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ACCELERATED FINITE DIFFERENCE SCHEMES FOR LINEAR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS IN THE
WHOLE SPACE

ISTVAN GYONGY* AND NICOLAI KRYLOV T

Abstract. We give sufficient conditions under which the convergence of finite difference approx-
imations in the space variable of the solution to the Cauchy problem for linear stochastic PDEs of
parabolic type can be accelerated to any given order of convergence by Richardson’s method.

Key words. Cauchy problem, finite differences, extrapolation to the limit, Richardson’s method,
linear SPDEs

AMS subject classifications. 65M06, 60H15, 65B05

1. Introduction. Stochastic partial differential equations (SPDEs) play impor-
tant roles in many applied fields. Here we consider linear second order nondegenerate
parabolic SPDEs. These equations arise, for example, in nonlinear filtering of partially
observable diffusion processes. There are various methods developed in the literature
to solve them numerically. In this paper we apply the method of finite differences
in the space variable, while the time variable changes continuously. It is known that
in general the error of the finite difference approximations in the space variable is
proportional to the parameter h of the finite difference, see, e.g., [22] or [23]. Our
aim is to show that the convergence of these approximations can be accelerated by an
implementation of Richardson’s idea to SPDEs. We prove that for linear parabolic
stochastic PDEs driven by Wiener processes the finite difference approximations u"
admit power series expansions in the parameter h. This is Theorem 2.2, one of the
main results of the paper. Hence we get Theorem 2.4, our first result on acceleration
of finite difference schemes for SPDEs. It says that if the coefficients and the data
are sufficiently regular then the convergence of finite difference approximations can
be accelerated to any high order by taking appropriate mixture of approximations
with different step sizes. In the special case of symmetric finite difference schemes,
Example 2.2 below, the coefficients of odd powers in the expansions vanish. Hence
it follows, see Theorem 2.5, that the error of symmetric finite difference schemes is
proportional to h? without acceleration, and we can accelerate more effectively.

The SPDEs we consider in this paper are given in [0,7] x R?. The finite differ-
ence schemes are given in [0,T] X Gy, where G, are grids in the space variable. The
supremum in ¢t € [0,7] and x € Gy, of the remainder terms and of the approxima-
tion errors in the expansions in Theorem 2.2 and Theorems 2.4-2.5, respectively are
estimated. To prove these results we consider the finite difference schemes given not
only on the grids, but on the whole R?, and obtain a more general theorem, Theorem
4.1, that establishes a power expansion in h for the Ls-solutions of the schemes on
[0, 7] x R, with the remainder estimated in terms of Sobolev norms in the whole R?.
Hence we estimate the sup norm and also discrete Sobolev norms of the remainder by
Sobolev’s embedding theorems, and get our theorems on accelerated finite difference
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schemes, formulated in terms of supremum norm and also in discrete Sobolev norms
of functions over Gy,.

In the special case when the stochastic terms in the equations vanish the above
mentioned theorems are results on accelerated finite difference schemes for determin-
istic PDEs. Similar results on monotone finite difference schemes for parabolic and
elliptic PDEs, which may degenerate, are proved in [9] on the basis of derivative es-
timates in the supremum norm obtained in [7]-[8] for solutions to monotone finite
difference schemes. The finite difference schemes in the present article are not neces-
sarily monotone.

The idea of accelerating the convergence of finite difference approximations to
deterministic PDEs by suitable mixtures of approximations with different step-sizes
is due to L.F. Richardson, see [18] and [19]. This method is often called Richardson’s
method or extrapolation to the limit, and is applied to various types of approxima-
tions. It is used in [5]-[6] to accelerate splitting up approximations for a large class
of deterministic evolution equations, including second order parabolic equations and
symmetric hyperbolic system of first order PDEs. Richardson’s idea is implemented
to the law of Euler’s approximations for stochastic differential equations in [21], [1]
and [15]. There is a lot of other applications of Richardson’s method. The reader is
referred to the survey papers [2] and [4] for a review on the method, and to textbooks
(for instance, [16] and [17]) concerning finite difference methods and their accelera-
tions. We note that previous extrapolation results for stochastic equations, i.e. in
[21], and in its generalizations [15] and [12], are concerned with week approzimations
of stochastic differential equations. In contrast our main results are error expansions
for strong convergence of finite difference approximations in the space variable for
stochastic parabolic equations, and as far as we know these are the first results in this
direction.

In light of the results of the present paper it is natural to look for accelerated
space and time discretized schemes, say by using time discretization to solve the
systems of ordinary stochastic equations which we obtain after discretizing the space.
However, one knows that if the values of the driving multidimensional Wiener process
are available only at the grid points, then in general one cannot construct a scheme
with (strong) rate of convergence better than /7, where 7 is the mesh-size of the time
grid. On the other hand, in some particular cases, e.g., when the Wiener process is one-
dimenional, or some special data, like iterated stochastic integrals of the components
of the Wiener processes are available, then one can have accelerated fully discretised
numerical schemes for SPDEs. (See, e.g., [11] for high order strong approximations of
stochastic differential equations when appropriate iterated stochastic integrals of the
Wiener processes are used in the numerical schemes.)

We did not try to make our results as sharp or as general as possible. The main
goal of the article is to show a method of approximating. We plan to extend our
results to the case of degenerate parabolic SPDEs in the continuation of this paper.

In conclusion we introduce some notation used everywhere below. Throughout
the paper R? is a Euclidean space of points z = (!, ...,2%), and T > 0 is a fixed finite
constant. We set

D; =0/0z", i=1,...,d.

Also let Dy be the unit operator. Let (€2, F, P) be a complete probability space,
Fi, t > 0, be an increasing family of sub o-fields of F, such that Fy is complete
with respect to (F, P). By P we denote the o-field of predictable subsets of Q x
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[0,00) generated by F;, and B(RY) is the o-algebra of the Borel subsets of RY. We
assume that on () we are given a sequence of F;-adapted independent Wiener processes
{wp};o:1 such that for every integer p > 1 and for all 0 < s < t the increments
wy — w? are independent of F;. Unless otherwise stated throughout the paper we
use the summation convention over repeated integer valued indices. For functions
u = u(w,t,x), w € Q te€l0,T], z€ R we use the notation D'u = D'u(z) for
the collection of Ith order derivatives of u with respect to x and |D'u|? = |D'u(z)|?
is the sum of squares of all Ith order derivatives at x. If u is an ly-valued function
then the differentiability of it is understood in the sense of ls-valued functions and
|D'u(z)|?, means the the sum of squares of the ly-norm of all Ith order derivatives at
x. For basic notions and notation concerning the theory of linear stochastic partial
differential equations we refer to [20].

Acknowledgments. The first version of this paper was presented at the ICMS
conference on ‘Numerical Analysis of Stochastic PDEs’ (Edinburgh, May 2009), or-
ganised by Evelyn Buckwar and Gabriel Lord, and at the ‘Stochastic Analysis’ session
of the 7th International ISAAC Congress (Imperial College, London, August 2009)
organized by Dan Crisan and Terry Lyons. We thank the organisers for the invita-
tions.

We are sincerely grateful to the referees for their careful work which helped im-
prove the presentation of the paper.

2. Formulation of the main results. We consider the equation

for (t,x) € [0,T] x R? =: Hy with some initial condition where
16 = ;" DaDpd,  Mié = b7’ D,

and {w”}z‘;l is a sequence of independent Wiener processes given on a probability
space (2, F, P) equipped with a filtration (F):>o such that w{ is F;-measurable and
wf — w? is independent of F; for all 0 < s < ¢ and integers p > 1. Here and below
the summation with respect to o and g is performed over the set {0,1,...,d} and
with respect to p in the range {1,2,...}. Assume that, for o, 8 € {0,1,...,d}, we
af Ba
t

have af” = aP®* and a?” = o (2) are real-valued and b$ = (7)o, are lo-valued
P x B(RY)-measurable functions on Q x Hrp.
Let m > 1 be an integer and let W3" be the usual Hilbert-Sobolev space of

functions on R with norm || - ||y

Assumption 2.1. (i) For each (w, ) the functions a” are m times and the func-

tions b are m + 1 times continuously differentiable in x. There exist constants Kj,
[ =0,...,m+ 1, such that for all values of indices and arguments we have

ID'af?| <Ky, U<m, D', <K, l<m+1.

(ii) There is a constant x > 0 such that for all (w,t,z) € Q x Hy and z € R?

d
5 lf PP 2 P

ij=1
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Assumption 2.2. We have ug € Lo (2, Fo, Wa™ ). The function f; is W4 -valued,
g7, p=1,2, ..., are Wy valued functions given on Qx [0, T] and they are predictable.
Moreover, for g; := (g{)52, and

oo
loulg = 5" llgf 1%
p=1
we have

T
B [ Ul + o)+ ol =2 K3 < o

Remark 2.1. If Assumption 2.2 holds with m > d/2, then by Sobolev’s embedding
of W3 into Cj, the space of bounded continuous functions, for almost all w we can
find a continuous function of z which equals to ug almost everywhere. Furthermore,
for each ¢t and w we have continuous functions of x which coincide with f; and g, for
almost every x € R?. Therefore when Assumption 2.2 holds with m > d/2, we always
assume that ug, f; and g; are continuous in z for all ¢.

The solutions of (2.1) will be looked for in the Hilbert space

W;n+2(T) = LQ(Q X [OaT]7P7W£n+2)'

One knows, see e.g., [14] or [20], how to define stochastic integrals of Hilbert-space
valued processes and equation (2.1) is understood accordingly. Observe that since
ug € La(9, Fo, W3) the solutions of (2.1) automatically are continuous Wam-valued
processes (a.s.).

We are going to use the following classical result (see, for instance, Theorem 5.1,
Remark 5.6, and Theorem 7.1 of [13]).

THEOREM 2.1. Under the above assumptions there exists a unique solution u €
W H(T) of (2.1) with initial condition ug. Furthermore, with probability one the
function uy is a continuous W2m+1—valued function and there exists a constant N
depending only on T, d,k, m, and K;,l < m+ 1, such that

T
2 ’ 9 ’ - ) |
Eflglg ||ut||W2m+1 + E/(; ||U/t||W2m+2 dt < N’Cm

Remark 2.2. In the future we are going to assume that m + 1 > d/2. Then
by Sobolev embedding theorems the solution u;(x) from Theorem 2.1 is a continuous
function of (¢, ) (a.s). More precisely, with probability one, for any ¢ one can find a
continuous function of & which equals u;(x) for almost all z and, in addition, the so
constructed modification is continuous with respect to the couple (¢, x).

We are interested in approximating the solution by means of solving a semidis-
cretized version of (2.1) when partial derivatives are replaced with finite differences.
For A = 0 set 0p,» to be the unit operator and for the other values of A € R? let

u(x + hA) — u(x)
h

Opu(z) = for h € R\ {0}.

We draw the reader’s attention to the fact that h can be of any sign. This will be
important in the future.
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To introduce difference equations we take a finite set A C R? containing the
origin, and consider the equation

dul' = (LM} + f,) dt + (M]Pul + ) duw?, (2.2)
with
Li¢ = a"Su\0_pnudy,  M]"Pd =675, 0,

where the summation is performed over A\, u € A and in (2.2) also with respect to

p =1,2,.... Assume that, for \,u € A, a* = ai‘“(x) are real-valued and b* =
b} (z) = (b;\p(a:))f;‘;l are lp-valued functions on Q x Hr, measurable with respect to
P x B(R?).

Set Ag := A\ {0}. Let m > 0 be an integer. Set m = max(m, 1), and let Ay, A41,...,
Ag be some constants. The functions a and b are supposed to possess the following
properties.

Assumption 2.3. (i) For cach (w,t) and A,y € Ag and v € A, a}* are @ times

continuously differentiable in z, al”, a?? are m times continuously differentiable in

z and by are m times continuously differentiable in x as l»-valued functions. For all
values of arguments we have

‘Djai\ll| SAjv )‘a;U’EAOv ] <m,

|DIa}?| < Aj, |Dad* < A;, [DIBY, <Aj, A€EA, j<m

(ii) For all (w,t,z) € Q@ x Hp and numbers zx, A € Ay, we have

Z (20" — b7617) zrz, > K Z 23,

A\ u€Ao AEAQ

Introduce
Gy = {)\1h 4+ ..+ Ah:n= 1,2, ,)\1 e AU (—A)}

and let l2(Gy) be the set of real-valued functions w on Gy, such that

|U\122(Gh) = |h|? Z Ju(z)|* < oo,
zeGp,

The notation l2(Gy) will also be used for lo-valued functions like g.

Remark 2.3. Observe that, under Assumption 2.3 (i), equation (2.2) is an ordi-
nary It6 equation with Lipschitz continuous coefficients for ls(Gy,)-valued processes.
Therefore if, for instance, (a.s.)

T
/0 (el ) + 19t 6,y dE < 00,

and Assumption 2.3 (i) holds then equation (2.2) has a unique solution with continuous
trajectories in I3(Gy,) provided that the initial data ul € I2(Gy) (a.s.).
For equation (2.2) to be consistent with (2.1) we impose the following.
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Assumption 2.4. For alli,j =1,....d and p=1,2, ...

Ay, g i) A0y i Op i 0 0i 00 __ 00
E a "N =a, E at)\+g ap' =ap +a;', a =a;,
A, €A YY) nEAo

N
> BN =D, b =1
AEAQ

Remark 2.4. Clearly, if

af = Y aNpd, ij=1,..d
A €A

is an invertible matrix for some w, ¢, z, then Ag spans the whole R?. On the other
hand, if Ay spans R?, then clearly a constant ' > 0 exists such that

Z |Zzi)\i|2 > K|z|?, forall z = (2!,...,2%) € RY,
AEAg i
and therefore Assumptions 2.3 (ii) and 2.4 imply Assumption 2.1 (ii). It is not hard
to see that Assumptions 2.1 (ii) and 2.4 do not imply Assumption 2.3 (ii), in general,
unless A is a basis in R?.
There are several ways to construct appropriate a and b.
ExXaMPLE 2.1. The most natural, albeit sometimes not optimal, way to choose a

and b is to set A = {eq,e1,...,eq}, where eg = 0 and e; is the ith basis vector in R¢
and let

ea€s _ _af} eap __ pQap _
ay =a;,, b*"=0", «ap=01,..4d.

Thus, in (2.2) the first order derivatives in (2.1) are approrimated by usual finite
differences and

A ij
E a; “6h,,\5_h7uu = —ay 6h,€ri6h7—eju) (2.3)
A, u€Ao

which is a standard finite-difference approzimation of a;’ D;Dju. Also notice that
A ij A i
E a;Monz, = af ze, ze,, E b; 72y = b 2,
A u€lho A€Ao

It follows that a and b satisfy the above assumptions as long as a and b do.
EXAMPLE 2.2. The second choice is to use symmetric finite differences to ap-
prozimate the first-order derivatives. Namely, we take Ag = {*e1, ..., £eq} and

Qe = a0 = (1/4) (a4 a),  bET = +(1/2)b7,
=, W=

:at’

so that, for instance,

d
Ap B ipu(x 4 he;) — u(x — he;)
E bt 5h7)\u(l‘) = E bt oh .
AEAQ i=1
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For M\, i € Ay we define a}** by

:tei,:tEj _ 1 17 :I:ei,:Fej _
a; =3za;, =0.

Then Assumption 2.4 is satisfied and formula (2.3) holds again (a7 = a’?). If As-
sumption 2.1 (ii) is satisfied, then for any numbers zy

Ap Ap up
E (20" — 6705 ) 202, = al zelze] + all z,elz,e]

A\,p€Ao i,j=1 3,J=1

d

d d d
DY S0 =Y e P2 D A ez, — (12 DY bz, |
p i=1 P i=1

i=1 i,j=1

d d
+ 3 aleeze, — (12N b [
P =1

ij=1

d d
2
_/-@Ez g _vf/-zg zA,
i=1 i=1

AEAQ

so that Assumption 2.3 (ii) is also satisfied. By comparing Theorems 2.4 and 2.5 and
also definitions (2.6) and (2.9) for approzimations 4" and @" below, notice that the
above choice of a and b is better than that of the previous example, in the sense that
for @ we have fewer terms to calculate than for a" to get the same order of accuracy
of the approzimations.

Our results revolve about the possibility to prove the existence of random pro-
cesses u,(:j)( ), t €[0,T],z € R% j =0,...,k, for some integer k > 0 such that they
are independent of h, u(?) is the solution of (2.1) with initial value uo and almost
surely we have

k hj
Z], ul? () + R (2) (2.4)

Jj=0

for h # 0 and for all t € [0,T] and * € Gy, where u}' is the solution to (2.2) with
initial data ug and R" is a continuous Iy (Gp)-valued adapted process, such that

E sup sup |RP(z)]* < NR2k+DK2 (2.5)
te(0,T] z€Gy

with a constant N independent of h.
THEOREM 2.2. Let Assumptions 2.1, 2.2, 2.8 and 2.4 hold with

m=m>k+1+d/2

where k > 0 is an integer. Then expansion (2.4) and estimate (2.5) hold with a
constant N depending only on A, d, m, Ky, ..., K41, Aoy ooy A, £, and T.
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Remark 2.5. Actually u?(z) is defined for all x € R? rather than only on Gy, and,
as we will see from the proof of Theorem 2.2, one can replace Gy in (2.5) with R<.

Remark 2.6. Let Ag be a basis in R? such that Assumption 2.4 holds. Then
Assumption 2.1 (i) implies Assumption 2.3 (i), and Assumption 2.1 (ii) implies As-
sumption 2.3 (ii) with m = m. Thus if Assumptions 2.1 and 2.2 hold with

m>k+1+d/2,

then the conditions of Theorem 2.2 are satisfied.
Equality (2.4) clearly yields

k

ki
6h,,\ut Z *'5;1 w )+ On /\Rt ()
0/

for any A = (A1,..., A\,) € A and integer n > 0, where A = {0} and
5;,,)\ = 6h7/\1 te 6h,>\n'

Theorem 2.2 can be generalised as follows.
THEOREM 2.3. Let the conditions of Theorem 2.2 hold with

m=m>k+n+1+d/2

for some integers k > 0 and n > 0. Then expansion (2.4) holds and for \ =
(A1, An) €A™

E sup sup |[0pARMx)]> + E sup Z |65 AR (z)[2|h|¢ < NR2EHD 2
tel0,T) z€Gy te[0,T] e

where N depends only on A, d, m, Kg, ..., Kmmy1, Ao, .oey Am, & and T
We prove Theorem 2.3 in Section 4 after some preliminaries presented in Section
3. To discuss the method of acceleration we fix an integer & > 0 and set

a ="M, (2.6)

where, naturally, u2 ' are the solutions to (2.2), with 2=7% in place of h,
(bo, b1, ...,bx) := (1,0,0,...,0) V1 (2.7)
and V1! is the inverse of the Vandermonde matrix with entries
Vil == G=DU=D =1 k41

The following consequence of Theorem 2.2 is the first main result of the paper on
accelerated convergence. Its generalisation is presented in Section 4.
THEOREM 2.4. Under the assumptions of Theorem 2.2 we have

Esup sup @) (z) —uf” (z)]* < N|RPFDL2, (2.8)
t<T zeGp,

where N depends only on A, d, m, Koy, ..., Kimy1, K, Aoy ooy A, and T'.
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Proof. By Theorem 2.2
) k hz
279h _  (0) () 4 =2 hyp k41 o
U =u +Zi!2ﬁu + 7 R 5 =0,1,..k,
with 72 ' .= p=i(k+D R27h  which gives

k k k kK ;
R SUTLE) SN TLES ) gy ()+Zb P2 h

=0 =0 i=1

~

I
o

<

kpi L k
:u(0)+2j Z)ZZTJj Z 727 Jh_u(o +Zb72 thk+1
7=0 7=0

i=1 Jj=

since

k k
dbi=1, Y b2 =0, i=12..k

j=0 j=0

by the definition of (bg,...,b;). This and (2.5) yield the result and the theorem is
proved. O
Remark 2.7. Let the conditions of Theorem 2.2 hold with

m=m>k+14+n+d/2,

where k and n are nonnegative integers. Then (2.8) holds with d; @" and Jhy,\u(o) in
place of @" and u(?, respectively, for A € A™.

Proof. This follows from Theorem 2.3 in the same way as Theorem 2.4 follows
from Theorem 2.2. O

By the above remark one can construct fast approximations for the derivatives of
u(®) via suitable linear combinations of finite differences of @".

Sometimes it suffices to combine fewer terms u? " to get accuracy of order k+ 1.
For integers k > 0 define

o
=> b ", (2.9)
§=0

where
(Do, b1, ...y b)) = (1,0,0,...,00V "L, k=[],
and V1! is the inverse of the Vandermonde matrix with entries
Vi =400 =1 k4 1.

THEOREM 2.5. Let the conditions of Theorem 2.2 hold. Then in the situation of
Ezample 2.2 we have

Esup sup |a) (z) —uf” (z)]* < N|RPEFDE2, (2.10)
t<T z€Gyp,
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where N is a constant depending only on d, m, k, Ko, ..., Kmt1, Ao, ..oy Am, and T.

To prove this result we need only repeat the proof of Theorem 2.4 taking into
account that in (2.4) we have uij) = 0 for odd j < k since u? = u;" owing to the
fact that in the case of Example 2.2 equation (2.2) does not change if we replace h
with —h.

Remark 2.8. Notice that without acceleration, i.e., when k£ = 1 in the above
theorem, the mean square norm of the supremum in ¢ and z of the error of the
finite difference approximations in Example 2.2 is proportional to h2. This is a sharp
result see, e.g., Remark 2.21 in [3] on finite difference approximations for deterministic
parabolic PDEs.

EXAMPLE 2.3. Assume that in the situation of Example 2.2 we have d = 2 and
m =7. Then

~h._ 4, h/2 1, h
u —371, B’U,

satisfies

E sup sup |u£0)(x) —a(z)] < Nh™
t<T z€Gy,

EXAMPLE 2.4. Take d =1 and consider the following SPDE:
duy = 3Dy dt + 2Duy dw,

with initial data ug(x) = cosx, where wy is a one-dimensional Wiener process. Then
a unique bounded solution is u¢(x) = e 'cos(x + 2w;). Example 2.2 suggests the
following version of (2.2):

o4 h) = 2ub(@) +ufa—h)  ul(@th) (e = h)

h
u
dul(z) = 3 a 2 -

dwt,

the unique bounded solution of which with initial condition cosx is given by

sin h
h

h
ul(z) = e= " cos(z + 2¢0pwy), hc, = 12sin® 5 2sin’h, ¢, =

Fort=1, h=0.1, and w; = 0 we have

u1(0) ~ 0.3678794412,  u*(0) ~ 0.366352748, u'/*(0) ~ 0.3674966179,

@ (0) = 2u"2(0) — Lul(0) ~ 0.3678779079.

It is instructive to observe that such a level of accuracy is achieved for ul(0) with
h = 0.00316, which is more than 15 times smaller than h/2.

Actually, this example does not quite fit into our scheme because ug is not square
summable over R. In connection with this we reiterate that the main goal of the
present article was to introduce a method and not to prove the most general results.
Without much trouble our approach can be extended to a class of SPDEs with growing
data by the help of weighted Sobolev spaces (see [10]), and then the above example
can be included formally.
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3. Auxiliary facts. The following fact is easily obtained by Young’s inequality
owing to Assumption 2.3.
LEMMA 3.1. Let Assumption 2.3 hold. Then for all ¢ € Ls we have

Qt(so)::/R [2¢0(2) L () +Z|Mhp

K
<=5 3 1oagl + Mgl
AEAQ

where N depends only on k, Ag, A1, and the number of vectors in A.
Proof. First observe that for © € Ag the conjugate operator in Ly to d_p, ,, is 0p .
Notice also that

On (V) = ¢0n wtp + (T, ) 00)0n, 1,

where T}, ,9(z) = ¥(x 4+ hp). Thus by simple calculations we get

4
= Z Qtl) ()
=1
with

Do) == [ 3 (@~ 66) G a0 ) o) do
RdA

)=2 [ 3 (B Gl (o) d
R4

A €A

QP (p) = / 20002 (x) + 2p(2) > (028, x0 + aP0_p 1p) (@) da

AEAg

U0 = [ o) +2 Y 06 e apla) da
R

A€EAQ

Due to Assumption 2.3 (ii)

1
) <=5 D7 [18navll3,-

AEAg
By Assumption 2.3(i), Young’s inequality and the shift invariance of Lebesgue measure
i K ,
Do) <5 D naell, +Nllel?, i=2.3.4,
AEAQ

with a constant N depending only on the number of elements of A, x, Ay and, for
1 =2 also on A;. We finish the proof by summing up these estimates. O
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Recall the notation W5*(T') = Ly(2x [0, T, P, W3™). Remember that W3 denotes
the Hilbert-Sobolev space of real-valued and also that of l;-valued functions on RY.
Thus W5 (T) denotes the Hilbert space of predictable functions ¢ = ¢; on Q x [0, T
with values in the WJ" space of real-valued functions, and W3*(T') = W5*(T,l2) de-
notes the Hilbert space of functions g = (gp) °, with values in the WJ" space of
ly-valued functions on R?, with norm defined by

T
e N

lolpan =5 [ Z I9¢ i dt < .

respectively.
THEOREM 3.2. Let Assumption 2.8 (i) hold. Let f* € W§(T), p € A, and
(97)521 € WE(T') be some functions. Then for each h # 0 there exists a unique

continuous Lo-valued solution u? of
duf = (" \0_ppuf + 0_puf") dt + (677 5p zu) + gf) dwf (3.1)

for any W3 -valued Fo-measurable initial condition ug. This solution is a W3*-valued
continuous process. Moreover, if Assumption 2.3 (ii) is also satisfied, then

Bsup uf iy + E/ S 6l 3
AEA

< NE/ (D I B + Ngellp ) dt + NEuollfyp. (3.2)
pneEA

where N depends only on d, m, A, k, Ag,..., Az, and T.

Proof. The first assertion is a simple consequence of the fact that (2.2) is an
ordinary It6 equation with Lipschitz continuous coefficients for Lo-valued processes.
Similarly, (2.2) has a unique Wi*-valued solution and, since W3* C Lo, this proves that
the Lo-valued solution is actually W3'-valued. Moreover, we can easily get estimate
(3.2) with a constant N which depends on h. In particular we have that the solution
is in Wi(T).

The proof of estimate (3.2) with N independent of & is rather standard but still
contains a point which usually does not appear. This concerns the treatment of
aM Sy \6_p, uupt after (3.8) without assuming that 2 derivatives of a are bounded.

By It6’s formula for Ls-valued processes we find

dllut |17, = {Qe(u) + 2(u”, f) + 200" 6n aui', 97) + 97|17, } dt

+2(uf, 620n \uy + gf) dwy. (3.3)

We use Lemma 3.1, the inequalities like |ab| < ea® 4+ 71b?, and Assumption 2.3

(i) to conclude that

Bl + 55 / S a2, ds < Elugl2,
AEA)
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t
NE [ (I, + 3 121, + el ds < . (3.4)
AEA

By Gronwall’s lemma we can eliminated the first term in the integral on the right in
(3.4) and get that

t
E / S 6t |2, ds < NEfuol 2,
0 xea

NE [ (S I, + ol ds. 59

AEA

After that we come back to (3.3) and use Davis’s inequality to derive that

Esup ||up |, < NE|uo|3,
t<T

T
VB [ (IR, + ol ) e+ N, 56)
AEA

where

T o0
J:E(/ Z(/ |l (6206, sul + gf)| da)? dt) '/
0 ,—1 J/Rd

T
1/2
< B( [ It 10 + a0l ar)

T
1/2
< Esup [[ul]|1, ( / 6265 nult + o2, dt) "
t<T 0

T
< (2N1) " 'Esup |lu|7, + NE/ O lonaullz, + llgellz,) dt.
t<T 0 xea

This and (3.5) allow us to drop the last term in (3.6) which again combined with (3.5)
yields

T
Esup|lufl|}, + E / > lonaupll7, dt
t<T 0 AEA

T
< NEluwl%, + NE / (IR, + lael2,) (3.7)
AEA

This proves the theorem if m = 0. If m > 1, we differentiate (3.1) with respect
to z*, and introduce the notation ¢ for the derivative of a function ¢ in x*. Then we
obtain

dﬁ? = (a’\“éh,Aé,h’Hﬁ? + 57}1’“]‘?#) dt + (b?”éh,,\at + gf) dwf, (38)



14 ISTVAN GYONGY AND NICOLAI KRYLOV

where
7 7 A 0, = N ~ A
L=l w#0, fR =+ M0 nut, 97 =30 +0,70n auf

We proceed with (3.8) as above with (3.1) with one exception that for p € Ay we use
the inequality (cf. Remark 3.1)

t t
B[ [ 1at5adonalldods < [ Bk 000801, ds
0 JR 0

t t
ga/ Bl DS |2, ds+Na*1/ Blla*|2, ds,
0 0

where 9, = pD; and € > 0 is arbitrary and N depends only on |u| (cf. Remark 3.1
below). Then we come to the following counterpart of (3.4)

t
~h ~h
Elat|?, + E / S 602, ds
0 xeA

t
< NE|aol, + 0B [ 3 D5, ds
O xea

t
8B [ (181 + 1y + 9y s (39)
AEA

Recall that here @? is the derivative of uf with respect to z*. By writing (3.9) for
all i = 1,...,d and summing them up we see that the term with the factor (2d)~* is
estimated by other terms on the right-hand side of (3.9) and, hence, can be dropped.
After that the already familiar procedure yields

T
Esup| D2, + E / S DSl 2, dt
t<T 0 Xea

T
< NE|uollfy; + NE /O (D MGy + llgelifyy) dt, (3.10)
AEA

which along with (3.7) proves (3.2) with 1 in place of m.

Once this step is done the rest is routine. Assume that m > 2 and (3.2) is true
with » in place of m for an integer n € [1,m — 1]. Then we differentiate (3.1) n + 1
times and now use the notation q~5 for certain n+ 1-th order derivative of ¢ with respect
to . Then we will obtain (3.8) with slightly modified f* and §°. Namely, the fO will
be the sum of f° and the linear combination with constant coefficients of certain i-th
derivatives of a;\ " times certain n + 1 — i-th derivatives of dj, \d_p, Muf. Here ¢ should
be restricted to [1,n + 1]. As above, the Ly-norms of the n 4+ 1 — i-th derivatives of
6h7>\5,h,uu? are dominated by the Lo-norms of the n + 2 — i-th derivatives of 5h,Au?
which are less than the W, ™'-norm of d; yu} an estimate of which is contained in
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(3.2) with n in place of I. Similar changes should be made in §°. After that we obtain
the corresponding counterpart of (3.10) which yields (3.2) with n + 1 in place of m.
This obviously brings the proof of the theorem to an end. O

LEMMA 3.3. Let n > 0 be an integer, let ¢ € W™ op € W32 and \, u € Ay.
Set

O =AND;p, Oxy=0\0y.

Then we have

0" ! n an+1
@y A0 = /0 003" ¢(x + hoA) df, (3.11)
an
W(sh)\(sfh,;ﬂ/)(l’)
1 1
:/O /0 (0105 — 020,)" Ot (x + h(O1\ — Oop1)) d61dBs, (3.12)

for almost all x € R?, for each h € R. Furthermore, if | > 0 is an integer and
b€ Wit and o € WS then

‘h|n+1

[8nxé = > GO ol <
=0

n+2
(i+1)! S il 2wy (3.13)

[8n70—huth = DBy Aind3 Oy < NIBPH [ gppinss,  (3.14)
=0 r=0

where N = N(|A|, |u|,d,n) and

I o Vi
Air = (r+ )G —r+ 1)

(3.15)

Proof. Clearly, it suffices to prove the lemma for ¢, € C§°(RY). For n = 0
formula (3.11) is obtained by applying the Newton-Leibnitz formula to ¢(z 4+ 6h\)
as a function of § € [0,1]. Applying it one more time derives (3.12) from (3.11) for
n = 0. After that for n > 1 one obtains (3.11) and (3.12) by differentiating both parts
of these equations written with n = 1.

Next by Taylor’s formula for smooth f(h) we have

dn+1

Bt d 1" .
100 =3 G O+ o [ =0 s r0) a0,

n!

By applying this to

1
(5h’)\¢(l‘) = /0 8)\¢(SE + he)\) do
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as a function of h we see that

n

Snap(x Z

1=0

ko)

hn+1

1
/ / (1 — 02)"07 T OV p( + hb1020) dB1dbs.
0 0

Now to prove (3.13) it only remains to use that by Minkowski’s inequality the Wi-

norm of the last term is less than the Wi-norm of 95%¢ times
n+1 n+1
~ (n+2)!

Similarly, by observing that the value at h = 0 of the right-hand side of (3.12) is
n
nl> " A 0O ()
r=0
we see that the left-hand side of (3.14) is the W}-norm of

hn+1

/ / /0 (1 — 93)”(918>\ — egé)u)”+18AM¢(x + h93(91/\ — 92/,6)) d01d92d93

This yields (3.14) in an obvious way.O
Remark 3.1. Formula (3.11) with n = 1 and Minkowski’s inequality imply that

10n 2@l Lo < [|OAQ] Lo

By applying this inequality to finite differences of ¢ and using induction we easily
conclude that WHT - W}ZLTQ, where for integers [ > 0 and r > 1 we denote by W;i’é

the Hilbert space of functions ¢ on R¢ with the norm |[|¢|); ., defined by

lelZrn = D oha e Snr, el (3.16)
A1y A EA

We also set W}llg = Wzl Then for any ¢ € W2l+r we have
el < Nlellyier,

where N depends only on [Ag|* := 37, ., [A[* and 7.
Set

£ = 3" @00, MO =360,

A HEA AEA

and for integers n > 1 introduce the operators

£§n) — Z Al ZATL rarJrlan 7+1 Z ai\OanJrl

Mu€A =0 AEAQ
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)Tt S e,

n€Ao

MO = (4 1) 3 oot

AEAo

oM _ i Zn:h—iﬁﬁ” RIMe _ i Z M()"
ast ’

=0

where A,, , are defined by (3.15).
Remark 3.2. Formally, for n > 1 the values Eg")(b and ME")” ¢ are obtained as

the values at h = 0 of the n-th derivatives in h of L¢ and Mth’pgb.
Remark 3.3. Owing to Assumption 2.4 we have

£ =, MO =mP. (3.17)

Also observe that in light of Lemma 3.3, under Assumption 2.3, for ¢ € W2”+2+l and
P € Wit we have

h(n n
107 1wy < IR ]l yensa,

h(n) n
IRE™ Slluwy < NI @llyyzens2, (3.18)

where N denotes constants depending only on n, d, I, Ag,...,A;, and A.

Let k € [1,m] be an integer. The functions u( ), ugk) we need in (2.4) will be
obtained as the result of embedding of certain functions v(*) taking values in certain
Sobolev spaces. Define v,EO) as the solution of (2.1) from Theorem 2.1 and for finding

v . v®) introduce the following system of stochastic PDEs:

dv{™ :(ﬁtvgn) + Z C@ﬁﬁ%ﬁ"‘”) dt

=1

+ (vain) + Z C’é./\/lil)pvt(n_l)) dw?, n=1,..k, (3.19)

=1

where C!, =n(n —1)-...- (n — 1+ 1)/I! is the binomial coefficient.
THEOREM 3.4. Let Assumptions 2.1, 2.2, and 2.3 (i) hold, m = m, and let
1 < k < m. Then there exists a unique set v( ) (k of solutions of (3.19) with

)

initial condition v(()l) = .. (k) =0 and such that v € WH2=™(T), n = 1,.., k.

Furthermore, with probabzlzty one vg ") are continuous Wé”“ "-valued functions and

there exists a constant N depending only on T, d,k, A, m, and Ko, ..., Kpni1,
Ag,....; Ay such that forn=1,.. k

Bsup [of" 3 puse-. +E/ o™ g dt < NKZ,. (3.20)
t<
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Proof. Notice that for each n = 1,...,k the equation for v§”) does not involve

the unknown functions Ut(l) with indices [ > n. Therefore we can prove the solvability

of (3.19) and the stated properties of ut(”) recursively on n.
Denote

S(n) _ Z C;E(i)v("_i), R(n)p — Z CZLM(i)pU(n—i)’

i=1 i=1

and first let n = 1. By Theorem 2.1 we have v(®) € W7(T), which owing to
Assumption 2.3(i) yields that S € W71(T) and R = (RMP) € W5 (T)(here
we need the assumption that m = m). Hence, it follows again by Theorem 2.1 that
there exists a unique v € W5 (T satisfying (3.19) with zero initial condition.

(1)
t

Furthermore, v;”’ is a continuous W4'-valued function (a.s.) and (3.20) holds with

n=1.
Passing to higher n we assume that m > k > 2 and for an n € {2, ..., k} we have
found v ,...,v("~1) with the asserted properties. Observe that for i =1,...,n

£V gy < NI gymrsiion o

= N||’U(n7i)‘lwgn,+2—(n_7:)(T), (321)

(D)p,,(n—1)|2 (n—1))|2
; APy HWQ"*"“(T) < Nt Hw;””*"“*““)(T)

= N|o 92, (3.22)

gy
It follows by the induction hypothesis that S € W5 ™ (T) and R(™ € W5 "+1(T).
By applying Theorem 2.1 we see that there exists a unique v(™) € WQH”JFQ(T) sat-
isfying (3.19) with zero initial condition. This theorem also yields the continuity
property of vgn) and an estimate, that combined with (3.21) and (3.22) and the in-
duction hypothesis yields (3.20). This proves the existence. Uniqueness is obtained
by inspecting the above proof in which each v(") was found uniquely. O

LEMMA 3.5. Let Assumptions 2.1, 2.2, and 2.3 (i) hold and m =m. Let 1,k >0
be integers such that l+k~+1 =m, and let v, ..., v®) be the functions from Theorem
3.4. Set

0 hi .
=l — vt( ) Z f'vgj), (3.23)
1<G<k I’

where v" is the unique La-valued solution of (3.1) with initial condition ug, f© = f
and f* =0 for u € Ag. Then vl =0, r* € WIk(T), and

drl = (Ll + FMyat + (Mth’prf + G?’p) dw?, (3.24)
where

k ; k ;
hi N hi N
Fth = O?(k J)’Ut(]), Gihp = : R?(k J)P,UEJ).

§=0 7! §=0 7t
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Finally, F" € W5(T) and G™ € W5H(T).

Proof. Due to Assumptions 2.2 and 2.3(i) we have v € W5*(T), and owing to
Assumptions 2.1 and 2.2, by Theorem 2.1 we have v(®) € Wm+2(T). Hence clearly
rh e W™(T) when k = 0, and 7" € W7'=*(T') follows from Theorem 3.4 when k > 1.
A direct computation shows that (3.24) holds with F and G in place of F' and G,
respectively, where

B = 0O - £o® 4 Y 1y mh 3 &,m

1<<k ! 1<5<k
GMo = MMy — MO N M M%U — Jhe,
1<j<k ! 1<j<k

with

Z Zz']—z L@, Z)hj

1<j<k i=1

Jhe — Z Z G )pv(j—i)hj7

1<j<k i=1

where, as usual, summations over an empty set mean zero. Notice that

ZZM—@ RCROTY,

=1 j=1

kok—iog elpp bl
RIOROIYTE N S YUl S KO M0
=2 T _Zuzz‘!ﬁ“
=1 1=0 =0 i=1
koo k=i
=35 e,
7=0 J: =1 v

and similarly,

J’LP_ZZ ']—z M()pvj Dpd = Z ZZ'M()/JU(J

j=11:i=1 _

After that the fact that F = F and G = G follows by simple arithmetics. Finally, the
last assertion of the lemma immediately follows from Remark 3.3 and Theorem 3.4
(see however the proof of Theorem 4.1). O
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4. Proof of Theorem 2.3 . In this section we suppose that m = m. We start
with a result which, as will be seen later, is more general than Theorem 2.3 .

THEOREM 4.1. Let m =1+ k+1 for some integers I,k > 0, and let Assumptions
2.1, 2.2, 2.3, and 2.4 hold. Then for r¥, defined as in Lemma 3.5, we have

T
E'sup ||rf||%v2, + E/ Z ||5h7>\er%/V21 dt < N|p|?*+DK2 | (4.1)
t<T 0 e

where N depends only on T, d,k, A, m and Ko,...,Knt1, Ao,..., Am. Moreover,in
the situation of Example 2.2 we have vV = 0 in (3.23) for odd j < k.

Proof. By Lemma 3.5 we have F" € W5(T) and G € W5 (T), which by
Lemma 3.5 and Theorem 3.2 yields that the left-hand side of (4.1) is dominated by

T
NE [ (FF g+ 1GH ) . (4.2
To estimate (4.2) we observe that for j < k by Remark 3.3 we have
108w sy < NIRF gy gn-svs = NIAFTH fu?flynraes.

Upon combining this result with Theorem 3.4 we see that
T
B [ IFF g de < NP,
0 2

Similarly one can estimate the remaining part of (4.2) thus proving estimate (4.1).
Finally, observe that in Example 2.2 we have v" = v=" due to the uniqueness of the
Lo-valued solution for equation (2.2) with initial condition uwg. Hence (4.1) yields
v0) =0 for odd j < k. O

By Sobolev’s theorem on embedding of Wi into Cj, for | > d/2 there exists a
linear operator I : W} — Cy such that Ip(x) = ¢(x) for almost every » € R? and

sup [Io| < N,
Rd

for all ¢ € W/, where N is a constant depending only on d and I. One has also
the following lemma on the embedding Wi C I3(Gy,), that we have already referred
to, when we used Remark 2.3 on the existence of a unique l3(Gy,)-valued continuous
solution {w;(z) : x € Gy} to equation (2.2).

LEMMA 4.2. For all ¢ € Wi(R?), 1 > d/2, |h| € (0,1)

> He@)PIal < Nl (4.3)
zeGy,

where N is a constant depending only on d and [.
Proof. By Sobolev’s embedding of WY into Cy, for z € R% and smooth ¢ we have

PP < sup @ (z+ha) <N 3 p2el / (D)= + ha)? da
z€B1(0) la| <l B1(0)

Ny |h|2|“‘_d/ (D) (&) 2 < |4 3 /B GO

lee| <l Ba(2) || <l
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with a constant N = N(d, 1), where B,(z) = {x € R : |x — z| < r}. Thus

S IRt <N Y 2/ (@) da

2€Gy, la|<l z€G,

that yields (4.3). O

Set R = Ir}. Recall that A° = {0}, 050 is the identity operator and J, ) =
Ohag * - Onoa, for (A1,...,Ap) € A™, n > 1. Then we have the following corollary of
Theorem 4.1

COROLLARY 4.3. Let the assumptions of Theorem 4.1 hold with | > n+ d/2 for
some integer n > 0. Then for A\ € A™ we have

E sup sup |6, zR}(z)> < NR?FHUKE,
te[0,T] zeRd

E sup Y |opaRl(x)]*h]* < NRZEFDE
te(o, T]xEGh

with a constant N depending only on A, d, m, Ky, ..., K;yy1, Ao,-ey Am, K, and T.
~ Proof. Set j =n —1. Then j > d/2 and using Sobolev’s theorem on embedding
W3 into C, and taking into account Remark 3.1, from Theorem 4.1 we get

E sup sup |6, Ry (2)* < CLE sup |RE[}
t€[0,T] zeRe t€[0,T)

< CE sup ||RE|}, < Np2+D g2 |
te[0,T]

where C; and Cy are constants depending only on m and d, and N is a constant
depending only on m, d, T, k, A and K; for i < m + 1. Similarly, by Lemma 4.2 and
Remark 3.1

E sup Z |on 2RI (z)|?|h|¢ < CLE sup ||(5h,>\RfH?/VJ
te[0,T) 2€Gy, te[0,T]

< Np2k+D g2

< CoF sup HRhHW
t€[0,T)

Now we show that Theorem 2.3 follows from the above corollary. We define
ah = Io", ul) = Iv(j), i=0,...k,

where v is the unique JF;-adapted continuous Lo (R9)-valued solution of equation
(2.2) with initial condition ug, the processes 0@ . v*) are given by Theorem 3.4,
and I is the embedding operator from WY into Cj. By virtue of Theorem 3.2, v" is a
continuous Wzl—valued process, and by Theorem 3.4 v(9), j =1,2,..., k, are W;H*k-
valued continuous processes. Since [ > d/2 and n+1—k > d/2, the processes 4" and
u9) are well-defined and clearly (3.23) implies (2.4) with 4" in place of u”. To show

that Corollary 4.3 yields Theorem 2.3 we need only show that almost surely

al'(z) = ul(z) forallt € [0,T) (4.4)
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for each = € Gy, where u” is the unique Fy-adapted lo-valued continuous solution of
(2.2). To see this let ¢ be a compactly supported nonnegative smooth function on R?
with unit integral, and for a fixed = € Gy, set

ve(y) = ¢((y —x)/e)

for y € R? and £ > 0. Since 4" is a continuous Ly-valued solution of (2.2), for each e
almost surely

| atwein= [ awewa+ [ [ @lite+nm)ew s

* /0 /]Rd (Mshvp’&?(y) + gg(y))‘pa (y) dy dw?

for all t € [0,T]. Letting here e — 0 we see that both sides converge in probability,
uniformly in ¢t € [0,T], and thus we get that almost surely

W (2) = uo(z t hal(z s(x)| ds t hopgh (2 P(x)| dw”
() 0()+/0 [Lha! () + fu()] d +/0 (M0l (@) + g2 (x)] duot

for all t € [0,7]. (Remember that ug, f and g are continuous in x by virtue of
Remark 2.1.) Moreover, owing to Lemma 4.2 the restriction of 4; onto Gy is a
continuous Il2(G}p)-valued process. Hence, because of the uniqueness of the lo(Gp,)-
valued continuous F;-adapted solution of (2.2) for any lo-valued Fp-measurable initial
condition, we have (4.4), that finishes the proof Theorem 2.3.

Theorem 2.3 yields the following generalisation of Theorem 2.4.

THEOREM 4.4. Let the conditions of Theorem 2.3 hold with n = 0. Then

_ 0
Esup sup |al(z) — ul” ()|
t<T z€Gp,

+Bsup 3 [al () — uf @) |hl? < NBPEKE, (15
=7 z€Gy

where " is defined by (2.9) and N depends only on A, d, m, Kq, ..., Kyny1, A1,...,Am,
k, and T. In the situation of Example 2.2 estimate (4.5) holds also for W", defined by
(2.9), in place of u.
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