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Nonextensive Bose—Einstein condensation model

T. Michoel® and A. Verbeure®
Instituut voor Theoretische Fysica, Katholieke Universiteit Leuven,
Celestijnenlaan 200D, B-3001 Leuven, Belgium

(Received 26 November 1997; accepted for publication 3 November) 1998

The imperfect Boson gas supplemented with a gentle repulsive interaction is
completely solved. In particular, it is proved that it has nonextensive Bose—Einstein
condensation, i.e., there is condensation without macroscopic occupation of
the ground k=0) state level. ©1999 American Institute of Physics.
[S0022-248829)03902-X

[. INTRODUCTION

The search for microscopic models of interacting bosons showing Bose—Einstein condensa-
tion is an ever challenging problem. It is known that the phenomenon only appears for space
dimensionsd=3! A general two-body interacting Bose system in a finite centered cubic box
ACRY, with volumeV=LY, is given by a Hamiltonian,

HAZTA+UA, (1)
where
k|2
Ta= 2 adfa, &=5—.
Ke A* 2m
UA=i > v(g)ak, Ak acva a(x)=i2 VLR
2Vq,k,k'eA* 9"k’ -q \/vkeA*

Thea®(x) are the Boson operators satisfying the commutation rules

[a(x),a*(y)]=d(x=y), [a(x),a(y)]=0,

and
2w
A*=(k:k:Tn,neZd].

We limit ourself to periodic boundary conditions.

Rigorous results on the existence of Bose—Einstein condensation are known for very special
potentialsv in (1), in particular, of course, far =0, the free Bose gas, and ferin the &function
limit? or in the van der Waals limit Another class of models that are treatable is this for which the
Hamiltonian is a function of the number operatdig=a; a, only. These models are called the
diagonal model§.The Hamiltonian is a function of a set of mutually commuting operators with a
spectrum consisting of the integers. The operators can be considered as random variables taking
values in the integers. The equilibrium states are looked for among the measures minimizing the

dAspirant van het Fonds voor Wetenschappelijk Onderzoek—Vlaanderen.
Electronic mail: tom.michoel@fys.kuleuven.ac.be
BElectronic mail: andre.verbeure@fys.kuleuven.ac.be

0022-2488/99/40(3)/1268/12/$15.00 1268 © 1999 American Institute of Physics

Downloaded 14 Aug 2002 to 169.237.99.215. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



J. Math. Phys., Vol. 40, No. 3, March 1999 T. Michoel and A. Verbeure 1269

free energy. This method, developed in a series of pajak 4, and references thergiopened
the possibility to derive rigorous results for so far unsolved interacting Bose gas models. The
method is a powerful application of the large deviation principle for quantum systems.

In this paper we derive some rigorous results for another diagonal model, inspired by Ref. 5,
where the pressure is computed. We are not using the large deviation technique of Ref. 4, but the
full quantum mechanical technology, in particular, correlation inequalities, in order to prove the
existence of Bose—Einstein condensation. In Sec. Il, we first rederive the result of Ref. 5, and give
a concise, rigorous, and direct proof of the pressure formula. Some arguments of Ref. 6 are
translated into our situation. Our main contribution is in Sec. Ill, where we prove the occurrence
of Bose—Einstein condensation, and where we study in detail the type of condensation.

There exist different types of condensation. The best known is macroscopic occupation of the
ground state, but there is also so-called generalized condensation, when the number of particles
distributed over a set of arbitrary small energies above the lowest energy level becomes macro-
scopic, proportional to the volume. This notion has been put into a rigorous and workable form in
Ref. 7.

As far as our results are concerned, this notion of generalized condensation is crucial. We
prove that in our model generalized condensation occurs without macroscopic occupation of the
ground state. As far as we know, this is the first model of an interacting Bose gas for which this
type of condensation is found. The only existing result is for the free Bose gas, considering a
special thermodynamic limit, not of the type of increasing, absorbing ctibes.

The result of Sec. Il also allows us, using the technique of Ref. 10, to give an explicit form
of the equilibrium states in the thermodynamic limit. One verifies that they are of the same type as
the equilibrium state of the imperfect Bose gas.

Il. THE MODEL

In Ref. 5 Schrder considers a Bose gas contained ohdimensional §=3) cubic box with
Dirichlet boundary conditions on two opposite faces and periodic boundary conditions on the
remaining surface. This can be interpreted as the model of a Bose gas enclosed between two hard
walls at a macroscopic distance. An interaction term is introduced that behaves locally like the
mean field interaction. This gives rise to the following Hamiltonian:

A
Ha= 2 aNeat v
ke A*

1 ~
Ni+5 2 NJ?,A), 2
jeN

where

L L
AZ{XeRdZ— S<X<3 =1,...d—1;0sxdsL] V=LY,

N

. 2 a1 T *
A ZTZ XE\J, Ngpa=a (fk,A)a(fk,A),

2 1/2 - -
fra= (v) exfgi(kyxy+ -+ Ky 1Xq-1)sin(kgXq),

)\ERJr, ijA: 2 Nk,Ay
{ke A*:kq=(m/L)j}

No= 2 Nga-
ke A*
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Schraler shows that the grand-canonical pressure of this so-called local mean field model
coincides with the grand-canonical pressure of the usual mean field model, or imperfect Bose gas,
with Hamiltonian

A
HYF = > kak,A+\_/N12\v )
ke A*

which is a soluble model.

From this result, Schider concludes that his model exhibits a phase transition with the same
critical behavior as the imperfect Bose gas, although macroscopic occupation of the ground state
may not occur, and opens the question of whether generalized condensation, as defined in Ref. 7,
does take place.

We study a model of an interacting Bose gas that is inspired by 8ehsomodel, but that
contains a nontrivial part of the self-interaction terms appearing in the general two-body repulsive
interaction(1). More precisely, we consider a system of identical bosons in a centered cubic box
A eRY, d=3, with volumeV=LY, with periodic boundary conditions for the wave functions, and
described by the Hamiltonian

A 1
Hy= 2 Eka,AJFv(NiJFE > NE,A , 4
ke A* ke A*
where now
* 2m 7d *
A :TZ’ N a=ag a8k

1 )
ar ,=— | dxé&k*a*(x),
KA \/VJA (X)

)\ERJr, NA: z Nk,A'
ke A*

Our model can also be compared to the Huang—Yang—Luttinger model, rigorously studied in Ref.
11. Compared to our model, here the interaction teNﬁyg appear with a minus sign and are
therefore attractive perturbations of the imperfect Bose gas. The attractive character efgemces
Ref. 1)) the condensation in the zero mode. The repulsive character of these terms in our model
should make condensation in the zero mode more difficult. Heuristically one might expect that our
model is a candidate for nonextensive Bose—Einstein condensation.

First we give a new proof, inspired by a proof in Ref. 6, of the main result of Sienra.e.,
the equality of the grand-canonical pressure of this model and the grand-canonical pressure of the
imperfect Bose gas. From this we can immediately prove that there is no macroscopic occupation
of any single-particle state.

For everyu in R, denote

N 1
Halw)= 2 alat | Ni+5 2 Ny | —uNy, (5)
ke A* keA*
and
MF A2
HYF(w)= > N A+ NA =Ny (6)

ke A*
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For a<0, let

Co={teCP(RY): inf (&—t,—a)>0},
keRd

with CP(RY) the space of continuous bounded functionsidn Forte C¢, let

H *= D (ec—t— a)Ny 4 -

ke A*
First, we prove the following.
Lemma 1:
1 1 o 1
guntre = agintren M- G ol H A (u) — HY), )
with
t+ tr e_'BHtAJraA
wy “(A)= ———-
A ( ) tr efﬂHf\ﬁ'

Proof: The functionx e [0,1]—Intre®**P, for C andD self-adjoint is convex. Hence, define
the convex functiorf on [0,1] by

t+a

f(x):|ntre*ﬂ(XHA(M)+(l*X)HA )
For alla,bin [0,1], f(a)—f(b)—(a—b)f'(b)=0, in particular,
f(1)=f(0)+f'(0),

which immediately yields the stated inequality. O
We can now prove a first result.
Theorem 1: The grand-canonical pressure at chemical potential

1
B(u)= lim P = lim = Intre AHaw)
P(u) Jm Palp) Jm v

exists for every in R and is given by

_ 2
P() =P () = inf ( pa)+ %)

a<0

with pMF(w) the grand-canonical pressure of the imperfect Bose gas at chemical potersiad
p(«) the free-gas grand-canonical pressure at chemical potemtial

[The expression fopMF(u) is computed in Ref. 3.

Proof: Since for everyu e R, H,(u)=HY"(u), we have

Balw)=pY (),

and hence

lim supp,(p)=< lim p¥F(u)=p"F(u).

V—oo Voo

To prove the lower bound, we make use of Lemma 1. &&¥0 andteC*, let
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p(kt, &)= a7
Then
oy “(Nga)=p(k;t,a),
o (N ANk ) =p(kit,@)p(K st @), if k#k',
oy “(NZ ) =p(k;t,a)(2p(K;t,@) +1).

We calculate the rhs df7). The first term gives

1 1
—lntre A = — — 3 In(1—e Alacta)y,
ﬂV BVkEA*

To calculate (V) o' *(H,(u)), we write

Ha(p)= 2 (& NkA+ > > NkANk’A+ E NkAv

ke A* kEA* k! #ke A* kEA*
hence
1 t+a . ’. CV
v On “(Ha(w) 2 (e m)p(kit,a)+ E 2 pkta)p(kta)+ 17,
keA kEA* k' #ke A*
where
cy= 2 p(kt,a)(2p(K;t,a) + 1).
2vk "
Also,

1
th;w;a)— 2 (-t apkt,a).
keA

Substituting all this in(7), we get

Pals )>_B_ S In(1—e Alacte a>+— > (n—te—a)p(kit,a)
ke A* keA

S 3 pktwp(ita) - o

ke A* k'#keA*

Sincep(k;t,a) andcy, for V large enough, are bounded

Iiminf~pA(,u)>—/3—1J’ d_kdm(l_e—ﬁ(sk—tk—a))
rd(27)

V—oo

dk dk 2
+Jﬁdﬁ)d(,u—tk—a)p(k;t,a)—)\(deW)dp(k;t,a)) . (8)

For <0 the free-gas pressure is given by
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p(a>=—ﬁ‘1f K in(1— e e )
rd(27)
and

o odk 1
p (a)_ \Hd(Zﬂ')d eﬁ(ekfa)_l'

Also, let p.=p’(0) as usual.
First, consider the case<2\p.. Taking@a<0 andt=0 in (8) we get

liminfPy(u)=p(a)+(k—a)p’(a) =\ (p'(a))? 9

V—oo
For u<2Ap., sincep’(a) is increasing ang'(0)=p., the equation

oy M

has a unigue solutior* <0. Takinga=a* in (9), we get
- (u—a*)? (u—a)?
liMminfpy(u)=p(a*)+ an inf{p(a)+ an PV (),

V—oo a<0

which proves the theorem fr <2\ p...
Consider now the case=2\p.. Takea=0 and an appropriatein (8):

dk
|iminfT)A(,u,)>—ﬂ_l Wm(l_e—ﬁ(fk—tk))

Voo Rd
[ unkor| [ o] a0
+ w2 (m=tp(kt) =N w2 p(kit) |, (10

with

1
p(kat): eﬁ(ek—tk)_ 1’

For all 6>0, taket se C° such that

ts(k)=0, |k|>6.

Then
f dk (k't)—J dk ity + dk 1
gd(2m 3P s 2m P ) s s2m) e 1

Letting 6— 0, the second term on the rhs convergep{o Taket s such that the first term on the
rhs converges tu/2\ —p. as 6—0. Such a sequence of's can be constructed rigorously by
using the Approximation theorem proved in Ref. 12. It certainly meand jhab asé— 0. Hence
we get

f dk " m
Rd 277)3 P( !tﬁ)_> ﬁv
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as 6—0, and thus
2

S M .
liminfp,(u)=p(0)+ KB inf

Vo a<0

_ 2
[p(a>+%}=p“m),

so that the theorem is proved fpr=2\p. as well. O

From Theorem 1 we can immediately derive that there is no macroscopic occupation of any
single-particle state, in particular, the following.

Theorem 2: For everye>0 and for V large enough, we have, for everyg K*:

1
va(Nk,A)<Ev

wherew, is the finite-volume Gibbs state of,idu).
Proof: We have

eBVPY (1) = tr @~ BHN' (1) = tr( @~ BHA(W (BN Sk AxNf 1) = g, A(ewx/zwzkemNﬁ,A)eﬁVbAw_

Hence,

1 2
FJXIF:'FV)A(:U') +—1In wA(eWWV)EkeA*Nk,A),

BV

By Theorem 1 we get

1 2
lim —= In w4 (ePMV2)2kea*Nica) =0,

V—oo

From the Jensen inequality, i.e., fBra convex function and a normal state,

o(F(X))=F(w(X)),
we get
IRC L Nﬁ'A) = e(,B)x/ZV)EkEA*wA(Nﬁ'A),
or
0< %k%) wA(NE )< ﬁiv In w, (€PN Zkea* NG )
Hence

1
lim > (N2 ,)=0.
V—o0 ke A*

Since for eactke A*,
1 21 ) 1 )
0<|goaNia) | SgzoaNED<Tz 2 oa(Ng ),
v v \ k' e A*

we get the Theorem. O

Downloaded 14 Aug 2002 to 169.237.99.215. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



J. Math. Phys., Vol. 40, No. 3, March 1999 T. Michoel and A. Verbeure 1275

IIl. BOSE-EINSTEIN CONDENSATION

In Ref. 7 it is stressed that Bose condensation does not necessarily manifest itself through a
macroscopic occupation of a single-particle si@te ground state usuajlybut that there are, in
fact, two good candidates for the concept of macroscopic occupation of the zero-kinetic energy
state. Macroscopic occupation of the ground state is said to occur when the number of particles in
the ground state becomes proportional to the volume; generalized condensation is said to occur
when the number of particles whose energy levels lie in an arbitrary small band above zero
becomes proportional to the volume. Obviously, the first implies the second. However, the second
can occur without the first; this is called nonextensive condensation. The concept of generalized
condensation was first introduced in Ref. 13. More precisely, we have the following.

(i) Macroscopic occupation of the ground state if the limit

1
J'LTLV 7 (Ngy)

exists and is strictly positivedji) generalized condensation if the limit

1
lim lims > @x(Ngy)
5~>OV—>°€V{keA*:ek<§}

exists and is strictly positivejii) nonextensive condensation if the limit

1
I|m v a)A(NOVA) = 0,

V—oo

but nevertheless the limit

1
lim lims > @x(Ngy)
BHOVHMV{keA*:ek<6}

exists and is strictly positive.

Examples of these different occurrences of Bose condensation in the free Bose gas, depending
on how the bulk limit is taken, can be found in Refs. 7-9.

As is proved in Theorem 2, there is no macroscopic occupation of the ground state in our
system. However, as we will show, there is generalized condensation. In other words, we have a
model for an interacting Bose gas displaying nonextensive condensation.

Our approach is based on Ref. 10, where the imperfect Bose gas is treated. The system is
given by the local Hamiltoniam , , with periodic boundary conditions

A
Hy= X €Ny AT v

1
R
ke A*

ke A*

— ANy, 11

as specified before, ang, is determined by the constant density-0 equation:

1
va(NA):P-

We study the equilibrium state of this system in the grand-canonical ensemble. The key
technique is the equivalence of the equilibrium condition or Gibbs siatevith the correlation
inequalitie$**®
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wp(X*X)

,BLL)A(X*[HA ,X])ZwA(X*X)Inm,

12

for all local observables< belonging to the domain dfH,,-]. In particular, we take foixX
polynomials in the creation and annihilation operators. We prove the occurrence of nonextensive
condensation in this model, and follow closely the method used in Ref. 10.

Lemma 2.Vk, je A*:

(i)
2)\ A 2 3)\ wA(Nk,A)
Bowy| —eN s+ MA_VNA Nk,A_ka,A+ NNk,A EwA(Nk,A)lnm;
(13
(ii)
2\ 4\ 3\
W\ MA_VNA Nia | Soa| €N A+ VNj,ANk,A+ WNk,A : (14

Proof: For (i), the result follows by taking{=a, in the correlation inequality12). One gets
(i) by taking

X=a;Ni3,
in the inequality
wA([X*,[Hy, X]]))=0,

which follows immediately from(12) by adding the correlation inequality fot and the complex
conjugate of the correlation inequality f&* . O
Lemma 3: For everyp>0, for every V and for every k A*, |k|=6,

or(NA) < o7+ @aNjaNk ) T

with

5% 3\
Ck(A):B( &« am v)

Cb‘(A) :Ck(A)||k|=5 and jE A* y |J |$ 6/2
Proof: Substitution of(14) in (13), changing the sign, and using the trivial boungi(Nﬁ'A)
=0 we get

wp(Ngpa)+1

wA(Nk,A) A9

B

3\ 4\
€k~ €~ V) wp(Nya)— v oA (Nj AN A) <@ (N p)In

Take 6>0 arbitrary,|k|= 6, and|j|< /2.
Using ;=< 5%/8m, (15) becomes

@aN ) +1

4N\
(A Np )= — @ (N N D)<wr (N, 2)In
K(A)wa (N o) v @A (Nj,ANiA) < @A (Nigy) ;(Nga)

The lemma now follows from convexity arguments on the rhs: we want to solvetlierinequal-

ity
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t+1
ct—b=<t InT,

with ¢ andb positive constants ane R*. It follows thatt<t,, with t,, satisfying

tr,+1
Ctz_b:tzln .
t,

One can write this as<t;+ (t,—t;), with

Let f(t)=tIn(t+1)4, f is concave, hence

f(ty) —f(ty) — (t,—tyf'(t1) <O,

and

t,—ti<b —.
2 1 t_eC

Substitute this into the inequality=t,+ (t,—t4), one gets

1 +b 1
< .
t e—1 1-e°°¢

Finally, use|k|= ¢ in the second term on the rhs to prove the lemma. (]
Lemma 4: For everg>0, V large enough and ¢ A*:

1
W(UA(NAN]"A)<E.

Proof: (13) gives

NI INT +3—)\N- = w,(N; )|nM>_1
HAT A TAT oy A O G (N )+

,BwA< _éij’A'f‘
This can be rewritten in the form

3\ 1
BAT 5y € vw/\(Nj,A)- (16)

N 1
W@A(NANj’A)gﬂ—V‘f‘

Taking X=a; in the inequality
wA([X*,[HA, X]]D=0,

gives

4\ 3\
,U/A$2)\p+€j+va(Nj,A)+ W

Putting this into(16) gives
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2\ +3)\
PEN

1 N
Vz'wA(NANj,A)$ﬁ—V+ va(Nj,A)+ Vz'wA(Nj,A)z-
Using Theorem 2 proves the lemma. O
We now prove the existence of generalized condensation in the thermodynamicVIlimit
—oo, taken with constant particle densipy
Theorem 3: One has (i)

dk 1

o1 —
lim IImv > wA(Nk,A)ZP_f (2m)d ePk—1"

50V—o Y [ke A*:[K|<8)} R
(i) for every p>0, there is aB, such that for all3>;:
o1 o 1
o<lim liminfo X @, (Ng ) <lim lim SUR; > oa(Ngy)<p.
6—0 Voo {ke A*:|k|< 8} §—0 Voo {ke A*:|k|< 6}
Proof: We have clearly
1 1
v > ANk =P~y > p(Nga)-
{ke A*:|k|< s} {ke A*:|k|= 8}

Applying Lemma 3 gives

1 1 .
D IV( \ VY EP iy R ———
Vikea¥ k<) Ve n* k=g €Y1
4\ 1
_W{k A;‘Tkpa} wA(Nj,ANk,A)w. (17)

Take e>0 arbitrary, andv large enough such that Lemma 4 is satisfied. This implies that

1 1
V2 > wA(Nj,ANk,A)gV_ZwA(NANj,A)<6-
{ke A*:|k|=6}

Hence takingV large enough, the second term on the rh§ldj can be made arbitrarily close to

f dk 1
||<|>5(271-)d eBle— 52/8m) __ 1

whereas the third term is made arbitrarily small.
Hence in the limitV—«, one gets

i 1 > (Ne 1) f dk 1
m& wx(Nga)=p— d . :
VooV (ke A% K< 5} k|=s(27)% @Blex s°lem) _ 1

Now take the limité— 0 to get(i).
The function

dk 1
8181 | o

is clearly decreasing i8>0 and, furthermoref(8)—« for 8—0, andf(B8)—0 for B—oo.
Hence, for everyp>0 there exist®3.>0, defined by

Downloaded 14 Aug 2002 to 169.237.99.215. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



J. Math. Phys., Vol. 40, No. 3, March 1999 T. Michoel and A. Verbeure 1279

_f dk 1
P= | a(2m)? ePesk—1°

Together with(i) this proves(ii). O

Theorem 1 proves that the modgdll) has the same pressure as the imperfect Bose gas.
Theorems 2 and 3 prove that the mo¢El) shows a Bose—Einstein condensation exactly as the
imperfect Bose gas, be it that the nature of the condensation is different. One aspect of this is that
the ground stateki=0) condensation of the imperfect Bose gas is unstable against any arbitrary
small repulsive perturbation of the typ@//(\/)ZkEA*NE,A, for any y>0. The condensation be-
comes nonextensive. However, on the level of the thermodynamics the models are similar.

The natural question to ask is, whether the equilibrium states of the two models coincide. For
the imperfect Bose gas, this problem is solved, e.g., in Ref. 10. We are not going into the details,
but the technigque of Ref. 10 can also be used in order to solve rigorously the equilibrium—or
KMS—equations of our model. The result is that all equilibrium states are of the same type as the
ones of the imperfect Bose gas. In particular, the equilibrium states are also integrals over a set of
quasifree or generalized free states.

On the other hand, it is interesting to remark the following. Given this result, one might ask
whether the variational principle of statistical mechanics, formulated in the thermodynamic limit,
but restricted to the set of quasifree states, does also give the results of this paper, namely, the
existence of condensation and the equilibrium states. Performing this program, one remarks that
the particular type of condensation is not recovered by this method. Hence, for the time being, the
only way to keep track of it is to follow closely the details of the thermodynamic limit, as is done
above. In this work we illustrate clearly that care must be taken of this limit and that statistical
mechanics remains the theory of really handling the thermodynamic limit.
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