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Abstract

We consider families of charged rotating asymptotically AdS5 Extremal black holes
with Vanishing Horizon (EVH black holes) whose near horizon geometries develop
locally AdS3 throats. Using the AdS3/CFT2 duality, we propose an EVH/CFT2 cor-
respondence to describe the near-horizon low energy IR dynamics of near-EVH black
holes involving a specific large N limit of the 4d N = 4 SYM. We give a map between
the UV and IR near-EVH excitations, showing that the ‘UV first law’ of thermody-
namics reduces to the ‘IR first law’ satisfied by the near horizon BTZ black holes in
this near-EVH limit. We also discuss the connection between our EVH/CFT proposal
and the Kerr/CFT correspondence in the cases where the two overlap.
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1 Introduction

There has been a lot of progress in the microscopic understanding of black hole thermo-
dynamics in some special cases within string theory involving extremal and near-extremal
black holes/branes following the seminal work by Strominger and Vafa [1].

It was later appreciated that the appearance of an AdS3 throat in the near-horizon
region of many of these black holes is at the heart of this microscopic description [2], using
the seminal work of Brown and Henneaux [3] establishing the existence of two Virasoro
algebras as the asymptotic symmetry algebra of asymptotically AdS3 space-times. This was
eventually properly understood in the context of the AdS/CFT correspondence [4].

More recently, holographic descriptions for generic extremal black holes with AdS2 throats
in their near horizons were proposed. These involved either the AdS2/CFT1 correspondence
[5] or 2d chiral CFTs following the so called Kerr/CFT correspondence [6]. Whenever the
horizon of the black hole is compact, both proposals suggest the existence of a non-dynamical
dual description, in the sense of not allowing finite energy excitations, whose vacuum degen-
eracy accounts for the macroscopic black hole entropy.

In this work, we continue our previous investigations of (near-)Extremal Vanishing Hori-
zon (near-EVH) asymptotically AdS5 black holes [7, 8, 9] by adding rotation in 5d, using
the family of black holes constructed in [10]. In a generic near-EVH black hole, by defini-
tion, vanishing of the horizon area appears because a one dimensional cycle on the horizon
manifold becomes of zero size, so that its near-horizon geometry includes a 3d metric of the
form1

ds2 ∝ −ǫ2ρ2dτ
2

ℓ23
+ ℓ23

dρ2

ρ2
+ ǫ2ρ2dϕ2 + . . . (1.1)

The vanishing cycle is responsible for both the vanishing of the entropy and the transforma-
tion of the standard AdS2 throat into a local AdS3 throat, providing a bridge between the
two successful theoretical scenarios mentioned above.

As explained in [14], the geometry (1.1) appears in the near core geometry of massless
BTZ black holes. The latter has two inequivalent near horizon limits: one giving rise to
the null self-dual orbifold, corresponding to the vacuum of the chiral sector surviving the
extremal limit; and a second giving rise to the pinching AdS3 orbifold, AdS3/Z1/ǫ with ǫ→ 0,
which decouples both chiral sectors by sending the boundary cylinder to zero. The null self-
dual orbifold is the vacuum of a 2d chiral theory in which finite chiral excitations exist,
giving rise to different DLCQ sectors of the full non-chiral CFT [15, 16]. On the other hand,
at least when the entropy vanishes, the pinching orbifold resembles the situation within the
AdS2/CFT1 and Kerr/CFT descriptions.

As first mentioned in [14] and further elaborated in [9, 11], the conclusion about the
absence of dynamics in a 2d CFT on a pinching orbifold cylinder, i.e. a cylinder of radius
R → 0, can be avoided if the central charge c of the theory is sent to infinity keeping
cR = finite. This can be understood in a very intuitive way [14]: the energy levels of a 2d

1Many different examples of EVH black holes have been studied in the literature, e.g. see [11, 12, 13] and

explicitly checked that the appearance of a local AdS3 is generic.
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CFT on a cylinder of radius R are of the form E/R, where E is a typical eigenvalue of L0, L̄0,
whereas the central charge c controls the mass gap (the differences between the E eigenvalues
are of the form Ê/c). Altogether the energy separation between the energy levels is given
by Ê/(cR). So, the energy eigenvalues of a 2d CFT of central charge c on a cylinder of
radius R is the same as those of a 2d CFT with central charge c̃ = cK, on the same cylinder
orbifolded by ZK (the latter may be viewed as a cylinder of radius R̃ = R/K).

Recalling the Brown-Henneaux formula for the central charge c = 3ℓ3
2G3

[3], the c → ∞
scaling in the CFT2 can be realised in gravity by a G3 → 0 limit, keeping the AdS3 radius ℓ3
fixed. In the geometry (1.1), this would correspond to G3 ∼ ǫ→ 0. In higher dimensions, d
dimensional (near)-EVH black holes, with compact d−2 dimensional horizons, would require
Gd ∼ ǫ→ 0.

All these considerations motivated the near-EVH triple decoupling limit introduced in
[11]. This defines near-EVH black holes as those with vanishing horizon area Ah and Hawking
temperature TH such that

Ah ∼ TH ∼ Gd → 0, Ah/Gd = fixed, TH/Gd = fixed . (1.2)

In this limit the dynamics of the black hole is described by a 2d CFT with a finite central
charge, temperature proportional to TH/Gd and entropy equal to Ah/(4Gd). At the level of
the near-horizon geometry this corresponds to a generic BTZ black hole.

A further feature of our setups, which is not generic to all EVH black holes, is the
existence of a UV description in terms of N = 4 SYM. The appearance of non-trivial IR 2d
CFTs describing specific sectors of this theory has been explored in [7, 8, 9] and provides
non-trivial evidence regarding the rearrangement of field theory degrees of freedom in these
sectors based on gravity considerations. The scaling of Newton’s constant (1.2) implies we
will be focusing on a large N limit of the N = 4 SYM in which N2TH is kept fixed.

This paper is organized as follows. In section 2, we introduce the charged rotating asymp-
totically AdS5 black holes we shall analyse, reviewing their charges and thermodynamics.
In section 3, we determine the set of EVH and near-EVH black holes within this family. In
section 4, we study the near-horizon geometries of these near-EVH black holes. In section
5, we compute the central charges of the IR 2d CFTs, map the UV N = 4 SYM quan-
tum numbers to the IR 2d CFT excitations and derive the IR first law of thermodynamics
from the corresponding one at the UV. In section 6, we discuss the relation between the
EVH/CFT and the Kerr/CFT correspondences within this class of black holes. The last
section is devoted to concluding remarks. Some technical details of computations have been
gathered in the Appendices.
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2 Charged rotating AdS5 black holes

The particular class of black holes considered here are solutions to the U(1)3 5d gauged
supergravity whose bosonic action is [17]

S5d =
1

16πG5

∫
d5x

√−g
(
R − 1

2
∂~ϕ2 − 1

4

3∑

i=1

X−2
i F 2

i +
4

l2

3∑

i=1

X−1
i

+
1

4
ǫµνρσλF

µν
1 F ρσ

2 Aλ3

)
, (2.1)

where ~ϕ = (ϕ1, ϕ2) and

X1 = e
−

1√
6
ϕ1−

1√
2
ϕ2 , X2 = e

−
1√
6
ϕ1+

1√
2
ϕ2 , X3 = e

2√
6
ϕ1 . (2.2)

Its most general asymptotically AdS5 black hole solutions include three electric charges, two
angular momenta (spins) and mass. They form a six parameter family of solutions. The
four parameter subclass of static black holes was constructed in [18]. The EVH black holes
in this subclass, which are two-charge black holes, were studied in [7, 8, 9].

In this work we consider black holes with two independent spins, mass and two equal
R-charges, with the third R-charge a function of the remaining charges. These solutions
were first constructed in [10]2. Their metrics are

ds2 = H−
4

3

[
− X

ρ2
(dt− a sin2 θ

dφ

Ξa
− b cos2 θ

dψ

Ξb
)2

+
C

ρ2
(
ab

f3
dt− b

f2
sin2 θ

dφ

Ξa
− a

f1
cos2 θ

dψ

Ξb
)2 (2.3)

+
Z sin2 θ

ρ2
(
a

f3
dt− 1

f2

dφ

Ξa
)2 +

W cos2 θ

ρ2
(
b

f3
dt− 1

f1

dψ

Ξb
)2
]
+H

2

3 (
ρ2

X
dr2 +

ρ2

∆θ

dθ2 ) ,

gauge and scalar fields

A1 = A2 = P1(dt − a sin2 θ
dφ

Ξa
− b cos2 θ

dψ

Ξb
)

A3 = P3(b sin
2 θ

dφ

Ξa
+ a cos2 θ

dψ

Ξb
)

X1 = X2 = H−
1

3 , X3 = H
2

3 , (2.4)

2The most general six-parameter solution to this theory was constructed in [19].
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where

H = ρ̃2/ρ2, ρ2 = r2 + a2 cos2 θ + b2 sin2 θ, ρ̃2 = ρ2 + q ,

f1 = a2 + r2, f2 = b2 + r2, f3 = (a2 + r2)(b2 + r2) + qr2;

∆θ = 1− a2

ℓ2
cos2 θ − b2

ℓ2
sin2 θ,

X(r) =
1

r2
(a2 + r2)(b2 + r2)− 2m+ (a2 + r2 + q)(b2 + r2 + q)/ℓ2 , (2.5)

C = f1 f2(X + 2m − q2/ρ2),

Z = −b2 C +
f2 f3
r2

[f3 − r2

ℓ2
(a2 − b2)(a2 + r2 + q) cos2 θ],

W = −a2C +
f1 f3
r2

[f3 +
r2

ℓ2
(a2 − b2)(b2 + r2 + q) sin2 θ] ,

Ξa = 1− a2

ℓ2
, Ξb = 1− b2

ℓ2
, , P1 =

√
q2 + 2mq

ρ̃2
, P3 =

q

ρ2

This family of solutions is specified by four parameters (a, b, q,m). The metric (2.3) is written
in an asymptotically rotating frame (ARF). The coordinate transformation

φS = φ+
a

ℓ2
t , ψS = ψ +

b

ℓ2
t (2.6)

brings it to the asymptotically static frame (ASF), where it is manifestly the AdS5 metric
with radius ℓ in the standard global coordinate system.

Charges and thermodynamics: Whenever the equation X(r) = 0 allows real solutions,
the configurations (2.3) describe a family of black holes. This is discussed in detail in
appendix A in the regime of charges we are interested in this work. In the following, we
review their charges and thermodynamics.

The angular momenta and electric charges of the family of black hole solutions can be
evaluated using Komar and Gaussian integrals respectively [21],

Ja =
πa (2m+ q Ξb)

4G5Ξb Ξ2
a

, Jb =
πb (2m+ q Ξa)

4G5Ξa Ξ
2
b

, (2.7)

Q1 = Q2 =
π
√
q2 + 2mq

4G5Ξa Ξb
, Q3 = − πabq

4G5ℓ2Ξa Ξb
. (2.8)

Note that Ja = Jφ and Jb = Jψ are the standard angular momentum associated with
rotations along the φ and ψ angles in the 3-sphere. The horizon structure determines the
thermodynamic properties of the black hole. Its temperature can be computed through the
horizon surface gravity, leading to

TH =
2r6+ + r4+(ℓ

2 + a2 + b2 + 2q)− a2b2ℓ2

2πr+ℓ2[(r
2
+ + a2)(r2+ + b2) + qr2+]

, (2.9)

5



whereas the Bekenstein–Hawking entropy is proportional to the area of the black hole hori-
zon,

SBH =
π2[(r2+ + a2)(r2+ + b2) + qr2+]

2G5ΞaΞbr+
. (2.10)

The outer horizon (r = r+) is the Killing horizon generated by the Killing vector field
K = ∂t +ΩSa∂φ +ΩSb ∂ψ, where ΩSa and ΩSb stand for the angular velocities on the horizon in
the ASF [10]

ΩSa =
a(r4+ + r2+b

2 + r2+q + ℓ2b2 + ℓ2r2+)

ℓ2(a2 + r2+)(b
2 + r2+) + ℓ2qr2+

, ΩSb =
b(r4+ + r2+a

2 + r2+q + ℓ2a2 + ℓ2r2+)

ℓ2(a2 + r2+)(b
2 + r2+) + ℓ2qr2+

. (2.11)

The same angular velocities in the ARF equal ΩRa = ΩSa − a
ℓ2

and ΩRb = ΩSb − b
ℓ2
.

The electrostatic potentials ΦI associated to the electric charges can be computed through
the definition ΦI = −KµAIµ|r=r+. One finds

Φ1 = Φ2 =

√
q2 + 2mq r2+

(a2 + r2+)(b
2 + r2+) + qr2+

, Φ3 =
qab

(a2 + r2+)(b
2 + r2+) + qr2+

. (2.12)

The mass of these black holes can be determined either from the ADM mass or by
integrating the first law of thermodynamics

TH dSBH = dE − Ωa dJa − Ωb dJb −
3∑

i=1

Φi dQi, (2.13)

giving rise to

E =
π[2m(2Ξa + 2Ξb − Ξa Ξb) + q(2Ξ2

a + 2Ξ2
b + 2Ξa Ξb − Ξ2

a Ξb − Ξ2
b Ξa) ]

8G5Ξ2
a Ξ

2
b

. (2.14)

There are BPS black holes among the family (2.3) with energy E a linear combination
of the electric charges and angular momenta [10, 20, 21]. The generic BPS solutions in this
class preserve 1/4 of the supersymmetries of the original theory, i.e. two (out of eight) real
supercharges [21, 22]. We also note that BPS AdS5 black holes can only happen if we have
electric charges turned on, i.e. neutral rotating AdS5 black holes cannot be BPS; moreover,
all the static BPS AdS5 black holes have naked singularities, which can be removed by the
addition of rotation [22].

Embedding in type IIB supergravity: All solutions to (2.1) can be uplifted to on-shell
10 dimensional type IIB supergravity solutions using the ansatz [23]

ds210 =
√

∆̃ ds25 +
ℓ2√
∆̃

3∑

i=1

X−1
i (dµ2

1 + µ2
i (dψi + Ai/ℓ)2), (2.15)

6



with Xi as in (2.5), µi are functions parameterizing a unit 2-sphere

µ3 = cosα , µ2 = sinα sin β , µ1 = sinα cos β , α, β ∈ [0,
π

2
] (2.16)

and

∆̃ =
3∑

i=1

Xiµ
2
i = H−

1

3 (µ2
1 + µ2

2) +H
2

3µ2
3 . (2.17)

The 10d metric (2.15) is a solution of IIB supergravity with constant dilaton φ, where eφ = gs,
and selfdual RR-fiveform field [23].

Recalling that G10 = 8π6g2sℓ
8
s and performing a standard compactification over the 5-

sphere, we learn that the 5d Newton’s constant equals

G5 = G10
1

π3ℓ5
=
π

2

ℓ3

N2
, (2.18)

where N is the 5-sphere RR five-form flux and ℓ its radius (ℓ4 = 4πgsℓ
4
s N). Thus, all black

hole charges scale like N2.

The 10d perspective allows to reinterpret the 5d electrostatic potentials ΦI and electric
charges QI as angular velocities Ωi and angular momenta Ji on the transverse S5. Due to
the conventions in (2.15), their relation is

Ωi = −Φi
ℓ
, Ji = −ℓQi . (2.19)

As in 5d, all 10d angular velocities can be computed by requiring the vanishing of the norm
of the Killing vector field K = ∂t + ΩSa∂φS + ΩSb ∂ψS + Ωi∂φi at the outer horizon.

Four dimensional N = 4 SYM description: Using AdS/CFT, the black holes (2.3)
correspond to thermal states in the dual N = 4 SYM defined on R×S3 carrying charges :

∆ = ℓE , J1 = J2 = Q1 =

√
q2 + 2mq

2ℓ2ΞaΞb
N2 ,

Sa = Ja =
a(2m+ qΞb)

2ℓ3Ξ2
aΞb

N2 , Sb = Jb =
b(2m+ qΞa)

2ℓ3Ξ2
bΞa

N2 .

(2.20)

As usual, energy E becomes conformal dimension ∆, angular momenta Ja, Jb SO(4) spins
Sa, Sb and the electric charges Qi, R-charges Ji. By construction, these are functions of the
the four parameters (a, b, q,m) and scale like N2.

Intersecting giant description: As a 10 dimensional solution the metric corresponds
to a system of two stacks of intersecting black giant branes. These are topologically three-
sphere branes with their world-volume on two three cycles on the S5, intersecting on a circle
parameterized by ψ3 in our coordinates. These giant gravitons are rotating on ψ1 and ψ2

directions which are transverse to their world-volume; the electric charges correspond to the
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angular momenta of the giants in each stack. The number of giants in each stack is then
given by [24]

N1 = N2 =
2J1
N

. (2.21)

As we see for generic values of the a, b, q parameters the number of giants in each stack grows
as N , and hence we are dealing with a system of order N2 giants.

We should comment that the intersecting giant graviton picture is a good one if we are
close to a BPS point, where moving slightly away from that would correspond to turning
on excitations (deformations) on the giant graviton world-volume. In this picture the spins
Ja, Jb would correspond to rotating the giant on the S3∈AdS5. (Recall that each giant is
already rotating on a circle in S5.)

3 The set of EVH black holes

Consider the four dimensional black hole parameter space, either in terms of (a, b, q,m) or
(a, b, q, r+). We are physically defining the subset of EVH configurations as a limit of near-
extremal black holes in which SBH , TH ∼ ǫ → 0, keeping SBH/TH finite. Inspection of (2.9)
and (2.10) reveals

SBH, TH ∼ ǫ→ 0 ⇒ r+ ∼ ǫ , a ∼ ǫα , b ∼ ǫβ, β ≥ α ≥ 0, α + β ≥ 2 . (3.1)

where we used the a ↔ b exchange symmetry to assume b ≤ a. Thus, EVH black holes
require

r+ = 0 and ab = 0 . (3.2)

These describe a bifurcate hypersurface, corresponding to the a = 0 or b = 0 branches. Since
b ≤ a, we shall focus on the b = 0 branch. Requiring X(r+ = b = 0) to vanish, ensuring the
presence of a horizon, gives rise to the further constraint

m =
q2 + a2(ℓ2 + q)

2ℓ2
. (3.3)

In the following, we shall distinguish between two types of EVH configurations:

Static : a = b = r+ = 0 and Rotating : b = r+ = 0, a 6= 0 . (3.4)

In figure 1, we illustrate the space of EVH configurations, where we already took into
account that q ≥ 0 and |a|, |b| ≤ ℓ. Static configurations correspond to the q-axis at a = 0
with 2m = q2/ℓ2, whereas rotating ones correspond to generic a 6= 0 points with m given
by (3.3). Among the rotating BPS EVH black holes we have quarter-BPS configurations
specified by q = aℓ, b = 0, or q = bℓ, a = 0.

3.1 Near-EVH black holes

To explore the physics of near-EVH black holes, we describe regions in parameter space close
to the EVH hypersurface. Given a generic b = 0 EVH point parameterized by (3.3), one can

8



Figure 1: Bifurcate EVH hyperplane. The left figure shows the EVH hyperplane in (a, b, q)

space. The a = b = 0 q axis stands for static EVH black holes, while b = 0, a 6= 0 points

correspond to rotating EVH black holes. The subset of EVH BPS configurations, which

occur for q = ℓa, b = 0 or q = bℓ, a = 0, are indicated by 45◦ lines. The right figure shows

the b = 0 branch of the EVH hyperplane in (a, q;m) space.

decompose the space of deformations into tangential and orthogonal. The first correspond to

m+ δm =
(q + δq)2 + (a+ δa)2(ℓ2 + q + δq)

2ℓ2
. (3.5)

These tangential deformations take us from one EVH black hole to a different one on the
EVH hyperplane. Orthogonal deformations correspond to excitations of an EVH black hole,
giving rise to near-EVH black holes. We will study the static and rotating cases separately.

Near-EVH static black holes: Static EVH configurations are described by (a, b, q;m) =
(0, 0, q; q2/2ℓ2) and hence the most general orthogonal deformation is

(
0, 0, q;

q2

2ℓ2

)
−→

(
δa, δb, q − q

ℓ2
δm;

q2

2ℓ2
+ δm

)
. (3.6)

Recalling (3.1), one can choose δm ∼ ǫ2, δa ∼ ǫα , δb ∼ ǫβ where β ≥ α > 0, α + β ≥ 2.
Demanding to have a black hole, i.e. X(r) = 0 to have real positive solutions, implies α ≥ 1.
One may hence choose,

δm =Mǫ2 , δa = âǫ , δb = b̂ǫ , (3.7)

where â, b̂ are either finite or may go to zero in some positive power of ǫ. Thus, the most
general physical excitations of static EVH black holes are described by the three parameters
M, â, b̂. This is consistent with the co-dimension three of the the EVH surface describing
the static case (3.4), as depicted in figure 1.

Once these deformations are turned on, the equation determining the horizon location
X(r±) = 0 becomes

Vs

(r
ǫ

)4
−
[
2WsM −Ys(â

2 + b̂2)
] (r

ǫ

)2
+ â2b̂2 = 0 , (3.8)

9



with

Vs = 1 +
2q

ℓ2
, Ws = 1 +

q2

ℓ4
, Ys = 1 +

q

ℓ2
. (3.9)

This ensures both r± ∼ ǫ as required in (3.1). In this limit one can work out the temperature
(2.9) and entropy (2.10)

SBH = πN2 q

ℓ2
r+
ℓ
, TH =

(1 + 2q
ℓ2
)− â2 b̂2

r4
+

2πq
r+ =

Vs

2πq

r2+ − r2
−

r+
, (3.10)

where we used r2+r
2
−
= V−1

s a2b2, which follows from (3.8). By construction, SBH ∼ TH ∼
r± ∼ ǫ.

Near-EVH rotating black holes: Using m(a, q) in (3.3), rotating EVH configurations
are described by (a, 0, q;m(a, q)). Their most general orthogonal deformation is hence

(a, 0, q;m) −→
(
a− a

(
1 +

q

ℓ2

) δm
ℓ2
, δb, q −

(
q +

1

2
a2
)
δm

ℓ2
;m+ δm

)
. (3.11)

For finite a, q, the scaling (3.1) requires

δb = b̂ǫ2 , δm =Mǫ2 . (3.12)

Unlike the static EVH case, the most general excitations of a rotating EVH black hole are
described by two parameters, M, b̂. This is consistent with the co-dimension two surfaces
defining them in (3.4), as shown in figure 1.

These deformation parameters determine the location of the horizons

V
(r
ǫ

)4
− 2WM

(r
ǫ

)2
+ a2b̂2 = 0 (3.13)

with

V = 1 +
2q

ℓ2
+
a2

ℓ2
, W = 1 +

(
q

ℓ2
+

a2

2ℓ2

)2

+
a2

ℓ2

(
1 +

q

ℓ2

)2
. (3.14)

Notice its a → 0 limit does not reproduce the static equation (3.8). This is because the
near-EVH scaling of b with ǫ is different from the static case in (3.7) and, more importantly,
because there exists a non-commuting order of limits between taking a near horizon limit and
considering the a → 0 limit, as we shall explicitly see in section 4.4. For these reasons, we
will study the static and rotating cases separately in the following, noting when the former
can be obtained as a limit of the latter.

It is reassuring that whenever the parameters {a, q; b̂,M} allow real roots r±
3, the entropy

and temperature of these near-EVH black holes equal

SBH = πN2 q + a2

ℓ2Ξa

r+
ℓ
, TH =

(1 + 2q+a2

ℓ2
)− a2 b̂2

r4
+

2π(q + a2)
r+ =

V

2π(q + a2)

r2+ − r2
−

r+
. (3.15)

3For a thorough analysis on when this occurs, see appendix A.
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By construction, the ratio SBH/TH is finite. Notice these equations reproduce (3.10) when
written as a function of r± at a = 0.

We stress expressions (3.15) resemble the analogue quantities for BTZ black holes, i.e.

SBTZ = πr+
2G3

and TBTZ =
r2+−r2−
2πℓ2

3
r+
. In fact, we will see in the coming sections that the near hori-

zon of these configurations develops a locally AdS3 throat. The corresponding 3d Newton’s
constant G3 and AdS3 radius ℓ3 will be such that this analogy will become an equality.

4 Near Horizon Geometry Analysis

In this section we study the near horizon geometries corresponding to the static and rotating
EVH black holes identified in (3.4) together with their near-extremal versions (3.6)-(3.11).

4.1 Static EVH case

Let us consider a static EVH black hole (a = b = 0) and study its deep interior geometry by
expanding in small ǫ for r = ǫρ. The metric expansion is

ds2 =
qℓ2µ3

ℓ2 + 2q

[
− V2

sǫ
2

q2
ρ2dt2 +

dρ2

ρ2
+
ℓ2V2

sǫ
2

q2
ρ2dψ2

3

]
(4.1)

+ qµ3

(
dθ2 + sin2 θdφ2 + cos2 θdψ2

)
+
ℓ2(dµ2

1 + dµ2
2)

µ3

+
ℓ2µ2

1

µ3

(
dψ1 − Ω0

1dt
)2

+
ℓ2µ2

2

µ3

(
dψ2 − Ω0

2dt
)2
,

Extremality determines the scaling −ǫ2ρ2 dt2 together with dρ2/ρ2 giving rise to an AdS2

throat responsible for the SO(2, 1) isometry enhancement of the near horizon geometry [25].
The new feature here is the vanishing size of the one-cycle along ψ3 as ǫ2ρ2. Notice this is
the isometry direction in the 5-sphere with vanishing R-charge (J3 = 0). This is responsible
for the vanishing of the entropy and transforms the standard AdS2 throat into a local AdS3

throat, as discussed in the introduction. Even though Ja = Jb = 0, the cycles along ∂φ and
∂ψ remain of finite size.

The near horizon geometry is obtained by considering the limit

ψi = ψ̃i + Ω0
i t, (i = 1, 2) t =

ℓ√
q

τ

ǫ
, ψ3 = − χ̃

ǫ
, r = ǫ

√
q

ℓ
x , (4.2)

on the original black hole metric (2.15), with

Ω0
1 = Ω0

2 = −1

ℓ

√
1 +

q

ℓ2
= −

√
Ys

ℓ
, (4.3)
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being the horizon angular velocity at the EVH point. The resulting metric is

ds2 = µ3

[
− x2dτ 2

ℓ23
+
ℓ23dx

2

x2
+ x2dχ̃2

]
+ qµ3

(
dθ2 + sin2 θdφ2 + cos2 θdψ2

)

+
ℓ2

µ3
(dµ2

1 + dµ2
2 + µ2

1dψ̃
2
1 + µ2

2dψ̃
2
2) . (4.4)

Due to the 2πǫ periodicity in χ̃, this geometry describes a warped locally AdS3×S3 geometry,
with radii given by

R2
AdS3

= ℓ23 =
q

Vs
, R2

S3 = q . (4.5)

More precisely, the local AdS3 throat is the pinching AdS3 orbifold introduced in [14], cor-
responding to the near horizon of a massless BTZ black hole4. Once more, notice how the
circle in AdS3 comes from the direction in the 5-sphere where there is no R-charge at the
EVH point. Besides the pinching, which does not introduce a curvature singularity, the
geometry (4.2) is otherwise everywhere smooth except at µ3 = 0.

The static EVH case was already studied in [7, 8, 9]. In these references, the near BPS
EVH case q ∼ ǫ → 0, which requires N → ∞, was considered and argued to require a
different limit in which the pinching is absent and the 4d ball decompactifies. Our analysis
here shows the latter is not necessary, though the tree-level supergravity description becomes
unreliable since both AdS3 and S3 become Planck scale.

4.2 Static near-EVH case

Near-EVH static black holes are described in parameter space by (3.6). These are excitations
of the static EVH vacua. Hence, one expects them to be encoded in the near-horizon
geometry as pinching BTZ black holes [14]. Indeed, as discussed in more detail in section
5.2.2, these excitations are described by mass and angular momentum of the pinching BTZ
with the possible addition of constant electric and magnetic fields on the transverse 3-sphere,
describing the Ja and Jb rotations.

These expectations are verified when we combine the near horizon limit (4.2) with the
angular coordinate redefinitions

ψ̃ = ψ − b̂

q

ℓ√
q
τ − âℓ

q
χ̃ , φ̃ = φ− â

q

ℓ√
q
τ − b̂ℓ

q
χ̃ . (4.6)

4Massless BTZ black holes allow for a second near horizon limit giving rise to the null self-dual orb-

ifold [14]. This structure also exists here. Defining τIR = (
√
q/ℓ) t, we can write the ǫ2 terms in (4.1) as

−ǫ2
(
dτ2IRℓ

2
3 − dψ2

3

)
. Introducing light-like coordinates x± = τIR

ℓ3
± ψ3, the second near horizon limit imple-

mented by x+ = z+ and x− = z−

ǫ2
gives rise to the null self-dual orbifold. The two limiting geometries are

related by an infinite boost.
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The resulting near horizon metric is

ds2 = µ3

[
− (x2 − x2+)(x

2 − x2
−
)

ℓ23x
2

dτ 2 +
ℓ23x

2dx2

(x2 − x2+)(x
2 − x2−)

+ x2(dψ̃3 −
x+x−
ℓ3x2

dτ)2
]

+ qµ3(dθ
2 + sin2 θdφ̃2 + cos2 θdψ̃2) +

l2

µ3
(dµ2

1 + dµ2
2 + µ2

1dψ̃
2
1 + µ2

2dψ̃
2
2) (4.7)

where x± are given in terms of (3.9) as

x2
±
=

ℓ2

2qVs

(
2WsM −Ys(â

2 + b̂2)±
√(

2WsM −Ys(â2 + b̂2)
)2

− 4Vsâ2b̂2)

)
. (4.8)

Notice how the original pinching AdS3 turned into a pinching BTZ metric.5 The constant
shifts in the AdS3 boundary coordinates {τ, χ̃} in (4.6) corroborate the existence of constant
electric and magnetic fields responsible for the UV spins Ja and Jb.

Temperature & entropy: To use the standard thermodynamic relations satisfied by BTZ
black holes, we must compactify (4.7) to three dimensions. Consider the ansatz

ds2 = µ3 g
(3)
µν dx

µdxν + qµ3(dθ
2 + sin2 θdφ̃2 + cos2 θdψ̃2) +

l2

µ3
(dµ2

1 + dµ2
2 + µ2

1dψ̃
2
1 + µ2

2dψ̃
2
2),

and plug it into the 10d type IIB supergravity action. Focusing on its Einstein-Hilbert term

1

16πG10

∫ √
−g(10)

(
10R+ · · ·

)
=

1

16πG3

∫ √
−g(3)

(
3R+ · · ·

)
,

we can identify the 3d Newton’s constant to be

1

G3

=
q3/2ℓ4

16G10

(2π)4 =
2q

3

2N2

ℓ4
. (4.9)

Thus, the temperature and entropy of the pinching BTZ black holes (4.7) equal

TBTZ ≡ x2+ − x2
−

2πx+ℓ
2
3

=
ℓ

ǫ
√
q
TH ,

SBTZ ≡ 2πǫ · x+
4G3

= SBH ,

(4.10)

where for TH and SBH we have used (3.10). As expected, the second matches the original 10d
black hole entropy whereas the first agrees with the scaling of time in (4.2). This confirms the
expectations raised in section 3, when interpreting the near-EVH temperature and entropy
(3.10) as BTZ thermodynamical quantities.

5For the subset of excitations that preserve extremality, i.e. x+ = x−, there exists a second near horizon

limit again giving rise to the null self-dual orbifold.
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4.3 Rotating EVH case

Consider a rotating EVH black hole (b = 0) and study its deep interior geometry by expand-
ing in small ǫ for r = ǫρ. The metric expansion is

ds2 =
h1h2
a2 + q

[
− V

a2 + q
ǫ2ρ2dt2 +

a2 + q

V

dρ2

ρ2
+
a2 + q

a2
ρ2ǫ2dψ2

]

+
(a2 + q)h1h2

1− a2

ℓ2
cos2 θ

dθ2 +
ℓ2h1
h2

(dµ2
1 + dµ2

2) +
a2ℓ2 cos2 θ

(a2 + q)h1h2
dµ2

3 +
a2ℓ2 cos2 θµ2

3

h1h2

(
dψ3 +

q

aℓ
dψ
)2

+
sin2 θ

[
a2Ys − a2

ℓ2
(a2 + q) cos2 θ + qΞaµ

2
3

]

Ξ2
ah1h2

(
dφ− Ω0R

a dt
)2

− 2aℓ
√
qYs sin2 θ

Ξah1h2
√
a2 + q

(
dφ− Ω0R

a dt
) [
µ2
1

(
dψ1 − Ω0

1dt
)
+ µ2

2

(
dψ2 − Ω0

2dt
) ]

+ ℓ2
h1µ

2
1

h2

(
dψ1 − Ω0

1dt
)2

+ ℓ2
h1µ

2
2

h2

(
dψ2 − Ω0

2dt
)2
, (4.11)

where

Ω0
1 = Ω0

2 = −1

ℓ

√
qYs

a2 + q
, Ω0R

a =
aΞa
a2 + q

(4.12)

are the horizon angular velocities at the EVH point, V is as in (3.14) and

h21 =
a2 cos2 θ + q

a2 + q
, h22 =

a2 cos2 θ + qµ2
3

a2 + q
. (4.13)

As before, there is a single vanishing cycle responsible for the vanishing entropy and
the emergence of a local AdS3 throat. This corresponds to the isometry direction ∂ψ along
the 3-sphere in the asymptotic AdS5. Notice that despite having vanishing Jb, J3, rotating
EVH black holes still have a single vanishing cycle, keeping the dψ3 +

q
aℓ
dψ cycle finite. The

relevance of this combination is physically understood noticing that

Ωb +
aℓ

q
Ω3 = 0 (4.14)

(up to O(ǫ2)) in the near-EVH limit (3.12), where (2.11), (2.19) and (2.12) have been used.
Thus, there is no angular velocity along the U(1) defined by dψ3 +

q
aℓ
dψ. This point also

brings up the question on the uniqueness of the near horizon U(1) describing the AdS3

angular momentum. We briefly discuss this matter below.

Choice of IR U(1) : The previous discussion suggests to work with

ξ = sinωξ ψ3 + cosωξ ψ , tanωξ =
aℓ

q
. (4.15)
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Figure 2: χ− ξ directions in ψ3−ψ plane. ψ and ψ3 are respectively coming from AdS5 and

S5 parts of the original geometry. ξ is the direction transverse to near horizon AdS3 while χ

is the angular part of AdS3.

However, there is still some freedom left in the choice of the AdS3 cycle ψ in (4.11), since it
could be replaced by

χ =
1

cos(ωξ − ωχ)
(cosωχ ψ3 − sinωχ ψ) , (4.16)

for arbitrary ωχ and as long as χ does not coincide with ξ, i.e. ωχ − ωξ 6= π/2,6 we will
obtain the same near-horizon geometry as in (4.11). The normalization in χ was chosen so
that the volume form in the ψ3 − ψ plane equals the volume form in the χ − ξ plane, i.e.
dψ3 ∧ dψ = dχ ∧ dξ and both χ and ξ are ranging over [0, 2π]. In fact, not only the near
horizon metric (4.11), but also all physical observables are expected to be independent of
ωχ. We will see this explicitly in our analysis in the rest of this paper.

Contrary to the static EVH case, which always requires a 10d uplift to have a well
defined near horizon geometry, the rotating EVH one does allow a purely 5d description for
the particular choice ωχ = π/2, for which χ = ψ. In this case, the entire pinching AdS3 lies
inside AdS5. Its near horizon geometry is presented in Appendix B.

After this digression, let us return to the near horizon geometry which is obtained by
considering the limit

ψ1 = ψ̃1 + Ω0
1 t, ψ2 = ψ̃2 + Ω0

2 t, φ = φ̃+ Ω0R
a t ,

t =
K

ǫ
τ , χ = − χ̃

ǫ
, r = ǫ

x

K
,

(
K =

√
ℓ2(a2 + q)

a2ℓ2 + q2

)
(4.17)

6To be more precise, for our near horizon limit procedure leading to metric (4.11) to go through, one

needs to assume that ωχ − ωξ − π
2
is finite (and not of order ǫ).

15



on the original black hole metric resulting in

ds2 = h1h2

[
−x

2

ℓ23
dτ 2 +

ℓ23dx
2

x2
+ x2dχ̃2

]
(4.18)

+
(a2 + q)h1h2

∆θ
dθ2 +

ℓ2 cos2 α cos2 θ

K2h1h2
dξ2 +

a2 + q

Ξ2
a

h2
h31

∆θ sin
2 θdφ̃2

+ ℓ2
h2
h1
dα2 + ℓ2

h1
h2

sin2 αdβ2 + ℓ2
h1
h2

[
µ2
1(dψ̃1 − Adφ̃)2 + µ2

2(dψ̃2 −Adφ̃)2
]
,

where α, β, θ ∈ [0, π/2], φ ∈ [0, 2π], µ1 = sinα cos β, µ2 = sinα sin β and

∆θ = 1− a2

ℓ2
cos2 θ, A =

a
√
qYs

ℓℓ3Ξa
√
V

sin2 θ

h21
. (4.19)

The first line in (4.18) is again conformal to a pinching AdS3 orbifold with radius

ℓ23 =
a2 + q

V
=

a2 + q

1 + 2q
ℓ2
+ a2

ℓ2

, (4.20)

which reduces to (4.5) in the static limit (a = 0). This metric solves the type IIB supergravity
equations of motion with a constant dilaton and a RR 5-form. The analysis is very similar
to that in [8].

There are special values in parameter space that deserve special mention. For q = 0, one
recovers Kerr AdS5, ξ = ψ3 and χ may be chosen entirely inside AdS5. The BPS surface
defined by q = al has no special features compared to the generic case (4.18). Finally, the
a→ ℓ limit (the edge of the EVH plane in figure 1) must be handled with care. Recent work
[13] confirms the existence of a 2d chiral spectrum also in this case.

4.4 Rotating near-EVH case

Near-EVH rotating black holes are described by (3.12) in parameter space. Their near
horizon geometry is obtained through the same limit (4.17) and gives rise to

ds2 = h1h2

[
−(x2 − x2+)(x

2 − x2
−
)

ℓ23x
2

dτ 2 +
ℓ23x

2dx2

(x2 − x2+)(x
2 − x2−)

+ x2
(
dχ̃− x+x−

ℓ3x2
dτ

)2
]

+
(a2 + q)h1h2

∆θ

dθ2 +
ℓ2 cos2 α cos2 θ

K2h1h2
dξ2 +

a2 + q

Ξ2
a

h2
h31

∆θ sin
2 θdφ̃2 (4.21)

+
ℓ2h2
h1

dα2 +
ℓ2h1
h2

sin2 αdβ2 +
ℓ2h1
h2

[
µ2
1(dψ̃1 −Adφ̃)2 + µ2

2(dψ̃2 − Adφ̃)2
]
,

where µ1, µ2, h1, h2, ∆θ, A in (2.16), (4.13) and (4.19), and α, β, θ ∈ [0, π/2], φ ∈ [0, 2π].

The first line is conformal to pinching BTZ black holes in the region of the deformation
parameter space where the outer and inner horizons x±

x2
±
= K2 r

2
±

ǫ2
=
ℓ2(a2 + q)

q2 + a2ℓ2

[
WM ±

√
W2M2 −Va2b̂2

V

]
, (4.22)
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exist. This holds for7

W2M ≥ Va2b̂2.

Notice b̂ = 0 corresponds to a vanishing inner horizon, whereas M = 0 forces b̂ = 0, in this
region of parameters. Thus M controls the size of the outer horizon. Notice how the outer
and inner horizons of the near-EVH static black hole in (4.8) cannot be obtained as a limit
of the ones for the rotating case in (4.22). As stressed in section 3.1, this is due to the fact
that the near horizon and the near-EVH limits in the two cases do not commute.

Temperature & entropy: To use the standard thermodynamic relations satisfied by BTZ
black holes, we must compactify (4.21) to three dimensions. This is achieved by considering
the ansatz

ds2 = h1h2g
(3)
µν dx

µdxν +
(a2 + q)h1h2

∆θ
dθ2 +

ℓ2 cos2 α cos2 θ

K2h1h2
dξ2 +

a2 + q

Ξ2
a

h2
h31

∆θ sin
2 θdφ̃2

+
ℓ2h2
h1

dα2 +
ℓ2h1
h2

sin2 αdβ2 +
ℓ2h1
h2

[
µ2
1(dψ̃1 − Adφ̃)2 + µ2

2(dψ̃2 − Adφ̃)2
]
.

Proceeding as in subsection 4.2, the 3d Newton’s constant is

1

G3

=
2N2

√
(a2ℓ2 + q2)(a2 + q)

Ξaℓ4
. (4.23)

Note that in the a = 0 case we recover the static EVH expression (4.9).

The temperature and entropy of the pinching BTZ black holes equal

TBTZ ≡ x2+ − x2
−

2πx+ℓ23
=
K

ǫ
TH ,

SBTZ ≡ 2πǫ · x+
4G3

= SBH .

(4.24)

Once more the 3d entropy matches the original 10d black hole one (3.15), while the propor-
tionality of temperatures is consistent with the temporal scaling in (4.17).

5 The dual EVH/CFT formulation

In this section we compute the central charges of the IR 2d CFT that is dual to the asymp-
totically AdS3 structure emerging in the near horizon of static and rotating EVH black holes,
and provide an explicit map between its IR quantum numbers and those of the 4d UV dual to
the original black hole. We also discuss how the IR first law of thermodynamics follows from
the UV one in (2.13). We view the latter as further supporting evidence of the EVH/CFT
correspondence [11] reviewed in the introduction.

7For W2M < Va2b̂2 we get a space with a conical defect. This is similar to the situation discussed in [9].
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5.1 IR 2d CFT description

The central charge c of the IR 2d CFT and the quantum numbers (L0, L̄0) describing the
gravitational black holes described in the previous section can be extracted from standard
AdS3/CFT2 [26] taking the pinching periodicity into proper consideration [14]

c =
3ℓ3
2G3

ǫ =
3(a2 + q)

ℓ4Ξa

√
a2ℓ2 + q2

V
N2ǫ (5.1)

ℓ3MBTZ = L0 + L̄0 −
c

12
=
x2+ + x2

−

8ℓ3G3
ǫ , (5.2)

JBTZ = L0 − L̄0 =
x+x−
4ℓ3G3

ǫ . (5.3)

Requiring a finite central charge to have a finite gap in this IR 2d CFT is achieved by the
large N limit:

N2ǫ = fixed (5.4)

It is manifest the entropy SBH in (3.15) remains finite in this limit. It is shown below that the
same holds for the excitations MBTZ, JBTZ which will be related with precise combinations
of the UV quantum numbers.

Static EVH: The central charge may be obtained from (5.1) at a = 0

cstatic =
3q2

ℓ4
√
1 + 2q

ℓ2

N2ǫ . (5.5)

whereas excitations equal

ℓ3MBTZ =
2MWs −Ys(â

2 + b̂2)

4ℓ2
√
Vs

N2ǫ , JBTZ =
âb̂

2ℓ2
N2ǫ . (5.6)

Notice how the static EVH point (0, 0, q;m(q)) determines the IR 2d CFT by fixing its
central charge, whereas its orthogonal deformations (3.6)-(3.7) encode their finite excitations.
Any tangential deformation (3.5) would have simply changed the value of q, which would
correspond to a different CFT. Note also that the BTZ mass has contributions from all three
parameters describing the transverse deviations from the EVH surface.

Rotating EVH: The central charge is given by (5.1) with excitations

ℓ3MBTZ =
ℓ3K

2ℓ3Ξa
MW N2ǫ , JBTZ =

ℓ3K

2ℓ3Ξa
ab̂
√
V N2ǫ (5.7)

As before, the rotating EVH point (a, 0, q;m(a, q)) determines the IR 2d CFT central charge
and vacuum structure, whereas its orthogonal deformations (3.11)-(3.12) encode its excita-
tions.
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As we have noted all physical quantities at the static EVH point can be recovered from
the corresponding expressions at the rotating EVH evaluated at a = 0 point. This is not,
however, true for the excitations above these EVH points. For example, the static values for
MBTZ, JBTZ and TH cannot be recovered by simply setting a = 0 (or taking a → 0 limit) of
the rotating EVH ones. This is due to the fact that in the static case both a, b scale as ǫ,
while in the rotating case, a is finite and b ∼ ǫ2.

Using Cardy’s formula [26]

SCFT = 2π

√
c

6

(
L0 −

c

24

)
+ 2π

√
c̄

6

(
L̄0 −

c̄

24

)
, (5.8)

one can immediately check the bulk entropy (3.15) is reproduced for both EVH black holes.

5.2 EVH/CFT2 vs. AdS5/CFT4

The 10d dimensional black holes (2.15) interpolate between asymptotically AdS5 and locally
AdS3 geometries. The former has a dual (UV) description in terms of N = 4 SYM, whereas
the latter must have a dual (IR) description as advocated above. In this section we relate
the quantum numbers of both dual theories.

Since our states are typically non-BPS, the conformal dimension ∆UV is expected to
“run” along the RG flow implemented by the near horizon limit r = ǫρ, ǫ → 0. Hence, its
relation to ∆IR is non-trivial. On the other hand, given the quantized nature of the remaining
conserved U(1) charges, these will not run. The analysis of this RG flow in field theory and
gravity is beyond the scope of this paper, but we can gain some insight by studying how the
quantum numbers of a bulk scalar field probe transform along the flow. Given the isometries
of the original black hole (2.3), the UV quantum numbers of this scalar field (in the static
AdS5 frame) will be associated with the eigenvalues of the following operators

∆UV = ℓE = iℓ∂t, Ja,b = −i∂φS ,ψS Ji,3 = −ℓQi,3 = −i∂ψi,3
. (5.9)

Similarly, the IR quantum numbers are mapped to

∆IR = iℓ3∂τ , Jχ̃ = −i∂χ̃ Jξ = −i∂ξ . (5.10)

From now on, as the notation above suggests, we will identify these eigenvalues with the
gravity conserved charges. Though this need not hold generically, it will turn out to provide
us with the right intuition.

5.2.1 IR-UV charge mapping, rotating EVH case

Given the original 10d black hole charges (2.7), (2.8) and (2.14) and the near-EVH expansion
of parameters (3.12), charges fall into two categories in the rotating near-EVH regime:

• Y = {∆, J1, Ja} having an ǫ expansion of the form Y = Y (0) + ǫ2Y (2).
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• Z = {Jb, J3} with expansion Z = ǫ2Z(2).

Y (0) is the value of charges at the EVH point, whereas Y (2), Z(2) are the near-EVH excitations.
Ω1 and Ωa have analogous expansions to J1 and Ja, with finite Ω0

1 and Ω0
a values at the EVH

point (4.12) and with ǫ2 corrections.

As discussed in section 4.3, the Jb and J3 charges

Jb =
b̂(q2 + a2ℓ2 + qℓ2)N2

2ℓ5Ξa
ǫ2, J3 =

ab̂qN2

2ℓ4Ξa
ǫ2 , (5.11)

are naturally encoded in the IR geometry in terms of

Jχ̃ = −1

ǫ
(− sinωξJb + cosωξJ3) =

(a2 + q)

2ℓ2Ξa
√
a2ℓ2 + q2

ab̂ N2ǫ = JBTZ , (5.12)

Jξ =
1

cos(ωξ − ωχ)
(sinωχJ3 + cosωχJb) ∼ N2ǫ2 , (5.13)

where we used

ψ3 = cosωξχ +
sinωχ

cos(ωχ − ωξ)
ξ , ψ = − sinωξχ+

cosωχ
cos(ωχ − ωξ)

ξ . (5.14)

The AdS3 pinching is responsible for the 1/ǫ factor in the first equality of (5.12). This allows
Jχ̃ to remain finite, matching the BTZ angular momentum, whereas Jξ ∼ ǫ is subleading, in
the limit (5.4). This prevents any unphysical dependence on the mixing angle ωχ to survive
our limit, as expected on physical grounds.

Let us consider the IR conformal dimension ∆IR. If we proceed analogously to the other
charges, we learn

∆IR ≡ iℓ3
∂

∂τ
=
ℓ3
ℓ

K

ǫ

(
iℓ
∂

∂t
+ iℓΩ0S

a

∂

∂φ
+
∑

i=1,2

iℓΩ0
i

∂

∂ψi

)

=
ℓ3
ℓ

K

ǫ

(
∆− ℓΩ0S

a Ja − 2ℓΩ0
1J1
)
. (5.15)

Using the 5d charges (2.8), (2.7) and (2.14) in the near-EVH regime (3.12), we find

∆IR =
Kℓ3
ℓǫ

(∆(0) − ℓ Ω0S
a J

(0)
a − 2ℓ Ω0

1J
(0)
1 ) +

Kℓ3
ℓ
ǫ
(
∆(2) − ℓ Ω0S

a J
(2)
a − 2ℓ Ω0

1J
(2)
1

)

= ∆0
IR + ℓ3MBTZ , (5.16)

where we used (5.7), the identity ℓMBTZ = K(∆(2)− ℓΩ0
aJ

(2)
a −2ℓΩ0

1J
(2)
1 )ǫ and ∆0

IR is defined
as

∆0
IR =

ℓ3
ℓ

K

ǫ

N2(a2ℓ2 − q2)

4ℓ4Ξa
. (5.17)

Notice ∆0
IR only depends on the rotating EVH point (and not the excitations) and could

consequently be interpreted as a “zero point energy” from the IR 2d CFT perspective. This

20



contribution is generically divergent, but vanishes when supersymmetry is preserved, i.e.
q = aℓ. This would reproduce the expected ∆IR = L0 + L̄0 bound in this case, due to the
protection of supersymmetry along the RG flow. Near the BPS point, i.e. q = aℓ−ǫ2δ2s/(2aℓ),
the ’zero point energy’ still remains finite.

∆IR =
ℓ3
ℓ

KN2ǫ

4ℓ4Ξa
δ2s + ℓ3MBTZ. (5.18)

We conclude that both ∆IR and Jχ̃ match the expected IR 2d CFT quantities. This is
a good piece of evidence in favour of the EVH/CFT correspondence since despite lack of
supersymmetry, the RG flow from the UV to the deep IR does not lead to contributions
not captured by the 2d CFT. This fact supports the expectation that the near-EVH sector
in the UV dual 4d CFT is a decoupled sector described by this IR 2d CFT where the UV
quantum numbers were reshuffled as explained above.

5.2.2 IR-UV mapping, static EVH case

Proceeding as in section 5.2.1, we distinguish three categories of 10d black holes charges in
the near-EVH static regime (3.7):

• Y = {∆, J1, J2} having an ǫ expansion of the form Y = Y (0) + ǫ2Y (2).

• X = {Ja, Jb} having an ǫ expansion of the form X = ǫX(1).

• J3 with expansion J3 = ǫ2J
(2)
3 .

Since all charges scale like N2, charges X have a finite value due to (5.4).

Given the large gauge transformations (4.2) and (4.6) implemented in the near-EVH
static regime, we learn the angular momentum along the AdS3 pinching circle equals

Jχ̃ = −i∂χ̃ = −i
(
−1

ǫ
∂ψ3

+
b̂ℓ

q
∂φ +

âℓ

q
∂ψ

)
= −1

ǫ
J3 +

ℓ

q
(âJb + b̂Ja)

= JBTZ +
ℓ

2q
(âJb + b̂Ja),

(5.19)

where we used (5.6). Furthermore, from (2.7) and (3.7)

ℓ

2q
(âJb + b̂Ja) =

âb̂Ys

2ℓ2
N2ǫ.

The IR conformal dimension equals

∆IR = iℓ3∂τ =
ℓ3√
qǫ

[
∆UV − 2ℓ Ω0

1J1 −
ℓYs

q
(bJb + aJa)

]

= ∆0
IR +

ℓ3ǫ√
q

(
∆

(2)
UV − 2ℓ Ω0

1J
(2)
1 − ℓYs

q
(âJ (1)

a + b̂J
(1)
b )

)
,

(5.20)
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where the “zero point energy” ∆0
IR is defined as

∆0
IR =

ℓ3√
qǫ
(∆

(0)
UV − 2ℓ Ω0

1J
(0)
1 ) = − ℓ3√

qǫ

N2q2

4ℓ4
. (5.21)

Note the zero point energy of the static EVH case ∆0
IR can be obtained as the a = 0 limit

of the rotating EVH case (5.17). In the BPS case where q ∼ ǫ1/2 [8, 9] ∆0
IR remains finite8.

Using the expressions for mass and angular momenta (2.7), (2.8) and (2.14) and the near-
EVH scalings (3.7) we find

∆
(2)
UV − 2ℓ Ω0

1J
(2)
1 =

N2

2ℓ2

[
MWs +

qYs

2ℓ2
(
â2 + b̂2

ℓ2
)

]
,

ℓ

q
(âJa + b̂Jb) =

(â2 + b̂2)Ys

2ℓ2
N2ǫ ,

(5.22)

and hence

∆IR = ∆0
IR + ℓ3MBTZ −

ℓ3√
q

ℓ

2q
(âJa + b̂Jb) , (5.23)

where MBTZ is given in (5.6).

Thus, even after removing the ’zero point energy’, both Jχ̃ and ∆IR contain extra terms
compared with the expected BTZ mass MBTZ and angular momentum JBTZ

9. As mentioned
in the discussion section, these terms should be associated with some notion of spectral flow
in the dual CFT. Nevertheless, we will show below that the contribution of these terms to
the IR first law cancels, as expected under spectral flow.

5.3 First law of thermodynamics, IR vs. UV, 3d vs. 5d

Having identified the UV-IR charge map, we now derive the IR first laws from the UV one
in (2.13). Physical variations appearing in the first law are generically defined as one-forms
on the black hole parameter space. In our examples, the UV {dE, dJa, dJb, dJi, dJ3} forms
are defined on a four dimensional space spanned by (a, b, q,m), while in the IR, physical
variations belong to the subspace of orthogonal deformations to the EVH hyperplane, leaving
the EVH point fixed. The latter are computed using the near-EVH charge expansions worked
out in sections 5.2.1 and 5.2.2 inserting them into (2.13). Below, we consider static and
rotating EVH cases separately.

8We comment that the negative value of ∆0
IR from the dual 2d CFT viewpoint may be attributed to the

−c/12 Casimir energy of the theory on the cylinder.
9As our “chain rule” analysis indicates, it is possible to define new φ̃ and ψ̃ coordinates such that (5.23)

and (5.19) respectively reduce to simply ∆IR = ∆0
IR + ℓ3MBTZ and Jχ̃ = JBTZ. The new φ̃ and ψ̃ which do

this are

ψ̃ = ψ − b̂

2q

ℓ√
q
τ − âℓ

2q
χ̃ , φ̃ = φ− â

2q

ℓ√
q
τ − b̂ℓ

2q
χ̃ .
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5.3.1 Rotating EVH case

Consider the UV first law (2.13). Using (4.24), its left hand side equals

THdSBH =
ǫ

K
TBTZdSBTZ . (5.24)

To discuss its right-hand-side, notice first that the maps (5.15)-(5.16) yield

dMBTZ =
1

ℓ3
d∆IR = Kǫ

(
dE(2) − 2Ω0

1dJ
(2)
1 − Ω0R

a dJ (2)
a

)

=
K

ǫ

(
dE − 2Ω1dJ1 − ΩRa dJa

)
+ O(ǫ2).

(5.25)

Notice we explicitly dropped the piece coming from the variation of the ‘zero point energy’
d∆0

IR since the latter is independent of the near-EVH excitations. Second, using

Ω0
b =

a

q + a2
ab

r2+
, Ω0

3 = − q

l(q + a2)

ab

r2+
,

Ω0
b +

la

q
Ω0

3 = 0 , tanωξ =
aℓ

q
,

(5.26)

and (5.12), we derive

ΩbdJb + Ω3dJ3 = ǫ2(Ω0
bdJ

(2)
b + Ω0

3dJ
(2)
3 ) + O(ǫ3)

=
ǫ

K
ΩBTZdJBTZ ,

(5.27)

where we used

ΩBTZ ≡ x+x−
x2+ℓ3

=
K

ǫ
Ωχ =

K

ǫ
(cosωξΩ

0
3 − sinωξΩ

0
b) . (5.28)

Note that as expected, the mixing angle ωχ does not appear in any of the expressions above.

Adding all contributions and dropping the overall ǫ/K constant factor, the exact IR first
law is derived

THdSBH = dE − 2Ω1dJ1 − ΩadJa − ΩbdJb − Ω3dJ3

⇓
TBTZdSBTZ = dMBTZ − ΩBTZdJBTZ

(5.29)

where we already dropped all vanishing subleading contributions in the ǫ→ 0 limit. Notice
the ξ direction does not contribute above because the ΩξdJξ term is an order ǫ2 smaller than
the leading term.

5.3.2 Static EVH case

Using (4.10), the left hand side of the UV first law scales like

THdSBH = ǫ

√
q

ℓ
TBTZdSBTZ. (5.30)
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When analysing the right hand side, recalling (4.3), (5.20), (5.22) and (5.23) we have

dE −
∑

i=1,2

Ω0
i dJi =

√
qǫ

ℓ

(
dMBTZ +

ℓYs

2q3/2
d
(
âJa + b̂Jb

))
. (5.31)

Since the angular velocities equal (recall (2.11) and (2.19))

ΩBTZ ≡ x−x+
ℓ3x2+

=
âb̂√
Vs

1

ℓ3r̂2+
= − ℓ√

q
Ω3 + O(ǫ2)

Ωa =
a(b2 + r2+Ys)

qr2+
=

(
b̂√
q
ΩBTZ +

âYs

q

)
ǫ+ O(ǫ3) , (5.32)

Ωb =
b(a2 + r2+Ys)

qr2+
=

(
â√
q
ΩBTZ +

b̂Ys

q

)
ǫ+ O(ǫ3) ,

we derive

ΩadJa + ΩbdJb =

√
qYsǫ

ℓ

(
ΩBTZdJBTZ +

ℓ

2q3/2
d
(
âJa + b̂Jb

))
, (5.33)

Ω3dJ3 =

√
qǫ

ℓ

(
− q

ℓ2
ΩBTZdJBTZ

)
. (5.34)

Adding all terms, we notice all the ΩBTZ dependence arranges itself as−ǫ
√
q/ℓΩBTZdJBTZ,

whereas all dependence on dJa and dJb cancels, so that, modulo the overall ǫ
√
q/ℓ factor

THdSBH = dE − 2Ω1dJ1 − ΩadJa − ΩbdJb − Ω3dJ3

⇓
TBTZdSBTZ = dMBTZ − ΩBTZdJBTZ

(5.35)

where we already dropped all vanishing subleading contributions in the ǫ→ 0 limit. Notice,
in particular, how the extra dependence on Ja and Jb in (5.23) and (5.19) drops from the IR
first law. This highlights the invariance of the first law under large gauge transformations
generating constant electric and magnetic terms on the transverse 3-sphere. Such invariance
occurs in the standard D1-D5 dual CFT and we expect something similar to hold here.

6 Relation between EVH/CFT and Kerr/CFT

In this section we seek a connection between the 2d CFTs appearing in the EVH/CFT corre-
spondence discussed in previous sections and the 2d chiral CFTs emerging in the Kerr/CFT
correspondence [6]. Our perspective is that a 2d chiral CFT is nothing but the Discrete
Light-Cone Quantization (DLCQ) of a standard 2d CFT [15], as was already discussed in
[9] for static charged AdS5 EVH black holes. To explore this perspective, we first review the
Kerr/CFT formalism and apply it to the family of black holes (2.3) and their 10d embed-
dings (2.15). In the region of parameters where Kerr/CFT and EVH/CFT overlap, we can
always derive one of the Kerr/CFT descriptions from the EVH/CFT. Some of the caveats
that require a better understanding are mentioned in the discussion section 7.
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Review of Kerr/CFT for AdS5 black holes [21]. The Kerr/CFT correspondence
applies to any extremal black hole of finite horizon size. In our notation, one considers the
near horizon limit

r = r0(1 + ǫy) , t =
τ

2πTH′
0r0ǫ

, φ̂ = φ+ Ωa
0t , ψ̂ = ψ + Ωb

0t , (6.1)

where r0 stands for the extremal horizon, T ′

H is the derivative of Hawking temperature w.r.t.
the horizon size r0 and all 0 indices refer to the thermodynamical quantities being evaluated
at it. Using the Taylor expansion for the function X in (2.3) controlling the horizon size,

X = (r−r0)2
X ′′(r0)

2
+O(ǫ3) ≡ Vf(r−r0)2, with Vf = 1+

3a2b2

r40
+
6r20 + a2 + b2 + 2q

ℓ2
, (6.2)

the resulting metric describes an S3 bundle over AdS2 [21]

ds25 = A(θ)

(
−y2dτ 2 + dy2

y2

)
+ F (θ)dθ2 +B1(θ)e

2
1 +B2(θ) (e2 + C(θ)e1)

2 ,

where the scalar functions are given by

A(θ) =
X0

1 (ρ
2
0 + q)

Vf
, F (θ) =

X0
1 (ρ

2
0 + q)

∆
,

B1(θ) = X0
1

(
g0φφ −

g0φψ
2

g0ψψ

)
, B2(θ) = X0

1g
0
ψψ , C(θ) =

g0φψ
g0ψψ

,

g0φφ =
(Z + b2C sin2 θ) sin2 θ

(ρ20 + q)f 2
2Ξ

2
a

∣∣∣∣∣
ǫ→0

, g0ψψ =
(W + a2C cos2 θ) cos2 θ

(ρ20 + q)f 2
1Ξ

2
b

∣∣∣∣∣
ǫ→0

, g0φψ =
abC sin2 θ cos2 θ

(ρ20 + q)f1f2Ξ2
aΞ

2
b

∣∣∣∣∣
ǫ→0

,

whereas the set of one-forms ea = dφa+ kφaydτ for a = 1, 2 (in terms of our earlier notation
φ1 = φ and φ2 = ψ) is determined by the constants

kφ =
2aΞa(f

0
2
2
+ b2q)

f 0
3 r0Vf

, kψ =
2bΞb(f

0
1
2
+ a2q)

f 0
3 r0Vf

. (6.3)

According to the Kerr/CFT dictionary reviewed in [27], these fix the dual CFT Frolov-
Thorne temperatures

Tφa =
1

2πkφa
, (6.4)

whereas the central charges of the chiral Virasoro algebra obtained from the asymptotic
symmetry group analysis equal [21]

cφ =
6πa[(r20 + b2)2 + qb2]

G5VfΞbr20
, cψ =

6πb[(r20 + a2)2 + qa2]

G5VfΞar20
. (6.5)
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Embedding to 10 dimensions: As originally discussed in [6], when the 5d geometry is
embedded in higher dimensions, as in (2.15), the number of geometrical U(1) isometries that
can get enhanced to a full Virasoro is enlarged. Proceeding as before, we write the 10d near
horizon geometry as

ds210 = Ã(θn)

(
−y2dτ 2 + dy2

y2

)
+ B̃1(θn)eφ

2 + B̃2(θn)
(
eψ + C(θ0)

2eφ
)2

+

2∑

n,m=0

Fθnθm(θn, θm) dθndθn +

3∑

i=1

Di(θn) (eψi
+ Pi(θ0)(eφ + eψ))

2 ,

with θ0 being the latitudinal coordinate in AdS5 and θ1, θ2 those of the transverse S5 (the
same as α, β angles defined in (2.16)), and

Ã(θn) =
√
∆̃A(θ0) , B̃1,2(θn) =

√
∆̃B1,2(θ0) , Di(θn) =

µ2
i

X0
i

.

where ∆̃ is defined in (2.17). The non-zero Fθmθn are

Fθ0θ0 =
√
∆̃F (θ) , Fθ1θ1 = H0(cos

2 θ1 + sin2 θ1 sin
2 θ2) + sin2 θ1 cos

2 θ2 ,

Fθ2θ2 = H0(cos
2 θ1 cos

2 θ2) + cos2 θ1 sin
2 θ2 , Fθ1θ2 = sin θ1 sin θ2 cos θ1 cos θ2(1−H0).

This metric can be viewed as a warped S3×S5 bundle over AdS2. The corresponding Frolov-
Thorne temperatures are fixed by

kψ1
= kψ2

=
2r30q

√
1 + 2m/q

ℓ3f 0
3V

(2r20 + a2 + b2 + 2q),

kψ3
= − 2abq

ℓr0f
0
3Vf

(2r20 + a2 + b2 + q) , (6.6)

corresponding to the three U(1)s in the 5-sphere, whereas the central charges of the corre-
sponding CFTs are 10

cψ1
= cψ2

=
6πr20q

√
1 + 2m/q(2r20 + a2 + b2 + 2q)

ℓ3G5ΞaΞbVf
, cψ3

= −6πabq(2r20 + a2 + b2 + q)

ℓG5ΞaΞbVfr
2
0

.

(6.7)

Kerr/CFT suggests the existence of five apparently inequivalent chiral CFTs reproducing
the entropy of the extremal black holes upon using Cardy formula

S =
π2

3
ciTi (6.8)

10Negative central charge cψ3
may sound alarming. However, we note that in a 2d CFT the sign which has

physical significance is cL0 or 1

c
L0 and that the charge corresponding to rotations on ψ3, Q3 is negative in

our conventions (2.8); had we chosen the opposite orientation for ψ3, both cψ3
and Q3 would have changed

sign.
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where Ti is the corresponding Frolov-Thorne temperature [21]11

Ti = −∂TH/∂r+
∂Ωi/∂r+

∣∣∣∣
r+=r0

. (6.9)

It may be surprising that a given black hole has many dual descriptions. At the classical
level, it was shown in [28] that there exist some transformations, leaving the near horizon
metric invariant, relating different CFTs in an infinite lattice of them.

Taking the near-EVH limit: Since Kerr/CFT works for extremal finite size black holes,
while EVH/CFT works for near-EVH black holes which can be extremal or non-extremal,
we need to compare them in some region of parameter space where both apply. This can be
achieved by restricting to the extremal excitations in the EVH/CFT side, i.e. when the BTZ
geometry obtained in the near horizon limit of near-EVH black holes is an extremal BTZ,
and considering the vanishing entropy limit in the Kerr/CFT side. The second step involves
a singular limit. On the CFT side, this is because some of the Kerr/CFT central charges
tend to zero trying to reproduce the appearance of a vanishing geometric cycle to account for
the vanishing entropy. On the bulk side, this is because of the non-commutativity between
taking the near horizon limit of a near-EVH black hole and taking the near-EVH limit of
the near horizon of an extremal finite horizon black hole. The two limit procedures lead to
different geometries.

Despite these concerns, we will show the Kerr/CFT central charge associated with the
vanishing U(1) isometry cycle remains finite in the EVH limit and always matches the
standard AdS3 Brown-Henneaux central charge computed in the EVH/CFT correspondence.

Rotating EVH case. The leading terms in the Kerr/CFT central charges in the EVH
limit (3.12) take the form

cφ =
3b̂

ℓ

q + a2V−1

ℓ2
√
V

N2ǫ2 , cψ1
= cψ2

=
3
√
q

ℓ

ab̂

ℓ2V

ℓ3
ℓ

√
YsN

2ǫ2 , (6.10)

cψ =
3a

√
V

ℓΞa

ℓ23
ℓ2
N2 , cψ3

= −3q
√
V

ℓ2Ξa

ℓ23
ℓ2
N2 , (6.11)

where we used the identities Vf = 4V and r20 = ab/
√
V. In the infinite N limit (5.4),

cφ, cψ1
, cψ2

∼ ǫ → 0. Thus, the corresponding CFTs break down. Conversely, cψ and cψ3

diverge. Nonetheless, we already discussed in section 4 that the relevant IR U(1)s are given
by (5.14). Following [28], the central charges transform like

cξ = cosωξcψ + sinωξcψ3
, cχ̃ = − ǫ

cos(ωξ − ωχ)
(cosωχcψ3

− sinωχcψ) , (6.12)

11For ψ3 direction which the central charge was negative, one may directly show that the Frolov-Thorne

temperature is also negative, cf. discussion in footnote 10.
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under the coordinate transformations (5.14). These equal

cξ = 0 + O(ǫ) , cχ̃ =
3
√
V

ℓ2Ξa

ℓ23
ℓ2

√
q2 + a2ℓ2

ℓ2
N2ǫ , (6.13)

where we used tanωξ = aℓ/q. The vanishing of cξ agrees with the absence of angular velocity
and momentum. More importantly, cχ̃ exactly equals the Brown-Henneaux central charge
in (5.1). This latter is in accord with our proposal/vision for connecting Kerr/CFT and
EVH/CFT: the chiral 2d CFT appearing in Kerr/CFT is the DLCQ of the one appearing
in the EVH/CFT.

Static EVH regime. The leading terms in the Kerr/CFT central charges in the EVH
limit (3.7) take the form

cφ =
3q

ℓ2
√
Vs

b̂

ℓ
N2ǫ , cψ =

3q

ℓ2
√
Vs

â

ℓ
N2ǫ (6.14)

cψ1
= cψ2

=
6
√
qℓ33
ℓ4

âb̂

ℓ2

√
YsN

2ǫ2 , cψ3
= − 3q2

ℓ4
√
Vs

N2 , (6.15)

where we used the identities Vf = 4Vs and r
2
0 = ab/

√
Vs. As in the rotating EVH case, we

are interested in identifying the central charges for the relevant IR U(1)s. Following [28],
(4.2) implies

cχ̂ = −ǫcψ3
= cstatic . (6.16)

Thus, cχ̂ exactly matches cstatic (5.5).

This matching supports the claim that the chiral CFT appearing in Kerr/CFT is the
DLCQ of the one appearing in the EVH/CFT [15]. Moreover, the Kerr-CFT also matches
the temperature of the left-sector TL of the 2d CFT in EVH/CFT satisfying πℓ3TL = x0/ℓ3.
(Note that in the extremal case the temperature of the right-moving sector of the 2d CFT
appearing in EVH/CFT vanishes.) One may then use Cardy’s formula

S =
π2

3
c(ℓ3TL) =

π

3
· 3q2

ℓ4
√
Vs

N2ǫ · x0
ℓ3

= π
q

ℓ2
r̂0
ℓ
N2ǫ = SBH ,

where in the last equality we used (3.10).

Unlike the rotating case, cφ and cψ also remain finite in the near-EVH static limit. They

satisfy the relations cφ = cχ̂ ·ℓb̂/q, cψ = cχ̂ ·ℓâ/q. Notice the proportionality coefficients agree
with those appearing in the coordinate transformation (4.6) removing the mixing between
the angles on S3 and the AdS3 coordinates τ, χ̃. Within the Kerr/CFT mentality, one
may then propose that in the near horizon, near-EVH static case we have three chiral CFT
descriptions, one associated with the EVH/CFT via the DLCQ description and the other
two (related to cφ and cψ) with rotations on the S3. This latter, if true, may not be argued
for through the standard Kerr/CFT prescription for computing the central charges, which
involves imposing certain boundary conditions for metric fluctuations [6, 27]. To see this we
note that the extremal black hole geometry we discuss here is extremal-BTZ×S3, the near
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horizon limit of which is AdS3-selfdual-orbifold×S3. This suggests that one should be able
to extend the standard Kerr/CFT prescription to compute the central charge to the cases
like extremal-BH×X , where X is a compact geometry. This of course cries for a thorough
study and better understanding which we postpone to future works.

7 Discussion

To understand better the physics of Extremal Vanishing Horizon (EVH) black holes, and in
particular the EVH/CFT proposal [11], we continued the analysis of [9] and extended it to
stationary black holes in the class of asymptotic AdS5 black holes. These are black holes with
two equal electric charges and two independent spins. We classified all EVH black holes in
this class and argued that generically the EVH hypersurface is a bifurcate co-dimension two
surface. The bifurcation line, which corresponds to the case with vanishing spin, the static
EVH black hole, is then a co-dimension three surface. We studied excitations around any
given EVH point and showed that all these excitations can be captured by the near-horizon
geometry, which has a locally AdS3 throat, a pinching AdS3 [14].

We showed EVH black holes interpolate between AdS5 at the boundary and a (locally)
AdS3 throat at the horizon and discussed the connection between the UV N = 4 U(N)
SYM and the IR CFT2 appearing in the EVH/CFT proposal. Based on the arguments and
proposal made in [14] we argued that to resolve the pinching orbifold we should take a large
N limit in the dual gauge theory such that both the temperature of the black hole, measured
in 5d (or 10d) Planck units, and its entropy, remain finite. It is still desirable to have a better
understanding of the pinching resolution proposal made in [14].

Although we did not fully specify the IR CFT2, we mentioned that it can be understood
as a specific BMN-type sector in the UV CFT4 in the specific large N limit (5.4). This
proposal, already made in [8, 9] for different sectors, should still be established through
explicit computations. In the limit in which the angular momentum is much larger than the
R-charge, i.e. a, b → ℓ, evidence for the existence of a chiral spectrum of excitations was
provided in [13].

As pieces of evidence for the EVH/CFT proposal we showed that the first law of ther-
modynamics for the original 5d (or 10d) EVH black hole, in the near-EVH limit reduces
to the first law of thermodynamics of the BTZ black hole appearing in the near horizon.
This result is remarkable, not only because of non-trivial cancellations which happen at a
technical level, but also because it holds quite generically regardless of the details of the
EVH black hole geometry [29].

We also discussed a connection between the EVH/CFT proposal and Kerr/CFT for ex-
tremal excitations of EVH black holes, i.e. extremal near-EVH black holes. We showed
explicitly that the chiral CFT appearing in the Kerr/CFT proposal for extremal near-EVH
black holes can be understood as the DLCQ of the CFT2 appearing in the EVH/CFT corre-
spondence, realizing the proposal made in [15]. There are several questions and points which
asks for further analysis. One closely related idea, providing a “microscopic description” for
Kerr/CFT through locally AdS3 throats, has also appeared in [27, 30].
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There are two further points concerning this work that require further study : the iden-
tification of IR charges for the static EVH black holes and its connection with Kerr/CFT.

Regarding the identification of IR charges, it is known that the appearance of constant
electric and magnetic fields which shift the values for the stress tensor and U(1) R-symmetry
currents under spectral flow in the standard D1-D5 dual CFT [31]. We suspect the same, if
not more general set of spectral flows, should occur here accounting for the extra energy and
angular momentum contributions in (5.19) and (5.23). To understand this point, one must
study the reduction of our 10d near horizon geometries to three dimensions, extending the
reduction to six dimensions done in [8]. As the 1st law must be invariant under these flows,
the derivation of the IR first law in 5.3.2 should not be modified by spectral flow.

Regarding the connection to Kerr/CFT, one can show that taking a near horizon of a
given extremal black hole and taking an EVH limit do not commute. That is, there seems to
be more than one geometry described by the same “dual CFT” (within the Kerr/CFT pro-
posal). A similar feature has been reported in the “subtracted geometry” proposal [32], that
one may “deform” the near horizon geometry without changing the Kerr/CFT description.
It is desirable to study a possible connection between the ideas discussed in these papers
and the one we presented here.
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A Horizon Structure

Whenever the equation X(r) = 0 allows real solutions, the configurations (2.3) describe a
family of black holes. When this is not the case, it describes a naked singularity. In this
appendix, we study the constrains in parameter space for black holes to exist. To do so,
define

l2X ≡ r4 + Ar2 +B +
C

r2
(A.1)

= r4 +
[
ℓ2 + a2 + b2 + 2q

]
r2 +

[
(a2 + b2)(ℓ2 + q) + a2b2 + q2 − 2mℓ2

]
+
a2b2ℓ2

r2
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Note A,C ∈ R
+, because a, b ∈ R and q ∈ R

+, whereas B can be negative for large m.

We shall denote the outer and inner horizons by r±. These correspond to the largest
and smallest positive roots of the equation X(r) = 0. When r+ = r−, (2.3) corresponds to
extremal black holes. Figure 3 shows the root structure for the equation X(r) = 0. The
existence of a horizon requires Xc ≤ 0, where Xc is the extremum of X . This constraints
the parameters a, b, q and m.

Charges carried by the EVH black holes studied in this work are such that C ≪ |B| ≪ A.
When these hold, r± can be expanded as follows

r2
±
= − B

2A
±

√(
B

2A

)2

− C

A
+ · · · . (A.2)

Existence of horizons requires B2 ≥ 4AC.

Figure 3: X as a function r for a general non-extremal black hole solution.

Near-EVH solutions occur when r± ∼ ǫ→ 0. This can happen if (note that A is finite)

RotatingEVH : a = finite, b = b̂ǫ2α, B = −B̂ǫ2 , α ≥ 1 (A.3)

StaticEVH : a = âǫβ , b = b̂ǫα, B = −B̂ǫ2 , α ≥ β ≥ 1, (A.4)

where B̂ ≥ 0 and C = Ĉǫ4+γ , γ ≥ 0. These are of course the two cases discussed in (3.4)
and (3.3).

Rotating EVH: To study this case let us assume α = 1, γ = 0. Indeed it is not difficult
to show that α > 1 cases can be recovered from α = 1, by sending b̂→ 0 and we get back to
solution (4.18). From (A.1) we can read parameter m

m =
1

2ℓ2
(ℓ2a2 + qa2 + q2) +

B̂

2ℓ2
ǫ2 +

b̂2(ℓ2 + a2 + q)

2l2
ǫ4. (A.5)

For the above parameters, condition B2 ≥ 4AC is given by

B̂2 ≥ 4a2b̂2ℓ2(ℓ2 + 2q + a2) + O(ǫ2) (A.6)
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Static EVH: For this case, without loss of generality we can assume α = β = 1, γ = 0
(larger values of α, β and γ may be obtained from this case in the â, b̂, Ĉ → 0 limit). In this
case the B2 ≥ 4AC condition reduces to

B̂2 ≥ (ℓ2 + 2q)â2b̂2ℓ2 , (A.7)

and the negative B̂ condition implies,

2mℓ2 − q2 ≥ (ℓ2 + q)(â2 + b̂2)ǫ2 . (A.8)

Finally, we note that for generic values of the parameters, the black hole horizon topol-
ogy is S3 or S3×S5, depending on whether one takes the 5d or 10d perspective. For the
specific values discussed in section 3, they degenerate to S2×S1. Furthermore, our black hole
configurations (2.3) have closed time-like curves. For more discussions on these black holes
and their singularity and causal structure, see [10, 20, 21].

B Near Horizon geometries as 5 dimensional geometries

As discussed in section 4.3, for the rotating EVH case there is a freedom in choosing the χ
angle. In particular, one may choose it to be ψ, corresponding to ωχ = π/2 (see Fig. 2).
With this choice, the near horizon geometry may be taken over the 5d black hole solution
(2.3) without considering the 10d uplift. To this end, consider the following scalings

r =
a√
a2 + q

ǫx, t =

√
a2 + q

a

τ

ǫ
, ψ =

ψ̃

ǫ
, φ = φ̃+

l2 − a2

l2a
√
a2 + q

τ

ǫ
(B.1)

Taking ǫ→ 0, we get following geometry

ds2 =
a

2

3 cos
2

3 θ

(q + a2)
1

3

h
4

3

1

[
− (x2 − x2+)(x

2 − x2
−
)

ℓ23x
2

dτ 2 +
ℓ23x

2dx2

(x2 − x2+)(x
2 − x2−)

+ x2(dψ̃ − x+x−
ℓ3x2

dτ)2
]

a
2

3 cos
2

3 θ

∆θ
(a2 + q)

2

3h
4

3

1

(
dθ2 +

∆2
θ sin

2 θ

Σ2
ah

4
1

dφ̃2

)
(B.2)

Scalar fields and non-zero components of gauge fields in this limit are given by

X1 = X2 =
a

2

3 cos
2

3 θ

(a2 + q)
1

3h
2

3

1

, X3 =
(a2 + q)

2

3h
3

3

1

a
4

3 cos
4

3 θ
(B.3)

F
(1)

θφ̃
= F

(2)

θφ̃
= −2a

√
q(1 + q

l2
) sin θ cos θ

Σah
4
1

√
q + a2

. (B.4)
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