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HIGHER ORDER DERIVATIVE ESTIMATES FOR
FINITE-DIFFERENCE SCHEMES FOR LINEAR
ELLIPTIC AND PARABOLIC EQUATIONS

ISTVAN GYONGY AND NICOLAI KRYLOV

ABSTRACT. We give sufficient conditions under which solutions
of finite-difference schemes in the space variable for second order
possibly degenerate linear parabolic and elliptic equations admit
estimates of spatial derivatives up to any given order independent
of the mesh size.

1. INTRODUCTION

This is the second part of a series of papers devoted to studying
the smoothness of solutions to finite difference schemes for parabolic
and elliptic partial differential equations given on the whole R?. These
equations can degenerate, for example be just first order PDEs. As in
[14], the first part of this series, we consider a grid in R? and a large
class of monotone finite difference schemes in the space variable z in
R

For each small parameter A > 0 the given grid is dilated by A and
for each x € R? it is shifted so that = becomes a mesh point. We are
interested in the smoothness in x of the solution u,(¢,z) of the dif-
ference scheme. In [14] estimates, independent of h, for the first order
derivatives of uj, in « were obtained under general conditions introduced
there. In the present paper we investigate the higher order derivatives
of up, in x. The main results give estimates, independent of h, for the
derivatives of uy in x up to any given order m. The conditions extend
those from [14]. Using these results in the continuation of this paper
we estimate the derivatives of w;, in h, and that allows us to develop a
new method of obtaining the power series of u; in h. Hence we get ac-
celerated finite-difference schemes by using Richardson’s extrapolation.
Namely, under general conditions we show that the accuracy of finite
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2 I. GYONGY AND N. KRYLOV

difference schemes for parabolic and elliptic PDEs can be improved to
any order by taking suitable linear combinations of finite difference ap-
proximations with different mesh-sizes. For elliptic PDEs this result is
announced by Theorem 2.4 in [14] and for parabolic PDEs by Theorem
2.3 below. We hope to develop these results in domains for uniformly
nondegenerate equations later.

Derivative estimates for finite-difference approximations for linear
and for nonlinear PDEs play the paramount role in establishing the
rate of convergence of the approximations. The importance of such
estimates is demonstrated recently by [20], [21] and [22], presenting
the first rate of convergence result in the sup norm of finite-difference
approximations for fully nonlinear degenerate Bellman equations. Ideas
from these publications are used and developed further in [2], [17], [3],
7], [8], [9] and [16]. Recent results on estimating the Lipschitz constant
and second order differences of finite-difference approximations for a
large class of fully nonlinear degenerate PDEs, including the normalized
Bellman equations are presented in [24]. In [8] first order derivatives
of finite-difference approximations to degenerate linear parabolic and
elliptic PDEs are estimated and are used to establish sharp estimates
on the rate of convergence of the approximations in the sup norm.

Finite-difference methods for solving PDEs have been extensively
studied since the first half of the last century. Let us mention the pio-
neering papers by R. Courant, K.O. Friedrichs and H. Lewy [6], S. Ger-
schgorin [12], and publications by D.G. Aronson, J. Douglas, F. John,
H.O. Kreiss, O. Ladyzhenskaya, P.D. Lax, W. Littman, Lyusternik,
J. von Neumann, I.G. Petrovskii, A.A. Samarskii, G. Strang, A.N.
Tikhonov, V. Thomée, O.B. Widlund and many others (see, e.g., [1],
10), 18], [19], [27], 28], [29], [30], [32], [33], [36], [40], [41] and the
references there.) We refer also to the review paper [38], handbook
[39], and well-known monographs and textbooks for more information
on the subject ([5], [11], [13], [26], [31], [34], [35], [37]).

The paper is organized as follows. The main results, Theorems 2.1
and 2.2 are presented in Section 2. Here we formulate also a result,
Theorem 2.3, on accelerated finite difference schemes, which we will
prove in the continuation of this paper by using Theorem 2.1. As we
have pointed out above, the idea of the proof of Theorem 2.3 is based
on a power expansion of uj, in h. This idea was already applied by
the authors to show how to accelerate other approximation schemes
(see, for instance, [15]) and it seems to the authors that it was never
used before in the framework of finite difference schemes in the sup
norm for degenerate elliptic and parabolic equations although much
effort was applied to developing this and other methods of improved
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approximation for uniformly nondegenerate equations in domains (see,
for instance [4] and the references therein). It is worth saying that, in
contrast with [4] and many other papers dealing with the expansion,
we do not use any information from the theory of PDE and, as a
matter of fact, the existence of smooth solutions for degenerate elliptic
and parabolic equations follows directly from our results. We deduce
Theorem 2.2 from Theorem 2.1, and conclude Section 2 with verifying
the rather delicate conditions of the main results, Assumptions 2.4 and
2.5, for a class of examples, given in Remark 2.2 before the formulation
of the theorems. The proof of Theorem 2.1 is given in Section 3, and the
final section, Section 4, is devoted to further discussions of Assumptions
2.4 and 2.5.

The authors are sincerely grateful to the referees for many useful
comments and suggestions.

2. FORMULATION OF THE MAIN RESULTS

We take some numbers hg,T" € (0,00) and for each number h €
(0, ho] we consider the integral equation

u(t,x) = gn(x) +/0 (Lpu(s,x) + fu(s,x))ds, (t,x)€ Hp (2.1)

for u, where g = g;, = gh( )and f = fi, = fu(s,z) are given real-valued
Borel functions of x € R? and (s,z) € Hy = [0,T] x R%, respectively,
and L = Lj, is a linear operator defined by

LhSO(ta x) = L(}JLSD(t7:C) - C(t,:C)gO(SC),

L%(t,z) = Lyp(t,z) = ZQAtZU(ShASO )+ Y nalt, @) S (),
)\EA1 AEA

for functions ¢ on R? Here A, is a finite subset of R? such that
0 ¢ Ay, and py(t, z), qx(t, z) are real-valued functions of (t,z) € Hy, =
[0,00) x R? given for each A € A;, and

orp(x) = dnap(x) = ~(p(z + hA) —¢(x), A€ A

S

As usual, for multi-indices a@ = (ay,...aq), oz = 0,1,..., we use the
notation

a al Qq — —
D _Dl Dd s Dz = A, |Oé| E a;, ij = sz
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For smooth ¢ and integers & > 0 we introduce D¥¢ as the collection
of partial derivatives of ¢ of order k, and define

IDFo = > (D%, [l = sup [DFo(@)], el =D _[¢l:.

d
la|=k z€R i<k

Let m > 0 be a fixed integer and let K; € [1,00) be a constant. We
make the following assumptions.

Assumption 2.1. For any A € A; the derivatives in x of py,q», ¢, f, g
up to order m are continuous functions in (t,z) € Hr and, for k =
0,...,m and some constants M, we have

sup ( Y (ID*s” + | D*pal) + | D el?) < M. (2.2)
Hr AEA

By Theorem 2.3 of [14] under Assumption 2.1 for each h € (0, ko],
there exists a unique bounded solution wu; of (2.1) and this solution
is continuous in Hp along with all its derivatives in z up to order m.
However, the bounds, provided by this theorem for these derivatives
depend on the parameter h. Our aim is to show the existence of bounds,

independent of h, if in addition to Assumption 2.1, the assumptions
below also hold.

Assumption 2.2. For all t € [0, 7]

Z Aqa(t,z) is independent of . (2.3)
AEA

This assumption may look to be a very restrictive condition. Note,
however, that a simple application of Taylor’s formula shows that if our
finite difference operators LY appear as finite-difference approximations
of a second-order differential operator, then not only the sum appearing
in the assumption does not depend on x but it is just identically zero.
It is also worth noting that Assumption 2.2 is satisfied in many other
cases, say if ¢\(z) are just independent of x or they are independent of
Aand ),y A = 0. The reader can find in [14] many more interesting
cases when this and our other assumptions are satisfied.

Introduce

XA = Xha = G + hpa.
Assumption 2.3. For all (t,z) € Hr, h € (0, hg], and X € Ay,
xa(t,z) > 0. (2.4)

There exists a constant ¢g > 0 such that ¢ > ¢.
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Obviously Assumption 2.3 implies that ¢, > 0. Note also that
Assumption 2.3 is a standard condition to have a monotone finite-
difference approximation schemes to elliptic differential operators.

Remark 2.1. The above assumption: ¢ > ¢y > 0, is almost irrelevant
if we only consider (2.1) on a finite time interval. Indeed, if ¢ is just
bounded, say |c| < C' = const, by introducing a new function v(t,z) =
u(t, £)e 2" we will have an equation for v similar to (2.1) with L% —
(c+2C)v and fe~2¢! in place of Lu and f, respectively. Now for the
new ¢ we have ¢+ 2C > C.

Take a function 7, defined on A; taking values in [0,00) and for
A € A; introduce the operators

T)\QD = Th)\gD(l') = Q0($ + h)\), 5)\ = gh,)\ = T)\h_l(T,\ — 1)

We introduce weights 7, in order to be able to prove such estimates
of finite differences of solutions, which are applicable to estimating the
finite differences with respect to a parameter entering the equation (see
Remark 5.3 of [14]).

Apart from estimating finite differences of solutions we also estimate
their derivatives and for uniformity of notation we also introduce A,
as the set of fixed distinct vectors ¢!, ..., ¢? none of which is in A; and
define

ggi = gh,fi = T()DZ‘7 Tgi = Thﬁi = 1, A= A1 @) AQ,
where 7 is a fixed parameter satisfying
70 > 0,

so that the derivatives of solutions will be always present in our esti-
mates. For integers k = 1,2,... and X' € A, ¢ = 1,2,.... k, introduce
the multi-vectors
A= (AL A e AP
and the operators
T/\ = Th,/\ = Th)\l...Th’)\k, g)\ - Sh’)\ - Sh’/\l...gh,)\k.

It is also convenient to set A} = A = A = {0} and to introduce
8o = 0p and T} as unit operators. For y € AF and k < m we set

Qo=h"Y"qoxp, Qup=h"">_ (6,0)0¢,

AEA; AEAL
Po=>"poxp, Pup= Y (6,02)0x¢,
AEA AEA

Ly =Q.+ P,
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Ap(p) =2 Z (Oxp) L3 Tap,  Q(p) = Z Xu(éu‘:p)2-

AEAK BEN

Below B(R?) is the set of bounded Borel functions on R? and R is the
set of bounded operators K = K; = K,(t) mapping B(R?) into itself
preserving the cone of nonnegative functions and satisfying 1 < 1.

Set
AP =D IR AP =D ImAR

A€ Aehy
Finally, fix a constant 6 € (0, 1].

Assumption 2.4. We have m > 1 and for any h € (0, hol, there exists
an operator K = K}, ,, € &, such that

mA(p) < (1-0) > Qo)+ K1 Q) +2(1-6)cK (D [6ael”) (2.5)

AEA AEA

on Hrp for all smooth functions .

Assumption 2.5. We have m > 2 and, for any h € (0, o] and n =
1,...,m, there exists an operator K = K}, ,, € &, such that

"Z A1(0,0) +n(n—1) Z (Brxp)QTae < (1 —9) Z Q(drp)

vEA AEA2 AEA2
+EK1 Y Q(0ap) +2(1 = 0)ek (D [8ael?) + KK (Y 18:0l?) (2.6)
AEA AEA2 AEA

on Hyp for all smooth functions .

Obviously Assumptions 2.4 and 2.5 are satisfied if ¢, and p, are
independent of z. In the general case, as it is discussed in [14], the
above assumptions impose not only analytical conditions, but they are
related also to some structural conditions, which can somewhat easier
be analyzed under the following symmetry condition:

(S) Ay = —A; and ¢\, = ¢_, for all A € A;.
Notice that, if condition (S) holds then
Yt )oe(r) = (1/2) Y aa(t, 2)Ase(x),
AEA A€

where A)\ = Ah,)\ and

T+ h\) —2p(z) + p(x — hA
AhJ\gD(x) — 90( ) iL(Q ) QD( ) — —5,)\6)\@(‘17).
Notice also that (S) implies that the sum in (2.3) in Assumption 2.2 is
identically zero since the sum changes sign if we replace A with —\.
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Remark 2.2. Assumption 2.4 is discussed at length and in many details
in [14]. In this remark we suppose that Assumptions 2.1, 2.2, and 2.3
hold and m > 2. At the end of this section we show that if condition (S)
holds and, for all A € Ay, 7, > 0 and ¢, > k, where k > 0 is a constant,
then both Assumptions 2.4 and 2.5 are satisfied for any ¢y > 0 and
d € (0,1), if hg is sufficiently small and 75 > 0, K3, and K are chosen
appropriately. In the case 7, = 1 it follows immediately from Remark
6.4 of [14] and Remark 4.3 that the above condition £ > 0 can be
dropped, provided, additionally, that ¢y is large enough (this time we
need not assume that h is small).

By the way, as we have seen in Remark 2.1, the condition that ¢y be
large is, actually, harmless as long as we are concerned with equations
on a finite time interval.

Mixed situations, when c is large at those points where some of
¢, can vanish are considered in Section 4 along with the analysis of
Assumption 2.4 as h | 0.

Now we are in the position to formulate our main results. Recall
that as we have pointed out after Assumption 2.1 all derivatives of uy,
with respect to x up to order m are continuous in Hrp.

Theorem 2.1. Let Assumptions 2.1 through 2.5 hold. Then for h €
(0, ho|] we have

sup Z |DFuy| < N(F, +G), (2.7)
At mo
where
F, = Zsup |D¥ful, G, = Zsup |D¥ gy,
k<n T k<n R

and N depends only on 19, m, 0, co, K1, |A1|, || A1), Mo, ..., M.

We prove this theorem in Section 3. Now we derive from it an esti-
mate for the solution of the equation

Ly + frn=0 in R% (2.8)

when ¢y, py, ¢, and f are independent of t.

Theorem 2.2. Let Assumptions 2.1 through 2.j be satisfied. Suppose
that qx, px, ¢, and f are independent of t. Then the following state-
ments hold.

(1) There ezists a unique bounded solution v = vp(x) of (2.8). More-
over, all derivatives in x of v up to order m are bounded continuous
functions on RY.
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(i1) Let Assumption 2.5 be also satisfied. Then

supz |Dkvh| < NF,,
L —

where
F,, = Zsup | D £,
k=0 R?

and N depends only on 19, m, &, co, K1, |A1], [|A1]|l, Mo, ..., M.

Proof. Statement (i) is proved in [14] (see Theorem 2.3 there). To
prove (ii) take v = ¢y, where v > 0 is so small that ¢ — v > ¢/2 and
conditions (2.5) and (2.6) hold with ¢ — v and §/2 in place of ¢ and 6,
respectively. Define u(t, z) := v(z)e”* and observe that u satisfies

0

L= L% — (¢ —v)u + "' f.

By Theorem 2.1 for z € R?

e’ | DFu(x)| =Y |D*u(T,x)| < Ne*"F,, + N> sup [ DFu(x)].
k=0 k=0 R4

k<m

v

By multiplying the extreme terms by e~*7 and letting T' — oo, we get
the result. O

The above theorems have important applications in the numerical
analysis of finite difference schemes for parabolic and elliptic PDEs.
Using them in the continuation of the present paper we obtain accel-
erated finite difference schemes for second order (possibly) degenerate
parabolic and also for second order (possibly) degenerate elliptic PDEs.
In particular, we will consider the Cauchy problem

%u(t,x) = Lu(t,z) + fo(t,x), t€(0,T], z € R? (2.9)
u(0,7) = go(w), x€R? (2.10)

with the operator

d d

A€AL 4,j=1 A€EA; =1

By a solution of (2.9)-(2.10) we mean a continuous function wu(t, z) on
Hr, such that for each t it is twice continuously differentiable in z, is
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bounded in Hr along with its derivatives in x up to second order and
satisfies

u(t, z) = go(x) —|—/0 [Lu(s,z) + fo(s, )] ds

in fﬂr.
To formulate one of the main results of the continuation of the paper
we fix an integer £ > 0 and set f, = fo, 9n = 9o,

k
up, = E bjtg—ip,
j=0

where wuy-j;, is the solution to (2.1) with 277/ in place of h,
(bo, by, ..., bx) == (1,0,0,...,00V 1,
and V! is the inverse of the Vandermonde matrix with entries
Vi =9 00Dy =1k + 1.

Theorem 2.3. Let Assumptions 2.3 and 2.1 with m > 3(k + 1) hold.
Also let condition (S) be satisfied. Then (2.9)~(2.10) has a unique
solution ugy, and
|t (t, 1) — ug(t, z)| < NhFF (2.11)

holds for all (t,x) € Hr, h € (0, ho|, where N is a constant depending
only onT, k, d, |A1|, ho, the number of elements in Ay, on My, ... .My,
on supeo 7y | fo(t)|m and on |gofm.

Now we prove our claim made in Remark 2.2. Instead of condition
(S) we assume the following weaker condition

(S'): Ay = —Ay and Dgy = Dq_, for A € Ay,
and proceed with the proof as follows. Clearly,

Z(S/\SO)L(;T/\SO =1 + I, (2.12)
AEA
with ) .
L= ()L3The, L= Y (5e)Lie. (2.13)
AEA AEA2

Due to condition (S')
L= ()L +h Y (6xp)LY0xe

AeM AEA
:% Z (SWJ)(S)\%)A#SO"‘ Z (SASO)(SApu>5uS0
A).“GAl >\7;U'€A1

+ Z (SASO)(SAXM)(SM(SAQO = [1(1) + [1(2) + 153)7
A EA
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L=1"+1? (2.14)
where in the notation £ = Dy /|Dyp| and 1)) = & D),

= %Tg Z Z Djqu)Aup = %73|D90| Z Que)Aup; (2.15)

J=1 pes JTSYINY
2 =Ty Z Z Dj)(Djpp)d 751Dyl Z Pue)0up-  (2.16)
J=1 pei HEAL

Set
T:=maxT,, 7 := minnmy,

AEA; AEA;
and observe that y, > k/2 > 0 for sufficiently small A, and that
¢ > ¢o > 0. Then by Young’s inequality, we obtain

omI) < 12237 Q(hhg) + NQ(p) for j=1,3, 2mI®) < NQ(y),

AEA;
amIY < 58N Q@) + NG e Y 0apl,
M€A1 AEAs
2m[2(2) < Tchach 16x0|?,
AEA

where N is a constant depending only on m, k, §, 7, 7, the number of
elements in Ay, and on the supremum norm of the gradients of p, and
¢, in x. Summing up these inequalities and taking 7, > 0 sufficiently
small we get (2.5) with K7 = 3N, unit operator I, and with § as close
to 1 as we wish.

This result is obviously applicable to 6,¢ in place of ¢ for any v € A.
It follows that for any 6 € (0,1) and appropriate constant K; we have

mZAl(g,,go) Z Q(6xp)

veA AEA2
+K1) Q(0ae) +2(1—6)e Y [l (2.17)
AEA AEA2

Now we show that Assumption 2.5 holds. Clearly,
Z () QuThg = Z () QxThg + 2 Z (Orp)QaThg

AEA2 AEA? AEA 1 X A2
+ Z (8)\90)@)\90 = Il + [2 + [3.
AEA3
Using

ATy = A, + héx0y2(6, +6_,) + (01 + 0x2) (6, +5_,)
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for A = (A, \?) € A? and p € Ay, we have

=3 G =1 + 17,

AEA2
with
=1 3 (@) (0a) (40 — )0,
AEAZ . pEN,
[P =h > (5x9)(02,)0r0,0.
AEAZ peA,

As above, we have

D IeP <N Y [06,0F <N Q)

AeA? A peAy AeA

D 16aduelP <N DY Q)

AEAT pEA AeA?

and hence, by Young’s inequality

n(n— DI < N> Q0p), (2.18)
AEA
nn = DI <WN Y~ Q) + N~ Qdap). (2.19)
AEA2 AeA

where N is a constant depending only on m, k, 7, the number of
elements in A; and on the supremum norm of |D?q,|. Similarly,

n(n— 1)y =n(n —1)7 Z Z (SI,TODi@)(g,,Diq“)T,,AHLp

i=1 v,u€N;

<N Y Q(5p) + Nrock (D du), (2.20)

AEA HEA2

n(n —1)I3 = 3n(n — 1)1 Z Z 70 Dij ) (Dijqu) App

1,7=1 peA

< Nrge Y 1ol (2.21)
AEA?
where N denote some constants depending on m, d, ¢y, k, 7, T, the
number of elements in A; and on the supremum norm of |D?g,|. Sum-
ming up the inequalities (2.17) through (2.21) and choosing 7y and hy
sufficiently small we obtain (2.6).
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3. PROOF OF THEOREM 2.1

For m = 1 estimate (2.7) holds by virtue of Theorem 2.1 from [14],
proved by the aid of the following version of the maximum principle
(Corollary 3.2 in [14]).

Lemma 3.1. Let Assumption 2.1 with m = 0 be satisfied and let x, > 0
forall A\ € Ay. Let v be a bounded function on Hr, such that the partial
derivative Dy = Ov(t,x)/0t exists in Hy. Let F' be a nonnegative in-
tegrable function on [0,T], and let C' be a nonnegative bounded function
on Hr such that

v :=sup(C —¢) < 0.

H
Assume that for all (t,z) € Hp Twe have
Dw < Lv+ Co, + F, (3.1)
where v(t) = sup{v(t,z) : x € R4}, Then in [0,T] we have
o(t) < 04(0) + |v| tsup F, (3.2)

[0,]
where ay = (|a| + a)/2 for real numbers a.

For the proof of this lemma we refer to [14]. In order to obtain
Theorem 2.1 for m > 2 we need some more lemmas. First we prove
a lemma which will be used a few times in the future. By K in the
lemma and later in the article we mean a generic operator of class K.
This operator may change each time it is mentioned even in one line
(cf. the use of o(n)). Thus, for example, for nonnegative functions «,
B on R? the formula ak + BK = (a + B)K means the simple fact that
for any K1,y € R

aky + Ky = (a + B)KCs
with
.« 8 0 ._
ICg = mlcl+a—_i_ﬁlc2€ﬁ (6 = 0)
Lemma 3.2. Let Assumption 2.1 be satisfied. Let n > 1 be an integer.
Set
A? = || A + 75

Then for any ¢ € C™ we have

DIl < IMIPPE(ID eP), Y 18el® < AK(1D"ef). (3.3)

AEAT AeAn
Furthermore, if 1 < n < m, then for any p € C"

D I Tel < [APA* (sup Y [D"p*)K(IDel?)

AEAR T peh;
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<M PAT (sup Y D"l )K (D 10el).  (34)
Hr jeny AEA
and if assumption (2.3) holds,
Do 1Dl < [ |'A% (sup Y |D"q ) K(ID%0f)

AEA™ Hr e,
< 7 A [PAT (sup Y IDRqu )  16ael?). (3.5)
Hr HEAL AEA2
Finally,

( Z 0 (0rp)?)" < M2 Z (Oap)* < Mg ( Z (0r0)%)".

)\EAl AEA, )\EAl

Proof. 1t is easy to see that for A € AT we have

Srplz) = h" / (0, 7) db,

[0,R]™
where, for y(X,0) = A0 + ... + X\"0" and T\ = TaTxz2 ... - Tan,
d
i1yin=1

By Cauchy’s inequality
o <h [ e, ds
[0,h]"
ox(0, 2)| < Ta[A[| D p(z + y(A, 0))],
where |A| ;= |AY] - ... - |A"]. Tt follows that the first inequality in (3.3)
holds with with D), in place of I, where

Dypo(x) = [|A]| 7 > AR Wz +y\0)do (L :=0).

AEAT [0,h]"

> TP = A
AEAT
D1 < 1, that is Dj, € R and the first inequality in (3.3) is proved.

To prove the second one introduce Dp,;, as the operators for which
first inequality in (3.3) holds with k in place of n, recall that AY = A9 =
{0} and 0y is the identity operator, and observe that the left-hand side
of the second inequality equals

YO8 D 18Gel <) CHIMIPDu( Y 18,.D%ef)

k=0 XeAk ueAy=* k=0 peAn "

Since
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= > CHIMIP "Dk (ID" ) =: (|A1])* + ) En(|D ),
k=0
with &, € K. This proves the first assertion of the lemma.
To prove (3.4) notice that by Cauchy’s inequality and (3.3) for A € A”

|P)\T)\QO|2 = | Z (SAP#)T)\(;;LQOF

HEAL

<Y G0’ Ta D (0u9)” < 1M (63p)* TaDia (IDep]).

HEAL HEAY HEAL
Hence the left-hand side of (3.4) is less than

AP Y (0apw)*TaDaa(IDe])

,LLEAl,)\GA”

= [Ai2A%" (sup ) [D"p, ") Ha(| D).

T peh

Here H;, € R, since by (3.3)

D (Gapn)® S ATDun( Y ID"pul?) < A sup Y [D pul*

HEALAEAT HEA Hr pneEMN

This proves (3.4). To prove (3.5), notice that  , udrg, = 0, which
implies that

QATae =h™" Y (03q)Ta (S — miDi) = Y (0rg) Tathy,

HEAY HEAL

where
Yy =h"'(0up — piDip).
Hence as above the left-hand side of (3.5) is less than

D D0 T Y [l = A (sup D D7) Ful 3 1l

AEAT peA; neEA T peh nEA

where Fj, € K. Furthermore,

h
() = b7 / (h — O)psgs; Dugipl + i6) d
0
h 1
< |uPr? / D (c + u0)|d6 = [P / D*o(x + hysb)| db,
0 0

1
@) < Jul? [ 1D + bt b,
0
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and we obtain (3.5) with the operator

A ECS / G(- + hub) do),

uGAl
which is in K because
KL< M) el <1
HEAL
Since the last assertion of the lemma is obvious, the lemma is proved.

U

The following lemma can be proved easily by induction on n. (Sums
over empty sets of indices are defined to be 0 in the lemma, and every-
where in the article.)

Lemma 3.3. Letn > 1 be an integer, 1 and ¢ be n times continuously
differentiable functions on R, and X\ € A™. Then

oA (V) = Prp + Z 0x:1)0xo) Thi

=1

+ Z (SA(il ..... ’Lk)w)gx(ll ..... ’ik)T)\(il ~~~~~ Zk)go

1<i1<..<ip<n

where )\(il, i) = (AN, AW, (i, ..., d) ds the sequence of vectors
AL LA™ from which the vectors standmg on the places with numbers
11, ..., i are removed, and 5A =1 forn=1.

Proof of Theorem 2.1. Recall that A° = {0} and &, = Ty is the
unit operator. Fix h € (0, hyl, for 0 < k < m set

U = Up, f:fha ‘/E):U27 Vk_ Z |5)\u|2 ‘/k )_Supvk(t7x)a
AEAK Re

and recall that F), is introduced in Theorem 2.1. Take an integer n €
[1,m]. Then we have

LoV =2 (Gwu)Lydyu+ Y Q(6u). (3.7)
AEAT AEA™
By Lemma 3.3
2 () Lydyu =2 (u)irLju— Y Ing, (3.8)

AEAD AEAR n>k>1
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where

In,k = Clrf Z Ak(guu)
HeAnfk
By Assumption 2.4,

nA(Gu) < (1-06))  Q(0rd,u) + K1Q(5,u)

AEA
2(1 = 6)ck (D 10x6,ul?). (3.9)
AEA
Hence,
Ly <(1=6) Y Qbwu)+ K1 > Q(6au) +2(1 = 6)cVi,.
AEA AeAn—1

Next, if n > 2, then
Lii+1Ia=n Z Ai(6u) + in(n—1) Z Aa(8,u)

,LLEA"71 }LGA"72

= > (0> A(6,(5,u) + tn(n — 1)As(5,u)),

peA—2 veA
so that by Assumption 2.5

Ini+ 1,2 <n(n—-1) Z Z (&&u)P,\T)\gMu

HEAN—2 AEA2
+(1=0) > Qo) + K1 Y Q(0wu) +2(1 = 8)cV, + K1V,
AEAn AeAn—1
By Lemma 3.2
n—l Z Z(S)\MUP,\T)\HU+ZInk<(52 +NZVk,
HEATN—2 \eA2 n>k>3

where and below by the sum over an empty set we mean zero. It follows
that, for n € [1,m],

LoVe =2 (6u)iaLiu+6 Y Qbyu) — Ky > Q(6au)

AEA™ AEA™ AeAn—1
n—1
—(2¢ = 26c+ )V, — N Y V. (3.10)
k=1
Next,
2 Z (5)\16)5)\[/271, = DtVn + R1 - RQ, (311)

AEAT
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Similarly to (3.8)
Ry =2¢V, +2) ChRy,

k=1

Ripi= ) Y (5,05u)(5,0)T,(0xu).
AEAn—k ek
By our assumptions, (3.3), and Cauchy’s inequality

> BTl < (3 G6w) T Y Ga?)

where

AeAn—k AeAn—k AeAn—k
> N 1/2
<UACY Gow)”
AEAN—K
Puel < VoV (32 10ueP) ™ < A¥sup DR VIV
HEAE r

Cauchy’s inequality also allows us to estimate Ry and conclude from
(3.10) that, for n € [1,m],

LYV, —2¢V,, — DV, > §Q,

n—1
~K1Qu1 — (2= 20c+28°)V, = N Y Vi — NF_, (3.12)
k=0
where B
Q= > Qo).
AEAF
We now prove (2.7) by showing that for each n € [1,m]
Vi < N(FZ+G3), k=0,1,..,n. (3.13)

We prove this by induction on n. By Lemma 3.1 we have
Vo < N(Fj + Gp).
Using this, from (3.12) we obtain (see more details in [14])
Vi < N(FE+G5)
by Lemma 3.1, provided that 0 < 2¢ — 2dc + 262 < 2¢ — §% which is
true indeed if
35 < 2¢o. (3.14)

This may look like a nontrivial restriction on . However, obviously, if
our assumptions are satisfied with a § € (0, 1), they are also satisfied
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with any 6’ € (0,4d]. Therefore, without losing generality we suppose
that (3.14) is valid. Thus we have obtained (3.13) for n = 1. Let n > 2
and assume that (3.13) holds with n—1 in place of n. Then from (3.12)
for k=1,...,n we get

LAV, —2cVi — Dy, > 6Qp — K1 Q1 — Cs Iy Vi — N(F24-G2), (3.15)
with C5 = 2(c — dc + 6%). Actually, (3.15) is true also for k£ = 0 if we
set Q_1 =0, since

LY (u?) — 2cu® — Dy(u?®) = 2u(LYu — cu — Dyu) + Qo(u)

= —2uf + Qy(u) > —N(F2 + G2) + Qy(u).

Next we set = K /8, multiply (3.15) by "% and sum up the resulting
inequalities with respect to k =0, ...,n. Then, for

W, = zn: Mn—k‘Vk’

k=0

we obtain
LOW,, — 2e¢W,, — DW,, > 6Q,, — C5V,, — N(F? + G?)

> —CsW,, — N(F? +G?).

Recalling (3.14) and using Lemma 3.1 shows that (3.13) holds. This
justifies the induction and proves the theorem.

4. DISCUSSION OF ASSUMPTIONS 2.4 AND 2.5

Remark 4.1. Tt may be instructive to see what happens with Assump-
tion 2.4 as h | 0. We suppose that Assumption 2.1 and condition (S)
are satisfied and m = 1. For simplicity we concentrate on the case that
To=Ty= 1.

Take a smooth function ¢ and at a fixed point of Hy let h | 0 in
(2.5). Since all terms apart, possibly, from K involve the values of ¢
and its derivatives only at the chosen point the last term in (2.5) will
become 2(1 — §)c(A71E, €), where

A=A\, (= ADg,
AEA

A* is a row vector transpose of A and Dy is a column vector of the
first-order partial derivatives. Also introduce

a= Y Mg, b= A

AEA AEA
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Then as is easy to see for h | 0 we have
Ai(@) = Y (D) N Y [N Dgyup” D*ppi+ 20" D,y Deg)
AEA nEA
= £'[tr (Dia) D*p) + 2(b, A'E)] = tr (a) D?p) + 2(be), A'€),

where D?¢ is the Hessian matrix of ¢ and we use the notation w) =
(¢, Du). Next,

Qp) = (&, A7'aATIE), Y Q6ap) = DD quA Dot D*p)

AEA AEA peA;
= tr A(D*p)aD*p
and (2.5) for m = 1 becomes
tr (aig D*p) +2(be), A7'€) < (1 = d)tr A(D*p)aD*p
+EK1(§A” GA 15) +2(1 = 8)e(A71E,€). (4.1)

At our fixed point the values of D?p have no relation to & This
implies that tr ABaB > 0 for any symmetric matrix B. For B =
nn* with nonzero n € R? this yields tr Ann*ann* = trn*Ann*an =
(An,n)(an,n) > 0 and since (An,n) > 0, the matrix a is nonnegative.
Furthermore, simple manipulations show that

sup [trag B — (1 — §)tr ABaB]
B

mlgll(r)ltr/l Cl (a+€[>

where [ is the unit matrix and a~
come to the condition

= ————tr A qa”!
“o = gy A wee ae;

1is the pseudo inverse of a. Thus we

——trA! 2 -1
4(1_5>r ae)a tae) + 2(be), AE)

< Ki(§, A7 aA™e) +2(1 — 0)e(ATIE ), (4.2)
which should hold for all vectors ¢ € R?. Condition (4.2) is much easier
to analyze than (2.5) but unfortunately (4.2) alone is not enough to
obtain our estimates for finite-difference equations.

In [14] there are many sufficient conditions for Assumption 2.4 to be
satisfied. In the rest of this section we suppose that only Assumptions
2.1 and 2.3 are satisfied and m > 2. Assume also that for a number
7 > 0 we have that, for any \ € Ay,

either 7\ >7 or Dgq(t,x) = Dpy(t,z) =0 forall (t,z). (4.3)

In other words this condition says that if 7, = 0 for a A\ € A; then for
that A the functions ¢y and py do not depend on z € R%.
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Recall that by IC we denote a generic operator from class K, which
may depend on h and ¢, and may change each time it is mentioned
even in one line.

Remark 4.2. Assume that m > 2, Ay = —A4, ¢ = ¢_, and that for a
constant 6§ > 0 we have ¢, < 0x, (= 0(gr+ hp,)) for all h € (0, hy] and
A € A;. Then, since ¢, are twice continuously differentiable in x and
nonnegative by Assumption 2.3, we know that ry := /gy is Lipschitz
continuous in z with the Lipschitz constant independent of .

In this situation the following may be useful. Conditions (2.5) and
(2.6) involve a mixture of finite differences and derivatives. Therefore,
it is reasonable to try to find conditions in terms only of finite differ-
ences which would imply (2.5) and (2.6).

We claim that (2.5) and (2.6) are satisfied with a 79 > 0 and, per-
haps, different 6, IC, K1 if for all smooth @ on Hy andn =1,...,m we

have
2m > (5ap) LSThp < (1-6) > Qday)
AEAL XeAL
+E1Q(9) + (1= 86)eK( D [a¢l?), (4.4)
AEA
2n Z (030, 0) LAT\6,0 +n(n — 1) Z (620)QaThep
A\ VEAL AeA?
<(1-06) ) Q6p) + K1Y Q6,9)
IJEA% vEA
H1L =) (D 10ael?) + KiK(D ) [6xel). (4.5)
AEA2 AeA
(Notice that the term 2(1 — 6) in (2.5) and (2.6) is replaced now with
1-9.)

To prove that (2.5) holds we follow the computations given in (2.12)
through (2.16) to get

mA;(p) =2m Z(g,\go)L?\T,\gp =2ml + 2mI2(1) + 2m[2(2),
AeA
where 2ml; is the expression on the left-hand side of (4.4), and IQ(j)
are given by (2.15) and (2.16). Observe that, for any unit £ € R? and

Ine) = &Digx we have x| < 207 where C' is the Lipschitz constant
of ry. Thus due to (4.3) and the assumption that ¢, < #x, we have

( Z qu(g)AuSO)Q < N( Z \/QuTu|Au¢’)2 <N Z Q(&L‘P)a (4-6)

HEN] HEA nEA
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where N is a generic constant depending on 7, #, the Lipschitz con-
stants of ry and on the number of vectors in A;. Furthermore,

( Z pu(f)éﬁt@)z < N( Z ’gMODQ <N Z 10upl?,
BEA pnEA nEAY

where £ := Dy/|Dyp| and N is a constant depending only on the Lips-
chitz constants of p,, 7, and and on the number of vectors in A;. Using
these inequalities we obtain

2
2m[§1) < m7 | Del* + TOm( Z qu(ﬁ)Am@)
HeEA

< emmocy Z |Su90’2 + 1omN Z Q(gugp),

HEA2 HEA,

2
mI{ < mg | Dep|? + mom ( Z Pu© D)
HEAL

< CTOmCalNZ 1650
AEA
with a constant N depending on 7, €, the Lipschitz constants of ry, py
and on the number of vectors in A;. Taking here 7, > 0 sufficiently
small we get

omI) + 2mI{? < g Z Q(d,) + gcz 1650/
peAL AEA

Adding this inequality to inequality (4.4) we see that there exist con-
stants 0,7 € (0, 1] (6 can be taken half of the one in (4.3)), such that

mAi(p) < (1-6) > Qorp) + K1Q(p) + (1= 0)cK (D Ioagl®) (4.7)
AEA AEA
on Hr for all smooth functions ¢ provided that 7o € (0,7]. Thus,
a condition even somewhat stronger than (2.5) is satisfied. We note
that by using Remarks 5.1 and 5.2 of [14], one can also see that due
to (4.4) and the above mentioned properties of ) and p, and due to
(4.3), condition (4.7) holds.
Next, observe that the left-hand side of (2.6) equals
B+ A+ A+ A+ B + B,

where B is the left-hand side of (4.5),

A'=n Z Ai(dyp), Al =2n Z (6,0,0) Q.0 ¢,

vEAg AEA1,VEAS

Az =2n Z (SVS)\SO)Pl/g/\SOa

)\EAl,VEAQ
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B'=2n(n—1) Z (0rp)QxThep,

AEA1 X Ao
B"=n(n—1) ) (0x0)Qx¢.
AEA3
Here by (4.7)
A< ) Y Q) + K1Y Q6,0)
veEAgs AEA veAs
+(1 = 0)ek( > 16ael?)
AEA?

Then,

d
A;’ = 2n7? Z Z(DjSASD)(DJTM)[TuAMSA@]

ApeA; j=1

d
< (1/16)0c2 3 S (Dihe)? + N7 > u(8,0:0)?
A€EA; j=1 REATAEA?

= (1/16)0c > (0,00) +N1e Y qu(6,0p)

AEA1,VEA HEAT,NEA?

< (1/16)0¢ Y (0xp)* + N75 Y Q6a9),
AeA? AEA?
where and below by N we denote various generic constants independent
of ¢, (t,x), and 79. Next, quite similarly

A"_Qm'o Z ZD(SMP (Djpu)d,0x¢

AMueN; j=1

< (1/16)dcry Z Z(ngwf + N7g Z(&@Q

AEA; j=1 AEA?
< (1/16)3¢ Y (5x0)* + N72 3 (5ap)™.
AEA? AEN2

Now we estimate B’ and B”. We have

d
B =n(n—1)15 > Y (D;i6rp)(Dorg) AuTap.

A e j=1

Here
AMT)\ = Au + (5u + 5—#)5/\7



DERIVATIVE ESTIMATES 23

and it is seen that

d
B' < (1/16)0c8 Y > (Djoag)? + N72 D (6xp)?

A€A; j=1 AeA2

< (1/16)3¢ Y (5x0)* + N72 3~ (5ap)™.
AEA2 AEA2

Similarly,
d

B" = (1/2)n(n — 1)7(;1 Z Z (Djep)(Djngu) Apep

< (1/16)3¢ Y (00)* + N7y D (5ap)”.
AeA? AeA?
By combining the above estimates we see that the left-hand side of
(2.6) is majorated by

(L=6+N7) > Qo) + K1Y Qo) + KiK (D orpl?)

veN? veA AEA

o201 = OK( Y 10gP) + (1/40 + N72) S [nel?].
AEA? AEA2
It follows easily that by choosing 7y small enough we will satisfy (2.6)
as well as (2.5) with §/2 in place of 6 and appropriate K.

Remark 4.3. In [14] we have seen that even Assumption 2.4 imposes
certain nontrivial structural conditions on ¢, which cannot be guaran-
teed by the size of ¢ if ¢ is only once continuously differentiable.

In contrast, given that Assumptions 2.1, 2.2, 2./ are satisfied and
m > 2, we claim that Assumption 2.5 is also satisfied if co is large
enough.

To prove our claim we notice that by (3.5)

STl < NE(Y 18,002),

AEAZ2 HEN2
so that B
n(n—1) > (0x0)QaTae
AeA?
<m(m—1[ Y 10el* + NEO [6uel”)] = N'K(D . 16,01%).
AeA? ueA? neEN?

Now assume that c is so large that

N’ < de.
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Then it follows from (2.5) that the left-hand side of (2.6) is majorated
by

(1-9) Z Xalox0uep|? + K, Z Xaloxduel® + 1,

AEA1,vEN? AEA1,VEA
where ) )
I=2(1=8)cK( ) 10xpl?) + 6K (D 16,017
AeA? HEA?
=:2(1-6/2)ck( ) 16x¢]*).
AEA2

We thus obtain (2.6) with 6/2 in place of 4.

Remark 4.4. 1t is interesting to have sufficiently simple conditions on
the coefficients of differential operators £ which guarantee that there
exist finite-difference schemes for which our assumptions hold. Here we
will only give a one dimensional example. This example is based on the
results of Remark 4.5 below, which can also be used to analyze many
multi-dimensional situations as well in the spirit of the comments in
[14].
Take d =1 and

Lo(x) = a(x)e"(x) + b(x)¢ () — c(z)p(x).
We assume that a > 0 and 7 := \/a, b, and ¢ are m-times continuously
differentiable with bounded derivatives. We take A; = {£1} and define

qu = a, Py = (1/2)1119 + 97
where 6 is a constant such that p, > 1. By using an argument in
Remark 6.7 of [14] and using our Remark 4.5, one can easily derive
that, for a sufficiently small 7y and 7, = 1, Assumptions 2.4 and 2.5

are satisfied for all sufficiently small i (with perhaps different § and
K,) if, for n < m,

75n2(r')? 4+ 2nb’ < (1 —6)c+ Kya
(cf. (4.2)). Again as in [14] we see that at points where a is close to

zero either ¢ should be large or b’ be sufficiently negative.

Remark 4.5. Condition (4.4) and its implications are discussed in many
details in [14] (with 2¢ in place of ¢). Here we give sufficient conditions
for (4.4) and (4.5) to be satisfied without involving test functions ¢.
For simplicity, we only do it in case

=1 forall A\ € A.

It is obvious that if we define &), = 0)J,¢, then condition (4.5) can
be rewritten in terms of §,,. What is nontrivial is that one can give



DERIVATIVE ESTIMATES 25

sufficient conditions for (4.5) to hold in terms of £, and not the two-
parameter object {y,. In addition, we will see that these sufficient
conditions are obtained just by slightly strengthening the corresponding
conditions from [14] guaranteeing the first-order derivatives estimates.
As in [14] one could extract further implications and simplifications
of the new conditions of the type that on the set where ¢ is small we
need x, to be uniformly bounded away from zero or p) be sufficiently
strongly monotone (see [14] for more details).

As in Remark 4.2 we assume that A; = —Ay, gy = ¢_ (= 0) and,
for a constant 6 > 0, we have ¢, < 0x, for all h € (0, ho] and A € A;.
Moreover, we assume additionally that ry := /gy is fwice continuously
differentiable in x and is bounded on Hp along with first and second-
order derivatives in x. Also we fix a constant § € (0,1/4] and assume
that on Hyp there are functions 7y, = raxu, Dap = Prap = 0, A, € Ay,
such that

m(m — DR (03r)” < 600+ Xu) + 13, Y sup 3, < de, (4.8)
pEAL AEA

P28\ < 62 (xa + Xpu) + Oh*pag, Z sup pa, < oc. (4.9)
e MM
By virtue of Remark 6.1 of [14] one can always find approximations L},
of the zero operator such that L, + Lj will still be approximating £
and for the coeflicients p/, of Lj, + Lj we will have p), > 1. Obviously,
for Lj, + L), conditions (4.8) and (4.9) are satisfied with 7y, = py, =0
for sufficiently small A.
For a function &, given on A; let us write

€1? = Z IS\E
AEA)

and let us drop the summation sign over repeated indices in A;. Then
we claim that

Conditions (4.4) and (4.5) are satisfied with appropriate Ky, K, and
0 if on Hy for all functions €, and n =1, ...,m we have

28n2(1 —40) 1Ty + (9/2)n*(1 — 40) 1 Iy + (1/2)n*J3
+26n% ) &10wpul + 2n68u(6apy + (9a74)°)

A uEA
< (1 —40)cl€)® + Ki&xa + 0h 2 x0]6n + €, (4.10)
where

Ji= 3 8w h=) (D &hwn), k=) (Gar).

wAEN nEAT  AEA A EAN
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To prove this claim, introduce

() = D (0ap)*(xr)?,

HAEA]

L) =3 (Y (0a)0ar)’s Ja(@) = Y (8,0)*(0ar)?

BHEAL  AEA A EA

and first recall that by Remarks 6.2 and 6.3 of [14] after replacing there
¢ with ¢/2 we obtain

2n ) (6x0) L3 Top + 1807 Ji() + (5/2)n* Ja(p) + (1/2)n° Ja()

AEA;

—0) ) Qp) + K1 Q(p) + (1 =8)ekC( Y [0rel)

AEAL AEA

In particular condition (4.4) is satisfied. Furthermore, by substituting
0, in place of ¢ and summing up over v € Ay, we get

2n Y (8,000) L3NG, + 1807 >~ Ji(6,)

AVEN veMA
+(5/2)n* > Da(8,0) + (1/2)0* Y J3(8,)
veh veh
Z Q(drp) + K4 Z Q(d,p) )CIC( Z |5/\90|2)'
AeA? veh AeA?

It follows that to prove our claim, it suffices to prove that

n(n—1) 3 (rp)QDap < 1802 Y Ji(8,9) + (5/2)n* Y Ja(6,)

AEA? veA vEAL
+(1/2)0* > J5(8,0) + (2/3)0 > Q6up)
veA veA?
+(1/3)6cK (D 10,01) + N D> Q(dup) + NK( D [du]?), (4.11)
IJEA% vEAL vEA

where and below by N we denote generic constants independent of
and (t,z) (and various £’s once they appear). Observe that for A =
(AL, A%) € A? and p e Ay,

Ty =1+ h*550e + h(Sn +0x2), A, =h""(0,+0_,)
and hence

AT\ = A, + hoyidx2(6, +0-,) + (da 4+ 0x2) (0, +0_,,),
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implying that
D (0:0)QTap = S1 + S,

AEA?
where

Si=(1/2) D (5x9)(0xgu) (460 — 5_.)0,¢,

AEAZ peA;
=h Z (02) (02q.) 06 10
AEAZ pEN;
Next, as it is easy to see for A € A?
NGy = 2(0x17y)0x2Ty + 27,07,
+2h(8x17, + Oxe,)OaT,, + W2 (83, )2

Estimating S,. First we estimate the term S, which contains the
third-order differences of . For the main term in S, we have

By =20 Y (6x0)(0n7) (0xer,) 620,60

AeA?
<16 Y (00 (0n)? + (/16087 Y (54 (x0,6,0)°
A p,vEN LWIRZIN]
=116 Y Ji(d,) + (1/16)E,
veA

where by assumption (4.8) and Lemma 6.1 of [14]
n(n—1)E <25 > Q(b,9) +43ck( Y (0rp)?).
VEA% AEA%
Hence,

veA
+H(1/8)8 Y~ Q(0,0) + (1/9)5cK (Y (6r9)°). (4.12)
veA? AeA?
Next, obviously, for any € > 0, (here we use that g, < fx,)
By = 2h Z (0x@)7(0AT1) 060

AEAZ pueA

< B2 Y ()6 e Y qu(6adup)?

AEAZ pEN AEAZ uEA

S Ne'K(D) D (629)?) +2 > Q6u9).

A€ vEA?
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It follows that (with ¢ > 0 different from the one from above but still
arbitrary)

n(n—1)By < Ne 'K ( Z op)?) + ¢ Z Q(d,p). (4.13)
A€ veEA?
Also
n(n—1h" D |(0:0)6x0u¢p]

)\EA%,/LEAl
<ede Yy () + Ne ' K(D (6x9)?).
AEA2 AEA;
Upon combining this with (4.12) and (4.13) we obtain
n(n—1)Sy < (£+6/8) > Q(5,) +16n> Y Ji(6,9)

+He+1/4)6cK (D (6x0)?) + NeT'K(D (0:0)%). (4.14)
AEA? AEA

Estimating S;. We again start with the main term in S, which we
split into two parts writing

(45)\1 — 5,M)5M90 = 45)\1(5Mg0 + AHQO.

We have
4 Z (0x0) (0x27,,) (Oa17,,) 001 0,00
AEAZ uEA
=43 [ (6x(0,9))6r] (6,706,
v,uENT  AEAL
<2 3 [ 6000  +2 Y (6,1)%(8,6.0)°
V. ;LEAl AEA V. }LGAl
<2 B0 +2 Y (0,ru)*(0u0xp)°
vEA v, AEN]
=2 Da(6) +2 Y Ji(6x¢).
veAl AEA
Furthermore,

D (630)(Onr) (Brer) Ay

AeAZ peN

= > [ D (6:0,0)63r] (6u) Ap

v,uENT  AEAL

<(1/2) 3 [ 3000w’ + (1/2) 3 (0,2 (Aup)?

v,u€A1  AEM v,uEA
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<(1/2) Y Do) + (1/2) > J5(dup).

veA; veh
Next, obviously

4 [(6x)(Oar)]rudndue < ecd Y () +e7'N D Qdrp),

AEAZpEN AeA? AEA;
D 6r) Oar)Iruup < ecd Y ()’ +e'N D Q(0rp).
AEA? AEA? A€M
Finally,
h Z |(6a)0a10,0| < €co Z (6rp)* 4+ "NKE( Z (6r¢)?).
NEAZ nEA AEA? A€M

Upon combining the above estimates we obtain

n(n—1)S1 < n® Y [211(6,9) + (5/2)12(6,) + (1/2)J5(5,%)]

vEA

+ecd Y () + 5‘1N< > Q) +K(D (5A¢)2)>.

AEA? AeA AeA

This along with (4.14) leads to (4.11) after appropriately choosing e
and proves our claim.
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