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THE COX RING OF AN ALGEBRAIC
VARIETY WITH TORUS ACTION

JURGEN HAUSEN AND HENDRIK SUSS

ABSTRACT. We investigate the Cox ring of a normal complete variety X with
algebraic torus action. Our first results relate the Cox ring of X to that of
a maximal geometric quotient of X. As a consequence, we obtain a complete
description of the Cox ring in terms of generators and relations for varieties
with torus action of complexity one. Moreover, we provide a combinatorial
approach to the Cox ring using the language of polyhedral divisors. Applied to
smooth K*-surfaces, our results give a description of the Cox ring in terms of
Orlik-Wagreich graphs. As examples, we explicitly compute the Cox rings of
all Gorenstein del Pezzo K*-surfaces with Picard number at most two and the
Cox rings of projectivizations of rank two vector bundles as well as cotangent
bundles over toric varieties in terms of Klyachko’s description.

1. INTRODUCTION

Let X be a normal complete algebraic variety defined over some algebraically
closed field K of characteristic zero and suppose that the divisor class group Cl1(X)
is finitely generated. The Cox ring of X is the graded K-algebra

R(X) = P T(X,0x(D)),

LX)

see Section 2 for a detailed reminder. A basic problem is to present R(X) in terms
of generators and relations. Besides the applications in number theory, see e.g. [9],
the knowledge of generators and relations also opens a combinatorial approach to
geometric properties of X, see [6] and [11].

In the present paper, we investigate the case that X comes with an effective
algebraic torus action 7' x X — X. Our first result relates the Cox ring of X to
that of a maximal orbit space of the T-action. For a point « € X, denote by T,, C T
its isotropy group and consider the non-empty 7T-invariant open subset

Xo = {r e X; dim(T,) =0} C X.

There is a geometric quotient ¢q: Xo — Xo/T with an irreducible normal but pos-
sibly non-separated orbit space Xo/T, see [22], and also for Xo/T one can define a
Cox ring. Denote by Ei,..., E, C X the (T-invariant) prime divisors supported
in X\ Xo and by Dy,...,D, C X those T-invariant prime divisors who have a
finite generic isotropy group of order /; > 1. Moreover, let 1, and 1p,; denote the
canonical sections of the divisors Ej and D; respectively, and let 14p,) € R(Xo/T')
be the canonical section of ¢(D;).

Theorem 1.1. There is a graded injection ¢*: R(Xo/T) — R(X) of Cox rings and
the assignments Sy +— 1g, and Tj — 1p, induce an isomorphism of CI(X)-graded
Tings

R(X) = R(Xo/T)S1,. ., Sms T, Tl /(T — 1ypyy; 1< 5 <),
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where CL(X)-grading on the right hand side is defined by associating to Sy the class
of E and to T; the class of D;j. In particular, R(X) is finitely generated if and
only if R(Xo/T) is so.

If the dimension of T" equals that of X, then our X is a toric variety, the subset
Xo C X is the open T-orbit, the divisors Fj, ..., E,, are the invariant prime divisors
of X and there are no divisors D;. Thus, for toric varieties, the above Theorem
shows that the Cox ring is the polynomial ring in the canonical sections of the
invariant prime divisors and hence gives the result obtained by D. Cox in [7].

The Cox ring R(X) can be further evaluated by using the fact that X /T admits
a separation, i.e., a rational map 7: Xo/T --+ Y to a variety Y, which is a local
isomorphism in codimension one. After suitably shrinking, we may assume that
there are prime divisors Co, ..., C, on Y such that each inverse image 7—1(C;) is a
disjoint union of prime divisors C;;, where 1 < j < n;, the map 7 is an isomorphism
over Y\ (CoU. ..UC,) and all the D; occur among the D;; := ¢~ 1(C;;). Let l;; € Z>1
denote the order of the generic isotropy group of D;;.

Theorem 1.2. There is a graded injection R(Y) — R(X) of Cox rings and the
assignments Sk — 1g, and T;j = 14-1(p,,) induce an isomorphism of C1(X)-graded
Tings

R(X) = RY)S1... ST 0<i<r1<j<m] / (TH 1 0<i<r).

where T = Th' - .. Tzl:l", and the C1(X)-grading on the right hand side is defined
by associating to Sy the class of Ey and to T;; the class of D;j. In particular, R(X)
is finitely generated if and only if R(Y) is so.

Now suppose that the T-action on X is of complexity one, i.e., its biggest T-orbits
are of codimension one in X. Then X(/7T is of dimension one and has a separation
m: Xo/T — P;. Choose r > 1 and ayg,...,a, € P; such that 7 is an isomorphism
over P1\{ao, ..., a,} and all the divisors D; occur among the D;; := ¢~ (y;;), where
7Y a;) = {Yi1, -, Yin, }- Let l;; € Z>; denote the order of the generic isotropy
group of D;;. For every 0 < ¢ < r, define a monomial

fioo= T T € K[Ty; 0<i<r 1< <ny.

ini

Moreover, write a; = [b;,¢;] with b;,¢; € K and for every 0 < i < r — 2 set
k=j4+1=1i+2 and define a trinomial
9i = (ckbj —cjb)fi + (cibi —cxbi)f; + (cibi — eibj) fi.

Theorem 1.3. Let X be a normal complete variety with finitely generated divisor
class group and an effective algebraic torus action T x X — X of complezity one.
Then, in terms of the data defined above, the Cox ring of X is given as

R(X) = K[S1,..-,Sm,Tij; 0<i<r, 1<j<n]/{g;0<i<r—2),

where 1, corresponds to Sk, and 1p,; to Ty, and the CI(X)-grading on the right
hand side is defined by associating to Sy, the class of Ey and to T;; the class of D;j;.
In particular, R(X) is finitely generated.

Note that finite generation of the Cox ring for a complexity one torus action with
Xo/T rational may as well be deduced from [15].

In Section [4] we combine the results just presented with the description of torus
actions in terms of polyhedral divisors given in [2] and [3] and that way obtain a
combinatorial approach to the Cox ring, see Theorem [£8 Similarly to the toric
case [7], the advantage of the combinatorial treatment is that the divisor class group
is easily accessible via the defining data and thus one has a simple approach to the
grading of the Cox ring.
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In Section [, we give some applications. The description of the Cox ring given
in Theorem [[3] allows us to apply the language of bunched rings presented in [6]
and [II] in order to investigate complete normal rational varieties X with a com-
plexity one torus action. For example, in Corollary 5.2], we realize X as an invariant
complete intersection in a toric variety X', provided that any two points of X admit
a common affine neighborhood. Moreover, in Corollary [£.3] we obtain explicit de-
scriptions of the cone of movable divisor classes and the canonical divisor in terms
of the divisors Ej, and Dj;.

The first non-trivial examples of complexity one torus actions are complete nor-
mal rational K*-surfaces X. An important data is the Orlik-Wagreich graph asso-
ciated to X, which describes the intersection theory of a canonical resolution X of
X, see [IT7]. In Theorem 54 we show how to extract the Cox ring of X from the
Orlik-Wagreich graph, which in turn allows to compute the Cox ring of X. In The-
orem [5.6] we explicitly compute the Cox rings of all Gorenstein del Pezzo surfaces
of Picard number at most two.

Finally, we consider in Section [0l projectivizations of equivariant vector bundles
over complete toric varieties. We explicitly compute the Cox ring for the case of
rank two bundles and for the case of the cotangent bundle over a smooth toric
variety, see Theorems 5.7 and

We would like to thank the referee for carefully reading the manuscript and for
many helpful remarks and corrections.

2. COX RINGS AND UNIVERSAL TORSORS

Here we provide basic ingrediences for the proofs of Theorems [I.1] to [[L3] which
also might be of independent interest. For example, in Proposition 2.3 we deter-
mine the Cox ring of a prevariety X in terms of that of a separation X — Y and
Proposition 2.6l is a lifting statement for torus actions to the universal torsor in the
case of torsion in the class group.

We work over an algebraically closed field K of characteristic zero. We will not
only deal with varieties over K but more generally with prevarieties, i.e., possibly
non-separated spaces. Recall that a (K-)prevariety is a space X with a sheaf Ox
of K-valued functions such that X = X; U...U X, holds with open subspaces X,
each of which is an affine (K-)variety.

In the sequel, X denotes an irreducible normal prevariety. As in the separated
case, the group of Weil divisors is the free abelian group WDiv(X) generated by
all prime divisors, i.e., irreducible subvarieties of codimension one. The divisor
class group Cl(X) is the factor group of WDiv(X) modulo the subgroup of prin-
cipal divisors. We define the Cox ring of X following [I1 Sec. 2]. Suppose that
I'(X,0*) = K* holds and that the divisor class group Cl(X) is finitely generated.
Let © C WDiv(X) be a finitely generated subgroup mapping onto C1(X) and con-
sider the sheaf of ®-graded algebras

S = P So. Sp = Ox(D),

where multiplication is defined via multiplying homogeneous sections as rational
functions on X. Let D% C D be the kernel of ® — CI(X). Fix a shifting family,
i.e., a family of Ox-module isomorphisms opo: S — S, where D? € D°, such that

e 0po(Sp) =S8pipo forall D e D, DY € DY,

® 0popy = 0py © opo for all DY, Dy € ©°,

e 0po(fg) = fopo(g) for all D° € DY and any two homogeneous f, g.

Consider the quasicoherent sheaf 7 of ideals of S generated by all sections of the
form f — opo(f), where f is homogeneous and D° runs through ®°. Then Z is
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homogeneous with respect to the coarsened grading

s= D s Spp = B Ox(D).
[D]eCl(X) D’'eD+D0
Moreover, it turns out that Z is a sheaf of radical ideals. Dividing the C1(X)-graded
S by the homogeneous ideal Z, we obtain a quasicoherent sheaf of Cl(X)-graded
Ox-algebras, the Coz sheaf: set R := S/Z, let m: & — R be the projection and
define the grading by

R= D R Rip) = 7 (Sip)) -
[D]eCI(X)
One can show that, up to isomorphism, the graded O x-algebra R does not depend
on the choices of © and the shifting family. We define the Cox ring R(X) of X,
also called the total coordinate ring of X, to be the Cl(X)-graded algebra of global
sections of the Cox sheaf:

R(X) = I(X,R) = I'(X,S)/T(X,T).

We are ready to perform first computations of Cox rings. Our aim is to relate
the Cox ring of a prevariety X to that of a (separated) variety arising in a canonical
way from X. We say that an open subset U C X is big if the complement X \ U is
of codimension at least two in X.

Definition 2.1. By a separation of a prevariety X we mean a rational map ¢: X --»
Y to a (separated) variety Y, which is defined on a big open subset U C X and
maps U locally isomorphic onto a big open subset V C Y.

Remark 2.2. Let ¢: X --» Y be a separation. Then there are big open subsets
U C X and V CY such that ¢: U — V is a local isomorphism and moreover there
are prime divisors Cy, ..., C, on V such that
(i) ¢ maps U\ ¢~ 1(CoU...UC,) isomorphically onto V' \ (CoU...UC,),
(ii) Each ¢~1(C;) is a disjoint union of prime divisors C;; of U.

As we will see in Proposition [35] every prevariety X with finitely generated
divisor class group admits a separation X — Y. Here comes how the Cox rings
R(X) and R(Y) are related to each other; for the sake of a simple notation, we
identify prime divisors of the big open subsets U C X and V' C Y with their closures
in X and Y respectively.

Proposition 2.3. Let ¢: X --» Y be a separation, Cy,...,C, prime divisors on
Y as in[Z2, and o1 (C;) = Ci1 U... U Ciyp, with pairwise disjoint prime divisors
Cij on X. Then ¢*: CI(Y) — Cl(X) is injective, and we have

X)) = Q) e €z

0<i<r,
1<j<n;—1

IfT(X,0*) = K* holds and CI(X) is finitely generated, then there is a canonical
ingective pullback homomorphism ¢*: R(Y) — R(X) of Cox rings. Moreover, with
deg(Ti;) := [Cyj] and T; := Ty - - - Ty, , the assignment Tij — 1¢,; defines a C1(X)-
graded isomorphism

RYW)Tiy; 0<i<r,1<j<n]/{Ti—1lc; 0<i<r) — R(X).

Proof. Since divisor class group and Cox ring do not change when passing to big
open subsets, we may assume U = X and V =Y in the setting of Remark
The assertion on the divisor class group follows immediately from the facts that
the principal divisors of X are precisely the pull backs of principal divisors on Y
and that the divisor class group of X is generated by all pullback divisors and the
classes [Cy;], where 0 <i<rand1<j<n; —L
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We turn to the Cox rings. Let ©®y C WDiv(Y') be a finitely generated subgroup
containing Cy, ..., C, and mapping onto C1(Y). Moreover, let Dx C WDiv(X)
be the subgroup generated by ¢*(Dy) and the divisors C;;, where 0 < i < r and
1 <j < n;—1; note that Cj,,, € ®x holds. Consider the associated graded sheaves

Sy == P ov(E), Sx = P ox(D).

Ec®Dy De®x

Then we have a graded injective pullback homomorphism ¢*: Sy — Sx, which in
turn extends to a homomorphism

p: Sy[Tiy; 0<i<r, 1<j<n] — Sx, Ty — lg,,-

We show that 1 is surjective. Given a section h of Sx of degree D € Dx,
consider its divisor D(h) = div(h) + D. If there occurs a C;; € Dx in D(h), then
we may divide h in Sx by the corresponding 1¢,;. Doing this as often as possible,
we arrive at some section h' of Sx, homogeneous of some degree D' € D x, such
that D(h’) = div(h')+ D’ has no components C;;. But then D’ is a pullback divisor
and h' is a pullback section. This in turn means that A’ is a polynomial over ¢*Sy
and the 1¢,;.

Next, we determine the kernel of ¢, which amounts to determining the relations
among the sections s;; := 1¢,;;. Consider two coprime monomials F, F" in the s;;
and two homogeneous pullback sections h,h’ of ¢*(Sy). If deg(hF) = deg(h'F")
holds in Dx, then the difference deg(F”’) — deg(F') must be a linear combination
of some ¢*(C;) € Dx and hence F and F' are products of some ¢*1¢,. As a
consequence, we obtain that any homogeneous (and hence any) relation among the
s;5 is generated by the relations T; — 1¢;.

Finally, fix a shifting family gy for Sy. Since % = ¢*(D).) holds, the pullback
family ¢* 0y extends uniquely to a shifting family px for Sx. We have Tx = ¢*(Zy)
and hence obtain a well defined graded pullback homomorphism ¢*: R(Y) — R(X),
which is injective, because p*: @y/@% — CDX/CDg( is so and ¢*: Sy — Sx is an
isomorphism when restricted to homogeneous components. Now one directly verifies
that the above epimorphism 1 induces the desired isomorphism. g

We apply this result to compute the Cox ring of the prevariety occurring as non-
separated orbit space for torus actions of complexity one. Consider the projective
line Py, a tuple A = (ao,...,a,) of pairwise different points a; on Py, and a tuple
n=(ng,...,n,) € Z%,, where r > 1. Set

X = Pl\Uaka 0<e<r, 1< <n;.
ki

Then, gluing the X;; along the common open subset P; \ {ao, ..., a,}, one obtains
an irreducible smooth prevariety P;(A,n) of dimension one. The inclusion maps
Xi; — P1 glue together to a morphism 7: P;(A,n) — Py, which is a separation.
Writing a;; for the point in P1(A, n) stemming from a; € X,;, we obtain the fiber
over a point a € P; as

“1(g) {ai1,...,ain,} a=a; for some 0 <i<r,
7 (a) =
{a} a#a; forall 0 <i<r.
For every 0 < i < r, define a monomial T; := T3 --- T}y, in the polynomial ring

K[Ti;; 0 <i <r, 1 <j <mn;. Moreover, for every a; € Py fix a presentation
a; = [bi, ¢;] with b;,¢; € Kand for every 0 < i <r—2set k =5+ 1=14+ 2 and
define a trinomial

gi = (Ckbj — Cjbk)T% + (Czbk — Ckbi)Tj + (Cjbi — Cibj)Tk.
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Proposition 2.4. The divisor class group of P1(A,n) is free of rank no+...+n,—r
and there is a decomposition

n;—1
CI(Py(A,n)) = @ Jagy] @ @ @ Z-[ai;)
J_
Moreover, in terms of the above data and with deg(Tij) := [aij], the Cox ring of

Py (A4, n) is given as
R(P1(An) = KT 0<i<r, 1<j<n] /(95 0<i<r—2).
Proof. The statement on the divisor class group is clear. The description of the

Cox ring follows from Proposition 23 and the fact that the Cox ring R(P;) of the
projective line is generated by the canonical sections s; := 1,, and has the relations

(C;gbj — Cjbk)si =+ (Cibk —Ckbi)Sj + (Cjbi — Cibj)sk = 0,
where 0 < ¢ <r—2,and k = j+ 1 = i + 2; note that the dependence of these
relations on the choice of the b;, ¢; reflects the choice of a shifting family. g

Now we discuss some geometric aspects of the Cox ring. As before, let X be a
normal prevariety with I'(X, 0*) = K* and finitely generated divisor class group,
and let R be a Cox sheaf. Suppose that R is locally of finite type; this holds for
example if X is locally factorial or if R(X) is finitely generated. Then we may
consider the relative spectrum

X = Specy (R).
The Cl(X)-grading of the sheaf R of O X- algebras defines an action of the d1agonal—

izable group Hy := Spec K[C1(X)] on X, and the canonical morphism p: X — X
is a good quotient, i.e., it is an Hx-invariant affine morphism satisfying

Ox = (p.Og)"x.

We call p: X — X the universal torsor associated to R. If the Cox ring R(X) is
finitely generated, then we define the total coordinate space of X to be the affine
variety X = Spec(R(X)) together with the H x-action defined by the C1(X)-grading
of R(X).

As usual, we say that a Weil divisor Y apD, where D runs through the irre-
ducible hypersurfaces, on a prevariety Y with an action of a group G is G-invariant
if ap = ag4.p holds for all g € G. We say that Y is G-factorial if every G-invariant
divisor on G is principal. Moreover, we say that a prevariety Y is of affine inter-
section if for any two affine open subsets V,V/ C Y the intersection V NV’ is again
affine.

Proposition 2.5. Let X be an irreducible smooth prevariety of affine intersection
with T'(X, 0*) = K* and finitely generated divisor class group. Let R be a Cox sheaf

and denote by p: X — X the associated universal torsor.

(i) X is a normal quastaffine variety, and every homogeneous invertible func-
tion on X is constant. If T(X,0) = K holds or C(X) is free, then even
every invertible function on X s constant.

(ii) The action of Hx on X is free and X is Hx-factorial. If ClI(X) is free,
then X is even factorial.

Proof. Normality of X follows from [5, Lemma 3.10]. Since X is of affine intersec-
tion, it can be covered by open affine subsets, the complements of which are of pure
codimension one. Together with smoothness this implies that X is divisorial in the
sense of [Bl Sec. 4]. Thus, we infer from [5, Prop. 6.3] that X a quasiaffine variety.
The fact that every homogeneous invertible function on X is constant is seen as
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in [I1] Prop. 2.2 (i)]. Moreover, [5, Thm. 7.3] tells us that every invertible function

on X is constant if we have I'(X, O) = K. For Assertion (ii), we can proceed exactly
as in the proof of [11l Prop. 2.2 (iv)]. O

Proposition 2.6. Let X be an irreducible smooth prevariety of affine intersection
with T'(X, 0*) = K* and finitely generated divisor class group. Let R be a Cox sheaf
on X and p: X — X the associated universal torsor. Assume that T x X — X is
an effective algebraic torus action.

(i) There is a T-action on X and an epimorphism ¢: T — T such that for all
he Hx,t €T and z € X one has
t-h-z = htz, p(t-z) = e(t)-p(z).
If the divisor class group C1(X) is free, then one may take the homomor-
phism e: T — T to be the identity.
(ii) Let T x Hx act on X as in (i), let G C T x Hx be the trivially acting
subgroup and consider the induced effective action of G := (T x Hx)/G'

on X. Then for any z € X there is an isomorphism of isotropy groups

G =Tz

Proof. We prove (i). Take a group ® C WDiv(X) of Weil divisors mapping onto
the divisor class group, and let Dy,..., D, € WDiv(X) be a basis of ® such that
the kernel ®9 C ® of ® — CI(X) has a basis of the form a;D;, where 1 < i < s
with some s < r.

For every D; choose a T-linearization, and via tensoring these linearizations,
define a T-linearization of the whole group @, compare [10 Sec. 1]. Note that the
T-linearization of the trivial divisor a; D; is given by a character x;. Set b :=aj - - as
and consider the epimorphism e: T — T, t — t*. Then we have a new T-action

TxX — X, (t,x) — e(t) .

The divisors D € © are as well linearized with respect to this new action. Twist-
ing each T-linearization of D; with x, b/ “ we achieve that each a;D; is trivially
T-linearized with respect to the new T-action on X. Thus, we may choose T-
equivariant isomorphisms g;: Ox — Ox(a;D;).

Let S denote the D-graded sheaf defined by ©. Using the isomorphisms g;, we
construct a T-equivariant shifting family: for D° = bjay Dy + - - - 4+ bsasD,, define a
T-equivariant isomorphism opo: S — S by sending a ®-homogeneous f to

opo(f) = er(1)" - 0s(1) f.
The ideal Z of S associated to this shifting family is T-homogeneous. This means
that the T-action on Spec xS defined by the T-linearization of © leaves X invariant.
By construction, the torsor p: X = X is T-equivariant, when we take the new T-
action on X.
We turn to (ii). Let e: T — T be as in (i). A first step is to show that for any

given point z € X , the kernel of ineffectivity G’ C T x Hx can be written as
G = {(t,h) € (T x Hx); e(t) = 1}.

In order to verify the inclusion “C”, let (¢,h) € G’ be given. Then (¢,h)-2' = 2/
holds for every point z’ € X. In particular, (¢, h) belongs to (T x Hx).. Moreover,
we obtain e(t)-p(z’) = p(z’) for every z’ € X. Since p: X — X is surjective and T
acts effectively on X, this implies ¢(¢) = 1.

For checking the inclusion “2”, consider (t,h) € (T x Hx), with (t) = 1. Then,
for every z' € X, we have p((t,h)-z") = p(z’). Consequently ¢-z’ = h(t,z’)-z’ holds
with a uniquely determined h(t, z’) € Hx. Consider the assignment

n: X — Hy, 2= R(t,2).
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Since Hx acts freely we may choose for any 2z’ homogeneous functions fi,..., f,
defined near 2z’ with f;(2’) = 1 such that their weights x1,...,x, form a basis of
the character group of Hx. Then, near 2/, we have a commutative diagram

~

Hx (K*)"

Consequently, the map 7 is is a morphism. Moreover, pulling back characters of H x
via 7 gives invertible Hx-homogeneous functions on X, which by Proposition 25| (i)
are constant. Thus, 7 is constant, which means that h(t) := h(t, z") does not depend
on z’. By construction, (¢, h(t)~!) belongs to G’. Moreover, t-z = h~!.z and freeness
of the Hy-action give h(t) = h=!. This implies (¢, h) € G’.

We are ready to prove the assertion. Note that (¢, h) — £(t) defines a homomor-
phism 3: (T'x Hx). — Tp(z). We claim that 3 is surjective. Given ¢ € T}(.), choose
t' € T with e(¥') = t. Then we have

p(t'-z) = e(t')-p(z) = t-p(z) = p(2).
Consequently, t-z = h-z holds for some h € Hx. Thus, (¢,h™%) € (T x Hx), is
mapped by f to t € Tp(.y. By the first step, the kernel of 3 is just G’. This gives a
commutative diagram

Ty(z)

(T X Hx)z

1R

/G’
G.
0

In the sequel, we mean by a universal torsor for X more generally any good
quotient ¢: X — X for an action of Hx on a variety X such that there is an
equivariant isomorphism 2: X — X with ¢ =pou.

Proposition 2.7. Let X be a normal quasiaffine variety with a free action of a
diagonalizable group H. If every invertible function on X is constant and X is
H-factorial, then the quotient q: X — X is a universal torsor for X := X/H.

Proof. We have H = SpecK[K] with the character lattice K of H. A first step
is to provide an isomorphism K — CI(X). Cover X by H-invariant affine open
subsets W, such that, for every w € K and every j, there is a w-homogeneous
hw,; € T(W;,0*). Moreover, for every w € K, fix a w-homogeneous h,, € K(X)*.
Then the H-invariant local equations h.,/h,, ; define a Weil divisor D(h,,) on X
satisfying

D(hy) = div(hw/hw,;) on g(W;), ¢*(D(hy)) = div(hy).

We claim that the assignment w — D(h,,) induces an isomorphism from K onto
Cl(X), not depending on the choice of hy,:
K — ClI(X), w +— D(w) = [D(hy)]-

To see that the class D(w) does not depend on the choice of h,,, consider a further
w-homogeneous g, € K(X)*. Then f := hy /g, is an invariant rational function
descending to X, where we obtain

D(hw) — D(gw) = div(f).

Thus, K — Cl(X) is a well defined homomorphism. To verify injectivity, let
D(hy) = div(f) for some f € K(X)*. Then we obtain div(h,) = div(g*(f)).
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Thus, hy/q*(f) is an invertible homogeneous function on X and hence is constant.
This implies w = 0. For surjectivity, let any D € WDiv(X) be given. Then ¢*(D) is
an H-invariant divisor on X and hence we have ¢*(D) = div(h) with some rational
function h on X, which is homogeneous of some degree w. This means D = D(h).

Now, choose a group © C WDiv(X) of Weil divisors mapping onto the divisor
class group Cl(X), and let Dy,...,D, € WDiv(X) be a basis of © such that the
kernel ®y9 C D of © — CI(X) is generated by multiples a;D;, where 1 < i < s with
some s < r. Set

S = @SD, SD = Ox(D)
De®

By the preceding consideration, we may assume D; = D(h,,,) for 1 <4 <r. Then,
for D = byD1 + ... + b.D,, we have D = D(h,,) with h,, = hZ}l ---thT, where
w = [D] is the class of D = D(h,,) in K = Cl(X). For any open U C X, we have
an isomorphism of K-vector spaces

Oy p: T(U,0(D(hy))) — T(g 1 U),0)w, g = ¢ (9)hy.

In fact, on each U; := q(W;)NU the section g is given as g = g’:h;/h,, with a regular
function g € O(U;). Consequently, the function ¢*(g)h. is regular on ¢ 1(U). In
particular, the assignment is a well defined homomorphism. Moreover, f +— f/hy,
defines an inverse homomorphism.

The @y, p fit together to an epimorphism of sheaves ®: S — ¢.(Ox). We claim
that the kernel Z of ® is the ideal of a shifting family o. Indeed, for any D° € D9,
consider

W = o (Pxo(1) € T(X,Spo).

Then op,: Sp — Spypo, g — h%g is as wanted. Thus, we obtain an induced
isomorphism R — ¢.Ox, where R = §/7 is the associated Cox sheaf. This in turn
defines the desired isomorphism X — X. (]

3. PrROOF OF THEOREMS [I.1], AND [[J]

We begin with a couple of elementary observations. Let a diagonalizable group G
act effectively on a normal quasiaffine variety U. Recall that a function f € T'(U, O)
is said to be G-homogeneous of weight x € X(G) if one has f(g-z) = x(g)f(z) for
all g e G and z € X.

Lemma 3.1. If there is a G-fized point x € U, then every G-homogeneous function
feT(U,0) with f(x) # 0 is G-invariant.

Proof. Let x € X(G) be the weight of f € T'(U, Q). Then, for every g € G, we have
f(z) = x(g9)f(z), which implies x(g) = 1. Thus, x is the trivial character. O

By a G-prime divisor on U we mean a G-invariant Weil divisor > apD, where
D runs through the prime divisors, we always have ap € {0,1} and G permutes
transitively the D with ap = 1. Let Bi,...,B, C U be G-prime divisors and
suppose that there are homogeneous functions f1,..., f, € T'(U,O) that satisfy
div(f;) = B;. Let x; € X(G) be the weight of f;.

Lemma 3.2. Fori=1,...,m, let G; C G be the generic isotropy group of B; and
SetGo ZZGl"'Gm QG
(i)
(i) For any two i,j with j # 1, the function f; is G;-invariant.
(iii) The group Gg is isomorphic to the direct product of the G; C G.
(iv) T(U, O) is generated by f1,..., fm and the Go-invariant functions of U.

The restriction of x; to G; generates the character group X(G;).
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Proof. Choose G-invariant affine open subsets U; C U such that A; := U; N B; is
non-empty and U; N B; is empty for every j # i.

To prove (i), let & € X(G;) be given. Then &; is the restriction of some 7; € X(G).
Let V; C U; be a G-invariant affine open subset on which G acts freely, and choose
a non-trivial G-homogeneous function h; of weight n; on V;. Suitably shrinking Uj,
we achieve that h; is regular without zeroes on U; \ A;. Then, on U;, the divisor
div(h;) is a multiple of the G-prime divisor 4; = div(f;) and hence h; = a; fik holds
with a G-homogeneous invertible function a; on U; and some k € Z. By Lemma[3.1]
the function a; is G4-invariant. We conclude n; = ky; on Gj.

Assertion (ii) is clear by Lemma[3Il To obtain (iii), it suffices to show that x; is
trivial on G, for any two 4, j with j # ¢. But, according to (ii), we have f; = xi(g) f
for every g € Gj, which gives the claim. Finally, we verify (iv). Given a G-
homogeneous function f € I'(U, O), we may write f = f/fi*--- fim with v; € Z>¢
and a regular function f’ on U, which is homogeneous with respect to some weight
X' € X(G@) and has order zero along each G-prime divisor B;. By Lemma B.1] the
function f’ is invariant under every G; and thus under Gj. |

Now we specialize to the case that Bi,...,B,, C U are precisely the G-prime
divisors of U, which are contained in U \ Uy, where we set

Uy = {z€U; dim(G,) =0} C U.

Proposition 3.3. Fori=1,...,m, let G; C G be the generic isotropy group of B;
and set G :=G1---G,, C G.

(i) Each G; is a one-dimensional torus. Moreover, there is a non-empty Go-
wmwvariant open subset U’ C U such that each B; intersects the closure of
any orbit G;-z C U'.

(ii) The Go-action on Uy is free, admits a geometric quotient Ao: Uy — Vo
and the isotropy groups of the induced action of H := G/Gqy on Vy satisfy
Hy,(z) = Gz for every x € Up.

(iii) Vo is quasiaffine and, moreover, if U is G-factorial (admits only constant
invertible functions), then Vi is H-factorial (admits only constant invert-
ible functions).

(iv) Every Go-invariant rational function of U has neither poles mor zeroes
along outside Uy. Moreover, there is an isomorphism

L(Uy, 0)¢°[Sy,...,S,] — T(U,0), S; — fi.

Proof. We prove (i). By Lemma (i), every G; is a one-dimensional torus. To
proceed, take any Go-equivariant affine closure U C U and consider the quotient
Ai: U — UJ/G;. Tt maps the fixed point set of the G;-action isomorphically onto
its image in the quotient space U J/G;. Since U JG; is irreducible and of dimension
at most dim(U) — 1, we obtain \;(B;) = U//G; for the closure B; of B; in U. It
follows that B; is irreducible, equals the whole fixed point set of G; in U and any
G;-orbit of U has a point of B; in its closure.

We turn to (ii). Since none of the f; has a zero inside Uy, we infer from Lemma[3.2]
that Gy acts freely on Uy. In particular, the action of Gy on Uy admits a geometric
quotient A\g: Uy — Vp with a prevariety V. The statement on the isotropy groups
of the H-action on Vj is obvious.

We prove the statements made in (iii) and (iv). Denoting by T™ the standard
m-torus (K*)™, we have a well defined morphism of normal prevarieties

p: Uy — Vo xT™m, z = (No(x), fr(x),..., fm(z)).

According to Lemma [32] the weight y; of f; generates the character group of G; for
i =1,...,m. Using this and the fact that Gy is the direct product of G1,..., Gy,
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we conclude that ¢ is bijective and thus an isomorphism. In particular, we conclude
that Vj is quasiaffine, because U and hence Uy is so.

Now, endow Vj with the induced action of H = G/Gy and T™ with the diag-
onal Gg-action given by the weights x1,...,Xm of fi,..., fm- Then ¢ becomes
G-equivariant, where G acts via the splitting G = H x Gg on V) x T™. Using this,
we see that G-factoriality of Uy implies H-factoriality of Vj.

We show now that every Go-invariant rational function f € K(Up) has neither
zeroes nor poles outside Uy. Recall that U \ Uy is the union of the zero sets B;
of f;, which in turn are the fixed point sets of the G;-actions on U. Since the
general orbit Go-x C U has a point x; € B; in its closure, we see that f has neither
poles nor zeroes along the B;. In particular, if f is regular on Uy then it is so on
the whole U. As a consequence, we obtain that every invertible function on V; is
constant provided the same holds for U.

Finally, according to Lemma (iv), the homomorphism of (iv) is surjective.
Moreover, since the weights x1, ..., xm of the f1,..., fi,, are a basis of the character
group of Gy, there are no relations among the f;. 0

Let a diagonalizable group H act effectively with at most finite isotropy groups
on a quasiaffine variety V. Suppose that V is H-factorial and admits only constant
invertible functions. Denote by Ci,...,C, C V those H-prime divisors of V', on
which H acts with a non trivial generic isotropy group H; of order I; > 1 and let
g1, .., 9n be homogeneous functions on V with div(g;) = Cj.

Proposition 3.4. Consider the action of Hy := H1---H, C H on V, and let
k: V. — W be the associated quotient.

(i) W is a quasiaffine variety with an effective induced action of H/Hy, and
h — k*(h) and T; — g; define an isomorphism

D(W, O[Ty, ..., T)/(TY —g75 j=1,....,n) — T(V,0).
(ii) W admits an (H/Hy)-factorial big open subset Wy C W such that H/Hy

acts freely on Wy and Wy has only constant invertible functions.

Proof. We prove (i). By Lemmal[3.2 (i), every H; is cyclic. Moreover, Lemma[3.2l (iv)
tells us that there is an epimorphism

r(w,o)1,...,T,) — T'(V,0), h — k*(h), T; — g;.

From Lemmal[3.2] (iii) we infer that Hy C H is the direct product of Hy, ..., H, C H.
Thus, the quotient x: V' — W can as well be obtained by dividing stepwise by
effective actions of the H;. Using this, one directly checks that the kernel of this
epimorphism is the ideal generated by T;j — géj , where 1 < j < n.

We turn to (ii). Note that W admits only constant invertible functions. Let
Vo C V denote the subset consisting of all points y € V that have either trivial
isotropy group Hy, or belong to some C; and have isotropy group Hy, = Hj.
Note that Vp C V is big, H-invariant and open. Set Wy := k(Vy). Then Wy C W
is big and the restriction k: Vo — Wy is a quotient for the action of Hy. By
construction, H/Hy acts freely on Wj.

We show that Wy is H/Hy-factorial. Since V) and W, are normal, there is a
smooth (H/Hp)-invariant big open subset W7 C Wy such that Vi = =1 (W) is
also smooth and big in V5. We have to show that every (H/Hy)-linearizable bundle
on Wi is trivial. According to [14, Cor. 5.3], we have two exact sequences fitting
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into the following diagram

PiC(Wl)

K*

1| —— X(Hy) —> Picy, (Vi) —— Pic(V})
§
[[= X (H;)

where the isotropy groups Hi, ..., H, generate Hy and hence § o k™ and § o « are
injective. Given an (H/Hy)-linearized bundle L on W7y, the pullback x*(L) is trivial
by assumption, which means 8(x*(L)) = 1. Consequently, L is trivial. O

Proof. Proof of Theorem [Tl We prove the statement more generally for the cases
that T'(X,0) = K holds or that I'(X,0*) = K* holds and Cl(X) is free. Since
the Cox ring of X and that of its smooth locus coincide, we may assume that X is
smooth. Consider the universal torsor p: X > X. By Proposition 2.5 this is a geo-
metric quotient for a free action of the diagonalizable group Hx := Spec K[C1(X)]
on X and X has only constant globally invertible functions. Fix a lifting of the
T-action to X as in Proposition I8 (i) and, as in Proposition 8 (i), let G be the
quotient of T' x Hx by the kernel of ineffectivity of its action on X. Then G acts
effectively on X and Proposition 23] (i) tells us that X is G-factorial.

Consider the T-invariant prime divisors F1, ..., Ey, € X supported in X\ Xo.
Their inverse images Ej, := p~!(E},) are G-prime d1v1sors and, since X is G-factorial,
we have Ej, = div( fk) with some G-homogeneous f; € R(X). According to ' Propo-
sition 2.6 (ii), the E) are precisely the G-prime divisors supported in X \ Xo.
Moreover, consider the T-invariant prime divisors D1,..., D, C X along which T
acts with a finite generic isotropy group of order I; > 1 and their (G-prime) inverse
images ﬁj := p~1(D;). As before, we see that ZA)J = div(g;) holds with some G-
homogeneous g; € R(X) and the genemc isotropy group of the G-action on D has
order [;. Note that none of the D equals one of the Ek Moreover, we may view
the functions fj and g; as the canonlcal sections of the divisors Ej, and Dj.

Let G C G denote the generic isotropy group of Ek - )A(k. The action of
Gy = G1--Gp on Xg = p~1(Xy) admits a geometric quotient Ag: Xo — Yo.
The factor group H := G/Gy acts with at most finite isotropy groups on }A/O and,
by Proposition () has generic isotropy group H; C H of order /; along the
divisors C’J = /\0( ). Set HO =Hy,---H, and let «: }Afo — 20 denote the quotient
for the action of Hy on YO The induced action of F' := H/Hy on 20 admits
again a geometric quotient 20 — Zp and the whole situation fits into the following
commutative diagram.

(3.1) X 2 Xo——=Yy—> 2
/Hxl/ l/Hx l/F
X 2 X, Zy

Replacing Zy and X as well as 20, }Afo and )A(O with suitable big open subsets, we
achieve that the group F' acts freely on Zj.



THE COX RING OF A T-VARIETY 13

We show that 20 — Zy is a universal torsor for Zy. According to Proposition 2.7]
this means to verify that 20 is an F-factorial quasiaffine variety with only constant
invertible functions. Proposition provides the corresponding properties for the
H-variety }A/O. Moreover, by Lemma 3] every g; is Go-invariant, hence g; descends
to a function on 370, where we have div(g;) = @. Thus, we can apply Proposition[3.4]
to obtain the desired properties for 20 and the action of F.

The final task is to relate the Cox rings R(X) = I'(X, 0) and R(Zy) = I'(Zo, )
to each other. Note that we have canonical inclusions of graded algebras

I'(X,0) D I'(Xo,0)% = I'(Yp,0) 2 T'(Yp,0)0 = 1'(Z,0),

where the first one is due to Proposition This allows us in particular to view
I'(Zy, O) as a graded subalgebra of I'(X, O). The assertion now follows from Propo-
sition (iv) and Proposition B4 (i). O

In the above proof, we realized a big open subset of Xy/T as a quotient of
a quasiaffine variety with only constant invertible functions by a free action of
a diagonalizable group, see the diagram Bl According to Proposition 27 this
allowed us to define a Cox ring for X/T. Moreover, we use this now to show that
Xo/T admits a separation.

Proposition 3.5. Let X be a normal quasiaffine variety with a free action of a
diagonalizable group H. Suppose that every invertible function on X is constant
and that X is H-factorial. Then X := X/H admits a separation.

Proof. We first treat the case of a certain toric variety. Consider the standard
action of T" = (K*)" on K", let Z C K" be the union of all orbits of the big torus
T™ C K" of dimension at least » — 1, and let H C T" be a closed subgroup acting
freely on Z. The fan ¥ of Z has the extremal rays of the positive orthant QX
as its maximal cones and Z := Z/H is the toric prevariety obtained by gluing the
orbit spaces Z,/H along their common big torus T//H, where Z, C Z denotes the
affine toric chart corresponding to ¢ € ¥. The embedding H — T" corresponds to
a surjection Z" — K of the respective character groups. Let P: Z" — N be a map
having Hom(K,Z) as its kernel. Then we obtain a canonical separation Z — Z’
onto a toric variety Z’, the fan of which lives in N and consists of the cones P(p),
where o € X..

In the general case, choose a finitely generated graded subalgebra A C T'(X, O)
such that we obtain an open embedding X C X, where X := Spec A. Properly
enlarging A, we may assume that it admits a system fi,..., f, of homogeneous
generators such that each div(f;) is H-prime in X. Consider the H-equivariant
closed embedding X — K" defined by fi,..., f- and let Z C K" be as above. By
construction, U := Z N X is a big H-invariant open subset of X', and we obtain a
commutative diagram

U——=2z2

/Hl !H

where the induced map U — Z of quotients is a locally closed embedding and Z
is a toric prevariety. Again by construction, the intersection of the invariant prime
divisors of Z with U are prime divisors on U. Consequently, the restriction of
7 — 7' defines the desired separation U — U’ O

Proof. Proof of Theorem We prove the statement more generally for the cases
that T'(X, O) = K holds or that T'(X, 0*) = K* holds and C1(X) is free. By Propo-
sition [3.5] the orbit space Xo/T admits a separation m: Xo/T — Y. According to
Remark[2.2] we may assume that there are prime divisors Cy, ..., C, on Y such that
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each 771(C;) is a disjoint union of prime divisors C;; € Xo/T, where 1 < j < n;,
the map 7 is an isomorphism over Y\ (Co U... U C,) and all the D, occur among
the divisors D;; := ¢~ 1(Cy;). Then, according to Proposition 23] we have

R(Xo/T) =2 RY)Tiy; 0<i<nr,1<jij<mn]/(Ti—1lc,; 0<i<r),

where the variables ﬁ-j correspond to the canonical sections 1¢,; and we define

ﬁ = ﬁ-l - ﬁm Let l;; € Z>1 denote the order of the generic isotropy group of
D;; = ¢ '(C;;). Then, by Theorem [T} we have
I

R(X) = R(Xo/T)[S1;--.,Sm; Tiz] / {Tij — 1ci;)s

where the variables T;; correspond to the canonical sections 1¢;;; note that 1¢,, and

1p,, are identified for /;; = 1. Putting these two presentations of Cox ring together,
we arrive at the assertion. 0

Proof. Proof of Theorem [[.3] We prove the statement more generally for the case
that I'(X,O) = K holds. Since the T-action on X is of complexity one, the orbit
space Xo/T is of dimension one and smooth. Moreover, using the diagram B
and Proposition B3] we see that X,/T admits only constant global functions and
has a finitely generated divisor class group. It follows that X/T is isomorphic to
Py (A4, n), with A = (ag,...,a,) and n = (ng,...,n,) defined as in Theorem [[.3] By
Proposition 24 the Cox ring P; (A, n) is given by

(3.2) R(P1(A,n) = K[Ty]/ (Gi; 0<i<r—2),

where the variables ﬁ-j correspond to the canonical sections of points a;; in Xo/T =
P1(A,n). Their inverse images D;; = ¢~ '(a;;) under ¢: Xo — Xo/T are prime
divisors with generic isotropy group of order [;; > 1; note that [;; = 1 is allowed.
Applying Theorem [I.1] gives

(3.3) R(X) = R(PL(A0)[S1,..., 8. Tyy] | (T, —Tyj),

where the variables S; correspond to the divisors of X having a one-dimensional
generic isotropy group, the variables T;; are the canonical sections of the divisors
D;;, and the ﬁ-j are identified with their pullbacks under Xy — X /T; note that
the pullback ¢*(a;;) equals l;;D;;. Now, putting the descriptions [3.2) and (B.3)
together gives the assertion. O

Remark 3.6. Note that for factorial affine varieties with a complexity one torus
action, D. Panyshev observed in [I8, Remark 2.12] a presentation of the algebra of
global functions by generators and trinomial relations.

4. COX RING VIA POLYHEDRAL DIVISORS

In this section, we combine Theorem with the description of algebraic torus
actions in terms of polyhedral divisors presented in [2] and [3] and provide a com-
binatorial approach to the Cox ring of an algebraic variety with torus action. We
begin with a brief reminder on the language of polyhedral divisors.

In the sequel, N is a free finitely generated abelian group, and M = Hom(N, Z)
is its dual. The associated rational vector spaces are denoted by Ng := N ® Q
and Mg = M ® Q. Moreover, 0 C Ng is a pointed convex polyhedral cone, and
w C Mg is its dual cone. The relative interior of ¢ is denoted by o°, and if 7 is a
face of o, then we write 7 < 0.

We consider convex polyhedra A C Ng admitting a decomposition A = I + o
with a (bounded) polytope IT C Ng; we refer to o as the tail cone of A and refer to
A as a o-polyhedron. With respect to Minkowski addition, the set Poll (N) of all
o-polyhedra is a monoid with neutral element 0. We consider also the empty set as
an element of Poll (N) and set A+ := 0 + A := (.
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We are ready to enter the description of affine varieties with an action of the torus
T = SpecK[M]. Let Y be a normal variety and fix a pointed convex polyhedral
cone o0 C Ng. A polyhedral divisor on 'Y is a formal finite sum

D = Y Az Z
Z

where Z runs over the prime divisors of Y and the coefficients Az belong to
Pol (N); finiteness of the sum means that only finitely many coefficients Az differ
from the tail cone o.

The locus of a polyhedral divisor D on Y is the open subset Y (D) C Y obtained
by removing all prime divisors Z C Y with Az = . For every v € w N M we have
the evaluation

D(u) := 2 vrénAnZW, v)-Z,
which is an ordinary rational divisor living on Y (D). We call the polyhedral divisor
D on Y proper if its locus is semiprojective, i.e., projective over some affine variety,
and its evaluations D(u), where u € w N M, have the following properties

(i) D(u) has a base point free multiple,
(ii) D(u) is big for u € w® N M.

Remark 4.1. Suppose that we have Y = P,, and consider a polyhedral divisor
D =5 Az -Z. The degree of D is the polyhedron

deg(D) = ZAZ-deg(Z) € Polf(N).
Z

It provides a simple criterion for properness: if deg(D) is a proper subset of the tail
cone of D, then D is a proper polyhedral divisor, see [2 Ex. 2.12.].

By construction, every polyhedral divisor D on a normal variety Y defines a sheaf
A(D) of M-graded Oy-algebras and its ring A(D) of global sections:

AD) = @ 0O(D(w), A(D) = I'(Y(D), A(D)).
uEwNM
Now suppose that D is proper. Then [2, Thm. 3.1] guarantees that A(D) is a normal
affine algebra. Thus, we obtain an affine variety X (D) := Spec A(D), which comes
with an effective action of the torus T' = Spec K[M]. By [2, Thm. 3.4], every normal
affine variety with an effective torus action is isomorphic to some X (D).

Example 4.2. Set N = Z?, let 0 C Ng be the cone generated by the vectors (1,1)
and (0,1), and consider the o-polyhedra Ag and A, given as follows:

Ay == (0,1)+0 Ay = ([0,1] x0)+ 0o

Then we have a polyhedral divisor D := Ag-{0} + A -{c0} on Y =P;. Its degree
deg(D) and tail cone tail(D) are given as

deg(D) tail(D)
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In particular, deg(D) is a proper subset of tail(D), and thus Remark 1] says that
D is proper. The associated T-variety is K* with the action

t-z = (tfltgzl,tle,tgzg).

As in the case of toric varieties, general T-varieties are obtained by gluing affine
ones. In the combinatorial picture, the gluing leads to the concept of a divisorial
fan, which we recall now. As before, let NV be a finitely generated free abelian
group, fix a pointed convex polyhedral cone o € Ng, and let Y be a normal variety.
Consider two polyhedral divisors

D=> Az-Z D= A,-Z
A A

both living on Y. The intersection of D and D’ is the polyhedral divisor DND’ on
Y given by
DND = > (AyNAz)-Z
z
Moreover, given a (not necessarily closed) point y € Y, we define the slice of D at
y to be the polyhedron
Dy, := Z Ayg.

yezZ
Note that the slice Dy is the empty sum and hence equals the tail cone of D. We
say that D’ is a face of D and write D' < D if D, =< D, holds for all y € Y and
the T-equivariant morphism X (D’) — X (D) given by the inclusion A(D’) D A(D)
is an open embedding.

Remark 4.3. Suppose that in the above setting, we have Y = P,,. As a consequence
of [3, Lem. 6.7] the relation D’ < D holds if and only if we have

D, =D, for ally €Y, deg(D) Ntail(D') = deg(D’).

A divisorial fan is a finite set = of polyhedral divisors such that for any two
D,D' € Zwe have D = D'ND X D'. For any y € Y, we call the polyhedral
complex =, defined by the slices D, the slice of = at y. We say that the divisorial
fan = is complete if Y is complete and each of its slices Z,, is a complete subdivision
of Ng. The locus of = is the open subset

Y(E) = [JY(D) CcV
De=
Given a divisorial fan = consisting of proper polyhedral divisors, [3, Thm. 5.3]
guarantees that we can equivariantly glue the affine T-varieties X (D) along the
open subsets X (DND’), where D, D’ € Z, to a T-prevariety X (Z). If the divisorial

fan Z is complete, then X (=) is a complete normal T-variety. By [3, Thm. 5.6],
every normal variety with torus action is isomorphic to some X (Z).

Example 4.4. Set N := Z? and Y := P;. Consider the six polyhedral divisors
D!,..., DS with coefficients over the points 0,1 and co as indicated below.

{0} {1}
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The collections of degrees deg(D?) and tail cones tail(D?) of these polyhedral divisors
are given as

deg(D?) tail(D?)

Remarks 1] and yield that D!, ..., D% are proper and form a divisorial fan =.
The T-variety X (Z) is the projectivized cotangent bundle over Ps.

For the description of the Cox ring of the T-variety X defined by a divisorial
fan, we first of all need a description of the invariant prime divisors of X and their
generic isotropy groups. For this, we introduce the following data.

Definition 4.5. Consider a divisorial fan = on a normal projective variety Y, and
let Z CY be a prime divisor.

(i) The index of a vertex v € Zz is the minimal positive integer p(v) such
that p(v)-v € N holds.

(i1) We call a vertex v € Ez extremal if there is a D € E with v € Dz such
that O(D(u)) is big on Z for any u € ((Dz —v)¥)°. The set of all extremal
vertices v € 2z is denoted by Z7

(iii) We call a ray o € Zy extremal if there is a D € = with ¢ € Dy such that
O(D(u)) is big on Y for any u € (o Nw)°. The set of all extremal rays
0 € Ey is denoted by =

(iv) We say that the prime divisor Z is irrelevant if =7 is empty, and we denote
by Y° C Y(E) the open subset obtained by removing all irrelevant Z.

Remark 4.6. Let = be a divisorial fan on Y = P,, and Z C P,, a prime divisor.
Then every vertex v € Zz is extremal and a ray ¢ € Zy is extremal if and only if
oNdeg(D) = () holds for some D € E with o € Dy

As shown in [20], the extremal vertices of = are in bijection with the invariant
prime divisors of X = X (Z) intersecting Xy and the extremal rays correspond to
those contained in X \ Xp; see also Propositions LTl and [£12] We will denote

=X

by D, the divisors given by extremal vertices v € =7 and by F, those given by

extremal rays ¢ € Z5. Then the divisor class group Cl(X) can be described as
follows, see [20, Cor. 3.17].

Proposition 4.7. Let Z be a divisorial fan on'Y and set X = X(Z). Then Cl(X)
is generated by the classes [D,], v € 23 and |E,], 0 € Z5 and the image of a
canonical homomorphism CL(Y°) — CI(X). The relations among these generators

are

> u@)Dy = (2, S () B+ > S pe)w )by = 0,
Z

vEE 0EEX veER

where Z runs through the prime divisors of Y, u runs through (a basis of ) the lattice
M and v, € o denotes the primitive lattice vector.

We are ready to compute the Cox ring of a T-variety X = X (Z) in terms of its
defining divisorial fan = and the projective variety Y carrying =. Let Zp,...,Z, CY
be the prime divisors having nontrivial slices 2z, ...,Z2z,.
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Theorem 4.8. There is a Cl(X)-graded inclusion of Cox rings R(Y°) — R(X)
and a Cl(X)-graded isomorphism

R(X) = R(Y°)Se,Ty; 0€Zy,veE;,0<i<r] /(T =1z;5i=0,...,7),

where we set TH =[], ezy, T“(v) and 1z, € R(Y°) denotes the canonical section of
the prime divisor Z; CY. The grading is given by deg T, = [D,] and deg S, = [E,].

As a direct consequence, we obtain the following description of the Cox ring of
a T-variety of complexity one.

Corollary 4.9. Let = be a divisorial fan on' Y = P' having non-trivial slices
Eags - s Za,.. Then the Cox ring of X = X(2) is given by

T
K[S,, Ty; 0€ By, ve EFU...UES ] / <Z B:T"; B € Rel(ao, . . .,ELT)>,
i=0
where a; € K? represents a; € P!, we set THi =], €=, T and Rel(ag, ..., a,)
is a basis for the space of linear Telatwns among ag, . .., ay.

Note that an appropriate choice of a basis for the space of linear relations among
ao, - . ., a, € K2 gives a trinomial representation of the Cox ring as in Theorem

Example 4.10. Consider once more the divisorial fan = and its associated variety
X (Z) of Example 4l According to Remark L8] there are no extremal rays and all
six vertices

v1,v2 € Efoy, v3,va € Eq13, Us, U6 € Z{co}
are extremal, where we have v; = v3 = v5 = 0 € N. Proposition .7 shows that
CI(X()) is freely generated by the classes of D,, and D,,. By Corollary [£9 the
Cox ring of X (2) is

R(XE) = K[T,...,Ts] /| {(TiTo + T5Ty + T5Tg)
with degTy = degT3 = degTs = [D,,] and degTy = degTy = degTs = [D,,].
Note that this presentation of the Cox ring shows that X (Z) can be obtained as a
K*-quotient of the Grassmannian G(2,4).

The rest of the section is devoted to proving Theorem .8 which basically means
to express the input data of Theorem in terms of polyhedral divisors. For
this, we first have to recall further details of the construction of the T-variety
X (2) associated to a divisorial fan Z on a projective variety Y. For every D € E,
we have the sheaf A(D) of normal M-graded Oy-algebras. Its relative spectrum
X (D) := Specy A(D) comes with a T-action and we have canonical morphisms

X(D) — v, X(D) — X(D)
defined by Oy C A(D) and A(D) = I'(X(D),0). The T-varieties glue together

X (D) along the open subsets X (D ND’) to a T-variety X (Z). These gluings are
compatible with the above maps and one obtains a commutative diagram

X(2) : X(2)

where 7: X(Z) — X(E) is T-equivariant, birational and proper, 7: X(Z) — Y is
T-invariant and the rational map 7: X (Z) — Y is defined in codimension two. Note
that image of 7 is given by

X@) = Jvm cv

De=
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The next step is a precise description of the T-invariant prime divisors X (Z),
see also [20, Prop. 3.13]. Consider an extremal vertex v € 23 of D € E, where

Z CY (D) is a prime divisor. These data define a homogeneous ideal

I, = @ TE.0(Dw))n{feKY) ordz(f) > —(u,v)} C I'(X(D),0),
u€DYyNM

which turns out to be a prime ideal of height one. We define the corresponding

prime divisor D,, C X (=) to be the closure of the zero set of I,,.

Proposition 4.11. Set X := X (E). The assignment v — D, induces a bijection
between the extremal vertices of = and the invariant prime divisors of X intersect-
ing Xo. The extremal vertices of 2z correspond to the invariant prime divisors
contained in 7=1(Z) and the generic isotropy group of D, is cyclic of order u(v).

Proof. We may restrict to the affine case. Consider a proper polyhedral divisor D,
the corresponding sheaf of algebras A := A(D) and its algebra of global sections
A := A(D). First we calculate the ideal of 7=1(Z) = r(7=1(Z)). The inverse image
ideal sheaf of O(—Z2) is given by

0-2)-A = P o(Dpw)]-2)
u€DyNM
The radical of the ideal I'(Y, O(—Z) - A) C A is exactly the ideal we are looking for.
It is given by

I = @ TE.0Dw)n{feK(Y); ordz(f) > —min(u, Dg)}
u€DYyNM

N I

vEDZ

Note that we have (L), = Ay if (u,v) ¢ Z. Denote by k: Z — Z the normalization.
If : Y — Y is a desingularization, then we have A(D) = A(¢*D) and I, = I,,
where I, is the ideal in A(1)* D) corresponding to the vertex v in (¢*D) -1, Hence,
in the following we may assume that Y is smooth and thus every prime divisor
is Cartier. Then, for the corresponding affine subschemes V(I,) we obtain the
coordinate rings

All, = @ LY, A,)/T(Y, Au(-Z))

ue(Dz—v)VNM,

P TVASA-2)

ue(Dz—v)VNM,

@ F(ZvAU|Z)

ue(Dz—v)VNM,
cC P TERA)
ue(Dz—v)VNM,
> A(D,).
Here, we write A,(—Z2) := A, @ O(—Z) as usual, M,, C M is the sublattice con-
sisting of all u € M with (u,v) € Z and D, is a polyhedral divisor on Z with tail

cone 0y, := Q>0 - (Dz —v) and lattice M;¥ D N defined via the inclusion : Z — Y
as follows

N

IR

D, := Z(DW +0oy) - (ko) W.
W

Note that (ko2)*Z is defined only up to linear equivalence as a divisor on Z but every
choice will give isomorphic algebras A(D, ), compare [2, Cor. 8.9]. Our condition on
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the bigness of D(u) for u € o) implies that D, is indeed proper for any extremal v.
Hence, X (D,) is irreducible and of dimension (dim X — 1) in this case. If v is not
extremal then D, is the pullback of a proper polyhedral divisor on

Y, = Proj@I(Y,0(k- ¥, D,(u))
k

for some u; € (0)°. But Y, is of smaller dimension than Y, since O(D,(u;)) =

O(D(u;))|z is not big. This implies, that X (D,) is of dimension
dimY, +dim7T < dimY +dim7 = dimX — 1.

Since D(u) is semi-ample and A, = O(D(u)) holds, ®y>oH'(Ag.u(—2)) is
finitely generated as a module over the ring @;>oI'(Y, Ag.,). The long exact coho-
mology sequence
0— H(Apu(—2)) = H(Ag) = HY(Apn) (Ap(—2)) = HY (Apu(=2)) — ...
shows that ®x>oT (Y, Ag.w/ Ak (—Z)) is a finitely generated module over the ring
B>l (Y, Ak) /T (Y, Aoy (= Z)). The fact that I'(Z, &* (D Ag-u|z)) is finitely gen-
erated over T'(Z, ®yAg..|z) follows from the properties of the normalization map.
Thus, A(D,) is finitely generated over A/I, and D, is the image of X (D,) under a
finite morphism f, hence, D, is irreducible and of codimension one; it is not hard
to see that f even is the normalization map.

The fact that all homogeneous functions of weights u ¢ M, vanish on D, implies,

that T' does not act effectively on D, but with generic isotropy group M/M, =
Z/u(v)Z. O

Now take an extremal ray ¢ € =5 with o € Dy, where D € Z. Then define the
associated invariant prime divisor F, of X (Z) to be the closure of the zero set of
V(X(D),1,), where I, is the homogeneous prime ideal of height one given by

I, = @ T(.0(Dw)) C I(X(D),0).
ueDy \ o+
Proposition 4.12. Set X := X(=). The assignment 0 — E, induces a bijection

between the set of extremal rays of Z and the invariant prime divisors of X contained

Proof. For a polyhedral divisor D, the invariant prime divisors of X contained in
X /Xy correspond to the prime ideal sheaves given by not necessarily extremal rays
0 € Dy (1) as follows

I, = P o).
u€DY \ o+
This can be seen locally. Consider an affine open subset U C Y such that D|y is
trivial. Then X (D|y) C X (D) is an open inclusion and we have
A(Dly) = T(U,0y)[Dy NM].

Now the claim follows from standard toric geometry, since the considered prime
divisors correspond to ideals I C A(D|y) with I NT(U,Oy) = 0.

The image under r corresponds to the ideal I, = T'(Z,) and for the coordinate
ring of the corresponding subvariety we obtain

AD)/I, = P T(.Dw) = AD,).
u€oe+NDyNM
Here, D, := Y, p(Dz) - Z is a polyhedral divisor on Y with tail cone p(Dy) and
lattice p(N), where p is the projection Ng — Ng/Q - o.
The fact that g is extremal ensures that D, is proper, which in turn implies that
V(I,) has codimension one. O
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Proof. Proof of Theorem [4.8] We first construct big open subsets Y/ C Y° and
X' C Xy. The set Y is obtained by removing from Y° all the intersections Z; N Z;,

where 0 < i < j~§ r. To define X', denote by E C X the exceptional locus of the
contraction r: X — X and set
X = (r ' (Y)NnXo)\E C X, X' = r(X') C X,.

Then 7: X’ — Y’ is surjective and r: X’ — X’ is an isomorphism. Moreover,
the T-invariant map 7’ := 7o r~! factors as

X'/T

Note that ¢ is birational and injective. Thus, ¢ is a local isomorphism and hence
a separation for X’ /T.

By Proposition [£11] the prime divisors corresponding to the extremal vertices
v € B are precisely the irreducible components of the inverse image (7')~'(Z;),
and their generic T-isotropy is of order u(v). Moreover, by Proposition [£12] the
prime divisors in X \ X correspond to the extremal rays of Z. Now the assertion

follows from Theorem O

5. APPLICATIONS AND EXAMPLES

We first note some algebraic properties of the Cox ring of a variety with com-
plexity one torus action. Recall the following concepts from [II], Def. 3.1]. Let K
be a finitely generated abelian group and R = € R,, any K-graded integral
K-algebra with R* = K*.

(i) We say that a nonzero nonunit f € R is K -prime if it is homogeneous and
flgh with homogeneous g, h € R always implies f|g or f|h.

(ii) We say that an ideal a C R is K-prime if it is homogeneous and for any
two homogeneous f,g € R with fg € aone has f €aor g€ a.

(iii) We say that a homogeneous prime ideal a C R has K-height d if d is
maximal admitting a chain ag C a3 C ... C ag = a of K-prime ideals.

(iv) We say that the ring R is factorially graded if every K-prime ideal of K-
height one is principal.

weK

Now, let X be a complete normal variety with finitely generated divisor class
group and an algebraic torus action 7' x X — X of complexity one. Then Theo-
rem [[L3] provides a presentation of the Cox ring of X as

R(X) = K[S1,...,5,Tj; 0<i<r, 1<j<n]/{(g;; 0<i<r—2),

where the variables S; and T;; are homogeneous with respect to the C1(X)-grading
and the relations g; are C1(X)-homogeneous trinomials all having the same degree.

Proposition 5.1. The Coz ring R(X) is factorially C1(X)-graded. In the pre-
sentation of Theorem[I.3, the generators Sy and T;; define pairwise nonassociated
Cl(X)-prime elements and R(X) is a complete intersection.

Proof. The fact that R(X) is factorially C1(X)-graded holds for any complete vari-
ety with a finitely generated Cox ring, use for example [11] Prop. 3.2]. Moreover, the
variables Sy and Tj; define pairwise nonassociated Cl(X)-prime elements, because
their divisors are pairwise different Hx-prime divisors, where Hx = Spec K[C](X)],
use again [I1], Prop. 3.2].

We show that R(X) is a complete intersection. This means to verify that R(X)
is of dimension m +ng + ... +n, — (r — 1). Consider the torsor X — X, and recall
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from the proof of Theorem [[.1] diagram [B.I] that we have quotients
Yo = Xo/Go, Zo = Yo/Ho, Xo/T = Zy/F

where Gy is an m-dimensional torus acting freely, Hy is a finite group and F is a
diagonalizable group acting freely and having the rank of C1(X/T') as its dimension.
In our situation, Xo/T = P;(A,n) is of dimension one and, by Proposition 2.3 has
a divisor class group of rank ng + ...+ n, —r. Thus, the dimension of R(X) equals

dim(Xy) = m+dim(Yy) = m+dim(Zy) = m+ng+...+np —r+1.
O

We come to geometric applications of this observation. Note that each complete
normal variety X with finitely generated divisor class group and a complexity one
torus action is rational, because Xo/T = Pi(A,n) is so. Thus, the varieties X
in question are precisely the complete normal rational ones with a torus action
of complexity one. If we impose additionally the condition that any two points
of X admit a common affine neighbourhood, which holds e.g. for projective X,
then Proposition Bl and [I1, Thm. 4.19] ensure that X arises from a “bunched
ring” (R,§, ®), see [I1l Def. 3.3, Constr. 3.4], where we may take R = R(X) and
§ = (Sk, T;;). This allows us to apply the results provided in [I1].

Corollary 5.2. Let X be a complete normal rational variety with an effective al-
gebraic torus action T x X — X of complexity one and suppose that any two points
of X admit a common affine neighbourhood. Then there exists a closed embedding
1: X — X' into a toric variety X' with big torus T C X' such that

(i) ©: X — X' is equivariant with respect to a T-action on X' given by a
monomorphism T — T",
(i) the image +(X) C X' intersects T' and is a complete intersection of T-
invariant hypersurfaces of X',
(iii) for every T'-invariant prime divisor D' C X', the inverse image 1~ (D’) C
X is a prime divisor,
(iv) ©: X — X' defines a pullback isomorphism 1*: Cl(X') — Cl(X) on the

level of divisor class groups.

Proof. Apply the construction of a toric embedding given in [I1, Constr. 3.13 and
Prop. 3.14] to the defining bunched ring (R,F,®) of X, where R = R(X) and
§ = (Sk, Tij), and use the fact that the Sy as well as the T;; are homogeneous with
respect to a lifting of the T-action to the torsor. O

Recall from the introduction that Fy C X are the prime divisors supported in
X \ Xo, that D;; C X are prime divisors intersecting X, and lying over a point
a; € Xo/T and I;; is the order of the generic isotropy group of T" along D;;.
Corollary 5.3. Let X be a complete normal rational variety with an effective al-
gebraic torus action T x X — X of complexity one.

(i) The cone of divisor classes without fized components is given by

() cone([E], [Digl; s # k) N [ cone([Ex], [Dutls (5,0) # (i, )).

1<k<m 0<i<r
== 1<5<n;

(ii) For any 0 <i <r, one obtains a canonical divisor for X by
max(O, r— 1) . Z lijDij — Z Ek — Z Dij.
j=0 k=1 i,

Proof. By [4, Thm. 2.3], there is a small birational transformation X — X’ with a
projective X’. As X and X’ share the same Cox ring, we may assume that X is
projective. The assertions then follow from [11 Prop. 4.1 and Prop. 4.15]. O
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Note that [20, Thm. 3.19] provides an equivalent description of the canonical
divisor in terms of the defining divisorial fan.

The first non-trivial examples of torus actions of complexity one are K*-surfaces.
Let us look at their Cox rings. Orlik and Wagreich associate in [I7] to any smooth
complete K*-surface X without elliptic fixed points a graph of the following shape:

The vertices of this graph represent certain invariant curves. The two (smooth)
fixed point curves of X occur as F* and F~ in the graph. The other vertices
represent the invariant irreducible contractible curves D;; C X different from Fr
and F'~. The label —b; is the self intersection number of D;;, and two of the D;;
are joined by an edge if and only if they have a common (fixed) point. Every D;;
is the closure of a non-trivial K*-orbit.

We show how to read off the Cox ring from the Orlik-Wagreich graph. Suppose
that X is rational. Then F'* is rational as well and hence is a P;. Define l;; to be
the numerator of the canceled continued fraction

. 1
b —
b5 — .

. b;_l
Moreover, let a; be the point in F© N D;; and write a; = [b;, ¢;] with b;,¢; € K.
Then, for every 0 < i < r, set k = j+ 1 = i + 2 and define a trinomial in
K[Ti;;; 0<i<r, 1<j<n, as follows

gi = (Ckbj—Cjbk)fi + (Cibk—ckbi)fj + (Cjbi—cibj)fk, where fS = Tslil cee Té?{;”

Theorem 5.4. Let X be a smooth complete rational K*-surface without elliptic fived

points. Then the assignments ST — 1p+ and Tij = 1p,; define an isomorphism
R(X) = K[ST, S ,T;;; 0<i<r, 1<j<mn]/(g0<i<r-—2)

of C1(X)-graded rings, where the C1(X)-grading on the right hand side is defined by
associating to ST the class of F* and to Tj; the class of D;j.

Proof. The open set Xg C X is obtained by removing F'™, I~ and the isolated fixed
points. By [I7, Sec. 3.5], the number /;; is the order of the isotropy group of the
nontrivial K*-orbit in D;;. Moreover, we have a canonical morphism 7: Xo/K* —

F*, with exceptional fibers 7! (a;) = {a;1, ..., in, }, where a;; represents the non-
trivial K*-orbit of D;;. Thus, the assertion follows from Theorem O

For (possibly singular) K*-surfaces X with elliptic fixed points, the Cox ring can
be computed as follows. Suitably resolving gives a K*-surface X , called canonical
resolution, where the elliptic fixed points are replaced with fixed point curves. Hav-
ing computed the Cox ring R()z) as above, we easily obtain the Cox ring R(X).
According to Theorem [[3] we need the divisors of the type Ej and D;; in X and
the orders l;; of the generic isotropy groups of the D;;. Each of these divisors is the
image of a non-exceptional divisor of the same type in X ; to see this for the D;;,

note that Xg is the open subset of )ZO obtained by removing the exceptional locus
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of X — X and thus Xo/K* is an open subset of )N(O/K*. Moreover, by equivariance,
the orders l;; in X are the same as in X. Consequently, the Cox ring R(X) is ob-

tained from R(X) by removing those generators that correspond to the exceptional
curves arising from the resolution.

As the intersection graphs of their resolutions are known, see [I], the methods
just outlined provide Cox rings of (possibly singular) Gorenstein del Pezzo K*-
surfaces X; note that Derenthal computed in [8] the Cox rings of the minimal
resolutions X without assuming existence of a K*-action for the cases that X is of
degree at least 3 and ’R()N( ) is defined by a single relation. Moreover, the divisorial
fans of Gorenstein del Pezzo K*-surfaces X are provided in [21], which allows us to
use as well the approach via polyhedral divisors.

Example 5.5. We consider the family X, of Gorenstein Del Pezzo K*-surfaces
over K\ {0, 1} of degree one and singularity type 2D4. The canonical resolution X
of X is obtained by minimally resolving the two singularities and, by [I, Thm. 8.3],
its Orlik-Wagreich graph is given as

e — @\
v GLO-0-0-09 -
\\ 7
CRONC
B-0-@
We have four points ag, . .., as, where {a;} = D;; N F™. Note that the positions of

these four points on F™ = IP; may vary and the parameter A is the cross ratio of
ag, a1, az,as3. The Cox rings of X and X, are given by

> To1To2+T11 T3 T13+T21 T2, Tos,
R(X\) = K[S1,89,To1,..., T3] ) ) ) ;
AN T T3+ 121155 Ta3 4131155133

2 2
R(Xy) = K[Ty,...,Ts) / < T T >

N4+ T +T2

Now let us look at X via its divisorial fan =y. According to [2I, Thm. 4.8],
the divisorial fan =, lives on Y = P;. Its non-trivial slices lie over the points

ag,-..,as € Y and are given in N = Z as follows:
D1 D3 D2 Dy Do D1 D2 Dy D2
L I I I
I kY kY Y
—3 -2 —1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 —3 -2 —1 0 1 2 3
Zao Zay Za, Eas

We compute the divisor class group Cl(X)). According to Remark L6, we have two
extremal vertices v1, vy in Z,, and one extremal vertex v;;o2 in Z,, for ¢ = 1,2, 3.
Let D; be the prime divisor associated to v; for ¢ = 1,...,5 and denote by Dy the
positive generator of C1(Y) = Z. Then Proposition T tells us that the divisor class
group Cl(X,) is ZDg @ ... ® ZD5 modulo the relations defined by the rows of the
matrix

-1 1 10 00

-1 0 0 2 00

A = -1 0 0 0 2 0
-1 0 0 0 0 2

0 -2 -1 1 11
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The Smith Normal Form S = U - A-V with unimodular transformation matrices U
and V is given as

100 0 0O
01 0 00O
S = 001 0 0O
000 200
0000 20

In particular, we conclude Cl(X)) = Z @ Z/27Z @& Z/2Z. Moreover, computing V !
we see that the class of D, generates the free part and the classes of D3 — D5 and
D4 — D5 generate the cyclic parts. Consulting Theorem gives the Cox ring

R(X\) = K[Tv,...,Ts] /| (TWTo + T3 + T3, XT3 + T} + T2)
whith the grading
deg(T1) = deg(T2) = (1,1,0),  deg(T3) = (1,1,1),

deg(Ty) = (1,0,0), deg(T5) = (1,0,1).

Proceeding as in this example, we are able to compute the Cox rings of all
Gorenstein del Pezzo K*-surfaces and their minimal resolutions. Here comes the
result for the cases of Picard number one and two.

Theorem 5.6. Let X be a Gorenstein del Pezzo surface of Picard number at most
two admitting a nontrivial K*-action. The following table provides the Cox rings

of X and its minimal resolution X ordered by the degree deg(X) and the singularity
type S(X).

deg(X) =1
S(X)  R(X) R(X)
T\ To+T24+T2, Ty To+TsT7 T2 +TsToT?,
2D K[TY,...,T: 172 3T K[S1,S2,T1,...,T" 65773 4
4 [Ty 5]/ AT24T2+4T2 (51,52, 11]/ NTe Ty T2+ Tg To T2+ Ty Ty T2

EeAx  K[Ty,..Ty)/(T2To+T3+T3) K[S,T1,....T11]/(Ts T Ta+ To Ty T3 T3 + To T10TE, T3)

E-A, K[T1,....,Ta] /(TE To+T$+T3) K[S,T1,....T11] /(T TE TP To+ Ty T TS T T3 +T11 TZ)

Es K[Ty,...,Ta] /(TP T2+ T3+T3) K[S,T1,....T11) /(T T T2 TE TP To+ To T T +T11 T3 )
deg(X) =2
S(X)  R(X) R(X)
2A3A1  K[Ty,...Ta]/(Ty T2+ T3 +T3) K[S1,52,T1,....,Tol /{Ts Ty To+Ts Ty T3 + Ts To T3 )
AsA, K[T1,....T4]/(T1 To+TS+T5) K[S,T1,...,T10]/(T1 To+Ts Te T2 T3 +Ts To T2 T3 )
Dy43A4 K[S1,T1,T2, T3] /(TE+TZ+T3) K[S1,52,T1 ..., To) /(TaTs TE +Te Ta T3 +TsToT3)
DeAr  KITy,...Tu] /(TP T2 +T§+T3) K[S,T1,....T10]/ (Ts T} To+Te T T§ T3 T +T10TF)
E- K[T1,....,Ta] / (T} To+T3+T3) K[S,T1,....,T10] /(Ts Te T3 T To+Ts T3 T35 +T10T3)
Ty To+T5Ty+T2, Ty To+T3Ty+T7Ts T2,
2A3 K[Ty,..., T(;]/ 1reras ATy K[S1,52yT1w~»T10]/ Tl S S S
AT3T4+T2+TE AT3 Ty +T7 Ts T2 +ToT10TE
DsA, K[T1,....T5]/(T1 T2+ T3 T2 +T3) K[S,T1,...,T10] /{Te T1 T2+ T7 T3 T2+ Te To T3, TS)
Es K[T1,...,T5]/(T1 T5 + T3 T3 +T2) K[S,T1,....,T10]/{T6 TZT1 T3 + Ts T3 T3 T3 +T10T2)
deg(X) =3
S(X)  R(X) R(X)
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AsAr KTy, Ta) /(TyTe+T3+T3) K[S,Ty,...,Tol /{TL To+Ts Te T2 TS T4 +To T3)

Es K[T1,....,Ta] /(TP To+T3+T3) K[S, Ty ... To] /{(Ts TE T} To+ Tr T2 T+ To T3 )

2A2A 1 K[Ty,..,Ts)/(T1 To+TsTy+T2) K[S1,52,T} .-, T8]/(T6 T1 To+ T3 Ty + Ty Ts T2)

A32A1  K[S1,Ty,.. Ta) /(T T2+ T3 +T3) K[S1,52,T1 ..., Ts] /(T1 To+Ts To T3 +T7 T T3 )

AgAr KTy, TS (T TR+ T Ty +T3) K[S,T1,...,To] /(T6 Ty T3 + T3 Ta+ Ty T TG T3

Ds K[Ty,...,T5]/{T1 TS+ T3 T +T2) K[S,T1,...,To) /{Te T2 T1 T3 +Ts T3 T3 +To T2)
deg(X) =14

S(X)  R(X) R(X)

Ds K[Ty,...,Ta] /(TE T2+ T3 +T5) K[S,T1,....,Ts]/(Ts T{ To+Ts T3 T3+ Ts T3 )

AsAr KTy, T5] /(T To+Ts Ty +T5) K[S,Ty,....Tg] /(T1 To +Ts Ty + Te Ty T T3 )

Ay K[Ty,...,T5]/(T1 T3 +T3Ta+T2) K[S,T1,...,Ts] /{Te T2T1 T§ +T3Tu+Ts T2)

Dy K[T1,...,Ts]/(T1T5 +T3TF +13) K[S,T1,....T8] /(T T1 T3 + T T3 T{ + Ty T3)
deg(X) =5

S(X)  R(X) R(X)

As K[Ty,...,T5) /(T1 T3 + T3 T4 +TZ) K[S,Ty,...,T7)/(Te Ty T + T3 Ty +T7 TZ)

Ay K[Ty ..., Ta] /Ty To+T5 +T3) K[S,T1,...,T7] /(T Ta+ T5 TE TS +T7T3)
deg(X) =6

S(X)  R(X) R(X)

A, K[TY,...,T5]/(T1 Toa+T3T4+T2) K[$,T1,....T6] /(T2 To+Ts Ty +T6 T2)

Finally, we consider equivariant vector bundles over a toric variety X arising
from a fan ¥ and ask for the Cox rings of their projectivizations. We will use
Klyachko’s description [I3] of equivariant reflexive sheaves over X; we will follow
Perling’s notation [19] in terms of families of complete increasing filtrations.

We recall the basic constructions. Let £ be an equivariant reflexive sheaf of rank
r on X. Then & is trivial over the big torus " C X. Moreover, for every ray
0 € XM the sheaf & splits over the affine chart X o € X and hence is even trivial
there. This gives us identifications

[(X,,€) C I(T,€) = E®I(T,0x) = E®K[M)]

with an r-dimensional vector space F. Fix generators e, 1 ® x“e!,...,€o, ® X"
for every I'(X,,&). Then & is determined by the family of complete increasing
filtrations £2(i), where o € X1, of E defined by

E¢(i) = lin(ey,;; (up,j,vo) < 1),
where v, € ¢ denotes the primitive lattice vector. Conversely, given any family of

complete increasing filtrations £9(i), where o € (1), of E = K", one obtains an
equivariant reflexive sheaf £ of rank r over X by defining its sections over the affine
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charts X, C X, where 0 € ¥, to be

I(X,,€) = @[ () E(uww) | @x" € ERK[M].
ueEM \ pec(D)

In our first result, we compute the Cox ring of the projectivization P(£), see [12]
p. 162], of a locally free sheaf £ of rank two over a complete toric variety X arising
from a fan . Let E9(i), where g € Y be the family of filtrations describing &,
let £ be the set of one-dimensional subspaces of E occurring in these filtrations, for
every L € L fix a generator ey, and denote by Rel(L) the space of linear relations
among the er. Moreover, let i{ be the smallest integer such that dim E?(if) > k
and set L? := E2(ig).

Theorem 5.7. Let £ be an equivariant locally free sheaf of rank two over a complete
toric variety X defined by a fan 3. Then the Cox ring of the projectivization P(E)
s given as

R(PE)) = KI[S,, Tr; 0 XV, Le L] / <Z ALSETL; X € Rel (.c)> ,
Lel
where St = H S;fﬁig.
o, Le=L
Example 5.8. Let 7 be the sheaf of sections of the tangent bundle of the projective

plane Po; then P(7T) is the projectivized cotangent bundle. As a toric variety, Py is
given by the complete fan in Q? with the rays

01 = Qxp-e1, 02 = Qxp-e2, 00 = Qx¢-eo,
where e1,es € Q2 are the canonical basis vectors and we set eg := —e; — e5. The
filtrations of the tangent sheaf are given as
0, i< -1,
E°(i)=<¢K-p, i=-—1,
E, 7> —1.

As generators for the one-dimensional subspaces we may choose e, es,e9 € K2,
The linear relations between them are spanned by (1,1,1) € K3. Hence, as in
Example @10, we obtain

REP(T)) = K[S1,52,83,T1,T2,T5] / (T1S1 + T2So + T553).

More generally, we may calculate the Cox ring of the projectivized cotangent
bundle on an arbitrary smooth complete toric variety X arising from a fan . We
distinguish two types of rays ¢ € L(): those with —p ¢ ¥ and those with
—o0 € ¥, Denote by £ the set containing all rays of the first type and one
representative for every pair of the second type. Moreover, let Rel(£) denote the
tuples A € K* such that > pec MoV = 0, where v, € o denote the primitive
generator.

Theorem 5.9. Let X be a smooth complete toric variety arising from a fan 3, and
denote by Tx the sheaf of sections of the tangent bundle over X. Then the Cox ring
of the projectivization P(Tx) is given by

R(P(Tx)) = K[S,,Tr; 0 XM, 7€ L] /<Z XpS%T,; A € Rel (c)> :
ocl
SoS_p —0€ XM,

So else.

where S?¢ = {
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Remark 5.10. Let X be a fan in a lattice N having rays g1, ..., 0s as its maximal
cones, Z the associated toric variety and T' C Z the acting torus. Given a primitive
sublattice L C N, consider the action of the corresponding subtorus H C T on Z.
Let P: N — N’ := N/L denote the projection. The generic isotropy group H, C H
along the toric divisor D, C Z corresponding to a ray ¢ € X is one-dimensional if
P(p) = 0 holds and finite otherwise; in the latter case it is given by

X(H,) = (lin(P(e)) N N') / P(lin(e) N N).

In particular, the set Zy C Z is the toric subvariety corresponding to the subfan
Yo C X obtained by removing all ¢ with P(p) = {0}. For an affine chart Z, C Z,
the orbit space Z,/H is the affine toric variety Z}D( p) corresponding to the ray
P(p) in N’. Gluing these Z;D(Q) along their common big torus T'/H gives the toric
prevariety Zo/H.

There is a canonical separation m: Zy/H — Z', where Z’ is the toric variety
defined by the fan P(Xo) in N’ having {P(p); ¢ € X} as its set of maximal cones.
Note that the inverse image 7= (D P(o)) of the divisor Dp(,y € Z' corresponding to
P(p) € P(X) is the disjoint union of all divisors D, C Z, with P(7) = P(p).

Proof. Proof of Theorem[5.7land Theorem 5.9 In order to use Theorem[[.2 we have
to study the map 7 o ¢ obtained by composing the quotient ¢: P(£)g — P(E)o/T
with the separation 7w: P(£)o/T — Y. This done in three steps. First we cover
P(€) by affine toric charts and describe the quotient map on these charts using
Remark Then we collect the data for Theorem in every chart. In the last
step we will see how this local data fit into the global picture.

Step 1: the toric charts. We may assume that the maximal cones of ¥ are just the
rays ¢ € X. On an affine chart X, any equivariant locally free sheaf £ is actually free
with homogeneous generators s, , ..., Sp,» of the form s,; = €,; ® x"“¢*. Choosing
an appropriate order, we may achieve (uy x,v,) = ix. Then P(€|x,) is given as

P(&|x,) = Prong(S(8|X9)) = Proj K[o" N M][$0.0,-- -, Sor)s

where deg(s,;) := 1. So, P(€|x,) is X, x P" but endowed with a special T"-
action. This action can be extended to an T" "-action by assigning to s; the
weight (u;,b;) € M x M’ for i = 0,...r. Here, M’ =2 Z" and b1,...,b, is a basis
and bp := 0. As a consequence we can describe P(€|x,) as a toric variety and the
endowed T™-action by an inclusion T" < T™"", which corresponds to the lattice
inclusion N < N x N’, where N’ := (M')*.

We describe the corresponding fan in N x N’. Denote by b3, ..., b the dual basis
in N and set b := — ) b;. Moreover, set

0i = 0+ cone(bg, s abz—lv bf+17 SRR b:)v 0 = QZO ! (an - Zlin)
k=0
Then gg, ..., o are the maximal cones of the fan we are looking for. Indeed, cover
P(E]x,) by the affine charts Spec K[o¥ N M][2, ..., 22]. Then
Klo" nM][2, ..., %] — Ko/ N M x M},

751.

7NN (s —wirby —bi)
Si
Xu — X(u,O)

defines an equivariant isomorphism from P(€|x,) with the extended torus action
onto the toric variety arising from the fan just defined, see also [I6] pp. 58-59].

Step 2: local quotient maps. In the setting of Remark[5.10] the map P: N x N’ —
N’ is the projection to the second factor and we deduce that the separation of
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P(€|x,)o/T has the fan X' consisting of the rays Qx¢-bg, ..., Q>0 by, P(0) and the
trivial cone.

If £ is an equvariant locally free sheaf of rank two, then we obtain o0 = Q>¢ -
(vg, (i1 —i0)bo) and X' is the unique fan A of P!. If £ is the sheaf of sections of the
tangent bundle of X, then we have £ = N ® K and the filtrations

0, 1< —1,
EQ(Z): ng Z:_lv
E, 1> —1.

Thus, by the chosen order of the s,;, we obtain ¢ = Qx¢ - (v,,b0) and ¥’ =
{0,Q>0 - b§,...,Q>0 - bX}. Hence, ¥’ is a subfan of a fan A with XA = P" and
we have a rational toric map p, : P(€|x,) --» P", which is defined on a big open
subset.

Now we locally collect the data for Theorem using Remark In the
preimage P71 (Q>0 - bg), we find the rays 7 := Q>0 - (0,b9) and . Hence, the prime
divisor in Y = Xz corresponding to Q>¢ - bp has two invariant prime divisors in its
preimage under the map 7 o q.

The lattice elements of 7 are mapped onto the lattice elements of Q> - by, hence
T acts effectively on the corresponding prime divisor. The lattice generated by
P(oN (N x N')) has index if — 48 in Z - by. This implies that the corresponding
prime divisor has a generic isotropy group of order i; — igp (which is equal to 1 in
the case of Tx).

Step 8: the global picture. We identify P(E*) with XA via the isomorphism ¢,
induced by the following homomorphism of the homogeneous coordinate rings

S(E) — K[x™,...,x"], e; — X"
Note that the map ¢, o p, (considered as a rational map P(E) --» P(E*)) no longer
depends on the choice of ¢ and s,y0,...,S,,r, because over P(E|7) it is just the
projection P(€|r) =P(E*) x T — P(E*) given by
S(E) — K[M][se,0,---:50r = T(T,S())
e; XS0 = ¢®x" .

Note that ¢, maps the prime divisor corresponding to the ray Q>o-bg onto E2(ig)+ =
ez C P(E*). Putting things together we obtain

e A ray p with if = i} corresponding to a divisor outside of P(&)o.

e Since (7 o q)|p(e|,) is the equivariant projection P(E|r) = P(E*) x T —
P(E*) the closure (moq)~1(Z) NP(E|r) is always a prime divisor with
effective T-action.

o If i¢ < i the ray o corresponds to an additional invariant prime divisor in
the preimage of E?(io)* with generic isotropy group of order iy — i.

Inspecting the filtrations for Ty, we see that i — i§ = 1 for every ray p and
E°(ig) = E7(if) if and only if 7 = £p. Using Theorem [[.2] we obtain the desired
results. ]

REFERENCES

[1] V.A. Alekseev, V.V Nikulin: Classification of log del Pezzo surfaces of index < 2. Memoirs of
the Mathematical Society of Japan, vol. 15 (2006), Preprint version jarXiv:math /0406536,

[2] K. Altmann, J. Hausen: Polyhedral divisors and algebraic torus actions. Math. Ann. 334
(2006), no. 3, 557-607.

[3] K. Altmann, J. Hausen, H. Sti: Gluing affine torus actions via divisorial fans. Transformation
Groups 13 (2008), no. 2, 215-242.

[4] M. Artebani, J. Hausen, A. Laface: On Cox rings of K3-surfaces. To appear in Compositio
Math., arXiv:09010369.


http://arxiv.org/abs/math/0406536

30 J. HAUSEN AND H. SUSS

[5] F. Berchtold, J. Hausen: Homogeneous coordinates for algebraic varieties. J. Algebra 266
(2003), no. 2, 636-670.

[6] F. Berchtold, J. Hausen: Cox rings and combinatorics. Trans. Amer. Math. Soc. 359 (2007),
no. 3, 1205-1252

[7] D.A. Cox: The homogeneous coordinate ring of a toric variety. J. Algebraic Geom. 4 (1995),
no. 1, 17-50.

[8] U. Derenthal: Singular Del Pezzo surfaces whose universal torsors are hypersurfaces.
arXiv:math/0604194,2006.

[9] U. Derenthal, Y. Tschinkel: Universal torsors over Del Pezzo surfaces and rational points. In
”Equidistribution in Number theory, An Introduction”, (A. Granville, Z. Rudnick eds.), 169-196,
NATO Science Series II, 237, Springer, (2007)

[10] J. Hausen: Geometric invariant theory based on Weil divisors. Compos. Math. 140 (2004),
no. 6, 1518-1536.

[11] J. Hausen: Cox rings and combinatorics II. Mosc. Math. J., no. 8 (2008), 711-757

[12] R. Hartshorne: Algebraic Geometry. Graduate Texts in Mathematics, no. 52. Springer-Verlag,
New York-Heidelberg, 1977.

[13] A.A. Klyachko: Equivariant bundles on toral varieties. Math. USSR Izvestiya (1990), 2, no.
35, 337-375.

[14] F. Knop, H. Kraft, T. Vust: The Picard group of a G-variety. In: Algebraic Transformation
Groups and Invariant Theory, DMV Seminar, Band 3, Birkh&user.

[15] F. Knop: Uber Hilberts vierzehntes Problem fiir Varietéten mit Kompliziertheit eins. Math.
Z. 213 (1993), no. 1, 33-36.

[16] T. Oda: Convex Bodies and Algebraic Geometry. Ergebnisse der Mathematik und ihrer Gren-
zgebiete, Bd. 15, Springer-Verlag, Berlin, 1988.

[17] P. Orlik, P. Wagreich: Algebraic surfaces with k*-action. Acta Math. 138 (1977), no. 1-2,
43-81.

[18] D. Panyushev: Good properties of algebras of invariants and defect of linear representations.
J. Lie Theory 5 (1995), 81-99.

[19] M. Perling: Graded rings and equivariant sheaves on toric varieties. Math. Nachr. 265 (2004),
87-197.

[20] L. Petersen, H. Sii: Torus invariant divisors. To appear in Israel J. Math., [arXiv:0811.0517!

[21] H. Siif}: Canonical divisors on T-varieties. Preprint, larXiv:0811.0626v1.

[22] H. Sumihiro: Equivariant completion. J. Math. Kyoto Univ. 14 (1974), 1-28.

MATHEMATISCHES INSTITUT, UNIVERSITAT TUBINGEN, AUF DER MORGENSTELLE 10, 72076
TUBINGEN, GERMANY
E-mail address: hausen@mail .mathematik.uni-tuebingen.de

INSTITUT FUR MATHEMATIK, LS ALGEBRA UND GEOMETRIE, BRANDENBURGISCHE TECHNISCHE
UNIVERSITAT COTTBUS, PF 10 13 44, 03013 CoTTBUS, GERMANY
E-mail address: suess@math.tu-cottbus.de


http://arxiv.org/abs/math/0604194
http://arxiv.org/abs/0811.0517
http://arxiv.org/abs/0811.0626

	1. Introduction
	2. Cox rings and universal torsors
	3. Proof of Theorems ??, ?? and ??
	4. Cox ring via polyhedral divisors
	5. Applications and Examples
	References

