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DYNAMICS ON STRATA OF TRIGONAL JACOBIANS AND SOME INTEGRABLE
PROBLEMS OF RIGID BODY MOTION

H.W. BRADEN, V.Z. ENOLSKI, AND YU.N.FEDOROV

ABSTRACT. We present an algebraic geometrical and analytical description of the Goryachev case of rigid
body motion. It belongs to a family of systems sharing the same properties: although completely integrable,
they are not algebraically integrable, their solution is not meromorphic in the complex time and involves
dynamics on the strata of the Jacobian varieties of trigonal curves.

Although the strata of hyperelliptic Jacobians have already appeared in the literature in the context of
some dynamical systems, the Goryachev case is the first example of an integrable system whose solution
involves a more general curve. Several new features (and formulae) are encountered in the solution given in
terms of sigma-functions of such a curve.

1. INTRODUCTION

Most of the known finite-dimensional integrable systems of classical mechanics and mathematical physics
are also algebraically completely integrable: following [AvMO989], their invariant tori can be extended to
specific complex tori, Abelian varieties, and the complexified flow is a straight-line flow on them. As a direct
consequence of this property, all the solutions of such systems are meromorphic functions of the complex
time, and can be described explicitly in terms of theta-functions or generalized theta-functions. The property
of meromorphicity led to the Kovalevskaya—Painlevé integrability test, which was effectively applied to detect
several integrable cases. In some cases, such as the famous Neumann system describing the motion of a point
on a sphere with a quadratic potential, or the Steklov—-Lyapunov integrable case of the Kirchhoff equations,
the complex tori are Jacobians of hyperelliptic curves (or possibly coverings of the Jacobians). In other,
more complicated situations, for example the Frahm—Manakov top on so(n) or the Kovalevskaya top, the
complexified tori are not Jacobians but Abelian subvarieties thereof, with a non-principal polarization (Prym
Varieties)ﬂ.

On the other hand, there are many other systems, including generalizations of the above ones, which
preserve integrability but lose the meromorphicity of the complex solutions. In such systems the genus of
the underlying algebraic curve (often the spectral curve) is greater than the dimension of the invariant tori,
and the latter are certain non-Abelian subvarieties (strata) of Jacobians. The algebro-geometric properties of
such systems and the nature of the singularities of their complex solutions have been described in [Van995,
[AT00, [FGO7, [EEKT994]. Until recently, however, the only examples known were of
systems related to the strata of hyperelliptic Jacobians.

In present paper we consider the first example of a mechanical system whose complex invariant varieties
are strata of Jacobians of a non-hyperelliptic curve, here a trigonal curve of genus 3 given by the equation
y3 + p(x)y + q(x) = 0. The latter appear in the reduction to quadratures of the integrable Goryachev case
of the Kirchhoff equations [Gor912]: the quadratures involve 2 points on the genus 3 curve (which has no
additional involution in general, so not allowing reduction to a Prym) and so the quadratures lead to an
incomplete Abel map which cannot be inverted in terms of meromorphic functions. This means that, as
in other non-algebraic integrable systems, the Goryachev case cannot be detected by the Kovalevskaya—
Painlevé test. We emphasize that this example is not unique: it is in fact a member of a family of integrable
Hamiltonian flows on the sphere S? that have extra cubic integrals and that were described recently in
[Val10], see also [Yeh(2]. In particular this family also includes the non-trivial case found by Dullin
and Matveev in [DMO04]. As was shown in [Tsi05] [VT09], most of the systems of the family are reduced

1 These can be related to other Jacobians in the case of dimension 2.
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to “trigonal” quadratures similar to those of the Goryachev systenE. For concreteness, the present paper
considers only the Goryachev system.

Our solution builds on the explicit description of Abelian functions of trigonal curves and (in the ter-
minology of [BEL999]) the more general (n, s)-curves. There has been a resurgence of interest in this area
with many new analytic results obtained [BELQQ, BLO05, EEMOP07, [EE09, Nak10l [EEO11] including the
inversion of the Abel-Jacobi map on strata of Jacobians [BG06, MP08, MP11l [NYo12]. Although we will
need to extend this work in various ways these new studies are foundational to providing explicit solutions
for non-algebraically completely integrable systems.

The paper is organized as follows. In Section 2 we reproduce the reduction to quadratures of the Goryachev
system first made in [VT09] and interpret them as sums of two holomorphic differentials on a genus 3 trigonal
curve C, also indicating its canonical form. The original variables of the system are then expressed in terms
of coordinates of two points on the curve. In Section 3, following [EEMOPQOT], we describe in detail the
inversion of the complete Abel map on the (3,4)-trigonal curve. Here the main tools are the sigma-function
of the curve and its logarithmic derivatives (Kleinian-Weierstrass functions), which are direct generalizations
of the Weierstrass elliptic o- and p-functions respectively (see [BEL99T, [Bak897]). We give a method of
an effective calculation of the vector of Riemann constants for the trigonal Jacobians which allows us to
calculate the sigma function explicitly by relating it to the corresponding theta-function. We also present an
analytic description of the Wirtinger strata in the Jacobian of C as zeros of the sigma-function and of some
of its derivatives. Section 4 describes the inversion of the incomplete Abel map. The formal explicit solution
to the inversion problem is obtained from the formulae of the previous section (inversion of the complete
map) by a certain limiting procedure. The resulting solution is given in terms of the sigma-function and its
derivatives whose arguments are restricted to the 2-dimensional stratum in the Jacobian of C. (Note that
for the case of a cyclic trigonal curve of genus 4 similar results were obtained in [BGO06].)

Then global analytical properties of the solutions as functions of the complex time are described. We
show that these functions have an infinite number of branch points and are single-valued only on an infinite
ramified covering of the complex time plane. Finally the local singularities of the complex solutions are
described in Section 5 by using the expansion of the sigma-function near generic and special points of the
curve C. An Appendix contains some rather long and technical proofs of two theorems.

2. THE GORYACHEV INTEGRABLE CASE. SEPARATION OF VARIABLES AND REDUCTION TO QUADRATURES.

Recall that the classical Kirchhoff equations describing the motion of a rigid body in an ideal fluid have
(in an appropriate coordinate frame) the form

j:Jxa__Fvyxa_H’

aJ 0y
@ OH
N X —
Y= 0T

where J = (J1, J2, J3)T and v = (v1,72,73)7 are the angular and linear momentum respectively and H (J, )
is the Hamiltonian, which is also a first integral. In addition to the Hamiltonian the equations always possess
the integrals (Casimir functions)

01:<J7/7>7 C2Z<'77/7>'

Apart from the well known integrable cases of Kirchhoff, Clebsch, Steklov and Lyapunov (and their
gyroscopic generalizations) there are some further special cases of integrability cases where an additional
integral exists only under the condition C; = 0. In the most classical case found by D. Goryachev [Gor912]
and S. Chaplygin [Chap904] the extra integral is cubic in J. In this case Chaplygin himself [Chap904] gave a
separation of variables and reduced the system to quadratures containing integrals on a hyperelliptic genus 2
curve. A detailed algebro-geometric description of the complex invariant manifolds was made in [BvM987].
Further rather exotic special cases of integrability also exist for which neither separation of variables nor
explicit solution were known until recently. Here we concentrate on the Goryachev case [Gor916] which was
reduced to quadratures in [VT09] by using a bi-Hamiltonian structure and the corresponding separating
Darboux-Nijenhuis variables.

2There are several exceptions in the family: one of them is the classical Goryachev—Chaplygin system [Chap904] [Gor916],
which is linearized on Jacobians of genus 2 hyperelliptic curve.
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The Goryachev case, the focus of this paper, has Hamiltonian H; = H and extra integral H, that take
the form

4 b
Hy = J} +J3 + §J32 + %, a, b being arbitrary constants,
V3
(2)
2 8 +b
Hy= —=J5(J2 + J3 + =2 + 20 a2,
3 9 75/3

The corresponding Kirchhoff equations are then

. 2 2 _
Ji = §J2J3 — Zya(ays +b)ys %,

3
. 2 2 —
Jo = —§J1J3 + avé/g + g%(a% +b)vs 58,
j3 = _a%a
(3) V3

. 4
= 2(§J372 — J273),

. 4
Y2 = 2(—§J371 + J173),
93 = 2(11J2 — 72J1)-
Without loss of generality one can set Co = (,7) = 1. Then, since C; = 0, equations () can be reduced

to a Hamiltonian system on the cotangent bundle of the unit sphere S? = {(v,~) = 1} with coordinates and
momenta

J1v2 — Jomt

, ¢ =arctan(y1/72), Dy = —Ja.
7+ ’

(4) U =793, Pu=

In terms of these the original variables become

usin@py + cos (1 — u?) py ucosppy — sind(1 — u?) py,
V1—u? ’ V1—u? ’
(5) v1 =V 1—u2sing, Yo = V1 —u2cos g, Y3 =u.

The paper [VT09] introduced separating variables g1, g2 as the roots of the polynomial

Ji = Jo =

2
_ 2 1/3 [ _UP¢ tae _ )9

Observe this polynomial depends not only on the coordinates u, ¢ of S? but also on their momenta p,, pe.
Following [VT09], in the Darboux coordinates g;, p; such that

(6) {ai,vj} = 6i5, {ai,q5} = {pi,p;} =0,

one has

3/2
P2 — P1 B [ 2 QIPI_Q2P2] /
U —c— ,

by = 10192 ) =
(7) ’ 41— q2 3 ¢ —q
LY S P
1—u? “ RV '

Here one should stress that in the real case the coordinates qi,p1,q2, p2 are complex. In the sequel, by
default, we consider all the variables as complex, leaving the analysis of real conditions to a separate study
in the future. In particular, g;, p; will be regarded as Darboux coordinates on the complexified cotangent
bundle T* S2.
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Under the above substitution the two Hamiltonians take the Stéackel form

Hy = (S™Y)11U(p1,¢1) + (S 121U (p2, g2),

(8) Hy = (S™Y)12U(p1,q1) + (S™ 122U (p2, g2),
_ i _é 3 4 4 1 2 2
U(g,p) = i ( 5P + X+ 1% bA" ),

with the Stackel matrix

S:(&miwnzwééwﬂ'

Setting for convenience \; = ¢;, u; = 2/31q;p;, we get

~ 1 1 1
Ulan) = 00w = 3008 4+ a2/a—o), 5= (5 ) )

and then observe that the above relations are equivalent to

1 — 1 _
Hy — Hy— =U(A1, 1), Hi— Hy— =U(A2, p2)
1| M2
Then, upon fixing the values of the integrals, H; = hy, Ha = hg, the pairs (\;, ;) are subject to the algebraic

relation
2

By —hy = 13+ 2N+ _pa
pnhy 2 = pu° + —|—4)\

or
(9) F =X =0\ + (1® — hip+ h2)\ +a®/4 = 0.

As was also mentioned in [VT09], equation (@) defines an algebraic curve C’ C C?(, u1), which, for generic
values of hi, hs is smooth, has genus 3, and is non-hyperelliptic, i.e., cannot be transformed to the form
y? = P(z) by a birational change of coordinates. A basis of holomorphic differentials on C’ is

dX AdA wdA oF

(10) “I=BFen 2T aFjep “°T aFjop’ on

= A(3u% — hy).

2.1. The quadratures. Let ti,t; denote the time of the flows on 7%S5? defined respectively by the Hamil-
tonians H; and Hy. To describe the evolution of ¢; = A; with Hy, we use the bracket (@) and the expressions
@) to obtain

d 8H2 8H2 2 |:< 125 M1 ) — — 12 801 2
Ca =202 = - U, — Us) + Aty JetP
dts" "~ Opr O 3 pa—p2 (1 — pe)? 1 =0z) i — 2 Opa | 3

2 _ oU 1 _ _ o
= -1\ f2 Uy + py=— — (U — pu2U2) |, Us = Ui, i)

_l’_
31— e Opr 1 — po

Hi ()
In view of the expression for F' in (@) this is equivalent to
(11) a1 = gz H2 8F(/\1,u1)7 and, similarly, A = gz
dty 3 p1—p2 O dta 3
Similarly one obtains for the flow with the quadratic Hamiltonian H;
d/\l - 2 1 aF(/\l, /1,1) d/\g - 2 1 aF(/\g, /1,2)

M1 3F()\27 /L2)
M2 —p1 Opa

12 ALt Jca- S ,

( ) dtl 3 M1 — M2 8[&1 dtl 3 Mo — 1 8,&2

and also

(13) dn _ Opudh 2 1 OF(m) dpe 2 1 OF(Qsp2)
dty  Oh\dty 3 p1r—pe  ON T dti 3 pe—p Oh
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Expressions (I2)), (1) yield the following quadratures in the differential form

dAy R _ 2

(14) OF (A1, 1)/0ur — OF (A2, p2)/Opz 37
pidAg padAs _ 2

——’Ldtl.

OF (N, 1)/0m — OF (Ao, p2)/Opa 3

We will return to these later.

2.2. The original variables in terms of the separating ones. From (7] and other formulae from the
paper [VT09] one has

2 _ _ (M H2 ’ 2/3 _ M1 M
73 Al . )\2 9 73 Al . A27
3 Aipe — Aapin

J3 = —py = _iﬁ’

3
2 M1 — 2
= —A1A24/1
exp(19) 5 M 2\/ +()\1_/\2> )
fn = 2o (14 (e =
V2T = A2 M — o Y2t 2Ny

15
(15) J1+ 1y = —1 (zpu - p¢) e "/1 — u2

1—wu?
__¢& A1+ A2 M pe —1/2
2 Mg Al — Ao ’

Jp—dy = ((J1 +2J2)(v2 +971) + 2eJ373)  (due to the condition J - v = 0)

Y2 —
) 3 O 10— 1 A
21 A2 (<1+M) (M + X)) + (1 = p2)” (M p2 = 2)>

(A1 = A2)3 (A1 = A2)3
a\/ ==

Substituting the above expressions into the integrals ([2) and using the equation of the curve (@) for each
pair (\;, ;) one may verify the identities Hy = hy, Ho = hga. Thus to solve for the original system ([I), @) it
suffices to solve for the pairs (\;, ;).

2.3. Canonical form of the curve and of the quadratures. Rather than using the variables (A;, pt;)
directly we now make one final birational transformation to bring the curve C’ to a canonical form. This
allows us to make connection with the literature on (n, s) curves and so permits us to solve for the motion
in terms of the multi-dimensional o-function.
By making the birational change
1 /a Yy la

16 AN=—,/= —__Z |z
(16) x2’u z\ 2

the curve (@) can be transformed to the canonical trigonal form with respect to y

h 2/2h b
(17) G(z,y) =y° —2—a?y — <x4+ \SF 2:173—2—:172+1> =0.
a a3/? a

We will refer to this curve as C. In the terminology of [BELO0| (see also the next section) this is a (3,4)-curve
having one infinite branch point oo, where all the 3 sheets of the covering C — P! = {z} come together.
Under the above transformation the holomorphic differentials w1y, ws,ws in (I0) take the following respective
forms,

rdx dz ydz oG 32 2—h1x2.

. ® " aey M aey e oy Y
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Then, in the new coordinates, the quadratures (I4]) take the form

X1 dxl + .IQdIQ 2 dt
= ——1 y
(19) 0G(x1,y1)/0y1  0G(x2,y2)/0y2 3
y1dzy Yodxs 2
= —=1 dtl.

0G(x1,y1)/0y1  0G(x2,y2)/0y2 3

We again stress that, although in the real case the curve (7)) is real, the new separating variables x1, 2o are
complex. The description of their behaviour in the real case could be an object of a separate study.

2.4. Non-algebraic integrability. We are now in the situation described in the introduction. The genus
of the curve C is greater than that of the dimension of generic invariant tori of the system: here we have
2 separating variables while C is of genus 3. Such a situation occurs in many algebraically integrable
systems, for example the Clebsch integrable case of the Kirchhoff equations or the Kovalevskaya top. In
these examples however, although the genus of the underlying curve (the spectral curve of the corresponding
Lax representation) is greater than the number of degrees of freedom, the relevant curves possess an additional
involution which extends to the Jacobian variety. Then, as a rule, the complex invariant manifolds of the
systems turn out to be 2-dimensional Abelian (Prym) subvarieties of the Jacobians, whose real part gives
the invariant tori. This however is not the case for the Goryachev system on 7*S? we are considering. For
generic hi, ho the curve C has no further symmetries, and the differentials in (I9) do not reduce to those of
a genus 2 curve. As we shall see below, this pathological property means such systems are not algebraically
completely integrable. In particular, their complex invariant manifolds are non-Abelian subvarieties of the
Jacobian of C and the variables J;,y; are not meromorphic functions of the complex times ¢, ts.

In terms of the differentials (I8) the quadratures ([9) may be extended and written in the following
integral form

u1

Py P
(20) / (,9,05)" +/ (0,0, Q)" = ¢ uz=—-2ut2/3+u0 , P=(z;,y)€C,

o o Uz = —2Zt1/3+U30
where wugg,usg are constant phases and the coordinate u; is a transcendental function of wug,us, whose
properties will be described in the next sections. Thus ([20) defines a map of the symmetric product C x C
to a codimension one subvariety (stratum) of the Jacobian variety of C. To invert the map, i.e., to express
symmetric functions of the coordinates (z1,y1), (z2,y2) and consequently the variables J;, v; in terms of

u2, U3, at least locally, we next recall some basic facts about the standard Jacobi inversion problem associated
to trigonal curves.

3. JACOBI INVERSION PROBLEM FOR THE GENUS THREE TRIGONAL CURVE

The curve (7)) belongs to a class of (n, s)-curves. These are smooth curves with s > n > 2 and ged(n, s) =
1 that have one point at infinity and whose affine part may be defined by an equation

y"—:vs—Zuan+Bsxo‘yﬂ:0, 0<a<s—1, 0<B<n—1
a,f
The curves are of genus g = (n — 1)(s — 1)/2 and their properties and relation to integrable hierarchies of

KP type are widely discussed in the literature. N
Below we concentrate on the trigonal (3,4)-curve C, which we write in the canonical form

(21) fl@y) =v° + (e + psz + ps)y — (2 + psa® + pea® + pox + p12) = 0,

where p; are parameters. This is more general than our curves (7)) and we will specialize in due course.
The curve has one infinite point oo, where all 3 sheets of the covering C — P = {z} come together. Let
¢ = 27/3 be a local coordinate in a neighborhood of co. That is, £(c0) = 0, and the coordinates in the
vicinity of this point have expansions

(22) T = — y:i—ﬂ—+—g+0(g).
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Choose the vector of holomorphic differentials 2 = (Q1, Q2,Q3)7,

dx

(23) = ey

Near oo, they admit the expansions

0 - —¢ (14226 - Baer o)) e

(24) Q2 = —¢ (1 +2e- 2%53 + 0(5”)) de,

2
= (1- ¢ - Be o€ )

so the orders of their zeros at oo decrease.
Next, choose a canonical basis of cycles of H1(C,Z)

(a,b) = (al,ag,ag;bl,bz,bg), such that a;oa;=b;0b;=0, a;0b;j=—-b;o0a;=1

and introduce matrices of periods of the above differentials

©5) A:Q{m) B<749) |
aj i,j=1,2,3 b5 i,j=1,2,3

Throughout the whole paper we will use two normalization of periods: the first, given above, (A, B),
where we have specified the differentials; the second utilizes the so called a-normalized differentials for which
the matrix of periods takes the form (13, 7). Here 7 is the Riemann period matrix

(26) T=A"'B, =7 Im7t>0.

We denote the a-normalized holomorphic differentials by
(27) Q=A1'0 < f{ Qi =dij, 4,7=1,2,3.
aj

The first normalization is used in the definition of the o-function while the second in the definition of
Riemann’s theta-function 6(z;7) associated with C and the Riemann period matrix 7 given in (28)); it is
defined by the series

(28) O(v;7) = Z exp {orn” -7 n+ 2umv” n} .
nezs
With these normalizations we define the Jacobi variety Jac(C) of the curve C to be the quotient Jac(C) =
C3(u1,u2,us3)/{A® B} and also Jac(C) = C3(vy,va,v3)/{13 ® 7}, where the vectors w and v are related by
vV = (Ul,UQ,Ug)T = Aflu.
For a positive divisor D = Py + P> + P3, P; = (z;,y;) € C, we consider the Abel map with a base point
Py, 2A:C x C xC— Jac(C), given by

Py Py Ps P Py P
(29) A:D— Q+ / Q+ Q2 =wu, or, equivalently, / Q-+ / Q-+ Q =,
PO PO PO PO P() P()
Henceforth we assume that Py = (00, 00). The Jacobi inversion problem refers to the inversion of Abel map.
For the g = 3 case being considered this is solved in terms of Riemann’s #-functions as follows.

Theorem 3.1. (Riemann) Let e be a vector such that the function F(P) = 9([::5 —e;7) does not vanish
identically. Then F(P) has exactly 3 zeros on C, Pi, Py, P3, and these provide a solution of the Jacobi
inversion problem

Pi+P+P3 .
(30) / O—e_K..
3

oo
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where K oo = (F17K17K3) 1s the vector of Riemann constants with base point oo and whose components are
given by

1 1 < P
31 K, =-(2 ) — —— QP Q. |, =1,2,3.
(31) 5 (2mt i) 2m§<ﬁl ! )/oo ) '
The corresponding divisor D = Py + Py + P3 is non-special, and in the vicinity of D the map 2 is uniquely
tnwvertible.

The rank of the Abel map is maximal on non-special divisors and decreases on special subvarieties of the
Jacobian, the Wirtinger strata. Here W =K, ¢ W c W® < Jac(C) where

P
w . v € Jac(X), 'U:/ Q+ K., VPeCcC,
(32) Oopl Py
W® . veJac(X), v / ﬁ+/ Q+ K., Y(P,R)ecCxC.

o0 o0

The equation §(v;7) = 0 defines a codimension one subvariety © € Jac(C) (with singularities for g > 2)
called the theta-divisor, which coincides with the stratum W (). This is equivalent to the fact that for any
points P, P, € C,

P1_ P2_ .
(33) 9(/ Q—I—/ Q+KOO;T>:O.

Note that a consequence of Riemann’s theorem is that the vector K., for which (33) holds is unique.
We also introduce characteristics, represented by real 2 x 3 matrices

[5](€§><€1 €9 53>
- / - ! ! ! 9
e e e e

so that any vector w € Jac(C) can be written in the form u = Ae’ + Be, €, & € R®. We denote the
characteristic of w by [u]. In what follows we concentrate on rational characteristics, in particular half-
integer ones, for which ¢, a} = % or 0. We shall also need the Riemann theta-functions with characteristics
[e] given by

T
6 LS'T} (v;7) = exp {in(e"Te + 2" (v +€'))} O(v + Te + €5 7)

- Z exp {in(n+e)'r(n+e)+2m(n+e) (v+e)},

nezs

3.1. Calculation of K.,. The vector of Riemann constant K, given by (31 includes Abelian integrals
over a-cycles, which are difficult to calculate directly. It is known that if a curve has a point P, such that
the canonical divisor is linearly equivalent to 2(g — 1)P; then the vector of Riemann constants with base
point P is a half-period [Fay973| [FK980]. Such is the case for a hyperelliptic curve. For all (n, s)-curves
Nakayashiki [Nak10| observed that these admit a holomorphic differential that vanishes to order 2g — 2 at
the point Py = (00, 00) and so we have the following.

Proposition 3.2. The vector K, of the trigonal curve C is a half-period in Jac(C).

We may further restrict the choice of K . There are 64 half-periods in Jac(C), 28 odd and 36 even ones.
Up to exponential terms the o-function on C is the #-function shifted by K., (see below). Thus the leading
terms of the expansion of the 6-function at K., coincides with those of the corresponding o-function. For
(3,4) curves it was shown in [BEL999] that the o-function begins with an odd order Schur function and it
follows then that K o is an odd half-period. Of course the explicit expression for K o, depends on the choice
of homology basis on C and so to proceed further we must first fix the homology basis. We may specify which
half-period then corresponds to K by first calculating the period matrix and then checking the condition
@B3)) by computing the expansion of §-function near all odd half-integer characteristics. For example, for the
curve C given by

P —dyx? —at =323 — 42 —245=0
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and in the Tretkoff-Tretkoff basis of cycles on it given by algcurves package of Maple one obtains

wi-i(110)

We note in passing that we already encounter here one of the differences with Jacobians of hyperelliptic
curves: for a genus three hyperelliptic curve the vector of Riemann constants is given by an even singular
half-integer characteristic whereas the characteristic (34)) is non-singular and odd.

3.2. The o-functions. Apart from the theta-functions, in many cases it is more convenient to use the o-
function of w. To describe it, we first introduce the basis of 3 meromorphic differentials ¥ = (11, T2, Y3)T
having a unique pole at the infinity of C and specified by the pairing conditions

P

(35) RGSP:oo QZ(P)/ Tj = 5ij; Z,j = 1, 2,3
Po

Then, following [EEMOPOQT],

Ty

dx

36 =—— | —22y+m2?® |,
( ) fy (.I, y) —$2
where

Y1 = —(52% + (ppe — 3ua)x + papia + pe)y + muay® + 3 a°
1

3 1
= (5 + 2p3p = 2pa)2” — (pspiz + pop + prapra) + S fu(,y) = (guz - Zuf) Fu(z,y).

The matrices of periods of the differentials

(37) S——(f dTi) , T_—(j{ dTi> ,
ay i,k=1,2,3 b i,k=1,2,3

satisfy the generalized Legendre relation

T
A B A B B _( 03 —13
8 (57)(57) = =(0 W)
Let us also introduce the normalized second period matrix s = SA™!, which is necessarily symmetric.
The fundamental o-function of the curve C is defined by the formula (see e.g., [BEL997, [EELO00])

(39) o(u) = C K] (A u) exp {%uT%u} ,

where [ K|(v) is the theta-function with the characteristic corresponding to the vector of Riemann constants
(for a chosen base point and homology basis), and C' is a constant depending on the period matrix A and
the coefficients of the curve. The constant C' provides the modular invariance of [39), just as in the case
of the Weierstrass elliptic o-function. An explicit expression for C is given in [EEMOPOT7] and it is not
necessary for our exposition (we will deal only with ratios of the sigma-function derivatives). According
to the definition, the fundamental o-function is normalized in such the way that its expansion at u ~ 0
starts with the Schur-Weierstrass polynomial (see [BEL999] for details). It follows that o(w) is just the
theta-function of C whose rescaled argument is shifted by the vector K., and multiplied by a quadratic
exponent of w. Thus, the knowledge of the corresponding characteristic [K] calculated above is important
in the explicit description of o(u).

The function o(u) is quasi-periodic just as is f(v): when w is shifted by a period An + Bm, n,m € Z3
then o(u) is multiplied by the exponent

(40) o(u + An + Bm) = o(u)exp {(Sn +7Tm)" (u + %An + %Bm) }
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For the case of the curve (2II), at the origin w = 0, the o-function admits the following expansion (see

[EEMOPO7)

1
(41) o(u) = uy —udus + %ug - lu—(;ug + %ugug + Z—Sugug - %ugug + higher order terms.

It follows from property ([B3) and the definition ([BY) that for any points P;, P, € C

. ([ [0 <o

That is, in u-coordinates on Jac(C), the stratum W(?) is given by the condition o(u) = 0.

3.3. Inversion of the Abel map in terms of the sigma function. We next introduce the Kleinian
multi-index symbols

9? o
pi;j(u) - _8U18Uj lno(u), ] = 172737
82
(43) ” T — L k=1,2,3
p%],k(u) 8ui8Uj8Uk HO'(’LL), (ZWR ) <y

These are multiply periodic (Abelian) functions
(44) pg(u+ An+Bm) = pg(u),

where J is arbitrary multi-index with more than one entry. It will also be convenient to denote throughout

0

oi(u) = o, o(u)

though these are not Abelian functions.
Then, as was first shown in [BELOO, [EEL0OQ] (though in a somewhat hidden fashion), the problem of
inversion of the map (29) is reduced to solving the following two equations with respect to z and y,

(45) P33(w)y + pas(w)z + p13(u) = 2%,

(46) (p23(w) — p333(w))y + (p22(w) — p233(w))x + p12(u) — p133(u) = 2zy,
the solutions of which give the coordinates of the points P;, Po, Ps in (29). In contrast to the inversion
problem for hyperelliptic case, equations (@3] and {8) both contain the variables z and y. By elimination
of y, one obtains a cubic equation with respect to x, whereas elimination of x yields a cubic equation for y.
In the first case we get (the new expression, though a simple consequence of the previous)
P;u) = 22° — (3pas(u) — pags(u))z’

— (33 (w)paz(w) + p23(u)ps33(uw) — 33(w)pass(u) — pas(u)® + 2p13(u))x

— p33(u)(p12(u) — p133(w)) + p13(u)(p23(u) — ps33(w))

=2(z —x1)(x — x2)(x — x3).

(47)

These formulae enable one to express the elementary symmetric functions of x; as Abelian functions of u.
We shall use some of them in the next section.

3.4. The inverse trace formula. Let ¢; = (0,y;), i = 1,2, 3 be the three points on the curve C over x = 0
and r; = foqg Q be their images in Jac(C). By applying the classical method of residues one can also obtain
the following “inverse trace formula”:

T
1 Yi
48 —t — 4+ — = 8Vi10g0'7'i—u +ka VZ_< ’O’ ) !
Here V) is the tangent vector to W) ¢ Jac(C) at the point 7;, and k is a constant depending on the curve
C only.
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Indeed, consider the single-valued function F(P) = 6 ( f::ﬁ —v— foo> defined on a simply connected

dissection C of C with boundary ac. Then, for a meromorphic function f(P), P € C with the poles @1, ..., Qs
on C, the residue formula gives (see, e.g., [Dub&1],[BBEIM94])

(49) F(PY) + F(Pe) + £(P0) = 5= § F(P)log F(P) = 3 Reso, f(P)dlog F(P),
aC k=1

Set here f(P) = 1/x and observe that this function has simple poles precisely at Q; = ¢;, i = 1,2, 3 and that
the expression is independent of the choice of local parameter. Then, using the expansions of F(P) in the
neighborhood of ¢; and the relation ([B9) between (v) and o(u), one arrives at [{@8]). Alternatively, one can
derive a o-function analogue of formula (Z9]).

Notice that V1 + Va4 V3 = 0, which, in view of the quasi-periodic property of o(u), ensures that the right
hand side of (48)) remains unchanged when w changes by a period vector of Jac(C). The constant k can be
calculated explicitly by letting z1, z2, x5 — oo in (@8] and evaluating the right hand side (see also formula

EI) below).

For the curve relevant to the Goryachev case under consideration we have simplifications.

Proposition 3.3. In the special case pg = 0, p12 = 1 in the equation of the trigonal curve [2I)) one has

. 1/ 1 1 1, .
(50) ¢ = (0,p"), p=exp(2m/3), Vi—§<ﬁ,0,ﬁ>—§(p,0,p )-

In this case formula [{@R) takes the form

1 1 1 1 . ;
(51) — 4+ —+— =2 (p'Orlogo(ri —u) + p"dslogo(r; — w)) + k,
X i) I3 3 )
1 [(o23(T3) 9 023(T1) 4023(7“2)) P
52 k=—- + + ri= [
(52) 3 (02(7"3) oa(r1) o2(r2) oo

Proof of Proposition B3l The formula (51]) follows from (@8] under the conditions (B0)). To calculate the
constant k, let the points P;, Pa, P3 € C to tend to oo in such a way that under the Abel map ([B0) one has
u; = ug = 0, and the coordinate uy tends to zero. Then the left hand of (&Il) tends to zero, while the right
hand side becomes the sum of k and of the terms

p2i01 (Tz) + piU3 (Tz)
30’(’!‘i) '

Now as o1(r;) = 03(r;) = o(r;) = 0 this expression in indeterminate, but applying ’'Hopital’s rule to each
term we obtain

p¥io1(r; + uses) + plos(r; + uzes) p*io1a(r; + uses) + ploas(r; + uses)

lim = lim
(53) uz—0 30(T3 + U2€2) uz—0 309 (’I‘i + ’U,Qeg)
_ pPoua(ri) + ploas(ri)
30’2("‘1‘) ’

where e; = (0

,1,0)T. The latter fractions are well determined. Finally, as we will prove in Proposition 4.2
below, 0'12("%) =

0 for any ¢ = 1,2, 3, and so (B3) gives (52). O

4. SOLVING THE INVERSION PROBLEM ON THE STRATUM W(2) AND SIGMA-FUNCTION SOLUTIONS OF THE
GORYACHEV SYSTEM

We now identify the trigonal curve (I7) that appears in the quadratures for the Goryachev system and
the curve C in (Z1) by setting
(54)

o 2/3
pr=ps =0, po=—2h1/a, ps=ps=0, M3—4h2(5) ;M= —2b/a, pg=0, paz=1
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Notice again that the map C x C — Jac(C) in (20)) contains only 2 points on C and cannot be identified with
the full Abel map (29)). According to the previous observations, ([20) maps the symmetric product C x C to
the stratum W) C Jac(C) given analytically by the condition o(u) = 0.

4.1. The inversion of the Abel map on the stratum W ®). One can extend this map by adding a third
fired point on C, in particular, one of the three points ¢; = (0, p*) € C:

Pi+P qi qi
/ Q+/ Q=u+r; ri:/ Q,
200 [ee) o)

u being the right hand side of 20)). Then, by using ([@7), one obtains the following formal complex expressions
for the symmetric functions of x1,x2 (which hold for any ¢ = 1,2, 3 on the right hand side):

(55) x1 + 22 = 3paz(u + ;) — p3sz(u+r;),
122 = P33(w + 74)p22(u + ;) + pa3(u + 1) ps33(w + 75)
(56) — p33(u+ 1) pass(u + 1) — P35(u + ;) + 2013(u + 7;),

where, according to [20)), ug = —21t1/3, us = —2ut2/3, and the coordinate u; is defined (but not uniquely!)
from the transcendental condition o(u) = 0.
On the other hand, letting z3 — oo in the inverse trace formula (&), we find

xr1 + T2
T1T2

3
1 ) .
=3 Z (Pl(% logo(r; —u) + p*d3logo(r; — u)) Tk ,
i=1

o(u)=0
k - 1 i p2i0'213(’l"1')
3 =1 09 (’Pl) ’
Upon combining the above with (B3]), one obtains the following alternative to (56
3 i) — i
(57) T1T9 = st(u +r ) p333(u +T )
Yo Oy logo(u—r;) +k
There is another way of writing the formal solution to the inversion of ([20). (For the case of hyperelliptic

curves this was proposed in [Gra990, [Jor992] and also used in [EPR03].) Namely, consider again the full
Abel map (29) with the three points Py = (21,y1), P = (22,¥2), P3 = (23, y3) and observe that

T1X2 + T2X3 + T3x1

1 . .
i = 5 1507 21'
» Vi=35(00,07)

o(u)=0

T1 + 29 = lim
300 xr1 + 22 + 23

Then, in view of 7)),

o1tz = lim £33(w)p22(w) + 925 (w)psss (1) — Ps3(u)p2ss(w) - p23(w)* + 2013(u)
1T de = i 3p23(u) — p333(u)
)

Using the definition of p;; in (@3)) and taking the limit (for which o(u
o3(u)oz3(u) — o2 (u)os3(u) laz(u)ébs u) — o3(u)d2(u)

1
(58) T+ 22 = §¢(U) o3 () 2 o3 (u) ’

= 0) one obtains

where we set
(59) p(u) = oa(u) —o33(u), ¢j(u) =0j2(u) —ojs3(u), j=1,2,3, uweW®,
and wu is given by the right hand side of (20). In a similar way we find

(60)  wiws = %¢(U) o1 (U)03,3(Uigzua)s(u)alﬁ(u) " %Us(u)% (U;gzua)l(u)%(u)’

Next, using the relation {3]) for the pairs (z1,y1), (22, y2), we find

uecw®,

(61) yj = (27 — pas(u)z; — p13(u))/ps3(u),
and, therefore,
Toyr — 1Yz 1%z —p13(u) Y1 — Y2 T1+ T2 — pas(u)
To—w1 p33(u) "oy —ay ©33(u)

3
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where wu is again given by the right hand side of ([20). In view of [{3]) and the condition o(u) = 0, this gives
the following new compact expressions

(62) T2y — T1Y2 o1(u) Yr— Y2 oa(u)

)

To — 11 03(W) |, ()0 2 =21 03(U) [, (=0
The above formulae lead to the following analytic description of the Wirtinger strata defined in (32)).
Proposition 4.1. (1) The strata WO WO W gre given by the conditions
WO g(u) = o3(u) = op(u) =0,
(63) W {ul o(u) =0, o3(u) =0},
wW® . {u| o(u) =0}

(2) The coordinates x,y of the curve C = W) C Jac(C) admit the parameterization

o L, ) s

Proof. The description of W®) was already given by @2). To pass to the stratum W) one should let
29 — 00. Then both sides of (58)) and (60) tend to infinity, which happens if and only if o(u) = 0 and
03 (u) =0.

Next, in view of (B8], ([60), and the condition o3(u) = 0,

P
u
lim T2 lez—al( ), u:/ Q,
T2—>00 I1 + o 0'2(“) Jo%e)

which gives the first expression in (64). Letting here 21 — oo gives oo(u) = 0 for w = 0. The latter also
follows directly from the expansion ([@I]). The second formula (G4) is obtained by the appropriate limit from

@I). O

We shall also use the following

Proposition 4.2. Let w = u — r; = (w1, w2, w3) and set 0'(7?”7]6 =o;j.. k(ri). Then
O'Y) = Ugi) =0 and the first few coefficients of the expansion near r; € W1, i=1,2,3

(4) O (4) (4) (4) (4) (4)
o(ri+w) =0y w2+501,1w1 +01)3w1w3+5033w3+§ 22w2+012w1w2+023w2w3
(65) +EU§)171U}13+§U§ )1 2w2w12+505))1)3w3w1 +§U§))2)2’w1 w22+ai))273w3w1 Wo

+§ 0§,)3,3w§ wy + = 6 Ué )2 L Wh + B 057)2731113 wh + B Ué,)3,3w§ w2 + 6 a§7)373w§ + O(w*)

are related as follows

i i i i i i 2 i
(66) () (4) ;%:—p (4) §)1 _4L5® (4)
(67) o1y =011=0, o115 =01ks= 2005}
Here, as above, p = exp(2m1/3).

The proof uses the expansions of the coordinate y near the points ¢; = (0, p*) € C,
_ a1 M3 i 3 4
y=rp +3(u2(p + 1) + pep')a® + = 3 P+ 0@

(65) 3
="+ 5 (—pap™ + pep)a® + 3plw3+0( Y.
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and the corresponding expansions of the holomorphic differentials (I8]). Thus, for example, near (0, p) one
has

p 1207 ps—p2 5 2 5 1 (3p%pe —2p2) s 4 5
Q=c—>—"—"T2"—= — 0 d
1 (3 9 P g PHsT +27 , " +O0(2°) ) dz,
p o 1207 ps—pe 5 2 4 1 Bp%ue —2p2) s 5 6
69 Q=|co-—"—"—"3°—= — 0 d
(69) 2 (3:10 5 ) v -G pusT +27 5 z° + 0(2°) | du,
2 4,2 2 2
_ (P L, 2 1 o 3, 1 pipe”+pT e — p2” 4 5

and the expansions near (0, p?), (0, 1) are obtained by replacing p above by p? and 1 respectively.
The remainder of the proof is technical and is presented in the Appendix.

4.2. Analytic properties of the inversion on W (). One should stress that formulae 8)-[©2) provide
only a local analytic solution to the inversion of the incomplete Abel map (20). This is because o(u) = 0
is a transcendental equation and the argument u; is an infinitely-valued complex function of us,us. This
fact also admits a geometric description. Namely, let W) ¢ C? (u1,u2,us) be the universal covering of the
stratum W) C Jac(C) and consider the projection m : W2 — C2(ug, u3).

Proposition 4.3. Assume that Jac(C) has no Abelian subvarieties. Then, under the projection 7, the variety
W® is an infinitely-sheeted covering of C?(ug,us) ramified along the subvariety W C W) defined by the
conditions {o(u) =0, o1(u) = 0}.

Moreover, let {u*} C W®) be the equivalence class corresponding to any point w* € W) . Then the
projection T{u*} forms a dense set on C?(ug,u3).

Note that in the case of hyperelliptic curves of genus 2, when the codimension one stratum W) coin-
cides with the curve itself, a similar description was made by Jacobi in connection with the inversion of a
single hyperelliptic integral (see [Mark992|), whereas for hyperelliptic curves of any genus and strata of any
codimension a similar theorem was proven in [AF00].

Proof of Proposition [{.3. The proof follows the same lines as that in [AF00]. Namely, let v1,...,06 €
C?(ug, us) be the m-projections of six independent period vectors of Jac(C). For any point u* € W), the
projections of its equivalence class on W) has the form

6
7T(’LL*) + ijt)j | mj; € Z
j=1
Under the condition of the proposition the periods themselves are not commensurable and consequently the
integer coefficients m; can always be chosen in such a way that the above sum will give a point in any small
neighborhood of any point of C2(us,us) fixed a priori. Next, since W) is defined by the transcendental
equation o(u) = 0, for any point (u3,u}) € C? there exists an infinite number of solutions wu;. In other
words, the covering 7 : W®) — C?(ug, u3) has an infinite number of sheets. Finally, by the implicit function
theorem, 7 is ramified over the points satisfying o1 (u) = 0. This establishes the proposition. [J

4.3. Sigma-function solutions of the Goryachev system. We conclude the section with the formal
o-function solutions for the original variables of the Goryachev system. First, applying the transformation

(I6) to (13D, one gets
o _ (T2y1 — 1Yo ’ J _3 Jayi—ye
3 To — I ’ 3 2 2172—1717

3
1 X — X
Y2 + 171 (1 - (M> ) y Y2 — Y1 = 1%,

(70) T1T2 T2 — T1
a zoyy — 2172\
PRSP R CTES AR
2 T2 — X1
1
Jl — ’LJQ = - ((Jl + ’LJQ)(")/Q + Z")/1) + 22J3’}/3).

Y2 —
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Then, upon comparing the above with the sigma-function expressions ([B8), (60), (62), one obtains after

simplification
22/ = ) Jy = §\/EUQ(U)
’ U3(u) a’(u):O7 2 20’3(’LL) a’(u):O7
(3 (1)2 (U)
Y21 = —5 )
2 O.g(u) o(u)=0
3 _ 3
(71) Yo+ =2 7s(w) —oi(u) ;
2 (u o(u)=0
a(u):O,

o3(u) O1(u)(03(u) — of(u)) + 30s(u)of (u)os(u))

o1 (U) (I)% (U) U(u):O7

o al D1 (u)
Ji+1J2 \/;2 o1(u)os(u) o3 (u)
2

where we set

Q1 (u) = ¢(u) (03(u)o23(u) — o2(u)os 3(u)) + o2(u)pz(u) — o3(u)da(u),
Pa(u) = ¢(u) (01(u)os3(u) — oz(u)or3(u)) + oz(uw)éi(u) — o1(u)gs(u).

Here ¢(u) and its derivatives were defined in (B9), and the components ug, us of u are linear functions of
t1,t2 as described in (20). These expressions give the solution of the Goryachev system for a general flow
under the Hamiltonians Hy, Hs.

5. EXPANSIONS OF THE FUNCTIONS x;,y; AND THE PAINLEVE ANALYSIS OF THE SYSTEM.

Apart from the formal o-function solutions (TT]) it is important to know the complex singularities of
the functions J;(t),~:(t): their poles, order of branching, etc. Here we shall make connection with the
Painlevé analysis of [AvM989]. For simplicity we concentrate on the complex flow generated by the quadratic
Hamiltonian H; (time ¢ = ¢;). As we have seen, this flow lies on the stratum W2 C Jac(C), on which the
coordinate u; is a transcendental function of us, us and for which us is constant along the flow.

It follows from (ZI)) that most of the variables have poles when the ugz-flow (i.e. the t;-flow) on W2
crosses the substratum W™, on which o3(u) = 0. Also, the right hand sides of (7I) may have branching
only when the coordinate u; (as a solution of o(uy,us,u3) = 0) ceases to be a locally meromorphic function
of ug, us (and, therefore, of ¢1). As observed above, the implicit function theorem means this occurs along
the 1-dimensional analytic subvariety Z = {o(u) = 0,01(u) = 0} € W®). (The solutions for J 4 ¢J; in
() have additional branching along W) due to presence of square roots.)

To describe the local behavior of u; = uy(ug,u3) in detail, choose a point ug € W), Then o(ug) =
o3(wo) = 0. Let du; be the increments of the coordinates u; such that ug + du € W), Then the following
expansion holds

(72) O'(U()—I—(S’LL) :O'l(’u,o) ou +0’2(U0) oug + Z M(SUZ(S’UJJ +---=0.
1<i,5<3

For a generic ug € W) and usz-flow (duz = 0) this implies

73 Sur = 3 (6uz)? + O ((Susz)?), %:_033(110)'

(73) 1 (dus) ((0uz)?) 201 (o)

The above expansion does not hold for the points on W) = C with oy (u) = 0, i.e., at the points of ZNW 1),

Proposition 5.1. The subvariety Z = {o(u) = 0, o1(u) = 0} has precisely 3 common points with W) ;
ZN W(l) = {7"1,7"2,’!’3}.

Proof. In view of (64)), along the stratum W) one has o1 (u) = 0 if and only if 2; = 0, which corresponds
to the points r1, 79, r3. O
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Next, it follows from Proposition [4.2] that near u = r;, for the us-flow (dug = 0), one has
(74)  o(r;+ou) = o)) <—%(5u1)2 — piouy Sus + %(5%)2) + O (bu1(du3)?) + O ((6uz)®) =0,
where, as above, p = exp(2m:/3). Then the increment duq, as a function of Jug, has 2 local branches
(75) Sur = %p% (<1 V) bus + 0 ((65us)?)

Indeed, substituting this into the expansion (74)), up to cubic terms, we get
O
o(r; +du) = :I:%(pm — 1)(du3)?,
which is zero for any ¢ = 1,2, 3.

Note also that 71 + r2 + r3 = 0 in Jac(C) being the image of the divisor of x under the Abel map.
Due to expansion (24)) of the differentials ©; near co € C, a tangent vector to W® ¢ W at the origin
u =0, ToW®M, is (0,0,1)T. Hence the us-flow is tangent to W) at the origin. Next, in view of (&3,
T,, W1 = (p*,0, p*)T, which means that the flow is also tangent to the projection of W) onto the (us,u3)-
plane at ;. All these observations are depicted in Figure 5.1.

U3

t1-flow
A

FIGURE 1. A sketch of the stratum W) ¢ W) (solid line) and Z (dashed line) in the
projection onto the (usg, us)-plane, and the ug-flow on W,

5.1. Expansions of the solutions near W) along the us-flow. The order of poles of the variables J;, v,
as functions of ¢; (or ug) depend on the nature of the intersection (for example, transversal or tangential)
of the us-flow with W) c W), The expansions of the solutions (ZI)) in powers of u3 may be found by
using the corresponding expansions of the sigma-function and its derivatives near a point ug € W, as
well as the expansions ([[3), ([3). It is more convenient however to find the expansions of the coordinates
(21,91), (x2,y2) of the points P;, P, € S under the incomplete Abel map (I9) and then use the formulae

To do this, first note that, according to the definition of W), when u belongs to W) \ {0}, one of the
points P; on C, say P, coincides with co, whereas P» remains finite. Now let I'(¢), |t — to| < 1 be a complex
analytic arc in W) such that T'(tg) N W) = wug, and the projection of the arc onto C? = (ug,u3) is a
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segment of a straight line ug =const. Let D(t) = {P1(t), P2(t)} be a divisor on C such that its Abel image
gives T'(t). Then Py (tg) = 0o, Pa(to) = (o, yo)-

Theorem 5.2. For a generic ug = (u1g, u20,u30) € W(l), near t = to the coordinates of the points Py, Py
admit the expansion

21 = m - ;”%m 0 ((us — o))
e Rt R (DR
(1) = T Ty + O~
- 16(t8—1t0)4 + ZZ;ZO 16(,;8_1t0)3 +O((t —t0)7?),
T2 = Zo . (us — us0)* + O((uz — u30)®),

2099
y2 = yo + O((us — uzo)?).

Next, near each point ug = r;, i = 1,2,3, at which x99 = 0, there are two expansions:

1 1 3pi 1 B
== —_— — O -
o g% (uz —u30)® 293 (u3 — usp)? +O((us —us0) ™),
1 1 2pi 1 B
Tt - + O us — U ,
(77) I s —uz0)t g% (us — ugo)? ((us — us0)™?)
3 : 3

yo = o+ (s — p13p) (1 £ V3)? (3 — us0)? + (a3 — z0)?),

4
where g = (3F v/3)/2.

The proof is given in Appendix.
Theorem 5.2 implies that when the us-flow crosses the substratum W () at a generic point ug, we have

T - T — 1
291 1y2 _ 0 +0(1), -y + O(uz — uso),
T2 — X1 Uz — u3o0 T2 — 1 Uz — uU30
1 _ To _
78 =——+0 — 2 =——+0 — 3.
(78) T1 + T2 (s — ta0)? +O((us —uz0)™"), @122 (03 — ta0)? + O((us — uz0) ")
In the case of crossing W) at the points r; € W), one has instead
— — 1
SR 0(1) + O((us — ux)), =2 = - +0(1),
T2 —T1 T2 — T1 g(u3 — uz0)
(79) 1 3p'(—1£/3)
X1 —|— ro = —|— O(U3 — ’ngo), 1T = —|— 0(1)

93 (ug — usz0)? 293 (us — us30)?

Note that the orders of the above expansions are compatible with those predictable from the sigma-function

solutions ([62)), (B8], (60).

We stress that in all the cases the above symmetric functions of x;,y;, as functions of ug or t;, do not
have poles with branching. However, they have finite branching along the intersection with 2 ¢ W,

Using ([{T)) and the above expansions, one can estimate the leading terms of formal series solutions for the
variables Jy & 1Js2, 2 £ 271, J3, v near the poles. In the generic case one has

1 =0 (1t =10)*2), J=0(/t—t)).
(80) Yo+ =0(1), v2—m=0(1/(t—1t)"),
Ji+1Jy =0 (1/(t - t0)5/2) . Ji—1h=0 ((t — t0)1/2) ,
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and when the us-flow crosses the substratum WO at i,
13 =0(1), J3=0(1/(t—t0)),
(81) Yo+ =0 —ty), ve—11=0(1/(t—1)),
J14+1o=0(1/(t—ty)), J1—1Jo=0(t—1t).
These expansions correspond precisely with the leading behavior of formal series solutions of the Goryachev

system obtained directly by Kovalevskaya—Painlevé analysis. To observe this, first rewrite the Goryachev
system (@) with the Hamiltonian H; in the form

d 4
d—tl(Wz —m) = =2z ds(02 — ) + 293(J1 +02),
d 4
d—tl(’}/z + Z’}/l) = 2Z§J3(’72 + Z’}/l) + 2’73(J1 - ZJQ),
d 2 2av1+0b
d—tl(Jl +do) = —§J32(J1 +1.J3) — 3 715/3 (v2 — 1) + ww;/g,
V3
(82) d 2 24
7+b 1/3
—(J1 =)o) = - Jz(J1 — 1)) — c——— (2 +171) —ta ,
dtl( 1=l = sy ) — 3 N (v2 +1m1) —ray;
d 72
L= —a 2
dt; 3 ,@/3
d
P s w2)(v2 + 1) = (J1 = 2J2) (72 — ).

Then the corresponding formal Puiseaux (or Laurent) series solutions of (82) are of 2 kinds. According
to terminology of [AvM989], those depending on the maximal number of free parameters (here three, for
example, the constants of motion hi, he and a local coordinate on W(l)) represent the principle balances of
the solutions. Their leading behavior coincides with (B0)). The series solutions depending on 2 or less free
parameters (called secondary balances) correspond to (BI).

APPENDIX.

Proof of Proposition Let, as above, ¢; = (0,p%) € C, r; = foqg Q. Since r; € WM and 2(¢;) = 0,
Proposition ] implies that o1(r;) = o3(r;) = 0. Let £ be the local coordinate on C near oo and x be such
coordinate near ¢; = (0, p') € C. Introduce the functions

P P
U(§) = (U1,Us,Us3) =/ Q, and w(z) = (wy,ws,ws) :/ Q,

qi

In view of the expansions (24]), we obtain

1 1
Uy = —Z€% - 67+ ...
1 AT IR S
1 1 2
83 Uy = — =62 — — ol + —pzt® + - -
(83) 2 25 12#25 +15N3§ + e

1 1
U:_ i 4 245
3=+ oHsd ol

and, in view of (G)), for ¢ = 1 we have

P L 2p%pg —pa 5 1 4, 1 (B ps—2p)ps s 6
= — _—— —_ — _ O
L= 3T o7 PR TR T P "+ 0%,
P 2 L 2p% g —po 4 2 5 6
= — RN . . M R O
26T T 36 o T e 0@,
2 4 2 2 2
p L, 3 1 2 4 L p"pe” +p” pie pi2 — p2° 5 6
=L a = - — — 0(z%).
Wy = ST = o 6T~ e s O+ T p z” 4+ O(z”)

The expansions for i = 2,3 are obtained from the above by replacing p by p? and p® = 1 respectively.
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Now note that for any z,¢ € C we have 7; +w(z) € W) and r; + w(z) + U(¢) € W), Hence, in view
of Proposition E.1]
E(z,8) ==o(ri+w(z) +U() =0, Xs(x) = o3(ri + w(z)) =0.

Substituting the above two expansions into the sigma-expansions (G5]) for ¢ = 1, we obtain]

1 1 1 1
» =(Z _ 4~ 2, - 3 2
(z,&) <60'2P+1803,3P +180'1,1p +9U1,3p x
1 ) 1 1 )
_5(03,3P +01,3P)§$+(—§U2+503,3)§
1 5, 4 2 1 6, L 4, 1 3 1 3\ ..3
+<5401,3,3p +180'1,2p +1620'3,3.,3P +5401.,1,3P +1802,3P +16201,1,1p T

1 9 1 3 1 1 4 9
(1801,1,3P +901,3,3P +602,3P+1803,3,30 §x

1 1 1 1 1 1
+ (—602,3P2+601,3,30—601,2P+ 603,3,3p2> e+ (502,3— 603’3’3> £ +0(r)

1 1 1 1 1 1
Ya(z) = (§01,3P+§0’3,3p2) T+ <EU3,3,3P4+E01,1,302+§0’1,3,303+602,3P) 2% + O(z?).

Then, upon equating the coefficients of the expansions X(x, £), X3(z) to zero, we get a system of equations
for the coefficients UZ(O‘) x- (Note that the indicated coefficients of ¥3(x) are also coefficients of ¥(z, &), so
they, in fact, do no bring new conditions.) Solving it, we obtain the first group of relations (G6)).

To find the relations (67]), we proceed in the same manner as in ([B3) and consider the limit

Qi = lim o1(ri +u) + ploi(r; +u)
' a0 o(r; +u) ’

Applying I’'Hopital’s rule, we get

Q; = lim o1(ri + uzes) + p' 04(ri + uzes) — lim o13(ri + uges) + p' os3(ri + uges)
’ uz—0 O'(’l"i + u3e3) uz—0 o3 (’I‘i + U3eg)

_ o133(ri) + pi o333(T3)

, es = (0,0,1)7.
033(7"1') 3 ( )

On the other hand,

01(ri + uges) + p' o3(r; +usez)  o1a(ri) + p’ o3 (ry)

; = lim = , ey = O,l,OT7
Q us—0 0’(’!‘1' + U292) 02(Ti) 2 ( )
0, = lim o1(ri +urer) + plos(r; +ureq) — Jim o11(r; +urer) + pt o13(r; +urer)
u1—0 0’(’!‘1' +U181) u1—0 0’1(7"1' +U181)
_ o (rs) +p 0113(7‘1')7 ) = (17070)T'

011(7‘i)

Comparing the above limits and using (G0, we get

o133(7r3) + 3Pi0'23(7‘3) = o12(r3) + Pi023(7"3),

;o111(r3) + ploris(rs) _o12(r3) + ploas(rs)

202(’]"3) 0'2(’]"3)

These relations are compatible with a vanishing of the leading coefficients of the expansions X(z, ), X3(x)
if and only if relations (@) hold. This proves the proposition.

3 Here we omit the index (i) in the o-derivatives.
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Proof of Theorem 5.2 Tt is sufficient to study the expansion of the map (I9)) near the point {oo, (xg,v0)} €
C x C. Again let £ = =3 be a local coordinate of P; € C near oo and k = = — o be such a coordinate of
P, near (x0,40), o # 0. The expansions of the differentials ; near (z,yo) are

x
Qo = —————dx = (20 + a1k + O(k?)) dk,
0G/9y(x,y) ( )
) 2
Q3 = ————dx = (p30 + w316+ O(k)) dk,
0G/9y(x,y) ( )
where o0, ..., 31 are certain nonzero constants depending on zy and the coeflicients of the curve. Note

that % = 22, In view of this and of the expansions of ; in (24), the differential of the map (I9) reads

d’lL3

E+E28 1 0(6") o0+ pmk+ O(R?) d¢ dusg
(84) N ( )=( )
534‘0 (&) @30 + w316+ O(K?) drs

Taking into account that ag, @30 are non-zero, we may invert the above matrix expansion yielding (up to
quadratic terms)

P30 @ P30
(85) A&\ _ | oo %5 —beo L %5 dus o 931920 — P21¢30
dk L (b_g _ ¢_ b dus )’ b3

®20 ¢20 ¢zo ®20

For the t;-flow we have dus = 21dt and duy = 0. Then (85) gives a system of 2 ODEs with respect to
us — ugp (or t —¢g). Applying the condition £(0) = 0, x(0) = 0, we find initial terms of the series solutions

1y0 3 2 1y0 22
= Y — L — o) — = t—ty) — === (t—t
§=uz—uzo + 5 O(Us U30) + O((ug — us0)”) 3( 0) 2 20 32 ( 0) + )
k= - ! (uz — u30)? 4+ O((uz — u30)?) = 1 —22(t—t )2+
= 20 3 30 3 30 %600 37 0

Substituting this into the expansion ([22]) and taking into account (B4]), we get the expansions (76l).

The above argument fails to work only when P (tg) = ¢; = (0, p*) and ¢20(g;) = 0, i.e., when the differential
relation (84 cannot be locally inverted. In this case we will use the expansions of the differentials ; near
g; given by ([69) and replace [84) by the differential of the Abel map (20 taking the part with Q1,3 and
u1,uz. Let x be a local coordinate on C near ¢; = (0, p*). For a = 1 the expansion of the differential is

y g+ 20106 L 9i§<2p2u6 ~ 12+ 06 rge\  fdu
) e I et <d$) : (d“3> |

The latter is invertible and, up to cubic terms in &, x, gives the expansions

. (d§>: —p =P e+ g (—pe+ppz)a® =& 1+ Ep+p*E (dm)'

3
du 2 4+3E+ (2p6 0 — p2) 2* +3p & 5 -3¢ ) \dus

According to ([T8), for i = 1 one has duy = vdugz, v = (=14 /3)p*. Then the above expansions lead to the
following system of 2 ODEs with respect to us — usg

g 2 42
d—w—g(1+p§+p £°) +

dx 3v 3
=z pgg 3962 + (20246 — pi2)v 2% + O(€a?),

32 (PM2 — pg)z” + O(&%)
dus — p
where

3FV3
T

g_1—py_1—§( 14+V3) =
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Applying again the conditions £(0) = 0,x(0) = 0, we find the series solutions with initial terms
+

§ = g(uz — u3o) %(M —u30)” + O ((us — us0)?),

3v 39
T = —(uz —uzp) — —
P P

which, in view of the expansions [22)), ([G8), give (7). The expansions for i = 2,3 are obtained by replacing
p by p? and by p3 = 1 respectively. O

(us — ug0)® + O ((us — usz0)?) ,
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