis — shown together with a contour describing the values of «
for real values of : the o € (0,1) region corresponds to space-like kinematics (one incoming and
one outgoing partons) where -y varies between —oo and —2; next, the region of complex a with a
positive imaginary part corresponds to the Euclidean region where —2 < ~ < 2; and finally the
region where « is near the branch cut, a = «a, + ie with «,. € (—=1,0) and € > 0, corresponds to
time-like kinematics.

figure 5 describes the values” « takes in the complex plane for real values of 7. There
are two physical regions where « is real: positive o corresponds to space-like kinematics,
while negative « to time-like kinematics. Analytically continuing from one to the other
can be done at fixed |a|, with « having a positive imaginary part. As can be verified
using eq. (1.6) the limits v — 1 are collinear limits: for & = —1 (y = 2) the two semi-
infinite Wilson lines merge into one carrying the sum of the colour charges, while for a = 1
(v = —2) they join to create a single infinite line. Physically, & — —1 corresponds to
heavy-quark production near threshold, a situation where there are Coulomb singularities,
while @ — 1 corresponds to forward scattering, as occurs in the high-energy limit. Note
that in the latter case we do not expect a singularity and indeed the pole of the rational
prefactor at a;; = 1 is compensated in eq. (2.8) by the zero of the logarithm. Finally the
limit & — 0 (]| — oo) is the lightlike limit. In this case the logarithmic divergence in
eq. (2.9) corresponds to the extra collinear singularity characteristics of massless partons.

For the multi-loop analysis we will need the single-gluon-exchange diagram computed
to higher orders in the dimensional regularization parameter €. Subleading terms in this
expansion enter the expressions for the higher-orders coefficients '™ in eq. (1.15). Keeping
the full e dependence in eq. (2.4), the kinematic factor takes the form:

1
]:ijl)(%j’“Q/mz’ﬁ) = £ 1'(2€) ’Yz’j/ dz P(x, i)
' (2.11)

— kT o (11372 + 2 )

9Here and below we will be using o and + to denote o and 7,5, respectively, whenever specific line
indices are not needed.
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The leading term in the e expansion of eq. (2.11) coincides of course with eq. (2.9). It is
straightforward to expand the hypergeometric function in (2.11) to subleading orders in .
To this end we recall the formula from ref. [109] (eq. (4.24) there continues to O(€%)):

oy <{1+a16,1+a26], [2+fe},z> = 1—22217614__3 In(«)
+ 6(2(f — a1 — ag)(Liz(—a) + In(a) In(1 + «)) (2.12)
a1 + az

—2f(Lig(a) + In(e) In(1 — a)) + ;

ln(a)2 + Bf —a — a2)) 4.

where z = 1/2 + /4 and

a:1_\/z/(z—1):1—\/%3 (2.13)
1+ 2/(z=1) 14 Jre2 '

y—2

The inverse relation between v and « is given in eq. (2.8) above. For the expansion of
eq. (2.11) we use eq. (2.12) with ag = —1 and a1 = f = 0 getting:

Yij oI <[1, 1-— 6], [3/2], % + ’Zj) = 27‘(04ij) (R()(Ckij) + GRl(Oéij) + GQRQ(OJZ‘]‘) + O(e2>>
(2.14)

where the rational factor is

1+ oz%j
2 bl
ij

r(og) = (2.15)

1—-«a
and the pure transcendental functions of the first three orders are:
Ry(a) = In(w)

1
Ri(a) = 2Lis(—a) + 2In(a) In(1 + o) — 5 In?(a) + Co

Ro(a) = 2Lis <1i‘a> — 9Ly (JQ) ~In(a) [Lig <1 i a) + Li <1jaﬂ + éhﬁ(a) .

(2.16)

We comment that an alternative to writing the general € integral as a hypergeometric
function and then expanding, one may expand under the integral in eq. (2.4), defining
R, () vial'®

n- Dol (2P 4+ (1 -2)® -2l - 2)yy
J— H%;j/ 1" (2° 4 (1 —2)* —a( x)’YJ):KT(aij)Rn(aij)‘

ij (’7@]7# /m ) 2 IEn‘ x2+(1—$)2_$(1_$)7w

(2.17)

Note that the notation here is such that n is the power of the logarithm; the function R,
itself is of weight n + 1. Note also that upon assigning ¢ weight —1, the entire expansion

0Throughout the paper we refrain from expanding the overall coefficient (as well as the overall I'(2n¢))
in order not to clutter the expressions.
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on the r.h.s. of eq. (2.14) is of uniform weight (1). These integrals, along with similar
integrals which occur in higher-order webs, will be important in determining the anomalous
dimension at higher loop orders. For easy reference these definitions are all complied in
appendix A.

A final comment is due concerning the choice we made to use « as the default kinematic
variable, as opposed to v for example. To this end it is useful to consider the & — —1 limit
which corresponds to heavy-quark production near threshold. In this limit the physics is
most transparent when expressed in terms of the velocity of the heavy quark, which is given
by v = y/1 — 4m?/s and tends to zero in this limit. Before making any approximation the
relation is & = —(1 —v)/(1 + v) (see eq. (4.11)), which indeed tends to —1 for v — 0, up
to power terms, while the rational factor in eq. (2.9) yields 7(a) = (1 + v?)/(2v), which

is linearly divergent for small v, as expected. When using the variable « this singularity
=2
v+2
implying that in terms of v we obtain a square-root singularity at v — 2, rather than a

simply translates into a simple pole at &« — —1, however according to eq. (2.13) v =

simple pole. We see that in terms of o we have a simple analytic structure, which is not
the case for v. A more complete picture of the analytic structure will be presented in the
following sections, after computing the two-loop diagrams. It will transpire that « is a
convenient kinematic variable.

3 Two-loop calculation and the notion of a subtracted web

In this section we focus on the two-loop calculation of webs connecting three Wilson lines
(we will not be concerned with higher-order corrections to the cusp anomalous dimension
itself, which was computed to two-loops in refs. [4, 16]). The relevant diagrams are shown
in figure 6. The figure shows the two relevant types of webs, the 1-2-1 web which comprises
two diagrams, each of which has two individual gluon exchanges, and the connected three-

11 and

gluon-vertex diagram, which is a web on its own. Our focus here is on the former
we carry out the calculation to O(e”) as necessary for the computation of the three-loop
anomalous dimension. The O(e~!) term of this web, which contributes to the two-loop
soft anomalous dimension, has already been computed in refs. [26, 31, 33] and we confirm

these results.

3.1 Computing the 1-2-1 web
The 1-2-1 web contribution reads [101]:

(C(2a) — C(2b)) (F(2a) — F(2b))

N

1. abcrparpbre (31)
= —SifTITITE (F(20) - F(20))

where the notation (2a) and (2b) refers to the two diagrams in figure 6, respectively. In
eq. (3.1) we incorporated the relevant mixing matrix and used the colour algebra to write

"The O(¢™') term of the latter has been computed analytically in ref. [31] in momentum space and
numerically, in ref. [26, 33] in configuration space. An analytic calculation in configuration space will be
presented separately [110].
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Figure 6. Two-loop graphs connecting three Wilson lines. The two diagrams at the top, (2a) and

(2b) respectively, form together a 1-2-1 web, which we denote by w§§)1 or alternatively wl(fj) s Where

the leg j has two gluon emissions connected respectively to legs ¢ and k. The connected diagram

at the bottom is a web by itself, denoted by wff,l 39° The two webs have the same colour factor.

the commutator on line j using the structure constants, exhibiting the connected nature
of the colour factor. Next we need to compute the kinematic factors. Employing the
configuration-space Feynman rules detailed in the previous section we have:

F(2a) = g*N%(B:i-B8;)(Bj - Br) /°° ds dudty dt2 0(t1 > ta)
0
< ~ (fi tlﬂj)Q)e_l( — (uf — tgﬂj)Q)G_le_im<sm+“ B0+ (t-+2),/57-10)
(3.2)

and similarly with 6(¢; < t3) for diagram (2b). Rescaling the line-integral parameters such
that s /51-2 —10 = o and 1 24 /ﬁ? —10 = 712 and wuy /ﬁz —i0 = p yields

4/\/’2

0o
]:(2)(20,) — 954 %ﬂjk/ dO'deTl dm 9(’7’1 > 7'2)
0

e—1

e—1 . .
(== r2mgon) (= u2 =B n) OO,

(3.3)

Repeating now the change of variables of eq. (2.6) for each of the gluons, namely

NM=0+T7 and T = n ,
o+
Ao =+ 7 and z = E ,
[P
followed by
A1
1+ A2 an w Nty
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we may integrate over the overall distance parameter A obtaining an ultraviolet singularity:
1 1
FP(2a) = K’T(4€) vijj / dx/ dzP(x,vij) P(z,7vjK)
0 0

[bo-o)o(r2>3).

where P(x,7;;) is defined in eq. (2.7) above. The normalization factor here is written in

(3.4)

terms of k, defined in eq. (2.5). We obtain a similar expression for diagram (2b), where

the Heaviside function is 6 { 1%~ < %)

Performing the integral over w in the second line of eq. (3.4) we get:

1.,(2a) = /01 deo (w(1 - w))%1 0 <1fw > ;) - @)2 2% 2y ([de, 2€], [1 + 2], —g)

_ (E)Q 1 (1+8Lin(~a/2) + O())

z 2¢

11
=———In (E) + (4Li2 (—£> + 1n? (E)) e+ 0O (62) ,
2 € T z T
and similarly for the integral corresponding to diagram (2b) we obtain:

L = [Cas(ot-0)" o (2 <2)
_ %e_l +1n (%) _ (4L12 (—g) +In? (g) +4C2) e+0(?) .

Therefore, for the kinematic factor of the web we obtain:

1 1
FO(2a) - FO(20) = 26T (46) 7357k / dz / dzP(x,75) Pz, 7j8) $2(, z:¢), - (3.7)
0 0
where we denoted the kernel of the integral by
) =1n Z (T 2 (L 2
da(@,256) =In % + <4L12 < Z) +In (2) +2<2) e+ O(e). (3.8)

Here the double pole cancels between the two diagrams, as expected'? [104]. Finally,
substituting this into eq. (3.1) we obtain:

1 1

2 : pabcpa c
W((l’)gyl)(aijvajk) = —if T T Ty 57 T (4e) %'ﬂjk/o dSC/O dzP(z,%ij) P(z,vjk) $2(x, z;€) .
(3.9)

We may now expand the result in € writing

2 2 1 (0,1 2,0
W((l,)Z,l) = w§2)1 al = <€w§21 )y w§21) + O(E)> a3,

12YWe recall that the cancellation of the leading poles has been shown to be a general property of webs
based on their renormalization properties.

~16 —



To determine the contribution of this web to the two-loop anomalous dimension we only

need the coeflicient wg’l_l) of the 1/e pole of (3.9). The required integrals are of the form:

it /01 dz In(x) Po(, 7i5) = r(vj) (‘Sl(26m>

= T(Ogij> |:—2L12(Oéij) + %1I12(Oéij) -2 11’1(1 — aij) ln(aij) + 2<2:| s
(3.10)

with the usual relation (2.8) between +;; and «;;, and where the rational function r(cy;) is
defined in eq. (2.15), as at one loop. The fully-integrated result at O(a2 e 1) is:

_ , 1)?
wiy (i age) = — i TETIT <47r) (o)) (1n(0g) s () — In(aze)S1 (o))
(3.11)
in agreement with refs. [26, 31, 33].
3.2 Two-loop soft anomalous dimension and the subtracted web
Recall that at one loop we got, according to eq. (2.10),
TWay, = T3 - 722 r(ay;) In(oy;) - (3.12)
T

Let us now examine contributions to I'® involving the colour indices of three lines, which
we denote by I‘gf). According to eq. (1.15) there are three sources of such contributions: the
1-2-1 web given by eq. (3.11), the commutator term and the three-gluon-vertex diagram;
all three have the same colour factor o f“bci’iaibe,g. For the three-gluon-vertex diagram
we have [26, 31, 33, 110]:

. 1)’
wiy ™ = —ifeTeTtTE 2 <47r> r(aig) In gy n? ay (3.13)

Let us now evaluate the commutator [w(l’*l),w(l’o)] using the results of eq. (2.17).
We have:

FooOT T+ Fy 0T T, FPOT T+ FROT T

[w(l’_l)as, w(l’o)as} = ij

=1 [y 1| 1 (R VERY - FTESY)

2 2
s faocrpa C gS
— _4ifoeTeTOTE (1%2) (o) r(age) (1n(as) Ri(age) = n(ag) R ()
(3.14)
where Rj(«) is given by eq. (2.16) above.

Given the similar structure of the commutator and 1-2-1 web contributions, both
having the same rational factor r(ayj;) r(aji), it is natural to combine them, writing the
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anomalous dimension as

PP = —uff ™) —aulf Y — o [wl w0 319
_(2,—1
- wgm )
and then:
_ _ 1
T = i+ 1 [, 009

2
= —ifTITYTE <417r> T(az’j)T(ajk)(ln(aij)Ul(ajk)—1n(ajk)U1(aij)>a
(3.16)

where we defined the following transcendental function:

Ur(@) = S1(a) + 2R (). (3.17)

We shall refer to ng 2

as the 1-2-1 subtracted web. More generally a subtracted web
will be defined as the contributions to the anomalous dimension from the web and all the
commutators terms comprised of its subdiagrams. Using the previous results for R; and

S1, defined respectively in egs. (2.16) and (3.10), together with the identity:
Lis(a) + Lia(~a) = SLis(a?),
we get
Ui(a) = Si(a) + 2Ry () = 2Lis(a?) + 41n(a) In(1 — o?) — 21In?(a) — 2¢s. (3.18)

Eq. (3.16) with (3.18) agrees with both the momentum-space calculation of eq. (23) in
ref. [31] and the configuration space one in ref. [26, 33].

Note that given the similar structure of the integrals for the web (3.9) and commutator
(3.14) (see eqs. (A.6)):

1\? [
w(l,—l)’w(l,o)} — 71fabcﬂaT]bT]§ <> /0 dxdzpo(x,aij)po(zvajk)

A (3.19)
X (ln q(z, ojx) — Ing(z, aij)
where we defined
2
p(x,0) =vP(x,7) = ———
1 .
where g(z,a) =24+ (1 —2)* —z(1 — z); —y=a+—
o

and po(z,a) = limep(z, ), we can also form the subtracted web combination at the
level of the integrand, namely

- . pabcrpa c 1 2 ! —(0
w3 g, an) = =1, T)T; <47T> /0 dx d2p0<$aaij)p0<zvajk)¢é N(2,2), (3.21)
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where
—(0 z 1
qbg )(x, z) =In > + 5(111 q(z, ojx) — Ing(z, aij> (3.22)

is the subtracted web kernel. Formulating subtracted webs as integrals over po(z, ) factors
would be the starting point for our general analysis in the next section. We will see that it
is useful to postpone the x-type integrations until after having formed the subtracted webs
combination.

3.3 Inversion symmetry and the forward limit

Let us now return to the inversion symmetry mentioned above. We will also comment on
the connection of this property with the behaviour of the result in the forward limit.

The one-loop (cusp) anomalous dimension, of eq. (3.12) is symmetric under inversion,
a;j — 1/a;j, as must be the case owing to the definition of a;; in eq. (2.8). This sym-

1+a?2,
2 and the
1*0‘1’]'

metry is realised through the fact that both the rational function 7(ay;) =

transcendental one, In(a;j), are separately odd under inversion.
Consider now the two-loop result presented above. Using the inversion formula:

Lis(1/2) = —Tis(z) — %m?(—x) — G (3.23)
in egs. (3.10), (2.16) and (3.18) we find:
51(1/04) = —51(04), Rl(l/a) = —Rl(a), Ul(l/a) = —Ul(a). (3.24)

We see that the situation here is similar that at one loop: in particular, in @5221_ 1)(ozij, ajk)
of eq. (3.16) both the rational function and the transcendental function are odd under in-

version of each of the « variables, making the final result symmetric, as expected. Note that
(2»71)
39

of eq. (3.13). This function has just one rational factor r(c;): there is none associated

the inversion symmetry is realised differently for the three-gluon vertex contribution w

with aj;. Here the transcendental function In? o, is by itself even under inversion.

Consider now the the forward-scattering (or straight-line) limit where o;; — 1. In
this limit the rational factor r(c;) is singular, and since physically there should not be
any singularity there, one expects that the transcendental function should vanish. We now
observe that when the function is odd under inversion — as occurs at one loop in eq. (3.12)
or for two-loops functions in eq. (3.24) — vanishing at a;; — 1 follows automatically. We
can also use the relation

Lig(1 —z) = —Lis(z) — In(1 — 2) In(z) + 2
to express the dilogarithmic function U («) in eq. (3.18) as
Ui(a) = —2Lis(1 — o?) — 2In%(a), (3.25)

where each of the terms vanishes for &« — 1. In the next section we will see how these
properties generalise to the entire class of multiple-gluon-exchange webs.
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3.4 Integrating to order €’

We may now proceed to perform the integrals required for the O(e") term of wg)l, which
will be needed for the three-loop anomalous dimension. According to eq. (3.9) with ¢
of eq. (3.8), these include for example the integral fol dx In%(z)po(x, ), where po(z,a) is
defined following eq. (3.20); this integral is given by eq. (A.12). In addition the O(e)
calculation requires integrals such as eq. (A.16) involving In(¢(z, &) from the expansion of
p(z, «) to higher order in €. These integrals are all summarised in appendix A.

On the face of it, examining eq. (3.9) with (3.8) one would conclude that also the
following integral is required:

1 1 -
/ dm/ dz Lig (——) Po(x, avij)po(2, k) - (3.26)
0 0 z

Here, in contrast to the other integrals we encountered, the dilogarithm appearing in the
kernel couples the two gluons and prevents the factorization of the result into polylog-
arithms of «;; and those of aj ;. Indeed, performing this integral we obtain a rather
complicated function, which can be expressed in terms of Goncharov multiple polyloga-
rithm [111, 112], some of which depend on both cusp angles, rather than a sum of products
of polylogarithm of a single cusp angle. Interestingly, the integral of eq. (3.26) is actually
not needed for the three-loop webs we are considering: as we shall see below all dilogarithms
cancel out in the integrand in combinations of webs and commutators of their subdiagrams,
so if we postpone the integration until after subtracted web combinations are formed, mul-
tiple polylogarithms never arise. As we discuss in the following section this cancellation
is not accidental, but rather points to a general structure of multi-gluon-exchange webs.
The simplification achieved by these cancellations is a significant incentive for arranging
the calculation in terms of subtracted webs.

4 Properties of functions appearing in multi-gluon-exchange webs

The functions we have encountered through two loops have a rather simple analytic struc-
ture and several symmetries which call for interpretation. The purpose of this section is
to analyse these properties in order to gauge how general they are, gain some physical
understanding and prepare the grounds for the three-loop calculation that follows.

4.1 The structure of multiple-gluon-exchange integrals

Let us examine the kinematic dependence of multiple-gluon-exchange webs. We will analyse
the general form of the corresponding integrals, their analytic structure and their symme-
tries. The most obvious among these is the inversion symmetry, o — 1/«, which is an
immediate consequence of the definition of « in eq. (2.8). We have already seen that the
transcendental functions associated with gluon-exchange diagrams at one and two loops
are odd under inversion, compensating the fact that the rational factor associated with
each exchange, r(a) of eq. (2.15), is itself odd, and making the anomalous dimension even,
as it must be. We will see that for the class of webs we are concerned with, namely those
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involving multiple-gluon-exchange diagrams (without any three of four gloun vertices) this
property generalises to any order.

The first observation is that the rational functions in these webs can be determined
without doing any integrals, and they simply amount to a factor of r(«;;) for each gluon
exchange between lines ¢ and j. Recall that the Feynman rules for each gluon exchange
involve a propagator and two parameter integrals corresponding to the positions at which
the gluon attaches to the two Wilson lines. Upon using the parametrization of eq. (2.6)
we see that each gluon exchange gives rise to precisely one factor of p(z,«), defined in
eq. (3.20), along with a corresponding parametric integral over x, representing the gluon
emission angle. The overall distance of this gluon from the vertex, which has been scaled out
of the propagator, can be integrated over along with similar variables associated with the
other gluons, where the limits of integration for any particular web diagram are determined
by the order of attachments of the gluons to a given Wilson line. The general structure of
these integrals is:

F ~ ggn/ dhiddy .. dX [T A
0 k=1

1
></ drydzy ... dz,© ({zi/z;, M/ X)) e 1m0 ) Lkem1 Ak Hp (rk, o)
0 k=1

(4.1)

where the function © ({z;/x;, A;/\;}) denotes a product of Heaviside functions of the form
O(z;\i > x;);), which represent the order of gluon emissions along each of the Wilson lines.
The integral over the overall distance scale of the n gluon exchanges, A = > )| A, yields
an ultraviolet divergence of the form I'(2ne) and the remaining (n — 1) integrals involving
O yield a pure polylogarithmic function'® of weight (n — 1). The latter function, which
we call the kernel and denote by ¢,_1, depends solely on the z-type angular variables
of which there are n. To be precise eq. (4.1) implies that the kernel may only involve
polylogarithms of ratios such as z;/x; and Heaviside functions of the form 6(z; > x;). In
webs where n gluons connect (n + 1) Wilson lines no Heaviside functions remain after the
{\i} integrations. In contrast, in more entangled webs, where n gluons connect fewer than
(n+ 1) Wilson lines, some Heaviside functions may appear in the kernel.
The final integration for a given n gluon exchange diagram takes the form:

n

F) o K"T(2ne) /dwlda:Q coodzy dp—1(x1, 22, ..., Tp;€) Hp(mk, ag)

k=1
= "' (2ne) (H r(ak)) sn({ow};€)

k=1

(4.2)

13To see why such integrals yield a polylogarithmic function at any order in €, note that in 4-dimensions the
A integrals in eq. (4.1) are of the dlog form, d\r/Akx. In d-dimensions the integrand has extra logarithms,
which raise the weight of the polylogarithm by one per power of €. The limits of integration, which depend
on the order of attachments, determine the specific polylogarithmic function that is obtained. An example
was given in eq. (3.4) at two-loops and we will see further examples in appendix B.
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where k runs over the n gluons. To perform the xj; integrals we may expand the integrand
in powers of € and integrate term by term. Contributions to this expansion arise in general
from the kernel ¢,,_1 and from the powers of the propagators, the latter yielding

© g

p(x’a) :po(x’a)Zﬁln] Q(x’a) ) (4'3)

j=0
where ¢(z, «) is defined in eq. (3.20). Having made this expansion we readily see how the
final expression in eq. (4.2) is obtained: the rational functions r(ay) simply emerge upon
partial fractioning each po(zk, ax) as in eq. (2.9), while the resulting integral s, is a pure
transcendental function of weight (2n — 1) depending on all the kinematic variables. Note
that beyond that overall T'(2ne) singularity which we factored out, this integral may have
up to (n—1) extra powers of 1/¢; such a maximal power is attained for maximally reducible
diagrams, where each gluon can be independently contracted towards the hard-interaction

lis assigned a weight 1. At any order in the e expansion s, is again

vertex. As before, €~
a polylogarithmic function of uniform weight.

We observe that integrals of the form of eq. (4.2) with the same product of p(zk, ai),
albeit with different kernel functions, are associated to any individual diagram in a web.

The contribution of the web as a whole to the anomalous dimension, w1

, is simply
a linear combination of the integrals of the various diagrams expanded to O(e~!), with
numerical coefficients dictated by the corresponding web mixing matrix. Furthermore, the
very same integrals appear in commutator contributions to the anomalous dimension at
order n which are formed by webs defined by subdiagrams of the web under consideration.
Thus the subtracted web @™~ also has the form of eq. (4.2) with the same rational
factor.

Given the common structure, it is most natural to combine the web diagrams at the
level of the integrand of eq. (4.2), yielding a web kernel, and similarly, include the relevant
commutator terms, defining a subtracted web kernel. In the 1-2-1 case the combined integral
is given by eq. (3.7) and the corresponding web kernel is given in eq. (3.8); the subtracted
web is given by eq. (3.21). We now see that the general structure, summarised by eq. (4.2),
is obtained for any multiple-gluon-exchange web. We will see further examples of this at
three loops in what follows (see appendix B).

The conclusions from this analysis can be summarised as follows:

e A given multiple-gluon-exchange diagram, and likewise the web and the correspond-
ing subtracted web, has a kinematic dependence of the form of eq. (4.2) where the
rational function is simply a product of n factors of r(«) of eq. (2.15) with the relevant

OZIOé,L'j.

e The latter rational factor is multiplied by a transcendental function, s,({ax};€) of
weight (2n—1), potentially having extra poles O(¢~*) with k < (n—1). The coefficient
of €% in this function is a polylogarithmic function of weight (2n — 1 — k); the

contribution to the anomalous dimension, w1

, corresponding to k = 0, has weight
(2n — 1). This class of functions is amenable to the symbol analysis [111-114], which

we will use below.
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e Given the rational factor, the symmetry of the anomalous dimension under inversion,
a — 1/a, dictates how s, ({ay};€) transforms. This in turn relates to the forward
limit ag — 1 where s, ({ax};€) is expected to vanish.

4.2 Crossing symmetry and the symbol alphabet

Let us now turn to discuss another symmetry property, which is far less obvious. We note
that Ui(a), in eq. (3.18), or equivalently in eq. (3.25), appears to be a function of 2.
That is, assuming at this stage that a > 0 (see below!) one may replace 2Ina by Ina?
to obtain a function of a?. It is evident that neither the 1-2-1-web function S;(a) nor the
commutator function, Rj(«), have such a property, while their combination entering the
anomalous dimension, the subtracted web, does:

Ui(a) = Si(a) + 2R (a) = %sl(oﬁ) , Vo> 0. (4.4)

The fact that the subtracted web appears to be a function of o2, rather than just a
function of a can be understood on general grounds, as we shall see below. Before turning
to the explanation, it should be pointed out that a related observation was recently made
in refs. [83-85]. It was found there that the angle-dependent cusp anomalous dimension
in A/ = 4 supersymmertic Yang-Mills can be expressed as a function of a? through three
loops, and at least for multiple-gluon-exchange diagrams this persists through six loops.
Our observation above generalises this to the three-leg soft anomalous dimension at two-

loops.
The fact that these functions appear to be functions of oz?j calls for considering the
symmetry under,

Qi — —QGj . (4.5)

Physically such a transformation is indeed interesting since it is associated with crossing
symmetry: it may be realised by reversing the 4-velocity of one of the partons, e.g. 5; —
—B; keeping the other one (3;) unchanged (it follows from eq. (1.6) that this amounts to
vij — —7ij, and therefore to o;; — —a;j). Thus, it corresponds to a relation between
spacelike kinematics with a;; > 0, where the two Wilson lines 7 and j correspond to two
partons one of which belonging to the initial state and one to the final state, and timelike
kinematics with «;; < 0, where the two partons are both in the initial state or both in the
final state. For example, the amplitude where ¢ is an incoming quark and j is an outgoing
quark, as in deep-inelastic scattering, may be related by eq. (4.5) to one where i is an
outgoing antiquark (while j is still an outgoing quark) as in quark anti-quark production.

Recall that the observation that Uj is a function of a2 in eq. (4.4) relied on «a being
positive. Specifically it relies on replacing 2 In a by In & which does not hold for negative a.
The correct analytical continuation of Uj(a) to complex «, and to the timelike axis in
particular, is given by eq. (3.18), where « is in the upper half of the complex plane (see
figure 5). For a < 0:

In(e) = In(a 4 i0) = In(Ja| &™) = In|a| + ix (4.6)
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which is different from %Sl(oﬂ). Indeed physically we expect such an imaginary part to
be generated for & < 0 where the two partons are both in the final (or both in the initial)
state. A similar logarithm, generating an im term, appears already at one-loop in eq. (3.12).
We are then led to conclude that, strictly speaking, there is no a;; — —o;; symmetry: this
symmetry is broken by im terms from the analytical continuation.

The precise statement is that the crossing symmetry of eq. (4.5) is realised at the
level of the symbol. The symbol [81, 111-114] represent the branch point structure of the
function, but, in contrast to the function itself, it is not sensitive to the kinematic region
(or to the way the cuts are routed) and specifically it eliminates im terms:

Sn(—a)] = ®a = SIn(a)]. (4.7)

Thus in the one-loop case the crossing symmetry is trivially realised at the symbol level.
In the two-loop case we have,

S[Si(a)]=4a®(l—a)—2a® «a (4.8a)
SRi(e)]=2a® (14+a)—a®a«a (4.8b)

neither of which admits the symmetry, while the combination (3.17) that appears in the
anomalous dimension, does:

S[Ul(a)}:4[a®(1—a)+a®(1+a)—a®a} —dla@(1-a®)—a®a], (49)

where the last expression is written explicitly in terms of the alphabet a and 1 — a?. Note
that the symbol may also be expressed using a? and 1 — a?, as 2S[In(a)] = ®a?. So at the
symbol level we have

1

Sli(@)] = S[Ri(A)lasy—az = 5 S[51(e)] (4.10)

a—a?
In conclusion we saw that at the level of the symbol, contributions to the anomalous di-
mensions are invariant under @ — —a. As expected by crossing symmetry, the result
for timelike kinematics only differs from that for spacelike kinematics by the terms gen-
erated through analytic continuation. Furthermore, we learnt that the crossing symmetry
is realised (at least at two loops) only after combining the web with the corresponding
commutators of its subdiagrams appearing in eqs. (1.15) to form the subtracted web.

To fully understand these observations it is useful to recall relation between c;; and
the dimensionful kinematic invariants using egs. (2.13) and (1.6):

Db (4.11)

2

and consider the expansion for small masses, m;

limit'4. We observe that in this limit

m?mg 140 m?mjz (4.12)
= Y1t .
Y —2p; - p; (2pi - pj)?

141 would like to thank Lance Dixon for illuminating discussions on this subject.

, m? — 0, corresponding to the lightlike
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where the square brackets is a Taylor expansion in powers of m?m? /(2p; - pj)2. Given what
we know about the functions contributing to the anomalous dimension for this class of webs
(eq. (4.2) above) we expect logarithmic and polylogarithmic functions depending on ;.

A logarithm of a;; corresponds in the lightlike limit a logarithm of , /m?mj2 /(—2pi - pj),
plus subleading dependence taking the form of integer powers of mfm? /(2p; - pj)?, consis-
tently with the expected analytic properties. Logarithms of «;; are sensitive to the sign
of p; - pj, namely they depend on whether the partons are incoming or outgoing, and they
will generate im terms when analytically continued to timelike kinematics, o;; < 0, but
importantly, the powers are insensitive to this.

Consider now a logarithm of (1 — «;;). Upon expanding near the lightlike limit,

m2, m? — 0, such a term would generate power terms proportional to 4 /m?m? /(—2p; - pj)

having square-root branch points for small masses, which should never occur in a scatter-
ing amplitude. A similar behaviour would arise in more complicated functions containing
®(1 — ;) in their symbol, as occurs in S (). This is avoided of course if there is also a
corresponding term with ®(1 + ;) building up dependence on ®(1 — afj) in the symbol,
as we do indeed observe in the example considered.

On this basis we formulate the following general conjecture:

Alphabet conjecture: The alphabet of the symbol of all multiple-gluon-exchange sub-
tracted webs is restricted to @oy; and (1 — a?j).

This guarantees, in particular, an exact crossing symmetry at the level of the symbol
at any loop order. This analytic structure is consistent with all we have observed through
three loops as well as with what authors of refs. [83, 84] have found through six loops in
the two-Wilson-line case. While we do not have a formal proof of the above conjecture, it
looks unavoidable given the following physical considerations:

e The physical region extends throughout the range 0 < |oy;| < 1.

e Omne expects a branch cut on the negative real «;; axis corresponding to timelike
kinematics, and no other cuts in the physical region.

e Given this and the inversion symmetry a;; — 1/a;j, one expects branch points to
appear at boundaries, a;; — 0, a;; — £1 and at a;; — oo, but nowhere else.

e Considering the small-mass limit discussed above, analyticity of power terms in mf
requires dependence through ®(1 — a?j) rather than separately on ®(1 — «;;) and on

(1 + o).
4.3 Subtracted webs

We observed that the crossing symmetry is realised only at the level of the subtracted
web, namely only once we form the relevant combination of a web with the corresponding
commutators of lower-order webs corresponding to its subdiagrams. At two loops we have
seen that neither the symbol of the 1-2-1 web in eq. (3.11) nor that of the commutator
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of eq. (3.14) admit the o;; — —a;; symmetry, while the symbol of their combinations
which enters the anomalous dimension, the subtracted web of eq. (4.9), does. Our next
question is then why is @ — —a symmetry violated before forming the subtracted-web
combination. Equivalently, we want to understand why ®(1 — «;;) appears in the symbol
of non-subtracted webs without a corresponding ®(1+ «;;), while in subtracted webs only
®(1— a?j) is allowed.

To address this question recall that the 1/e pole whose coefficient we are extracting
is not the leading pole of individual diagrams. For example the two-loop diagrams of the
1-2-1 web are separately of O(1/€?), implying that the O(1/¢) terms are regularization
dependent. When forming the web the leading poles cancel, but a residual regularization
dependence remains at O(1/e).

We conclude that in general the kinematic dependence of the web, before forming the
subtracted-web combination, is regularization dependent. Indeed our infrared regulariza-
tion in eq. (2.1) introduces'® dependence on the kinematic invariants through the exponen-

tial suppression factor exp {—im)\\ / BE — iO}, involving the square-root of the Wilson-line
mass squared. The particular form of the cutoff dictates the specific functional dependence
of w(™ on «, and there is no surprise that square roots appear there. However the sub-

tracted web w(™—1) (n,—1)

, which contributes directly to the anomalous dimension I' , must
be independent of the details of the regulator, and no square roots can survive.

The fact that regularization-independence along with the crossing symmetry must
be there for subtracted webs while not for non-subtracted ones, strongly suggests one
should organise the calculation in terms of subtracted webs. Indeed, we have already
seen that the structure of the integrals for products of subdiagrams of a web according to
eq. (1.15) admits a form similar to the web itself, all sharing the same product of po(xk, o)
functions, so it is straightforward to form the subtracted-web combinations at the level of
the integrand.

Expanding the kinematic functions of the form of eq. (4.2) in € and forming the sub-

tracted web combination we obtain at O(a” e~ 1):

gl

1\" -
(n,—1) _ <47r> Ci1,i2,...in+1 /dl'ldafg .o.dxr, X Hpo(wk, Ozk) X
k=1

gn—1<£v1,«’1327 o Zniq(z, o), (2, 02), . ~-Q($n7an)> ;
(4.13)

where Cj, i, .. is a (connected) colour factor involving the generators of up to (n + 1)

An+1
Wilson lines and G,,—1 is a polylogarithmic function of uniform transcendental weight (n —
1). The contributions to the anomalous dimension need to be summed over all subtracted
webs of order n, T'") = —2n > wl(-n’_l) (where we discarded running coupling terms). It
should be noted that a given web may in general contribute to several different colour

factors (these are enumerated by the eigenvectors of the mixing matrix corresponding

15Recall that without any regulator the result vanishes as a scaleless integral. The suppression factor is
introduced in a manner that preserves the rescaling symmetry. This requirement along with the chosen
linear dependence of the exponential on A implies dependence on the square root /32 — i0.
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to unit eigenvalue [93, 101]). Also note that different webs may contribute to the same
colour factor. Thus webs, or for that matter subtracted webs, are not by themselves gauge
invariant, while the sum of all subtracted webs contributing to a given colour factor is.

4.4 Basis of integrals for subtracted webs

Given that the integral in eq. (4.13) is expected to admit the analytic properties established
above, namely its symbol alphabet should be restricted to ®a and ®(1 — o?), it is natural
to express the result in terms of a basis of functions which themselves have these analytic
properties. Our final task in this section is to explicitly construct this basis of functions.
To this end it is useful to recall the structure of the integrand on the r.h.s of eq. (4.2) along
with the constraints on the transcendental weight of the kernel. For n gluon exchanges
¢n—1 has weight (n — 1), thus at one loop it is a constant, at two loops a logarithm and
at three loops a product of two logarithms or a dilogarithm, and so on. Similarly in
Gn_1, we expect to get products of logarithms and polylogarithms of ratios'® of xj, as
well as logarithms!” of g(zx, ). Thus we conclude that Gy is a constant, G; may be a
linear combination of Inzy and Ing(xg, i) terms, and Go may contain products of the
above including In? zy, Inxzy, In g(xy, o), and In? g(zy, o). It may a priori contain also a
dilogarithm Liy(—xj/z;), which we encountered in eq. (3.26), and as we already noted, it
does not appear in subtracted webs; this issue will be further discussed below.

Another ingredient which can appear in G, is a Heaviside function such as §(x, > x;).
As already mentioned, a Heaviside function may survive the {);} integrations in eq. (4.1)
and appear in the web kernel in webs where the n gluons connect less than the maximal
number of (n + 1) Wilson lines. Here we will not consider this possibility, which will be
studied in detail in a forthcoming publication [115] where we consider three-loop webs
connecting three Wilson lines.

A compilation of the integrals which may appear in non-subtracted webs through
three loops appears in table 1. Importantly the symbol of such integrals would not in
general admit the ap — —ay symmetry. Thus, imposing the requirement that the symbol
alphabet would be restricted to ®a and ®(1 — a?) places a severe restriction on the basis
of required functions for subtracted webs. It is straightforward to construct those linear
combinations of the integrals in table 1 which, at the symbol level, admit the ap — —ay
symmetry. Examining the entries in table 1 we note that an extra power of In g(zy, ag) in
the integrand results in an extra ®(1 + «) in the symbol of the integral, while an extra
power of Inxy translates into an extra ®(1 — «). Thus to impose the crossing symmetry
we need to balance factors of Inq(xg, ) with factors of Inzy, selecting very few basis
functions. Note that this is sufficient to realise the symmetry since, owing to eq. (4.7),
entries with the letter o are insensitive to sign reversal.

At one and two loops there is just one basis function at each order:

1
Ry(a) = 217“/0 dzxpo(z, @) (4.14a)

16Tt must be ratios of 3 because © in eq. (4.1) only depends on such ratios.
"Note that the logarithms of g(xx, ) all originate from expanding p(x,a) in € as in eq. (4.3); thus
polylogarithms of ¢(z,ar) do not ever arise in Gp—1.
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1 !
Ur(a) = Si(a) + 2R (o) = / dxpo(z, ) In <q(:v,2a)> , (4.14b)
T Jo X
where the symbol of the latter is given in eq. (4.9). Also beyond two loops this symmetry
provides a highly non-trivial constraint, yet there are more functions that arise. At three
loops we get the following set of functions, all having a symbol which is symmetric under

a— —a
! z, o
Uz(a) = Ra(a) — S2(a) — Va(a) = 71‘/0 dx po(z, az)%ln2 (q(x’z )> (4.15a)
~ 1/t 1 x
Yo(a) = Sa(a) — Sa(a) = 7’/0 dx po(z, a)51n2 <1 — :c) (4.15b)
1 M
Vaolar) = 7"/0 dx po(x, o) In(z) In(q(x, a)) (4.15¢)

with the corresponding symbols:

SUz(a)] =4a® {a@a—a@(l—oﬂ)—(1—a2)®a+(1—a2)®(1—a2) (4.16a)
SEa)]=2a0a®« (4.16b)
SWa))=220(l-a)a—4a®@(l-a)®@(l+a)+2a0a® (1 —a)

—a®a®a+2a®a®(l+a)—4a@(l+a)®(1-a)+20® (1+a)®a.
(4.16¢)

The definitions and the symbols of the non-symmetric functions Ro, So and §2 can be
found in table 1. It is interesting to observe, in analogy with eq. (4.10), that the symbol
for Uy is related to those of the functions Ry and Ss as follows:

S [Us(a)] = %s [Ro(a)] _ —% Si%)]|  —desasa. (4.17)
a——a? a—a?
The latter relation is useful for deriving a compact expression for the integral (4.15a) in
terms of polylogs, eq. (4.19) below.

We note that there is an important difference between the first two functions, Us and
39 on the one hand, and V5 on the other: while the symbol of the former may be written
solely in terms of the letters o and 1 — a?, the symbol of the latter requires using 1 — « and
1+ « (and yet it admits the a« — —a symmetry). The difference between these two types
of functions can also be seen upon taking an expansion about the lightlike limit, where

a — 0. For V() this expansion yields:

L. 3 m 2 2

Va(ar) = —6ln () — Eln(a) -3¢ + ma + O(a”), (4.18)
which evidently includes an O(a!) term corresponding, according to eq. (4.12), to a square
root of the Wilson-line mass squared, which violates the expected analytic properties.
Such odd powers cannot appear in functions whose symbols consist exclusively of ®a and
®(1 — a?). This can be checked explicitly for the functions U and 2, whose expansions
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will be given in eq. (4.21) below. We will see that the contributions of three-loop subtracted
webs considered in the next section can indeed be written in terms of Uy and Xy (as well
as the lower-order functions U; and Ryp).

Upon integration eqs. (4.15) yield:

Us(a) = G5 — Liz (@®) — 2Li3 (1 — o) + 2Lis (@) In (1 — ®) + 2Lis (1 — o®) In (1 — o?)
2 2

—2In(1—0a?)In® (o) +41n(a) In* (1 — ?) + %1113 (a) — % In(1-a?) + % In()
(4.19)

and 1
Yo(a) = 3 In(a) (In*(a) + 7T2) . (4.20)

We note that the functions, much like their symbols, can be conveniently written in terms
of @ and 1 — a®. We emphasize that the functions of eqs. (4.19) and (4.20) correctly
represent the defining integrals of egs. (4.15a) and (4.15b), respectively, for complex values
of a, and in particular, making the analytic continuation through the upper half plane,
they are valid near the timelike axis. These are the two weight-three functions which will
be needed for the three-loop subtracted webs 1-2-2-1 and 1-1-1-3 in the next section. The
third function, V5, which as explained above should not appear, is given in the appendix
(eq. (A.17)).

A comment is due concerning the fact that the integral of eq. (3.26), where the kernel
involves a dilogarithm, does not occur in subtracted webs. Indeed this integral'® does not
fulfill our expectation that the letters in the symbol would be drawn from the set 1 — a?

and «; instead these are drawn from a much longer list:
{041, I4a1, ag, 1—ag, 2401 —ag, 14201, 1 202, 1 202 —a1 a9, 1+201 —a ag, 041—042—204160} ;

where we denoted the two « variables by «; and ag. From this list it is already clear
that this integral violates the symbol-level symmetries a — —« for the two « variables.
We cannot rigorously exclude at this point the possibility that at some higher-loop order
polylogarithms of ratios of x; variables would appear, but we consider this unlikely: because
Gn—1 can only depends on ratios x;/x, such integrals are bound to contain a richer alphabet
and violate the a — —a symmetries.

Given our conclusion that polylogarithms do not appear in G,_1, the basis of func-
tions appearing in subtracted webs (of the multiple-gluon-exchange type) is very limited
and can be constructed to all orders by considering powers of logarithms. This is a rather
remarkable simplification: due to the basic property of the logarithm, this would imply
that the following conjecture must hold.

Factorization conjecture: all multiple-gluon-exchange subtracted webs can be written as

sums of products of polylogarithms, each depending on a single o;; variable.

18We do not present the result for the integral nor its symbol since these are rather lengthy, and will not
be needed.
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In other words eq. (4.13) does not entangle two or more kinematic variables through mul-
tiple polylogarithms. There is one potential caveat though: recall that beyond logarithms
G,—1 may also contain some Heaviside functions. These should occur in more entangled
webs than the ones computed in this paper, where n gluons connect n or fewer Wilson lines.
While it is quite clear that for such webs we will need to extend the class of functions by
allowing for a Heaviside function in the integrand, we expect that these would not violate
the factorization of the final integrals into sums of products of polylogarithms. The reason
for this is that these Heaviside functions are related to non-singular configurations which
occur in diagrams that are not maximally reducible, such crossed gluons (as in the 1-2-3
web) or the Esher straircase configuration of the 2-2-2 web (figures can be found in section
A.2 or ref. [93]). This needs to be examined in detail, and it will be done as part of a
forthcoming study of webs connecting three Wilson lines at three loops [115].

As another consistency check of the basis of functions we presented, consider the
1+a?
1—a?
pole in this limit, and since physically we do not expect a singularity for « = 1, the

forward limit where v — 1. Recall that each rational factor r(«a) = has a simple
transcendental function must vanish there to compensate for this pole. We have already
seen this at one and two loops in egs. (2.8) and (3.25), respectively. Taking the @ — 1
limit in egs. (4.20) and (4.19) we do indeed find that the two functions Us(a) and Xo(c)
vanish.

Finally, consider expansion around the lightlike limit, &« — 0. The first observation
is that in this limit the rational factor of any multiple-gluon-exchange web tends to one,
since (o) = 1+ O(a?). As discussed above, the transcendental functions are expected to
give rise to a series of logarithms of plus, potentially, O(a?) power suppressed terms. This
is indeed what we get for our basis functions:

Ro(a) = Ina, (4.21a)
Ui(a) = —21In*(a) — 7;2 + 0(a?), (4.21b)
Us(a) = §1n3(a) + ”321n(a) — G+ O(a?), (4.21¢)
So(a) = %1113(@) + T;fln(oa) , (4.21d)

where the absence of odd powers of a guaranties the correct analytic structure in the
Wilson-line mass squared.

5 Three-loop results

In the previous section we analysed the symmetries and analytic properties characterizing
multiple-gluon-exchange subtracted webs which contribute directly to the soft anomalous
dimension and deduced a basis of functions in terms of which three-loop subtracted webs
may be expressed. We now return to perform explicit calculations and illustrate that the
results meet our expectations. We focus here on the two three-loop webs that span four
Wilson lines: the 1-2-2-1 and the 1-1-1-3 webs. These are the most interesting gluon-
exchange webs in what concerns the lightlike limit of the soft anomalous dimension. These
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webs are also less entangled than ones that span fewer Wilson lines at the same loop order;
this restricts the basis of relevant integrals to the ones we explicitly constructed above,
those which do not contain any Heaviside functions. The extension to webs connecting
three Wilson lines at three loops is under way [115].

Given that the calculation is lengthy we relegate most of the details to the appendices.
These involve many important issues with regards to the integration over the Wilson lines'®
and the simplifications achieved by forming the web at the first stage (appendix B) and
the subtracted web (appendix C) at the final stage of the calculation. These steps will
be useful for future calculations of other three-loop and higher-order webs [115]. In this
section we will only summarize the main results. We start with the 1-2-2-1 web and then
consider the 1-1-1-3 one.

5.1 The 1-2-2-1 subtracted web

3d

Figure 7. The four 3-loop diagrams forming the 1-2-2-1 web in which four eikonal lines are linked
by three gluon exchanges.

The web W(f’ )221) is composed of four diagrams, depicted in figure 7. Following

1Ly

refs. [101] and [103] (section 3.3) we know that this web contribute with a unique colour
factor as follows:

F3a)\ " 1-1-1 1\ [{C(3a)
w® | FGy | -2 2 22 C(3b)
1220 | F3e) | 6 -2 2 2 -2 C(3c)
F(3d) 1-1-1 1 C(3d) (5.1)

= £ (C3a) — C3b) — C(3e) + C(30) ) (F(3a) — 27(36) — 27(3¢) + F(30)) .

In appendix B we compute the four diagrams and express them all as integrals over the
three parameters z, y and z associated respectively with emission angles of the three gluons.
Combining the four according to eq. (5.1) and evaluating the nested commutator generated

9 A particularly subtle point dealt with in appendix B is the e expansion in the presence of end-point
singularities.
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by the combination of the colour factors we obtain:

ce ravberpa (& BP 66 !
Wil = s ryrsrd 0 [ dadyds ple,arm)pty. am)p(e, o)

{ () om () el (D) v (1) 0
+In’ <1Zy> +8In <1 . y) n (4) +m? (%)

where we used the definition of x from eq. (2.5) and p(z, ) from eq. (3.20). The result is

+ 0(e2>} :
(5.2)

consistent with the general form of multi-gluon-exchange webs described by eq. (4.2). The
function of z, y and z in the curly brackets is the 1-2-2-1 web kernel. Note that the web,
as it stands, has a double pole, which exactly matches the commutator term involving its
subdiagrams, as shown in ref. [104]. The contribution to the anomalous dimension emerges
from the O(e~!) term which is displayed explicitly in eq. (A.21); note that besides the
contribution of the O(e) term in the curly brackets of (5.2), this includes logarithms such
as Ing(x,a12) from the expansion of the d-dimensional propagators which multiply the
O(€%) term in the curly brackets in (5.2).

The next stage of the calculation, which is presented in detail in appendix C, is to
form the subtracted web, combining the web of eq. (5.2), or eq. (A.21), with commutators
of lower-order webs according to

T3 = 31 _ % [w(w), w(z,fn} _ % [w(z,m, w<1»*1>}

o] ot ]

(5.3)

which is the combination entering the anomalous dimension coefficient I' 4(13). It should be
understood that by w(#) and w(*) in eq. (5.3) we refer to a sum over all relevant webs
corresponding to the subdiagrams of the three-loop web under consideration. In the case
of the 1-2-2-1 considered here, this sum is spelled out explicitly in eq. (C.1). Importantly,
all the terms give rise to the same colour factor, and the same general form of kinematic
integrals, as they all involve the same three gluon exchanges: between the pairs of lines
(1,2), (2,3) and (3,4). This facilitates combining the terms under the integral in eq. (C.4)
which is consistent with the general form anticipated in eq. (4.13). Importantly, in eq. (C.4)
we observe the cancellation of the dilogarithmic term present in the web kernel of eq. (5.2),
a cancellation which is due to the interplay between the web and the commutator terms.
As discussed in the previous section this cancellation is necessary for the subtracted web
to be consistent with the predicted analytic structure.

All the relevant expressions for w(™*) are summarised in appendix A. Substituting
these into eq. (5.3) one arrives, after some algebra which we relegate to appendix C, to the
final result for the 1-2-2-1 subtracted web, which reads:

_ 1 1)°
E8’72231):)34) = _gfabedeeTszbT?fo (477) G (a2, o3, a34) (5.4)
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with

G(a12, ag3, a3q) = 1m(an2) r(ag3) r(ass) | — 8Uz(a12) Inawg Inagy — 8Us(az4) In o Inans

+ 16 (UQ(O&Qg) — 222(@23)) Inaqs In 34

—2Inaga Ui (ag3) Ui (ass) — 2Inasq Uy (aq2) U (a23) + 4Inags Uy (a12) U (asq) |

(5.5)

where the rational factor is a product of three r(a) factors of eq. (2.15), each of them
associated with one of the gluons, while the transcendental part of G (a2, aa3, as4), which
is a pure function of weight 5, is expressed in terms of the basis of functions constructed in
the previous section, with Uj(«) defined as an integral in eq. (4.14b) and given explicitly
in eq. (3.18) and Uz(«a) and Xa(«) are defined in eqs. (4.15a) and (4.15b), respectively,
and given explicitly in egs. (4.19) and (4.20), respectively. We emphasise that the fact
that the final result may be written in terms of a sum of products of polylogarithms, each
depending on a single cusp angle (a single «;;) is a highly non-trivial property of subtracted
webs, which does not hold for individual diagrams, nor for the non-subtracted web in this
case, owing to the presence of the dilogarithm Lis (—%) in eq. (5.2). As explained in the
previous section this remarkably simple form of the subtracted web is associated with the
purely logarithmic nature of the function G in eq. (4.13), and it is ultimately related to
analyticity and crossing symmetry.

5.2 The 1-1-1-3 subtracted web

Let us now turn to consider the 1-1-1-3 web in which the three gluons connect to line 4. The
six (3!) diagrams forming this web are shown in figure 8; the six are denoted respectively
by A through F. The mixing matrix for this web was presented in ref. [93] (see appendix
A.1.2 there). In contrast to the 1-2-2-1 case, this matrix has rank two, thus giving rise
to two independent (connected) colour factors, each of which involves a different linear
combination of kinematic integrals. The result reads:

arpbrperd bee rade
Wii1,1,3) (01, a2q, azq) = TVTTSTY | f7° f““ Fraa,1,3): (14, a24, 3a)

(5.6)
+ facefbde]:(1,1,1,3);2(a14, a4, a34)] ,
with
F,1,1,3)1 (014, g, a3g) = é ( — Fa+2Fg—Fc—Fp—Fg+ 2}“F> , (5.7a)
F,1,1,3)2(014, g, azg) = é ( —Fa—Fp+2Fc—Fp+2Fg — fp) ) (5.7b)

The calculation of the integrals for the six diagrams is presented in detail in appendix B.
As we have seen in previous examples, we combine the integrands under the triple integral
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Figure 8. The six 3-loop diagrams forming the 1-1-1-3 web in which four eikonal lines are linked
by three gluon exchanges. We label the diagrams in the first row from left to right by A, B and C,
and the ones in the second row by D, E and F, respectively.

over z, y and z, which correspond respectively to the angles of the three gluon exchanges
between the lines (1,4), (2,4) and (3,4). The resulting combinations of kinematic integrals
in eq. (5.7) are summarised in appendix A in egs. (A.23) and (A.24). Note that similarly
to the 1-2-2-1 case, the web as a whole has a double pole in ¢, while only the single
pole would contribute to the anomalous dimension. Also here the O(1/¢) term of the
non-subtracted web contains a dilogarithm, which upon integration over the z, y and 2
variables would generate multiple polylogarithms; also here these terms will cancel upon
forming the subtracted web combination.

As in the previous example, the calculation proceed by using eq. (5.3) to form the
subtracted web, eq. (C.7). The details of the calculation are again relegated to appendix C
and the final result reads:

_ 1/1\°
Wﬁ’ggifm) =z () Ty 5Ty [fadefbceF(Oé147a24,a34) + £ 2% F(aoq, g, oisa)

6 \ 47
(5.8)
with
F(ai4, agq, azs) = r(ana) r(azs) r(ass) X
[8U2(0114) In gy In g + 8Uz(v34) In vy In gy — 16U (v24) Invy4 In vy (5.9)

+ 21n 14 U1 (a24) U1 (a34) + 21n Q34 U1 (a14) U1 (a24) —41n Q24 U1 (a14) U1 (a34)

Again, as anticipated, there are three rational factors r(a) each corresponding to a single
gluon exchange, multiplying a transcendental function of weight 5 which is written as a
sum of products of functions of single kinematic variables using basis of section 4, where
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the symbol-level crossing symmetry is manifest. Note that F(ai4, a4, a34) is symmetric
under swapping the third and first arguments, but not the second. Also note the similarity
between this result for the 1-1-1-3 web and that of the 1-2-2-1 web in eq. (5.5): apart from
the necessarily different set of arguments (here all gluon connect to line 4) and an overall
sign, the only difference is the ¥o term which appears in the 1-2-2-1 case but not here.

6 Conclusions

In this paper we took a step towards calculating the soft anomalous dimension for multi-
leg scattering at three-loop order. The state of the art, as of a few years ago, is two
loops [19, 20, 26, 31, 33|, where up to three Wilson lines are connected. Here we computed
explicitly the three-loop contributions to the soft anomalous dimension of a product of non-
lightlike Wilson lines from a specific class of webs consisting of multiple gluon exchanges
which connect four lines, the 1-2-2-1 and the 1-1-1-3 webs. These are the first three-
loop results to become available beyond the case of the angle-dependent cusp anomalous
dimension which was studied recently in the context of the N' = 4 theory [4, 16, 82-84]. Our
final results for these webs, presented in section 5, display a remarkably simple structure
involving a pure function of weight 5, which is a sum of products of specific polylogarithmic
functions, each depending on a single cusp angle.

In order to complete the computation of the angle-dependent soft anomalous dimen-
sion several other webs need to be evaluated; the complete list can be found in ref. [93].
Specifically, the remaining webs that connect four Wilson lines, thus having the same colour
factors as the webs we computed here, fall into two categories: those of figure 2, which are
comprised of a single connected graph with either one four-gluon vertex or two three-gluon
vertices, and the 1-1-1-2 web of figure 3 where each diagram consists of two connected
subdiagrams, one of which involving a three-gluon vertex. Each of these types of webs
requires different techniques, and their calculation is in progress.

Besides computing specific diagrams we developed in this paper a general strategy
for computing webs that consist of multiple gluon exchanges between any number of non-
lightlike Wilson lines, and elucidated the analytic structure of the contributions of such webs
to the anomalous dimension. The calculation itself is formulated entirely in configuration
space, where loop-momentum integrals are replaced by integrals along the Wilson lines. By
choosing appropriate integration variables the latter are done in two steps, as summarised in
egs. (4.1) and (4.2). In the first step all integrals associated with the distances of the gluons
to the hard-interaction vertex are performed, making use of an infrared regulator. The
result is a polylogarithmic kernel multiplying a product of propagator-related functions,
p(z, a), each depending on the emission angle x of a given gluon, and the exponent of the
corresponding cusp angle between the respective Wilson lines, . In the second step the
integrals over the gluon emission angles are performed; in practice this is only done after
combining diagrams into webs, and further combining webs with commutators of their
subdiagrams to form subtracted webs. It is at this stage that regularization independence
is recovered, along with the analytic properties associated with crossing symmetry.
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Organising the calculation in terms of webs, and then subtracted webs, has been abso-
lutely essential for the present work. Recall that the notion of a web as a set of diagrams
which are interrelated by permutations emerged not long ago through the formulation of a
diagrammatic approach to exponentiation in refs. [101, 102]. Progress was achieved there
owing to the replica trick of statistical physics which led to a general algorithm for de-
termining web mixing matrices. The study of these [93, 103—-106] proceeded using both
combinatorial methods and the connection with the renormalizability of the Wilson-line
vertex. The most striking feature of webs is that — despite the fact that they contain dis-
connected, often reducible diagrams — their colour factors always correspond to connected
graphs [93]. More subtle is the fact that webs renormalize independently. This implies
that the kinematic integrals in a web conspire to cancel certain subdiveregnces, and all
remaining multiple poles match precisely the commutators of lower-order webs [104]. The
contributions to the anomalous dimension, summarised by eq. (1.15), are associated with
the single 1/¢ pole. These properties have been essential for the present calculation.

Doing the calculation we have seen that combining diagrams into webs at the integrand
level has numerous advantages. The first, rather obvious advantage is that there are fewer
integrals to evaluate; this is because the rank of a mixing matrix is always smaller than
its dimension. More important is the fact that the web combinations one computes are
projections onto particular connected colour factors. Ref. [93] provided a systematic way
of determining a basis for these colour factors. This is important because a gauge invariant
result is only obtained upon summing all the webs that contribute with a given colour
factor. A further advantage of organising the calculation in terms of webs is the possibility
to predict the precise structure of all multiple poles, 1/¢* for k& > 2, in webs through
commutators of lower-order webs [104]. This is a highly constrained structure, facilitating
non-trivial consistency checks.

All of these points were fully appreciated when setting up the present calculation. What
was less obvious a priori were the advantages of the further step of combining webs with
commutators to form subtracted webs. Such a combination is natural, since all combined
terms have the same set of subdiagrams, hence the common colour factors. Similarly to
the previous step this combination can be done before integrating over the gluon emission
angles, owing to the common set of propagators. The key point is that it is only at this stage
that regularization invariance is restored, and this is linked with the restoration of crossing
symmetry. This amounts to a major simplification whereby all polylogarithmic terms in
the kernel cancel. As a consequence the final result is free of multiple polylogarithm that
couple the kinematic variables associated with different cusp angles. Furthermore, the fact
crossing symmetry is violated before forming the subtracted web combinations turns out
to be very useful in practice, since it provides stringent checks of the new O(e~!) terms
through their correspondence with commutators of lower-order webs.

Analysing the structure of multiple-gluon-exchange integrals we have shown in section 4
that each web is associated with a unique rational factor which is common to all the
diagrams in a web, and all the contributions to the corresponding subtracted web. This
factor is simply the product of r(c;;) of eq. (2.15) for each gluon exchange. These rational
factors are particularly important for timelike kienamtics near absolute threshold where
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aj; — —1, since they encapsulate the coulomb singularity. They also have a special role
for space-like kinematics near the forward limit, o« — 1, where the pole cancels by a zero of
the corresponding transcendental function. We comment that for webs that do not consist
exclusively of gluon exchanges, and have some three- or four-gluon vertices off the Wilson
lines, the number of factors of r(w;;) is lower than the loop order, and it seems to be
related instead to the number of connected subdiagrams?’. An example is provided by the
two-loop three-leg web of eq. (3.13) which has just one factor of r(a;;). It is likely that the
rational functions of general multi-loop webs would be rather more complex than seen in
gluon-exchange diagrams, but this deserves further study.

Some important comments are due concerning the lightlike limit, where a;; — 0.
The first observation is that in this limit the rational factors tend to one (up to power
suppressed terms) and thus become irrelevant. Consequently the lightlike soft anomalous
dimension receives, on equal footing, contributions from terms which have different rational
factors away from this limit. As has already been noted in refs. [26, 31, 33| the terms
originating in the two webs of figure 6 are separately logarithmically divergent in this
limit, but they conspire to cancel, consistently with the calculation of ref. [19, 20] and the
dipole formula [35-37, 39, 40]. The implication for three loops is that all webs that span
four Wilson lines need to be computed in order to deduce whether there are corrections
to the dipole formula. The three-loop webs computed here, egs. (5.5) and (5.9), are also
logarithmically divergent in the lightlike limit; in fact, all the terms which do not vanish
in this limit are logarithmically divergent. Similarly to the two-loop case such terms are
expected to appear in other webs and conspire to cancel in the sum. In contrast to the

Qi Ol

two-loop case, non-trivial functions of confomally-invariant cross ratios 2 -~ may survive
J

in this limit [36, 37, 40, 86-92]. To determine them we need to complete the calculation of
the diagrams in figures 2 and 3.

The analysis of multiple-gluon-exchange integrals in section 4 led, aside from a determi-
nation of the rational factors, to a detailed understanding of the transcendental functions
appearing in the corresponding subtracted webs. Considering the analytic structure of
these functions in terms of «;;, which is depicted in figure 5, along with the crossing sym-
metry which relates spacelike and timelike kinematics, we were led to conjecture that the
alphabet of the symbol of subtracted webs is restricted to ®ca;; and ®(1 — afj). This in
turn severely restricts the space of functions which may appear in the final results for the
contributions of this class webs to the anomalous dimension: these, we conjectured, can
always be written as sums of products of specific polylogarithmic functions, each depending
on a single «;; variable. The basis of these functions can be systematically constructed at
any loop order by considering the range of functions of the appropriate weight that may
appear in the relevant subtracted web kernel of eq. (4.13). This, we argued, consists exclu-
sively of powers of logarithms and Heaviside functions. Specifically, for n gluon exchange
webs that span (n + 1) Wilson lines, Heaviside functions cannot appear, restricting the

basis of functions further. At three loops this construction yields just two basis functions

20We emphasise that similarly to other diagrammatic observations this comment concerns the result in
the Feynman gauge only.
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Us(cvj;) and Yo (avj), which together with the functions already encountered at one and two
loops, were indeed sufficient to express the three-loop webs we computed. We now have
the means to construct a similar basis for other gluon-exchange webs at three loops and
beyond. Specifically, work on the extension of the basis for webs connecting three Wilson
lines at three loops, where Heaviside functions are allowed, is under way [115].

Beyond its inherent significance, the study of infrared singularities is also a natural
testing grounds for techniques to explore the structure of gauge-theory scattering ampli-
tudes in general. This work significantly benefited from the recent progress in computing
iterated polylogarithmic integrals using the symbol technique. This has proven important
for understanding the analytic structure of infrared-singular corrections to amplitudes. We
believe that our results, notably with respect to the realisation of crossing symmetry, will
feed into the study of non-singular corrections as well.

In conclusion, we have taken a step towards computing the soft anomalous dimension
for multi-leg scattering at the three-loop order, and developed methods that would facilitate
more calculations of this kind. The progress we made here on evaluating web integrals
was facilitated by, and is highly complementary to, the recent advances in soft gluon
exponentiation and the generalization of the non-Abelian exponentiation theorem to the
multi-leg case. We acquired some understanding of the kinematic dependence and the
analytic structure of webs, and we believe that much further progress in this direction is
now achievable.
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A Summary of integrals through three loops

Let us now summarize the results of the webs computed in this paper in a form that
will be useful for forming the subtracted web combination in which each web is combined
with the commutators of the webs corresponding to its subdiagrams. To this end we keep
the Wilson-line indices general, for example, we denote the 1-2-2-1 web by W) (ijjkkl)
meaning that line ¢ has a single attachment, line j has two, line k has two, and line [ one.
We start with the one-loop summary, continue with two loops and end with the thee-loop
webs.

A.1 One-loop integral summary

Starting with the one-loop result of eq. (2.4) we have:

W (ij) = T, - T (g, 12 fm?, )

W 2, 2 ! (A1)
P agorfm®,) = k720 [ depla,a)
where £ is defined in eq. (2.5) and
p(z, oij) = i P2, 7ij) , (A2)
with
e—1 5 9 1
P(z,7ij) = [Q(y, aij)} o dlway) =2+ (1-e) —e(l-a)yys vy = agt
ij
(A.3)
For later convenience we also define the € — 0 limit of p as
po(T, ovij) = L - (A.4)

C](l’,aij) ’

Upon integration, eq. (A.1) yields a hypergeometric function as follows:

1 1 i
Fi ey, w2 /m?, ) = kT(2e) / dop(z, ;) = kT(2€) i 2F <[1,1—e],[3/2],2+ W) ,
0

4
(A.5)
Upon taking the € expansion of the one-loop result we get
(1,-1) ko[
Fij ag) = 5 0 dz po(x, o) = rr(aij) Inog; (A.Ga)
]:(1’0) N_F ld 31 ) — Y R (v A.6b
ij (cvij) 2 J, zpo(w, o5) Inq(w, o) = rwr(aiy) Ri(o;) (A.6Db)
1
K 1
7'"1-(;‘1’1)(%) = 2/0 divpo(ffaaij)ilnz q(w, aij) = £r(cg;) Ra(a;) (A.6c)

where we denoted the rational factor by eq. (2.15) and R; in the first three orders are given
in eq. (2.16). Note that here we have not expanded the overall factor ~ of eq. (2.5) and we
replaced I'(2¢) by 1/(2¢); a similar replacement is systematically applied to the overall T’
factors for higher order webs and the resulting constants (g, (2) cancel in the final results.
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A.2 Two-loop integral summary

At two loops, starting with eq. (3.9), we have:

1

W (ijjk) = 5 (C(2a) — C(20) (F(2a) — F(2)) = if P TOTETE F ) (o5, g )
(A.7)

with

(2) 2, 9 2 Lot
]:Z]]k(az]aajk’mu /m ’E) =K F(4E) /0 d:E/O dzp(:E?azj)p(Zaa]k’)
x 687 (@,2) + 0§ (@, 2)e + O(e2)]

(A.8)

2T (4e) /01 dx /01 dzp(z, aij) p(z, k)
X [lng + (4Lig <_§> + In? <§> + 2C2> €+ 0(62):|

The € expansion of this result is:

(2771)
Fiiik (cviz, i)

D)
]:z(fyk)(a”’ajk / dx/ dz po(, aij) po(2, i) (A.9)
(1)

x (087 (@, 2) + 68 (@, 2) (n gz, aig) + I g(z, )

d dz po(x O‘U)po(z ajk) ¢2 (x z)

where
o) (@, 2) =In "
z

6 (z, 2) = 4Li (—§)+ln2 G)Jr% (A.10a)

(2)

Note that by Bose symmetry F; ik is antisymmetric under interchanging its arguments

a;; and ayy, similarly to its colour factor. As a consequence gbg") (z, z) are all antisymmetric
with respect to = and z, as can be explicitly verified for the expressions given above (note
that the function f(a) = 4Lis(—a) + In%(a) 4+ 2¢; admits f(—1/a) = —f(a)).

The integrals arising in eq. (A.8) are distinguished from the ones of the one-loop case
only though the appearance of logarithmic and polylogarithmic functions on x and z in
the integrand. Logarithmic ones factorize in such a way that each integral involves a single
cusp angle: they never couple the two cusp angles. Polylogarithms do couple the cusp
angles, but these do not appear in subtracted web kernels, so we will not need to consider
them.

The integrals we shall need are the following:

1 11 + 2
/ drn(2)po(r, ) = =5 < Si(a) (A.11)
0 —
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and

1 o2
/0 d:z,é In?(z)po(z, a) = —%1 i_oﬂ Sa(a) (A.12)
where
Si(a) = —2 [—QLiz(a) + %1112(04) —2In(1 — o) In(a) + 2@} (A.13a)

Sa(ar) = — [ — 4Li3(1 — o) — 2Lig(«r) 4+ 4Li2(1 — ) In(1 — )

In?(a)

+ 4Liy(a) In(1 — a) + —In(1 — a)In’(a) (A.13b)

+41n*(1 — a)In(a) + %7‘(2 In(ar) — %7(2 In(l — o)+ 2(3]

A similar integral, which will be important at three loops is the following:

1+a?
a2 Sa(a) (A.14)

1
/0 dzIn(x)In(1 — z)po(z, ) =

where

Sy(ar) = 4Liz(1 — o) + 2Lig(r) — 4Lig(1 — @) In(1 — @) — 4Lis(a) In(1 — «)

2 (A.15)
—4In(a)In?(1 — a) + In*(a)In(1 — a) + §7r2 In(1 — «a) — 2¢3
Finally, we shall also encounter the integral
1 1 2
| dwinte) gtz @)ool ) = 15 Vala) (A.16)
0 _
where
1
Vo(a) = Lig (a?) + 2Li3 (1 — o?) — 4Lis(1 — @) — 2Liz(a) + 2Li3 <1ja> — 2Lis (1—i—a>
1 1
+ (35— <Lig (1—1—(1) + Lisy <1ja>) In(a) — 6 In(a) + (2In(1 4 ) + In(1 — a)) In?(a)
(A.17)
A.3 Three-loop integral summary
The results for the 1-2-2-1 web are:
W (ikkl) = (C(3a) — C(3b) — C(3c) + C(3d))]—"i(;’j)kkl(aij, Ok, gty 12/ m, €) e
= _fdcefabeﬂaﬂlegﬂd E(j?;')kkl(aiﬁ Ak, Okl MQ/m27 €)
with
1
Figirt(Qijs iy gty 12 /m?, €) = g (F(3a) = 2F(3b) — 27 (3¢) + F(3d))
L'(6e) [!
= [ dadye plo, oty (e, o) [w@ (,9,9) + ¥ 2., 2)e + O() |
(A.19)
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where

Oty =t (L) +m (2)

z
0§ @y, 2) =12 [Lia (- 2) + Lia (-2) + @] +1? (£) +8m (1 - y) i (£) +me (4).
x z z z T T
(A.20a)
Thus, taking the € expansion we obtain:
(3,-2) kN3 [t (0)
Fijinw (Xigs gk, k) = 5 (5) /o dadydz po(z, oij)po(y, ajk)po(z, ak)y (2, y, 2)
(3,-1) 1 k\3 [
Fijiunt (@igs ks o) = (5) /o dadydz po(z, oij)po(y, ajk)po(z, )
< |05 @y, 2) + 087 (@, 2) (nglo, aiy) + Ingly, aje) + Ing(z an)| -
(A.21)

For the 1-1-1-3 web the results are as follows:

WO (ijklll) = TATPTETY [fbcefadeﬂjkum(au, aji, o) + FO P T o (cuar, v, Oékl)] ,
(A.22)

with

I'(6¢)

1
H?’/ dxdydz p(z, oqp) p(y, i) p(z, agr) pan(,y, 23 €)
0
(A.23)

Fijrnt i (Q, g, agy) =

where

¢3.1(z,y, z€) = (—2In(y) + In(z) + In(z)) + ( —8In(z)In(z) — 2In(y) In(x) + 101n(z) In(y)
+ 12Lis(—2/y) — In(2)? + 51n(z)? — 41n(y)? — 12Li2(—y/z)> e+ O(e?)
¢32(x,y, z€) = (In(y) + In(z) — 2In(x)) + < —2In(z)In(z) + 10In(y) In(x) — 81n(z) In(y)

—41n(x)? — In(y)? — 12Lis(—z/y) 4+ 12Lis(—2/x) + 5ln(z)2) e+ O().
(A.24)

Thus, in an expanded form we have, for each n =1, 2:

_ 1 /k7\3 [!
]:i(j}gmz;)n(aiz,ajz?akz) =3 (§> /0 dﬂﬁdydzpo(ﬂf,Oéu)l?o(y,Oéjl)po(z7akz)¢§,?%($,yy z)

1

FE-D _ Lmys dzdud , ,

it o (il QL Ol 5 5 xdydz po(x, a)po(y, aji)po(z, arr)
0

x |65 (. 2) + 6 (@, y, ) (n (e, aq) + Inaly, an) +nq(z, an)]
(A.25)
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Definition Name symbol

1 1
/ dxpo(z,a) =lna Ry(a) ®a
2r 0
1 1
27“/ drpo(z,a) Ing(x, o) Ry () 20 (a+1)—a®a
0
I 1.,
7, dxpo(m,oz)§ln q(z,a) | Ra(a) aRa®@a—2aRa® (a+1)
0
20®(a+)@a+4a® (a+1)® (a+1)
9 1
_r/ dz In(x)po(x, @) S1(«@) da®(l—a)—2a® «
0
1 1
_7’/ dz1n?(z)po(x, a) Sa(a) | “da@(l-a)@(1-—a)+2a@(1-—a)®@a«a
0

+aRa®(l—a) -2 a® «

1
_71“/0 drIn(z) In(1 —z)po(z, ) | S2(a) | ~4a@(l-a)@(1-a)+20@(1-a)®a

+20® a® (1 —a)

1
% /0 drIn(z) In(q(z, a))po(z,a) | Va(a) | 20 (1—a)@a—4a® (1l —a)® (a+1)

+200a®(l-a)+2a@a® (a+1)
—aRa® o«
—4da®(a+)@(1l-—a)+2a® (a+1)®«a

Table 1. The symbols of the transcendental functions entering the three-loop expression for the
anomalous dimension for multiple-gluon exchange webs (the 1-1-1-3 and 1-2-2-1 webs). The sub-

script next to the name of each function indicates its transcendental weight. The normalization in

1+a2
1—a?"

all cases involves the rational function r = r(«a) =

where the definition of the functions gi)é?r)t and (;Sélr)L is implied by comparing eq. (A.25) to
egs. (A.23) and (A.24).
The symbols of all the transcendental functions entering the three-loop webs we are
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considering are summarized in table 1. We observe that the first entry of all is «, each
power of Ing(z,a) or In(x) (or In(1 — z)) in the integrand increases the transcendental
weight by one unit, adding either « or (1 + «) entry to the symbol in the case of In q(z, «),
and either v or (1 — ) entry in the case of In(x) (or In(1 — z)).

B Calculation of diagrams connecting four Wilson lines

In this appendix we compute the multiple-gluon-exchange three-loop webs connecting four
Wilson lines. There are two such webs, 1-2-2-1 will be discussed in section B.1, and 1-1-1-3
in section B.2. Starting from the configuration-space Feynman rules, our aim here is to
integrate over the distance parameters of the three gluons, leaving the angular integration
undone, thus obtaining a parameter representation for the web in the general form of
eq. (4.2).

B.1 The four-leg three-loop web W((i)2,271)

The web W),

we need to compute a single linear combination of the kinematic integrals corresponding
to F(3a) — 2F(3b) — 2F(3¢) + F(3d). Let us begin by considering diagram (3a). Using the
configuration-space Feynman rules it evaluates to

) is composed of four diagrams as shown in figure 7. According to eq. (5.1)

F(3a) = gSN3(B1 - B2)(B2 - B3)(Bs - Ba) /0 dsdtydtaduydusd 0(t) < t2)0(uy < us)

X ( — (861 — tzﬁz)Q)E_l ( — (182 — U153)2>6_1< — (vBs — U253)2)€_1

X exp{—im (Wﬁ% — 0 + (t1 + t2)1/ 8% — 10 + (ug + u2)\/ 55 —i0 + vy /B2 —i0 } )
1)

(B.

Rescaling the line parameters by the respective Wilson-line masses we get
6 /3

.7-"(30,) :988 Y12 Y23 Y34 /(; dUdTldTQduldung 9(7‘1 < 7'2)0(,&1 < MQ)

e—1 e—1 e—1 B.2
X ( — 0% - 722 + 71207'2) ( — 7-12 — u% + 72371u1> ( 2 - u% + V34VM2> ( )

x exp{—i(m —1i0)(c + 11 + T2 + 1 + p2 +v)} .

At this point we introduce our usual change of variables for each gluon, as in eq. (2.6),

defining:
o+T =)\ T+ p1 = Ao Vo = A3
T2 1 M2
o+ Ty 1+ U1 V—+ g

and further defining
Al = \w
Ao = A1 —w)¢ (B.3)
Az = Al —w)(1-0)
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to extract the overall ultraviolet divergence and bring the remaining integrals into a canon-
ical parametric form. Repeating the same procedure for the remaining three diagrams we
obtain the following expressions:

1 1
F(3a) = K> v12723734 F(GE)/ dadydz P(z,v12)P(y, v23) P (%, 734) / dw(l — w)tely2et
0 0

1
/0 de(1 = Q212 flwa > (1—w)Cy) O((1 — Oz > ¢(1 — 1))
(B.4a)

1 1
F(3b) = % y12723734 F(GG)/ dedydz P(x,v12)P(y, v23) P(%,734) / dw(l — w)te w2t
0 0

1
/0 dC(1— O p(wa > (1 - w)Cy) O((1— )z < (1 —y))
(B.4b)

1 1
F(3¢) = #3 719793731 F(66)/ dzdydz P(z,v12)P(y,v23) P(2,v34) / deo(1 — w)yle 1,21
0 0

1
/0 dC(1— 1% Own < (1—w)Cy) 6((1— )z > ((1— 1))

(B.4c)

1 1
F(3d) = K> Y12Y237Y34 F(Ge)/ dzdydz P(x,v12)P(y, v23)P(z,7v34) / dw(1 — w)46_1w26_1
0 0

1
/0 dC(1— €12 Blwn < (1—w)Cy) 6((1— Oz < ((1— 1))
(B.4d)

where £ is defined in eq. (2.5). Note that the only difference between the different diagrams
in (B.4) is in the Heaviside functions defining the range of integration over w and ¢. The
first integral we perform is over w and it yields:

1
Diagrams a and b: I*P(A) = / dw(1 — w) 1w 1w/ (1 — w) > A)
0
= / da(1+a) % a*1h(a > A)
0

_ /0 do1+0)"% 0> (1~ (a < 4)

_ T(4e)T'(2¢) AZe
T(6e) 2

1 <3 — 1262€* + . > A* [1 4 12¢* Lis(—A) + O(€”)]
2¢ \ 2 2¢
1
T 2

[1 4 12¢? Lis(—A) + O(€*)]

3122 L)+ @)+ 0]
(B.5)
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and

Diagrams ¢ and d: 544 W)l g (w/(1 — w) < A)

)= [
/ a(l+a) % a? 1o < A) (B.6)

=5 [ + 126 Lig(—A) + O(e%)]

€

where A = (y/x.
This relies on the general results [109]:

0o (m—n)e
/0 do(l 4 a)" a™1 gl > A) = (‘i_m) 2Fy ([ne, (n— m)el,[1 + (n — m)e], —1/A)

A(m—n)e

i—1
:(nm)< z;ezlnk " Sk (— 1/A)>

/ da(l+a) ™™™ 1 h(a < A) = A o F1 ([ne, me], [1 4+ me], —A)
0 me

Ame o) ' i—1 .
=— (1 G an(—m)‘ksi_hk(—A))
=2 k=1

where S, (%) is the Nielsen Generalized Polylogarithm

(_1>a+b71 d.%'

-1 J, = — I (2) In®(1 — z2)

Sa,b(z) =
and 57 1(z) = Lia(z). We note that while both expansions in eq. (B.7) are valid in general
for any A, only the second can be used in our application. To see this note that below we
are going to take the integral over { from zero to 1; thus A eventually varies between zero
and a finite limit y/x (the integrals over x and y converge independently of these factors).
The A — 0 limit would be problematic if we were to use the first expansion in eq. (B.7)
as individual terms in the expansion diverge. In contract, using the second expansion in
eq. (B.7) the limit A — 0 is smooth. This explains the way we chose to expand the integrals
in eq. (B.5).

So up to constant terms we get:

I'(6e 1
F(3a) = k*y12723734 5 )/ dazdydz P(x,v12)P(y, v23)P(2,734)
0

/01 de(1— ¢ 1> g <1_CC - y> (B.8a)

z

[2 - (g%)ze —12¢ (Lig (- (¢2)) + ) + 0(63)]
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1

€

P ) / dedydz P(x,v12)P(y, v23) P (%, 734)
0

/01 dC(1 — ¢)21¢21 g <1EC <1z y> (B.8b)

F(3b) = k% y12723734

z

B - (g%)% —12¢ (Lip (- (¢2)) + ) + 0(63)]

1

€

5 )/ dedydz P(x,v12)P(y,v23) P (2, 734)
0

2e 1 _ 1—
(%) \/0 dC(l . €)2671€4671 ] <1C€ > . y) (B8C)

F(3c) = & y12723734

[1 41262 Liy (—g%) + O(é”)]

. 6e 1
F(3d) = K> y12723734 )/ dedydz P(xz,v12)P(y, v23)P(2,734)
0

2¢
2¢ 1 — —
(%) /0 dC(l _ <)2e—1<4e—1 9 <1C€ < 1 y) (B8d)

z

[1 +12¢2 Lig <—g%) + 0(63)]

To compute all the singular terms, down to the single pole, let us split each integral into
two, F = F1+F2, where F; corresponds to the leading term, 1, in the square brackets above
(the leading term in the expansion of the hypergeometric function), and F» corresponds to
the dilogarithm at O(e?). We get:

I'(6e !
(26 )/ dzdydz P(x,v12)P(y, v23)P (2, v34)
0

! -1 22— 1-¢_1-y\ [3 Y2
| aca—gptee e<<> - )[2_(%) }

L6 [ gpayaz p P P
2 /. rdydz P(x,v12)P(y,v23) P(2,734) (B.9a)

3 [ 21,21 o (1—C _1-y
lz/od“l_o g (> 1Y)

() [aca-cpereern (B 1;”)]

Fi(3a) = k% y12723734

=K V12723734
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1
€

F1(3b) = k% y12723734 ) / dzdydz P(x,v12)P(y, v23) P (2, 734)
0

2€

! €— €— 1_C 1_y 3 3/26
Jwo-arme o (St <) [o- ()]

e [t
o /0 dzdydz P(x,v12)P(y,v23) P (%, 734) (B.9b)

3 [ 2¢—1 ~2e—1 1-¢ 1—y
[2/0d<<1—<> et (P <Y
AR ! 2¢—1 ~de—1 1-¢ 1—y
() [ o(F 1)

=K’ Y12723734

I'(6e) [*
F1(3¢) = K3 12723734 (26 ) /0 dzdydz P(x,v12)P(y, v23)P(2,v34)
B.9%¢
&) /ld«l—o“&“ ol 1y -
x 0 ¢ >
3 L(6e) [
F1(3d) = K° y12723734 9¢ /0 dzdydz P(z,v12)P(y,v23) P(2,v34)
(B.9d)

<%>26 /01 dc(1— ()2 i¢tet g <1EC < 1 ; y>

and

1
Fa(3a) = —k® 12723734 /0 dzdydz P(z,v12) P(y,v23) P (2, V34)
! 1 26— 1-¢ _ 1-y\ (. y
[ aca—cptet g (c > z) (Liz (< (¢2)) +¢)
(B.10a)

1
F(3b) = —K> y12723734 / drdydz P(x,v12)P(y,723)P(2,734)

[l o) (- () )

(B.10b)
Fa(3¢) = k% y12723734 / daedydz P(x,v12)P(y, v23)P(2,734)
0 - (B.10c)
Li Yy
/ det = 9( : ) 2 (~¢7)
Fa(3d) = k3 y12723734 / dadydz P(x,v12)P(y, v23) P (2, 734)
(B.10d)

/ dc(1 9(1 ) L (~¢%)
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To perform the ¢ integrals in Fj of eq. (B.9) we use the following results:

1 B B 1_<-
> . — _ \pe—1 qe—1
17 (p.¢: B) /0<1 O 0<< >B>

- / T ags (14 6) (3 > B)

0

= Bﬁ_qeq 2 F1([(q + p)e, gel, [1 + q€], —1/B)

B—<a oo i—1
< =D+ 0 ()T Sikk(— l/B)>

=2 k=1

and
! €— €— 1 _C
If(p,q;B) :/0 (1 =P ¢ to <C < B)
= [Tt oo < )

B
p 2F1([(q +p)€ap€]a [1 +p€]7 _B)

o) i—1

_ B
( =D 0+ ) (—p) T FSikk(— B))

=2 k=1

This yields:

I'(6e !
Fi1(3a) = K 712V237345§62)/ dzdydz P(z,v12)P(y, v23) P (2, 734)
0

—2e
[3 (1 — y) (1486 Lis(—z/(1 —y)) +...)

z

B (Q)% <1 - y>_4€ (14 24¢2 Lig(—2/(1 — y)) +...)

T z

I'(6e
8e?

2e
[3 (1;1’) (148 Lia(—(1 —y)/2) +...)

1
F1(3b) = k* v12723734 )/ dzdydz P(z,v12)P(y, v23)P(2,734)
0

xT z

—9 (g)% (1 _y>2€ (14122 Lig(—(1 — y)/2) +...)

I'(6e
Fi1(3¢) = k* v12723734 )/ dazdydz P(z,v12)P(y, v23)P(2,734)
0

(s

) (14246 Lis(—2/(1 —y)) +...)

F1(3d) = k% 12723734 Fé 2) / dadydz P(xz,v12)P(y, v23)P(2,734)
- 2e
2(%) (1 - ) (1+ 122 Lig(—(1 = y)/2) +...)

49 —

(B.11)

(B.12)

(B.13a)

(B.13b)

(B.13c)

(B.13d)



To perform the ¢ integration in the F5 terms (B.10) we use the following results. First
for the constants:

! e—1 ~qe—1 1 1
for a /0 d¢(1 — ¢)pe(1 9<§< 1+B> = %(1—{—0(6)) (B.14)
o (1 - it g (c > ) ~Lasoe @)
0 1+B) pe ’

For the dilogarithmic functions we get:

B) = 0O(e) (B.16)

for a /1 d¢(1 — Q)P Lca Lig(—r(¢) 6 <c <7 !
0

+
1 s —_r
for b /0 d<<1—<>p6—1@€—1mz<—r¢>0<<>1 jB) Lp< (14 0() B.17)

These results can be proven by expanding the Lis(—r¢) = Y00, (—t()"/n? under the

integrals.
We then get:
1
Fa(3a) = —k® 12723734 gi/ drdydz P(x,v12)P(y,v23)P(2,734) (B.18a)
0

1t '
F5(3b) = —# 12723734 2/ dzdydz P(z,v12) P(y, v23) P (2, 734) <L12 (7@) + C2>
€Jo X
(B.18b)
F2(3c) = O(°) (B.18c)

1 [t .
Fo(3d) = &* 712’72373426/ dadydz P(x,v12)P(y,v23)P(z,7v34) Lia (—%) . (B.18d)
0

Finally, combining F; and F> we obtain the following parametric integrals for the four
diagrams, down to single-pole terms:

I'(6e) (!
Ele ) / dedydz P(x,v12)P(y, v23)P(2,v34)
0

X { (m <§> +1n <Z>> (B.19a)
~ In? (1;”) —1n? (£) +41n (£) m (1 . y) - 12(2] }

(i3 1
Ie )/ dzdydz P(x,v12)P(y,v23)P(z,734)
0

A (m(2) m ()
t (2) —nt (3) - am (B m () -12 1 (-7) + )

F(3a) = K Y12723734

+e€

F(3b) = k% 12723734

+e€
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(i1 1
P ) / dedydz P(x,v12)P(y,v23) P (2, 734)
0

x { <2ln (;) +In (i))
(152 e (22 (152 s (25

6e 1
Ie )/ dzdydz P(x,v12)P(y,v23)P(z,734)
0

x { (2m (%) +2In (%)) +e|2n? (1;1;) +21n? (%) +4ln (%) In (1;y)
+12Li (—1;‘”> +12Lis (—%) ] }

F(3¢) = k% 12723734

+e€

F(3d) = k*y12723734

(B.19d)

The four diagrams contribute to the web through the combination in eq. (5.1). Combining
the corresponding integrands yields the final expression in eq. (5.2).

B.2 The four-leg three-loop web W((f’)l 1,3)

Let us now compute the diagrams of the 1-1-1-3 web shown in figure 8. One immediately
observes that there is a permutation symmetry allowing to deduce the result for the integral
for all these diagrams from any one in the set. Let us compute diagram B.

FEB o vay = 9N (B - B1) (B - B1) (s - Ba) /0 dsydsadss

/oo dsdtdud(t > 5)0(u > t)e—im<sl\/ﬂf—i0+32\/Bg—iO+53\/B§—iO+(s+t+u)\/Bz—i())
0

1

(—(Bas — 5181)2)671 (—(Bat — 5282)2)671 (—(Bau — Bss3)*)
(B.20)

Defining s;1/3% —i0 = 0; and s/} — 10 = 0, t\/B3 —i0 = 7, u\/B] — i0 = p we get:

B 96N3 o)
f(1,1,1,3) = 38714724734/ doidosdos
0

/00 dsdtdu (T > 0)0(p > T)e’i(m*io)(‘71+‘72+‘73+0+7’+M) (B.21)
0

(—02 - U% + 714001)671 (—T2 — U% + 7247'02)671 (—/~L2 - 0§ + 734#03)671
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Next defining Ay = o0+ 01, A\a =7+ 09 and A\3 = p+ o3 and x = o/\1, y = 7/A2 and
z = /A3 we get:
. 6 /3

Fiiis = gsTmmwM /0 AMAL(=AD) T Ao Ao (—A3) T TdAs Az (= A3) !

1
/ drdydz 0(yra > £A1)0(2A3 > yhg)e (MO0 HA2423) Py ) 1) Py, v24) P(2,734)
0

(B.22)
Finally parametrizing \; as follows:
AL =CA
Ao=(1-01—-w)A (B.23)
Az = (1 = QwA

and performing the dimensionful integral over A we get
1
FG 11,3 = T(6e) 53714724734/0 drdydz P(z,114) P(y, v24) P(2,734)
1
< / dCdwe® (1 — O 11— w)* L 0(y(1 — (1 — w) > 2¢) Bz > y(1 — w)).

0
(B.24)

Performing the integral over ¢ and then the one over w we get the following result for the

singular terms:

I'(6e !
Fliis = (2(@3%3714724734/0 drdydz P(x,v14) P(y,v24) P(z,734)

(1) B - (9 - 12e (e (-Y) + ) + 0<e3>} .

As mentioned above we can get the results for the momentum dependent part of all dia-

(B.25)

grams by using permutations. We can write in general, for diagram d = A..F,

I'(6e !
F(1,1,1,3):d = (2(6)2) K3’Yl4724734/0 dxdydz P(x,v14) P(y,v24) P(2,734) fa(z,y, 2;€) (B.26)

with

fa(z,y,z€) = fp(z,2,y5€) = é + (—In(z) +2In(y) —In(2)) € + (In(2)?> — 41n(y) In(z)+
4ln(y)2 + 12Lis(—y/z) + 21n(2) In(x) + ln(gzc)2 —41n(z) ln(y)) e+ (’)(63)

(B.27a)

o9, 70) = fola,2,y50) = 5+ (~In(e) ~ Iny) + 2In(2)) € + (1n(y)? — 41ny) (=) +
41n(2)? — 41n(2) In(z) + In(z)? + 21n(z) In(y) + 12Lig(—2/x)) =

(B.27Db)
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ey, 7€) = fply,,5€) = 5+ (~Ina) ~In(y) +21n(=) € + (in(y)? ~ AIn(y) In(z)+
41n(z)? — 41n(z) In(z) + In(z)? + 21n(z) In(y) + 12Lis(—z/x)) €+ O()
(B.27¢)
fo(z,y,z5€) = faly,x, z;€) = % + (2In(z) —In(y) —In(z)) e + (ln(z)2 —41In(2) In(z)+
41n(z)? + 12Lis(—2/2) + 21In(y) In(2) + In(y)? — 41n(x) In(y)) e+ O(%)
(B.27d)
ol ,2:6) = Faley,a10) = &+ (~Infa) + 2In(y) - I(2)) + (In(2)? ~ 4In(x) In(y)+
41n(y)* + 12Lis(—y/x) + 2In(2) In(z) + In(z)* — 41n(y) In(2)) €2 + O(e*)
(B.27e)
fr(x,y, 2 €) = (2,9, 75€) = % +(2In(z) — In(y) — In(2)) € + (In(y)* - 41n(z) In(y)+
41n(z)? 4 12Lis(—z/y) + 2In(y) In(2) + In(2)* — 41n(z) In(z)) € + O(€)
(B.27f)

Using now the results for the mixing matrix and connected colour factors of this web we
get the final results quoted in egs. (A.23) and (A.24).

C Subtracted webs at three loops

Using eq. (1.15¢) we observe that for three-loop webs consisting of three gluon exchanges
one gets a contribution to the three-loop soft anomalous dimension, of the form —6w® 1

(3:=1) is the subtracted web given by eq. (5.3). In appendix B we derived the web

where w
kernels for the 1-2-2-1 and 1-1-1-3 webs, and we are now ready to combine these integrands
with those corresponding to the commutator terms. All the necessary input is summarised

in appendix A. Let us consider the two webs in turn.

C.1 Combining the 1-2-2-1 web with the corresponding commutators

Using eq. (5.3) for the 1-2-2-1 web, and selecting the commutators of lower-order webs
which correspond to its subdiagrams, we obtain:

e ) 1 ) .
Ty =0 1>(122334)—6{3[10(1’0)(12),10(27 1>(2334)} +3[w(1’0)(34),w(2’ 1>(1223)}

+3 [w(2’0)(2334), w(l’_l)(12)} +3 {w<270>(1223), w(l’_l)(34)}

+ [w09012), [wD(23), w<170>(34)H + [w<170>(12>, (w00 (34), w10 (23)] |

+ :w<1»0>(34) [w(l’*)( H w0 [ (D (12), w0 (23)]

+ [ 2), [w (39)]] + [t (12), [w D (34), 00D 23) |
# [0 @0, [w 29,000 2)]] + [0V, [u00 02,00 Ve)]] .

(C.1)
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Upon substituting the webs in terms of colour times kinematic factors we get:

EE?ZE;;A) g—lf abe fede TOTITSTS | 6F{apg) (012, 23, t3a)
+ 375" (a12) F 2334 Y (0, asa) — 3745 (asa) Fiops ' (012, 023)
— 37y (on2) Fiaal (o3, asa) + 3F5y ™ (as4) Fiops (a2, 03)

+ 7y V(ane) (Fi5 ™ (0on) FG asa) — Fir ™ (0s) F (a29)) (C.2)
+ 735 (0s1) (7‘"2(;, “D(az) Fiy” (on2) - 71(2’71)(012)]:2%’0)(0423))
() Fiy ™) = Fiy (a3 Fiy ™ ()

+ iy Paza) (F(az0) Fly ™V (erz) - Fly V(e 12>f2§"”<a23>)]

+ Fiy Y (an) <]:23

Next, substituting the integrals for the kinematic functions F summarized in appendix A
we get:

*(3 _1) abe cdeT T TCT oY 3 1d d d
W1 90534) s *f FUNTLTSTY (5 | dody 2 po(T, i) po (Y, ajk)po(z, k)

(1 )((L' Y,z ) + ng)(xvyv Z)(IDQ(‘T70512) + IDQ(y7a23) + lnq(z,a34))

+3 (qﬁél)(x, y) — o5 (v, z)) +3 (¢§0) (z,9) — oLy, 2)) Ing(y, az3)
+3 (ng(w, a12) — na(z,a31)) (6" (2, 9) + 65" (. 2))
+2Ing(x,a12) Ing(z, ass) — Inq(y, ags) Ing(x, a12) — Inq(y, as3) Inq(z, asq)
_ %m? o(z, a2) + In? gy, sg) — %1112 q(z,a34)] .
(C.3)

Using the expressions for the kernels 13 and ¢o we get after some algebra:

_ K\ 3 1
Wlial = gfe perymsTy (%) /0 dadydz po(, aig)po(y, aji)po(z, )

11— 1-—
<—21n2y —21n27y+81ny1n y> +2 <lnx—|—lnz> In q(y, cves)
x z x z Yy Yy

L ) z Y
2 <ln . +In ;) Ing(z,a12) + 2 (ln . +In 5) Inq(z, azq)

+2In Q(% a12) In (I(Za 0434) —In Q(y, 0423) In Q(SU, 0412) —In Q(yv a23) In C_I(Z, a34)

1 1
- 51112 q(z, a12) + In q(y, az3) — 3 In? (J(Z,Oé34)] .

(C.4)
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Here we note that all dilogarithms cancel in the difference between the three loop webs
and the commutators involving lower-order webs. The consequence is that the integrand
of eq. (C.4) contains only logarithms, so in each term in the sum the three integrals over x,
y and z factorize, and can be performed independently of each other. Finally, substituting
the results for the integrals according to the definitions in table 1 and replacing § by its

. . 2
€ = 0 limit of —7%5, we get:
3,-1 1 2 \°
E51722:%4)0‘? = _gfabedeeTngTng (16;2) G (o2, 23, a34) - (C.5)

where

1+a?, 14+a3; 14+a2
G2, a3, a34) = . )= . 2 . 34
— Qg L — Qg3 1 — iy

— 251 (a23) (51(0412) In azq + Si(aszq) In 012)

+ 41n aos (2S2(0412) In gy + 252(0434) Inaqo + 54 (0412)51 (0434))

16 <SQ(0423) — 2§2(0¢23)> In Q192 In Q34

—4 (Rl (0423) (Sl (0512) In oy + 54 ((134) In Oém) + 4‘/2(()423) In a2 In 0434>
=+ 4 (2‘/2(0512) In a3 In 34 — Rl(alg) (Sl (0523) In Q34 — 251 (0434) In 0423>>

+ 4 (2%(&34) In a3 In o192 — Rl(a34) (Sl (0523) In a12 — 251 (0412) In 0423>>
+ 8 ln Q923 <2R1 (alg)Rl (O£34) — Rg(alg) hl 34 — RQ(Q34) ln 0512>

— 8R1 (azg) (Rl (alg) In Q34 + R1 (a34) In 0412) + 16R2(a23) In 19 In 0434]
(C.6)

where G has the symmetry property: G(ai2, 23, a34) = G(asq, @23, 12). We see that
owing to the factorization property of the subtracted webs the result is written as a sum of
factorized terms, each of which is a function of a single cusp angle. There are no multiple
polylogarithms that depend on more than one cusp angle. As explained in the main text
this is expected to be a general feature of multiple-gluon-exchange webs.

Eq. (C.6) is written in terms of the functions R;, S; etcetera, defined in table 1. As
discussed in section 4, each of these functions separately violates the alphabet conjecture,
and in particular does not display the crossing symmetry o — —a. Yet the symmetry must
be present in eq. (C.6), which is a subtracted web. It can be made manifest by selecting
the basis of functions of eq. (4.15). Indeed, the result for G can be written in this basis —
it is given in eq. (5.5), which is much more compact than eq. (C.6). Besides demonstrating
the conclusions of section 4, this last step provides a powerful consistency check of the
calculation.
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C.2 Combining the 1-1-1-3 web with the corresponding commutators

Let us now consider the 1-1-1-3 web. Using eq. (5.3) and selecting the relevant commutators
of lower-order webs we obtain:

B 1
ES,QSL)M) = w®71(123444) — 6~
{3 [w(170>(14) ) (2344 [ 24), w<2v*1)(1344)} +3 w(l’o)(34),w(Q”l)(1244)}

)|+ [

+3[( 0)(2344), w1 } [ (2.0)(1344), (1’1)(24)}+3{w@’o)(1244),w(l”l)(34)]
| )
)
)

+ o+ 4+ o+ o+
—~
—
N
S~—
| —
N’
—
w
=~
~— N N N~
g
=
)
—
N
=
N—
| I
+
r—
g
=
2
—~
—
N
N—
g
=
=
—
()
>

+
o
|
=
—~
—_
S
S~—
| —
—
-
=
—
w
=~
S~—
=
—
[\
=~
S~—
| I
+
g
—~
—
S
SN—
| —
—~
[\]
=~
SN—
=
—~
(%)
=~
S~—
| I
| I
H—/
—~
Q
\]
SN—

Upon substituting the webs in terms of colour time kinematic factors we get:

(3,-1)
6F 193444:1 (14, 24, t34)

_(3,-1 1
wE1234314) 2 = éfadefbceTfTé)Ts’ch

— 37 (ra) Figm (aza, aza) + 3F (5™ (na) Fapd (s, cusa)
+ 715 (0aa) (F ™ (ean) FLy” (aza) = Fiy a2 Fip (o))

+ Fy Y (an) (7:35411’1)(0434)72(}!71)(0424) - 7:2(411’1)(%4)]:35411’71)(0434)) ]

1 _
e M T T TS T | 6140 (014, 024, 034)

— 375y (aa) Fig (g, asa) + 3F5y ™ (04) Fian) (s, asa)
— P 000) (F D 01 P as0) — FE T (05 F (o)

— Fay(a) (5’:1(111’1)(0414)]:3(,1’_1)(034) - ]:95411’1)(0434)7'—1%’_1)(0414))]

1 _ _
+ gf“bedeeTszbTyfo — 35" () Flona Y (ra, asa) + 3F5y ™ (aaa) Far) (s, ang)

— Fiy ¥ (aza) (fl(zlfl)(a14)72(i’0) (a4) — Fosy ™ (cna) Fiy ¥ (a14))

- Fi ™ (as) <ffi’1)(a14)f2(i’_l)(a24) - ]:2(171)(0124)]:1%’_1)(0414))]

(C.8)
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where by convention Fjjxx = Fikkj. At this point we use the fact that the three colour
factors are related via the Jacobi identity:

JFATETITSTY = fo frReTETYTSTY — fote ey TR TS T (C.9)
to write the result in terms of two independent colour factors. Substituting the functions
F as summarized in appendix A and inserting the explicit expressions ¢3; and ¢2 we get:

_ 1 /k\3 [}
@Ei)égﬂ@a? =% (5) / dzdydz po(x, a14)po(y, a24)po(z, aiza) X
0

{fadefbceTlaTQngfo [21n2x — 4In’y +2In®z2+4lnzIny + 4lny Inz—8Inz Inz

+2Ing(x, a14) <1nE —i—lnE) +21Inq(y, aoq) <1ng —|—lng> +21Ing(z, asq) <ln§ —|—ln£>
x Yy x z y z

+ Ing(z,a14) Inq(y, az4) — 2Inq(z, a14) Inq(z, az4) + Ing(z, az4) Inq(y, az)

1 1
+—2lngq(z,a34)—-ln2q(y7a24)+»21n2q(x,a144
—i—facefbdeTfTZngfo{—élanx + 2In%?y +2In®2+4lnzIny — 8lnyInz+4Inz Inz

+2Ing(z, a14) (1n§ —i—ln{) +21Inq(y, aaq) <1nE —i—lnE) +2Inq(z, asq) <lny —|—lny>
Y 2 y x x 2

+ Ing(y, aoa) Ing(z, a14) — 2Inq(y, a24) Inq(z, azs) + Inq(z, azs) Ing(z, aq)

1 1
t3 In® ¢(z, ag4) — In” q(z, a14) + 3 In® g(y, 0424)] }
where we observe again the complete cancellation of the dilogrithms, which results in the

integrals being factorisable. Performing the three integrals, the final result reads:

_ 1/ g2 \°
wﬁégi}mag =5 <1g7r2> TeTYTSTY [fadefbceF(al47 aaq, o3q) + 2 F Faos, ong, ass)

1+a2, 1+a3, 1+a3,
1—a2, 1—a3, 1—a3,

with F(Oé14, 24, 0534) = (C.l())

[ — 852(14) In g Inagg + 1652(ao4) In gy In gy — 852(agq) Inavy In gy

+251 (0414) Sl (0424) In 34 + 251 (Oz24) Sl(a34) In 14 — 4S1 (Oz14) Sl (Oz34) In 24
—8‘/2(0414) In 24 In 34 + 4R1 (0114) (Sl (a24) In 34 — 231 (0434) In a24>

—|-16V2 (a24) In 14 In Q34 + 4R1(0424) <Sl(a14) In 34 + Sl (0434 In Oz14>

)
—8‘/2(0434) In Q24 In 14 + 4R1 (CM34) <Sl (0424) In 14 — 281 (0414) In a24)
+8R1(0n4) Ri(a24) Inagg + 8RRy (a24) Ri(vga) Inagg — 16R1(0na) Ri(aza) Incvgy

+8Ra(w3q) Inavyy Inagy — 16 Ro(awaq) In vy Inaizg + 8Ra(14) Incvgg In oz34] .

Proceeding as in the case of the 1-2-2-1 web to write the function F' above using the basis
functions of eq. (4.15) which admit the alphabet conjecture, we get the very elegant result
of eq. (5.9). This step provides a powerful consistency check of the entire calculation.
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