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Reduction in a Linear Lambda-calculus
with Applications to Operational Semantics

Alex Simpson

LFCS, School of Informatics
University of Edinburgh, UK

Abstract. We study beta-reduction in a linear lambda-calculus derived from
Abramsky’s linear combinatory algebras. Reductions are classified depending
on whether the redex is in the computationally active part of a term (“surface”
reductions) or whether it is suspended within the body of a thunk (“internal”
reductions). If surface reduction is considered on its own then any normalizing
term is strongly normalizing. More generally, if a term can be reduced to surface
normal form by a combined sequence of surface and internal reductions then ev-
ery combined reduction sequence from the term contains only finitely many sur-
face reductions. We apply these results to the operational semantidg of a
second-order linear lambda-calculus with recursion, introduced by Bierman, Pitts
and Russo, for which we give simple proofs that call-by-value, call-by-name and
call-by-need contextual equivalences coincide.

1 Introduction

The languagé.ily was introduced by Bierman, Pitts and Russo in [3]. It is a typed
lambda-calculus based on a second-order intuitionistic linear type theory with recur-
sion. What makes it interesting from a programming language perspective is that, fol-
lowing ideas of Plotkin [10], the language is able to encode a remarkably rich range of
datatype constructs (eager products, lazy products, coproducts, polymorphism, abstract
types, recursive types, etc.). Furthermore, its linearity makes it potentially useful for
modelling single-threadedness and other state and resource-related concepts, cf. [7].

The main achievement of [3] was to establish direct operational techniques for rea-
soning aboutily up to contextual equivalence. Such techniques include useful ex-
tensionality properties, and a powerful framework for establishing program equalities
using an adaptation (based on [8]) of Reynolds’ relational parametricity (first introduced
in [11]). In order to get this machinery to work, the authors of [3] need to first establish
one key result aboutily , a result which pervades all further developments in their
paper. This result, the so-called Strictness Theorem, asserts the (surprising at first sight)
fact that call-by-name and call-by-value operational semantickilipr both give rise
to the same notion of contextual equivalence.

The outline proof of the Strictness Theorem in [3] makes rather heavy use of the
well-stocked armoury of known operational techniques. In particular it uses Howe'’s
method [4] to obtain a version of Mason and Talcattistheoreni6]. The starting point
for the research in this paper was the realisation that basic techniques from rewriting
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could be applied to obtain an alternative, self-contained and essentially simple proof of
the Strictness Theorem.

In Sec. 2, we reviewily and its operational semantics. Then, in Secs. 3 and 4, we
present our alternative proof of the Strictness Theorem. We trahdliateinto a simple
untyped linear lambda-calculus containirigrear lambda abstractions\z.M; non-
linear lambda abstractions\!z. M, which require their arguments to be suspended as
“thunks”; andthunksthemselved, M . We study beta-reduction in this untyped calculus,
making the restriction that, as thunks are considered suspended, reductions should not
take place within a thunk. This restricted relation, which we salfface reduction
turns out to be extremely well behaved: as well as the expected confluence property,
it holds that every normalizing term is strongly normalizing. The Strictness Theorem
for Lily follows easily from this latter fact, using straightforward simulations under
surface reduction of call-by-name and call-by-value evaluatiohifgr .

In Sec. 5, we (temporarily) turn attention away frauiy and take a deeper look
at our untyped linear lambda-calculus and its reduction properties. In order to obtain
a conversion relation between terms that is a congruence, it is necessary to consider
also reductions inside thunks. We call such reductioternal reductionsand we call
arbitrary reductions (either surface or internrambined reductiong\s well as the ex-
pected confluence properties (for both internal and combined reductions), we show that
internal reductions can always be postponed until after surface reductions. Further, we
show that if a term reduces (under combined reduction) to a surface normal form then
any sequence of combined reductions contains only finitely many surface reductions.

Next, in Sec. 6, we return thily and show that the results of Sec. 5 again have
applications to operational semantics. We use them to establish the equivalence of the
call-by-name operational semanticsldlfy with an implementation-oriented call-by-
need semantics. Once again, the equivalence of these two semantics had previously
been established by the authors of [3], but with an intricate and lengthy proof (private
communication). Our proof turns out to be relatively straightforward.

Finally, in Sec. 7, we observe that our untyped linear lambda-calculus is exactly
the lambda-calculus counterpart of AbramsHKyigar combinatory algebragpresented
in [1]. This connection makes us believe that the linear lambda-calculus introduced in
this paper is rather natural. Accordingly, it is plausible that the properties of reduction
established in Secs. 3 and 5 may turn out to have other applications, perhaps again in
the area of operational semantics, but possibly more widely.

2 Lily and its Operational Semantics

In this section, we review the languagidy , a typedA-calculus, based on second-
order intuitionistic linear type theory with recursion, introduced in [3].

The language of types fdily contains just three type constructors: linear func-
tion spacer — 7; linear “exponentials’c, used to type thunks; and universally quan-
tified typesVa. o, used for polymorphism. Types 7, ... are thus built up from type
variableso, 3, . . ., according to the grammar:

o= alo—oT1|IT|Va.rT .



Iixokx:o Ix:o;,—Fax: 0o

Aokt T I'Arsio—71 IiAFt:io
'’ AR Az:0o.t:0—oT A A Fs(t): T
Ii—Ft: 7 I'Avrs:lo ooy A Ft:r
A#x:o
r;—Flt:r A A Fletlz=sint: 7
ARt T 'y At Vot Ix:o;—Ft:o
a ¢ ftv(I, A)
I AR Aac t: Va1 I';Abtt(o): 7lo/a] TI';j—Frecx:o.t:o

Fig. 1. Typing rules forLily

As usualgq is bound inva. 7. We writeftv (o) for the set of free type variablesn(and
below apply the same notation to terms and contexts in the evident wéty)(df) = 0
theno is said to beclosed
Although simple, the above language of types is remarkably rich. For example,
the other type constructors of intuitionistic linear logic can all be encoded: non-linear
(intuitionistic) function spaces — 7, using Girard’'slc — 7; tensor,®, product,&
and sum@. One can also encode basic ground types (booleans, natural numbers, etc.),
and existentially quantified typesy. o, and, due to the recursion operatorLiity ,
arbitrary recursive types. These encodings are due to Plotkin [10], see [3] for details.
The term language dfily is the expected typed-calculus associated with the
above types, together with a recursion operaRaw termss, ¢, . .. are built from term
variablesz, y, . .. according to the grammar:

t o= x| Az:io.t]s(t)|t]|letle=sint|Aa.t|t(o) |recz:0. t .

Here,z is bound in\z : 0. t, in let Iz = s in t? and inrecz : 0. t, anda is bound in
Ac. t. We writefv(t) for the set of free variables in a tertnWe identify terms up to
a-equivalence.

The typing rules forLily are based on Barber and PlotkifdLL [2]. We use
I, A, ... to range over “contexts”, which are finite functions from term variables to
types. We write]'# A to say that the domains df and A are disjoint. The typing
rules manipulate sequenty A - t: o wherelI'#A. Here,I" types the “intuitionistic”
variables appearing in the tertn which have no restriction on how they occur, and
A types the “linear” variables, each of which occurs exactly oncg ot within the

1 We depart from [3] by building an explicit recursion operator ihly , instead of incorpo-
rating recursion within thunks. This is an inessential difference.

2 For simplicity, we place an inessential restriction in the typing rules ensuring that the term
let !z = s in t is well typed only wherx does not occur free in.
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Fig. 2. Call-by-value and Call-by-name Evaluation idty

scope of d or rec operator. The typing rules are presented in Fig. 1. In them, a comma
always denotes a disjoint union of contexts and a dash denotes the empty context. We
write ¢ : 7 to mean that the sequentt: 7 is derivable, where is a closed typet(is
necessarily a closed term).

Following [3], we define two operational semantics fdlly , one using a call-by-
value evaluation of function application, and one using call-by-name. In both cases, the
operational semantics reduces termgdtuesu, . . ., which are terms of the form:

v o= Ao t|lt] Ada.t .

In contrast to [3], we give the operational semantics in a small-step style. This facilitates
our proofs, but only in an inessential way, the equivalence of big-step and small-step
definitions being anyway easy to establish.

Figure 2 defines two small-step evaluation relatibrs,, ¢’ andt —,,,, ¢’ between
Lily terms. The call-by-value (or strict) relation—.; ¢’ is inductively defined by the
two specific—; rules for application together with all rules written using the neutral
— notation. Similarly, the call-by-name (or non-strict) relatiors,,,,, ¢’ is defined by
the specific—,,, rule for application together with the neutral rules. Note that both
operational semantics are deterministic.

Our interest lies in the operational semantickibf programsi.e. of closed terms
of closed type. It is easily seen thattif: & andt —, ¢’ thent’ : & (and similar if
t —um t’). Also, by induction on the structure of one sees that if : o thent does
not reduce under-,; if and only if ¢ is a value (and similar for-,,,). We writet |
(resp.t |nm) for the “termination” property: there exists a valuesuch that —¥, v
(resp.t —%,, v), where, as usuak* (resp.R™) denotes the reflexive-transitive (resp.
transitive) closure of the relatioR.

The program below shows that sometimes call-by-name evaluation terminates when
call-by-value does not (cf. [3, Example 2.2]).

(A :Va.a — Va.a. Ax:Va.a. f(x))(rec g:Va.a — Va.a. g) (1)

This program has typga.a — Va.a. An important insight of [3], is that the most
useful notion of contextual equivalence tdly is obtained by only observing termi-



nation for programs of exponential type. The restriction to such observations cor-
responds to observing termination at ground types (such as booleans, naturals, etc.), it
yields desirable extensionality properties for contextual equivalence, and it is crucial to
the correctness of Plotkin’s [10] encodings of datatype constructioli$yin .

The key result of [3] that underpins its entire study of contextual equivalence for
Lily is the “Strictness Theorem”.

Theorem 2.1 (Strictness Theorem [3). If ¢ : 7 thent |, if and only if ¢ | ...

When termination observations are restricted to exponential types, it follows immedi-
ately from the theorem that both call-by-value and call-by-name operational semantics
induce the same contextual equivalence.

We remark that the Strictness Theorem is stated in the most general form possi-
ble: the result holds for no types other than exponential types, as simple adaptations
of (1) readily show. This suggests that any proof of Theorem 2.1 has to uncover some
crucial property of exponential types. The machinery used in [3] to this end has al-
ready been mentioned in Section 1. In this paper, we shall instead prove Theorem 2.1
using surprisingly elementary techniques from rewriting, transldtilyg into a very
simple untyped lineak-calculus in which (the appropriate notion gireduction sim-
ulates both call-by-value and call-by-name operational semantics. This untyped linear
A-calculus includes explicit thunks, and it is the treatment of these thunks that will
reflect the all-important behaviour bfly at exponential type.

3 A Linear Lambda-calculus and Surface Reduction

In this section, we intruduce our untyped lineacalculus. Its main ingredients are:
applicationsM N; linear lambda abstractiona;. M; non-linear lambda abstractions,

Alz. M, which require their arguments to be suspended as thunks; and thunks them-
selves! M. Formally, raw terms\/, N, ... are built up from variables, y, ... accord-

ing to the grammar:

M u=a | MN | Az.M | Na.M | IM .

The variabler is bound in both\xz. M and\!z. M. We write= for syntactic equality of
terms modulax-equivalence.

We say that: is linear in M if = occurs free exactly once it and, moreover, this
free occurence of does not lie within the scope ofl @perator inM . A term M is said
to belinear if, in every subterm of\/ the formAx.M’, it holds thatz is linear inM’.
Henceforth, we consider linear terms only.

In Fig. 3, we define a version @i-reduction for our calculus. The important points
are the two types of redex, and that no reduction occurs under the scopepérator.
The latter restriction reflects the idea that thunks are suspended computations. We call
the reduction defined in Fig. 8urface reductionlt is easily shown that whe® is
linear andM — N then N is linear. From now on, all similar observations about
linearity will be omitted. All operations we consider will respect the linearity of terms.

% The theorem as stated here is easily shown to be equivalent to the original [3, Theorem 2.3].



(Az.M)(N) — M[N/z] (Mz.M)(IN) — M[N/x]

M — M’ N — N’ M — M’ M — M’

MN — M'N MN — MN’ Ae.M — \z. M’ Nz M — Nz M’

Fig. 3. Surface Reduction

A term is said to be isurface normal fornif there is no surface reduction from the
term. Trivially, any terml M is in surface normal form. Aeduction sequendeom M
is a finite or infinite sequenck = My — M; — My — .... A completededuction
sequence is a reduction sequence that is either infinite or is finite with the last term in
the sequence in surface normal form.

The linearity restriction on terms combines with the disallowance of reduction within
thunks to ensure that the basic well-behavedness properties of surface reduction are
almost trivial to establish. The main, though very simple, results of this section are
Corollaries 3.3 and 3.4 below. (Only the latter is used in the proof of Theorem 2.1.)

Lemma 3.1.

1. f M — M’ thenM[N/z] — M’ [N/z].
2. If N — N’ andz is linear in M thenM [N/x] — M[N'/x].

Proposition 3.2. If M — L and M — L' then eitherL. = L’ or there existsV such
thatL — N andL’ — N.

Proof. By induction on the structure d¥/, considering all possible cases fof — L
andM — L’. We consider only the two redex cases.

If M = (A\z.My) (M) — M,[My/z] = LandL # L' then eithed.” = (\z.L}) (M)
whereM; — L} or L' = (Ax.M;)(L}) whereM, — L. In the first case, we have
L — Li[Mz/x], by Lemma 3.1.1, and alsb’ — L/ [M/z]. In the second, we have
L — M;[L}/z], by Lemma 3.1.2, and alsd — M;[L}/x].

If M = (Nax.M;)(\Mz) — Mi[My/z] = LandL # L' thenL’ = (Mz.L})(!1Mz)
whereM; — L}. ThusL — L|[M,/z], by Lemma 3.1.1, and alsb — L} [M,/x].

O

Corollary 3.3 (Confluence).If M —* M; and M —* M, then there existéV such
that M7 —* N andM, —* N.

Corollary 3.4 (Uniform normalization). If M —* V' is a k-step reduction sequence,
whereV is in surface normal form, then every reduction sequence frbhms at mosk:
steps, and every completed reduction sequence has ekastdps and terminates with
V. In particular, if a term is normalizing under surface reduction then it is strongly
normalizing.



4 Proof of the Strictness Theorem

The proof is based on a simple translatiorLdy into the untyped lineak-calculus
of Sec. 3. The translation uses an untyped recursion construct, defined by:

px. M =gor Mz Mz(lz) /z])(! Nz M[z(1z) / z]) .

Observe thaix. M — M|[(ux.M)/x].

To every raw ternt of Lily , we define a raw terrtt, in the grammar from Sec. 3,
by induction on the structure af In the definition, we make use of a distinguished
variableu, used as a dummy translation for types.

¥ =det T (let !z = sin t)* =ger (Mla.t™)(s")
(Ax:0. )" =ger Az.t* (A t)* =got Mw.t* w ¢ fv(t")
(s(t))* =qger 8" t* (t(0))* =gt t*(lu)
(1) =qet ! (recx:0. )" =qef px.t*

The four lemmas below are straightforward.
Lemma4.1. (s[t/x])* = s*[t*/x].
Lemmad4.2. If I'; A F t: o then the raw ternt™* is linear.
Lemma 4.3. If t; — t2 thent] — t2*.
Lemma4.4. If t; —nm ta thent] — to*.
Corollary 4.5. If ¢ : ! then the following are equivalent:

1' t szly

2' t lnm 1
3. t* is surface normalizing.

Proof. To show that 1 implies 3, suppose thdt,; . Then there exists with v : |7 such
thatt —7* v. Asv : I7, it holds thatv = It’. By Lemma 4.3¢* —* (It/)* = |(¢'"). But
I(#'*) is in surface normal form, heneé is surface normalizing.

For the converse, supposés,. Then there exists an infinite sequence of call-by-
value evaluation steps= tg — t1 —v1 t2 —v1 -- .. Whence, by Lemma 4.3 has
an infinite surface reduction sequence. Thus, by Corollaryt3.4 not normalizing
under surface reduction.

The equivalence of 2 and 3 is shown in the same way, using Lemma 4.4. O

Theorem 2.1 is immediate from the corollary. Note that the point that fail&ifgr
programg : o of arbitrary type is that it is not in general the case tha; (or ¢ | )
implies thatt* is surface normalizing, because, apart from at exponential tyilye,
values do not necessarily translate to surface normal forms, indeed not even to surface
normalizing terms (for exampléyx:o. recy: 7. y).

It is worth remarking that the techniques of this section can similarly be used to
show that variant operational semanticslfidy , in which evaluation takes place under
A- and/orX-abstractions, also give rise to the same contextual equivalence.



M — M M--> M’ N --> N’

M -+ M’ MN --s M'N MN --s MN'
M--> M M --> M’ M --> M’
Ae. M --» \x. M’ Mz M -3 Naz. M’ IM --s M’

Fig. 4. Internal Reduction

5 Internal and Combined Reduction

In this section, we undertake a deeper study of reduction in our untyped lear
calculus. While surface reduction is computationally motivated, the disallowance of
reduction inside thunks means that the conversion relation induced by surface reduction
is not a congruence. To obtain a conversion relation that is a congruence, it is necessary
to consider reduction inside thunks.

We implement reduction inside thunks usiimgernal reduction M --» M’, de-
fined in Figure 4Combined reductiod/ = M’ is defined by:M = M’ if M — M’
or M --s M’. Note that it is possible that both/ — M’ andM --s M’ (for ex-
ample,2(!2) — 2(102) and2(12) --+ 2(12), where2 =q4o¢ pux.x, using the
notation of Section 4). Accordingly, when we consider mixed reduction sequences con-
taining both surface and internal reductions, we shall assume that each step comes with
a distinguished status (as surface or internal).

The main technical effort of this section will go into the proof of Propositions 5.1
and 5.2 below.

Proposition 5.1 (Confluence).

1. f M --»* M; and M --+* M, then there exist®V such thatM; --»* N and
My --3* N,

2. If M =* M; and M =* M, then there existsV such thatd/; =* N and
My =* N.

By the proposition, the conversion relation defined\fy=g M’ if there existsV such
thatM =* N andM’ =* N is an equivalence relation. It is, moreover, a congruence.
Thus surface and internal reduction together provide an oriented decomposition of the
naturalg-conversion between terms of the untyped linear calculus. The next result ex-
hibits natural structure within this decomposition.

Proposition 5.2 (Internal Postponement)If M =* N, by a reduction sequence con-
taining k surface reductions, then there exigtsuch thatM —* L --+* N, where the
surface reduction sequendé —* L contains at leask reductions.

The proofs of the two propositions above make use of the (standard) technology
of parallel reduction relations. Before giving these, we apply Proposition 5.2 to derive
further properties of and interactions between surface, internal and combined reduction.
The main result of the section is Theorem 5.5 below.



M#AM N#N M#AM N#N

T (Az.M)(N) # M'[N' /z] (Ma.M)(IN) % M'[N' /2]
M#AM N#N M # M M # M M # M
MN # M'N’ Az M # Ao M’ Nz M # Nz M’ IM £ M

Fig. 5. Parallel Combined Reduction

M-fsM'"  N-fsN'

z-fra MN-f> M'N'
M-f> M’ M-f> M’ M#A M
Xe.M-f> de. M’ Ma. M -f» Na. M’ IM-f»'M'

Fig. 6. Parallel Internal Reduction

Lemma5.3. If M — N andM --» M’ then there exist®&’ such that\V/’ — N”.

Proof. By induction on the derivation ¥/ — N. We consider one case.
SupposeVf = (Alz.M7)(IM2) — M;i[Ms/x] = N. Either M’ = (Mx.M7)(1M2)

where My --» My, or M’ = (Az.M;)(IM}) where My = M. In the first case,

M’ — M{[Ms/x]. Inthe secondM’ — M;[M}/x]. O

Corollary 5.4. If V is in suface normal form then:

1. V --» N impliesN is in surface normal form.
2. M --s V impliesM is in surface normal form.

Proof. Statement 1 follows from Proposition 5.2, and statement 2 from Lemma &13.

Theorem 5.5. If M =* V, whereV is in surface normal form, then each infinite
reduction sequence frod¥ contains only finitely many- reductions.

Proof. By Proposition 5.2, there existg such that\/ —* U --»* V. By Corol-
lary 5.4.2,U is in surface normal form. Let be the number of reductions in the se-
quenceM —* U. We show that everys- reduction sequence frod/ contains at most
k surface reductions. Consider any reduction sequénce-* N with [ surface reduc-
tions. By Proposition 5.2, there existssuch that\/ —* L with at least reductions.
But, by Corollary 3.4, any— reduction sequence from/ has at mosk reductions.
Thus indeed < k. O

We now turn to the proofs of Propositions 5.1 and 5.2, which use the parallel ver-
sions of combined and internal reduction defined in Figs. 5 and 6 respectively.



Lemma 5.6.

1. M # M andM-#+» M.

2. If M = M’ thenM # M’. Conversely, iVl # M’ thenM =* M’.

3. If M --» M’ thenM -#» M'. Conversely, if\f -+ M’ thenM --»* M’.
4. If M-#> M’ thenM # M.

Lemmab5.7.

1. If M # M andN # N’ thenM[N/z] # M'[N'/z].
2. f M-/ M"and N-/» N' thenM [N/x]-#+ M'[N'/x].

Lemma 5.8.

1. If M # M, and M # M- then there exist& such thatM; A N and My # N.
2. If M-#» My and M -#+ M, then there existd such thatM; -#» N and M, -#+ N.

Proof. The proof, which is by induction on the structure/df, is a routine analysis of
all possible cases, cf. [9]. O

Proposition 5.1 is a straightforward consequence the last lemma.
The remaining lemmas are directed towards the proof of Proposition 5.2.

Sub-lemma5.9.1f M-/ M', N # N’ andN —* N"-/» N’ then there exists such
that M[N/x] —* L-#» M'[N’/x].

Proof. By a straightforward induction on the derivationfaf-#» M’. ad
Lemma 5.10. If M # M’ then there exist& such thathM —* L-#» M’.

Proof. By induction on the derivation af/ # M’. The most interesting case is when
M = (Maz.My)(IMy) # M{[M}/x] = M’', whereM; # M| and Ms # M. Then,
by induction hypothesis, there exiBt, L, such thatM; —* Li-/+ M| andM; —*
Lo-#+ MS. By Sub-lemma 5.9, there existssuch thatf, [Ms /x] —* L-#» M{[M}/x].
ThusM = (Ma.My)(IMy) — Mi[Ms/x] —* Li[Ma/x] —* L-f» M{[M}/z] =
M’, as required. O

Lemma5.11. If M -#/+ L — N then there existd’ such thatd/ — L' # N.

Proof. By induction on the derivation of — N. We consider two cases.

If L = ()\'Z‘Ll)('Lg) — Ll[LQ/I] = N, thenM = ()\'IMl)('MQ) where
M-#+ Ly and My # Lo. Thus M — M;[M,y/z] and, by Lemmas 5.6 and 5.7,
we have thatM;[Ms/x] # L1[L2/xz] = N. Hence the result holds with' =g
My [Ms/x].

If L=LiLy — NyLy = N,whereL; — Ny, thenM = M; M, whereM; -#» L,
and M, -#+ Lo. By induction hypothesis, there exist§ such thath; — L # Nj.
ThusM — L} M, # Ny Lo, hence the result holds withl =qe¢ L) Mo. O



Proof (of Proposition 5.2)We have a reduction sequenté =* N, possibly consist-

ing of both— and--» rewrites. This can equally well be viewed as a sequence of
and-#» rewrites. We begin by associating a complexity measure to any such reduction
sequence of> and-#» rewrites. To do this, first assign to to eackr» rewrite in the se-
quence the number ef rewrites that occur to the right of it. We thus obtain a sequence
of numbers, one for eachy» rewrite, which we write in ascending order (equivalently,
we write in sequence starting with the rightmegt rewrite and working leftwards).

For example, the rewrite sequence

M = Mo—/-> M1 —/-) ]\/12 — M3 — M4—////-> M5 — Mg—/-) ]\/[7 =N

gets assigned the sequelticé, 3, 3. This sequence is our complexity measure.

Now take the sequence ef and -#» rewrites reducingy/ to N. If this sequence
does not contain a subsequeddg-/+ M; 1 — M;, o, thenwe havédl —* M'-/+*N,
and hencél —* M’ --»* N as required.

Otherwise, select a two-step subsequelgef+ M; 1 — M, -.UsingLemma5.11
followed by 5.10, replace this with a sequende — M’ —* M" -/» M;. 5. One thus
obtains a new reduction sequence fraito N containing the same number ef»
rewrites and at least as many rewrites (possibly more). However, because the iden-
tified -/» rewrite is shifted to the right, the complexity measure of the new sequence
is below that of the original in the lexicographic ordering. Thus by repeatedly selecting
two-step subsequences, we repeatedly reduce the complexity measure until we obtain a
reduction sequenck —* M’-/+*N containing at least as many surface rewrites as
the original sequence. Therefaié —* M’ --»* N, as required. O

6 Call-by-need Operational Semantics foiLily

In the Lily expressiondet lx = s in ¢t andrecz : 0. t, the variabler may occur
zero, one or several times inBecause of this, the natural implementation mechanism
is call-by-need, whereby the evaluation of the terms substituted for such variables is
shared. (In contrast, in an applicatiOhz : 0. t)(s), the variabler occurs exactly once
in ¢, and there is no call for sharing.) An operational semantics implementing such a
call-by-need evaluation strategy is presented in [3], and the authors have proved that
the call-by-need semantics does not affect the notion of contextual equivalence (private
communication). In this section, we outline a straightforward proof of this result.

Again, rather than using the big-step operational semantics of [3], which is based
on [5, 12], it is convenient for our purposes to use a small-step version, following [13].
We useS, . .. to range ovevariable/frame stacksvhich are sequences of items of two
forms: (i) (F'), whereF is an “evaluation frame”,

Fru=(=)#) [letlz = (=) int | (=)(0) ;

(i) or (z), for a variabler. We useH to range oveheaps which are finite sequences
of assignments of the forfa: — ¢], with all variablese distinct.

The call-by-need evaluation relation is defined in Fig. 7. It implements a single-step
relation of the form(S,¢, H) —.q (S’,t', H'). Roughly, this is interpreted as saying



L (S, s(t), H) —na (S((=)(1)), s, H)

2. (S,let!lz =sint, H) —nq (S{let!lz = (=) int), s, H)
3. (S, t(0), H) —na (S{(=)(0)), t, H)

4" (S, recz:o. t, H) —na (S{(x), t, [ — t]H)

5.7 (S{(=)®), Azzo. s, H) —na (S, s[t/a], H

6." (S(letlz = (=)int), s, H) —na (S, t, [x — s]H)

7" (S{(=)(0)), Acv. t,H) —na (S, t[o/a], H)

8.F (S, z, H) —na (S (z), H(z), H)

9. H) (S,

(5 (x), v

* active reductionssee Appendix A.

Fig. 7. Call-by-need Evaluation fdrily

that theLily term built up fromt using the nested evaluation framesSirvaluates in
a single step to the term built from using the frames it$’. In Fig. 7, when we write
[x — t]H, we assume that is not in the domain off. We treat heap#l as functions,
writing H (z) for the value assigned te, and writing H[v/z] for the heap obtained
from H by replacing the existing term assignedatdwhich is assumed to be in the
domain ofH) with v.

The call-by-need evaluation oflaly programt : o starts off with the config-
uration (e, t,e) (wheree is the empty sequence) and then proceeds deterministically
according to the rules in Fig. 7. Either an infinite sequence-Qf reductions results,
or the evaluation terminates in a configuration of the f¢emv, H) for some (possibly
open) valuev. If the latter case holds, we write|,4. The main result of this section
states that, for programs of arbitrary type, the call-by-need semantics terminates if and
only if the call-by-name semantics does.

Theorem 6.1. If t : o thent |,q ifand only if¢ | ,.,.

The sharing of recursion implemented in Fig. 7, introduces cycles into the heap, and
this makes it hard to give a direct operational proof of the equivalence of call-by-name
and call-by-need, see [12] for discussion. This difficulty has, in fact, been overcome by
the authors of [3], but their proof is highly involved (private communication).

We give a significantly simpler proof that call-by-name and call-by-need coincide.
First, we define an almost trivial translationldafy into itself, which serves the pur-
pose of “padding out” the call-by-name semantics (sic) for the purpose of facilitating
its comparison with the call-by-need semantics. The remaining step is to prove that the
“almost trivial” translation really is trivial. For this last step, we again translate into the
untyped linean\-calculus of Sec. 3, this time applying Theorem 5.5.

The almost trivial translation fromily  to itself, is the identity everywhere, except
for the translation of thunks, which are padded with a dummy recursion, acting as delay.

(1) =gef !(rec z:7. s) z ¢ fv(s) .



Here, we are translating well-typed terms A + ¢: o, to well-typed termd™; A +
tT: o, and the type- introduced above is determined by this requirement.

Lemma6.2. If t : o thent |,q if and only ift" | .

To prove Lemma 6.2, one shows that the call-by-name evaluatioh simulates the
call-by-need evaluation of. Crucially, the padding of thunks ensures that rule 8 of
Fig. 7 always corresponds to-a,, reduction for the term generated frarhby in-
serting it in the context determined by and substituting, for each variablewith
associated heap assignment— s|, atermrec z: 0. sg, wheres is the term originally
assigned ta: when it was first added to the heap. More details are given in Appendix A.

Theorem 6.1 now follows from the lemma below, which is an easy application of
Theorem 5.5.

Lemma 6.3. If t : o thent |, if and only ift" |, .

Proof. We give another translation frotily  into our untyped lineak-calculus.

ot =ger T (let !z = sin t)i =dof ()\!x.ti)(si)
(Az:o. ) =gep | (\z.t) (Aa. t)} =ge¢ 1t}
(s(t)F =aer (Nw.w(th))(s) (£(0))F =aet (Alz.2)(t")
('t oo 1 (recx:o. t)i =def ;w:.ti

It is easily established that, far: o we have that |, if and only if ¢! is surface
normalizing. However, we have')* --+* t*. Therefore, by Theorem 5.5, is surface
normalizing if and only if(¢")* is. Thus indeed | ..., if and only if tT | ... 0

More generally, a similar application of Theorem 5.5 shows that call-by-name termina-
tion is preserved by the congruence relationLdy terms generated by the call-by-
name reductions. In other words, the natural “conversion relatiorilgn terms is
correct with respect to contextual equivalence. Of course, the use of rewriting methods
for establishing such simple results goes back to [9].

7 Linear Combinatory Algebras

The aim of this short final section is to demonstrate that our untyped lxteafculus

is the A-calculus counterpart of Abramskylisear combinatory algebrgsee [1]. This

gives some evidence that our calculus arises reasonably naturally, independently of is
applications to operational semantics.

Definition 7.1. A !-applicative structurés an algebrd A4, -,!) where- is a binary oper-
ation on the setl and! is a unary operation.

As is standard, we usually omit the “application” operationusing a simple juxtapo-
sition zy for x - y. Application associates to the left (i:eyz = (xy)=2).



Definition 7.2 ([1]). A linear combinatory algebras a!-applicative structuré¢A, -,!)
in which there exist elementsB, C, K, W, D, §, F € A satisfying:

lo =2 Wa(ly) = z(ly)('y)
Bryz = z(yz) D(lz) ==z
Caryz = xzy o(lx) =Nz
Ka(ly) =« Flz)(ty) =!(zy)

The main result of this section asserts that linear combinatory algebras are char-
acterized by a form of combinatory completeness in which the forms of implicit
abstraction available correspond to the two formsM andA!lz. M of our untyped lin-
ear \-calculus. Moreover, the equalities associated with the implicit abstractions agree
with the two redex forms in Fig. 3.

A l-applicative polynomiabver a setA is a syntactic expression built up using
elements ofd as constants, variablesy, . .., and operator symbols, and ‘I". Any !-
applicative structur@A, -, !) induces an evident equality relation between polynomials.

We say that a variable is linear in a!-applicative polynomiat, if it occurs exactly
once, and not within the scope of!&operator symbol. We writears(e) for the set of
variables occurring im, andlinvars(e) for the set of variables that are lineardn

Theorem 7.3 (Linear combinatory completeness)For any !-applicative structure
(4, -,1), the following are equivalent.

1. (4,-,!)is alinear combinatory algebra.
2. For any!-applicative polynomiat over A,

(a) if z € linvars(e) then there exists a polynomialz. e with vars(A*z.e) =
vars(e) — {z} andlinvars(A*z. e) = linvars(e) — {z} such that the equality
(Az.e)(x) = e holds;

(b) there exists a polynomial!*z. e with vars(A!*z.e) = vars(e) — {z} and
linvars(Al"z. e) = linvars(e) — {z} such that \!"z. e)(lz) = e.

It follows easily from the theorem that the closed linear terms of our untypeadculus,
considered module-g (see Sec. 5), themselves form a linear combinatory algebra.
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A Outline proof of Lemma 6.2

The main technical lemma we need is Lemma A.1 below. This concerns configurations
(S,t, H) arrived at by a sequenge, s, ) —, (S, t, H) for some program : ¢. Given
such a sequence, and any tefwith fv(¢') contained in the domain df, (the ternt is
one such), we defing[H| as follows. IfH = ¢ thent/[H| =ger ¢. If H = [z — u]H’
thent'[H] =ger (t'[(recz:0’. ug)/x])[H'], whereu is the first value assigned toin
a heap occuring along the sequeltegs,e) —*, (S,t,H), ando’ is the appropriate
type. Here’[H] is an abuse of notation since the value does not solely depefd bn
fact, for any two heap#f,, H, occurring in the sequende, s,¢) —*, (S,t, H) and
containingfv(t’), it holds thatt’[H;] = ¢'[H»]. Also, for any termt’ we define[S]¢’ as
follows. If S = e then[S|t' =qet t'. If S = 5" ((—)(s")) then[S|t' =qer [S] (¥ (5)). If
S =5 (let lz = — in &') then[S|t' =qe¢ [S'](let lx = ¢/ in &'). If S = 5" ((—)(c"))
then [S]t' =q4et [S](t'(07)). If S = S’ (x) then[S]t' =q4e¢ [S']¢'. Finally, we call
reductions number 4-8, in Fig. dctive and the otherpassive

Lemma A.1. Suppose : o and (e, s,e) —54 (S, t, H).

1. If z is declared inH then(z[H])" —,, ((H(z))[H])'.

2. 1f S = Sy (z) S then(z[H))T —E_ (([S1]t)[H]).

3. If(S, ¢, H) —na (57, ¢/, H'), whereS = S, S; andS’ = S, 57, then it holds that
(([SU[HDT =% (([S51#)[H'])T. Moreover, if the call-by-need reduction step is

active then the call-by-name sequence contains at least one reduction.

All three statements are proved simultaneously, by induction on the length of the reduc-
tion sequencés, s, ) —¥, (S,t, H). For space reasons, we omit the details.

Proof (of Lemma 6.2)f ¢ |,q then it follows easily from Lemma A.1.3 that | .

If ¢t Jna then there exists an infinite»,q reduction sequence froifz, ¢, ). Because

the four passive reductions either strictly reduce the size of the term component in
a configuration, or retain the same term and reduce the size of the stack, the infinite
sequence cannot contain infinitely many consecutive passive reductions. Therefore, it
must contain infinitely many active reductions. Thus, again by Lemma Aflt&s an
infinite —,,,, reduction sequence. So indeédy,,,. O



