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SOME NONCOMMUTATIVE PROJECTIVE SURFACES OF GK-DIMENSION 4

D. ROGALSKI AND 8. J. SIERRA

ABSTRACT. We construct an interesting family of connected graded domains of GK-dimension 4, and show
that the general member of this family is noetherian. The algebras we construct are Koszul and have global
dimension 4. They fail to be Artin-Schelter Gorenstein, however, showing that a theorem of Zhang and
Stephenson for dimension 3 algebras does not extend to dimension 4. The Auslander-Buchsbaum formula
also fails to hold for these algebras.

The algebras we construct are birational to P2, and their existence disproves a conjecture of the first
author and Stafford. The algebras can be obtained as global sections of a certain quasicoherent graded sheaf
on P! x P!, and our key technique is to work with this sheaf. In contrast to all previously known examples
of birationally commutative graded domains, the graded pieces of the sheaf fail to be ample in the sense of

Van den Bergh. Our results thus require significantly new techniques.
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1. INTRODUCTION

Let k be an uncountable algebraically closed field, and let R be an N-graded k-algebra. We assume also
that R is connected graded: i.e. Ry = k and dimgR,, < oo for all n. Recall that R is Artin-Schelter (AS)
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regular if R has global dimension d < oo, finite GK-dimension, and RHompg(k, R) = k[¢] for some ¢. In
general, AS-regular algebras of dimension d which are also Koszul (in which case ¢ = d) are considered to
be the noncommutative analogues of polynomial rings in d variables.

The condition that RHompg(k, R) = k[¢] is the Artin-Schelter Gorenstein condition, and it is the most
mysterious of the three conditions for regularity. It has been shown in many cases to imply that the algebra R
is well-behaved, and in fact all known examples of AS-regular algebras are noetherian domains. Conversely,
Stephenson and Zhang [SZ00|] proved that if a connected graded algebra R is noetherian, Koszul, and has
global dimension 3, it is AS-Gorenstein. In fact, there has been speculation [SVOI] p. 195] that this is true
if R has arbitrary finite global dimension.

In this paper we show, surprisingly, that the results of [SZ00] fail in dimension 4. We prove:

Theorem 1.1. There is a connected graded noetherian domain R with GKdim R = gl. dim R = 4 such that
R is Koszul but not AS-Gorenstein.

The algebra R above has other surprising homological properties. In particular, the Auslander-Buchsbaum
equality fails for R: we have depth k + p.dim k = 0 + 4 > depth R = 2. (See Section [3| for definitions.) It is

worth noting that R is not only Koszul, but the trivial module has a resolution of the form
(1.2) 0 — R[-4] —» R[-3]* - R[-2]° - R[-1]* 5 R -k — 0,

so that R has many properties of a polynomial ring in 4 variables.

The algebra R is interesting in another way, as well: it is a counterexample to a conjecture in the classifi-
cation of noncommutative projective surfaces. This classification is one of the most important open problems
in the subject of noncommutative projective geometry, and is far from complete. An important special case,
however, is well-understood: birationally commutative surfaces, defined here as connected graded noetherian
domains R whose graded quotient ring is isomorphic to K[t,t~1;¢] for some field K of transcendence degree
2.

If such R have GK-dimension 3 or 5, then they have been classified [RS09] [Sie09] [Siel0al. In fact, in [RS09]
the first author and Stafford conjecture that this classification is complete: all birationally commutative
surfaces have GK-dimension 3 or 5. The algebra R above is a counterexample to this conjecture, and shows
that there is still unexplored territory in the study of birationally commutative surfaces.

Let us explain the conjecture of [RS09] further. We begin by summarizing their results on birationally
commutative graded algebras. If S is a connected graded noetherian domain (or Ore domain, more generally)
we may invert the homogeneous elements of S to obtain the graded quotient ring Qg (S). We have Qg (S) =
DIt,t~1; ], where D is a division ring and ¢ € Auty(D). If D is commutative, and thus D = k(X) for some
projective variety X, then we say that S is birational to X, or more generally birationally commutative. If

 is induced from an automorphism of X, we say that S is geometric.
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Subject to the condition that S is geometric and generated in degree 1, [RS09] classifies birationally
commutative projective surfaces: in other words those graded algebras birational to a commutative surface.

The prototypical example is a twisted homogeneous coordinate ring B(X,L,0) = @ HY(X,L® oL ®

neN
-+ ® (6™~ 1)*L) for some projective surface X with automorphism ¢ : X — X and invertible sheaf £ on X

(see [AV9(Q] for more details about this construction). They show:

Theorem 1.3. ([RS09, Theorem 1.1]) Let S be a connected graded noetherian domain that is generated in
degree 1, birational to a commutative surface, and geometric. Then up to a finite-dimensional vector space,
S is either a twisted homogeneous coordinate ring B(X, L, o) or else a closely related subring R(X,Z,L, o)

of such (called a naive blowup algebra).

More generally, the second author has obtained in [Sie09], [SielOal a similar classification result without
the generation in degree 1 hypothesis. Possibly after passing to a Veronese subring, all such algebras are
again (special kinds of) subrings of twisted homogeneous coordinate rings. In all cases the rings involved
may be written explicitly in terms of commutative geometric data.

The first author and Stafford conjectured [RS09, p. 6] that the conclusions of Theorem hold without
the assumption that S is geometric. The conjecture was motivated by the following theorem of the first

author, using work of Diller and Favre [DF0T].

Theorem 1.4. ([Rog09]) Let Q := K[t,t71;¢], where K is a finitely generated field extension of k of
transcendence degree 2. Then every connected graded Ore domain S with graded quotient ring Q@ has the
same GK-dimension d € {3,4,5,00}. If d = oo, then S is not noetherian. If d < oo, then d € {3,5} if and

only if S is geometric.

It follows from this result that the hypotheses of Theorem imply restrictions on the GK-dimension of

S. Thus we may restate the first author and Stafford’s conjecture as

Conjecture 1. [Rogalski-Stafford] Suppose that S is a connected graded domain of GK-dimension 4, gen-

erated in degree 1, that is birational to a commutative surface. Then S is not noetherian.

We note that it is not hard to write down examples of connected graded domains of GK-dimension 4
that are birational to commutative surfaces; some of these are even finitely presented and Koszul. However,
analyzing their ring-theoretic structure is nontrivial, and the examples known until now are not noetherian.

We begin with one of these non-noetherian examples, and examine a family of (non-formal) deformations
of it. Namely, let K := k(u,v) be a rational function field and define 0 : K — K by o(u) = wv,o(v) = v.
Setting E := k+ku+kv+kuv, the k-subalgebra A of K[t,t~1; 0] generated by Et is a non-noetherian Koszul

algebra of GK-dimension 4; it has appeared before in the literature, for example in [YZ06, Proposition 7.6].
3



To deform A, we perturb o by a 2-parameter family of automorphisms of K. Given p,0 € k*, let
T=17(p,0) : K — K be given by

_ bt Dut(p=-1 " _
R TR R

6+ 1)v+(6—1)
O—1Dv+@+1)

Let G := {7(p,0) | p,0 € k*} be the subgroup of Aut(P! x P!) that fixes each of the four points [+1 : 1]{£1 : 1].

Given 7 € G, define ¢ := g o 7. Let
(1.5) R(7) := k(Et) C k(u,v)[t,t™"; ¢].

The family of algebras of interest is then {R(7)| 7 € G}.

We may now state our main result.

Theorem 1.6. Let R = R(7) be as in (L.5), where 7 = 7(p,0) € G. For any pair (p,0) which is algebraically
independent over the prime subfield of k, the algebra R(T) is a noetherian domain of GK-dimension 4 that
is birational to P2. Further, the results of Theorem[1.1] hold for this R.

It is not hard to show using the growth criterion underlying Theorem that the rings R(7) have GK-
dimension 4 for the very general choices of (p,#) in the theorem (interestingly, though, the GK-dimension
of R(7) is 3 instead for some sporadic non-general choices.) It is also fairly straightforward that they have
global dimension 4 and are Koszul but not AS-Gorenstein. The fact that the rings R(7) are noetherian for
general 7 is the deeper content of the result. The proof of this requires techniques that differ substantially
from past work on birationally commutative algebras and occupies most of the second half of the paper.

The ring R = R(7) in Theorem must be non-geometric by Theorem Thus there is no rational
projective surface X for which ¢ : K — K corresponds to an automorphism ¢ : X — X. This certainly
precludes the possibility that R has the same graded quotient ring as any twisted homogeneous coordinate
ring, so Theorem fails completely in this case. We conjecture that the augmentation ideal R, is the
only nontrivial graded prime ideal of R and thus that R has no nontrivial map to any twisted homogeneous
coordinate ring.

To conclude the introduction, we give an overview of the ideas behind the proofs. Let R = R(7) where
7 = 7(p,0) for a pair (p,0) algebraically independent over the prime subfield of k. As in past work on
birationally commutative algebras, we would like to work as far as possible with sheaves on a projective
variety, rather than R-modules. We work on T := P! x P!. Let ¢ : T --» T be the birational self-map
induced by ¢ = o7. We have R C k(T)[t,t~!;¢]. Let R, be the subsheaf of the constant sheaf of rational
functions generated by R,t™" C k(7). Much of the first half of the paper is devoted to proving that
R=@ H°(T,R,) for general 7. The proof requires a careful analysis of how the properties of the birational
maps ¢" change as 7 varies. The proof that kr has a resolution as in is intertwined and must be done

simultaneously.



Writing the ring R as a ring of sections is crucial to the proof of the noetherian property, but working
with the sheaves R, is quite delicate. In all past work on birationally commutative algebras, the main idea
has been to show that the sequence of sheaves R,, is an ample sequence in the sense of [Van96]. There is
then a purely formal category equivalence between the category of tails of R-modules and the category of
tails of (appropriately defined) R-modules. This allows one to translate questions about properties of R
(including the noetherian property) to more tractable geometric questions about R. Unfortunately, in our
case the sheaves R,, do not form an ample sequence. This requires us to develop new methods to show the
ring R is noetherian. More specifically, if F is a coherent sheaf on T, then @, H' (T, F ® R,) may not be
finite-dimensional; however, this graded vector space carries a natural R-action and a key step in our proof
is showing that such an R-module, which we call a cohomology module, is noetherian.

Acknowledgments. We thank Mark Gross, Peter Jgrgensen, Jessica Sidman, Toby Stafford, Michel Van
den Bergh, and James Zhang for helpful discussions and comments. The first author was supported by NSF
grant DMS-0900981, and the second author was supported by NSF grant DMS-0802935.

2. REVIEW OF PULLBACK BY A BIRATIONAL MAP

Throughout the paper, we will work with an automorphism ¢ of K = k(u,v) and the induced birational
self-map ¢ of T = P! x P!. Explicitly, ¢ is equal to the pullback action of ¢ on K = k(7). In this section,
we review basic facts about pullback of divisors under a birational self-map of a surface. See [Rog09] for a
longer discussion of this, which closely follows the ideas in [DF01]. In this paper we will only need a few
selected results.

Fix an algebraically closed base field k. Suppose that ¢ : U — T is a regular morphism of nonsingular
varieties over k. Then there is a standard pullback map of (Weil) divisors ¢* : DivT — DivU. Now let
1 : S --» T be a birational map of nonsingular varieties. Then the domain of definition of 1 is an open
set U = S\ Z, where Z has codimension at least 2 [Har77, Lemma V.5.1]. Since Div.S = DivU [Har77,
Proposition I1.6.5] we get a pullback map ¢* : DivT — DivU = DivS. We define ¢, : DivS — DivT as
(61",

On S and T, there is a one-to-one correspondence between Weil divisors and invertible subsheaves of C,
where K is the constant sheaf of rational functions. Thus the pullback map defined above also induces a
pullback map on invertible subsheaves of K. If M C K we write MY C K for the pulled back invertible
sheaf. Note that MY is the unique invertible subsheaf A" of K such that M|y = (¢|v)*(M). Let (f) be
the principal divisor associated to a rational function f € k(T). We often use the notation f¥ := fo. It
follows directly from the definitions that (f¥) = ¥*(f), and thus pullback of divisors also induces a pullback
map ¢* : PicT — Pic S on the Picard groups. This also shows that given any invertible sheaf M (without
a framing inside K), there is an invertible sheaf M¥ which is well-defined up to isomorphism.

One thing that makes pullback by a birational map a subtle operation is that it can behave poorly

with respect to composition. In particular, when one attempts to iterate pullback by a birational self-map
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¥ : S --» S of a nonsingular surface, one may have (¢¥™)* # (»*)". The simplest example of this is the
Cremona transformation v : P? --» P2 defined by [z : y : 2] = [yz : 2z : xy]. At the level of the Picard group
PicP? = Z, the map * : Z — 7 is multiplication by 2, while 12 is the identity map and so (1)2)* # (1*)2.

The following gives a sufficient condition to avoid such pathologies.

Lemma 2.1. ([Rog09, Lemma 2.4]) Let ¢,v : S --» S be birational self-maps of a nonsingular surface
S. If there does not exist a curve C on S such that ¢ contracts C to a fundamental point of ¥, then
(o )* = ¢* o p* as maps DivS — Div S.

Note that the images of curves contracting under ¢ are precisely the fundamental points for the map ¢,
by Zariski’s main theorem. So an equivalent formulation of the hypothesis of the lemma is to assume that

¢~ ! and 1 have no common fundamental points.

Definition 2.2. ([Rog09] Definition 2.6]) A birational map ¢ : S --+ S of a nonsingular projective surface
S is called stable if for all n > 1, there is no curve C such that " contracts C' to a fundamental point of

(equivalently, if for all n € N, =™ and ¥ have no common fundamental points.)

The definition follows [DE0I], where the term analytically stable is used. By Lemma a stable birational
map has (¢")* = (¢*)™ for all n € N. Note that our convention is that N = {0,1,...}.

3. ESTABLISHING NOTATION

For the remainder of the paper, let k be an algebraically closed, uncountable base field. Let F be the
prime subfield of k. Let T := P! x P!, with coordinates [x : y][z : w]. Let u := z/y and let v := z/w, and let
K :=k(T) = k(u,v). We define a birational self-map

o:T--»T
[z yllz  w] = [2z : yw][z 2 w].
We note the pullback action of o on rational functions: we have
(3.1) u =w, v =v, v =w -, v =u.
We establish some notation for subvarieties of 1" let

X :=V(x)=[0:1xP', Y:=V(y) =[1:0]xP,

Z:=V(z)=P'x[0:1], W:=V(w)=P" x[1:0].
Note that u and v give coordinates on T~ (Y UW) = A2, We also fix names for the four intersection points:

P=ZNnX=[0:1]0:1], Q:=ZnNY =[1:0]0:1],

F:=WnX=[0:1)[1:0], G:=WnNY =[1:0]1:0].



Ly B

FIGURE 1. The birational self-map o.

Then the fundamental points of o are @ and F; further, o(Z ~ Q) = P and o(W ~ F) = G. The inverse

L are P

map o~ ! is given by the formula [z : y][z : w] — [zw : yz][z : w] and the fundamental points of o~
and G, while 071 (Z N\ G) = Q and 0 }(W \ P) = F.

It will be helpful to factor o as a composition of monoidal transformations and their inverses [Har77,
Theorem V.5.5]. Let o : T — T be the blowup of T at @ and F. We denote the six (—1) curves on T
by Lx,Lp,Lw, Ly, Lqg, Lz; these are arranged in a hexagon in this order. The morphism o contracts the
divisors Lg and Ly to the points @ and F', and maps (Lx, Lw, Ly,Lz) to (X,W,Y, Z). There is also a

morphism (3 : T — T so that the diagram

commutes. The morphism § contracts Lz to P and Ly to G. It maps (Lx, Lr,Ly,Lg) to (X,W,Y, Z).
See Figure 1.

1

We will want to understand the how divisors on T' pull back along ¢ = Sa~". Since « and 5 have no

fundamental points, by Lemma [2.1] we have:

(3.2) X=X =0,Lx+Lz)=X+2Z, oYV=apY=c(ly+Lw)=Y+W,

(33) G*Z:CJL*(L2+LQ):Z, U*W:a*(Lw—FLF):W.

In particular, this calculation shows that in the Picard group, the pullback map is O(a,b)? = O(a,a + b).
7



We are interested in deforming o by composing it with a automorphism of T. For any 7 € Aut’(T) =
PGLs x PGLy, we define ¢ := 7oo : T --» T. Since 7 is an automorphism acting as the identity on the

Picard group of T', note that we also have
(3.4) O(a,b)? = O(a,a +b).

In fact, it will be convenient to work only with 7 coming from a more restricted (2-dimensional) algebraic

subgroup of automorphisms. Let
G:= {7 € Aut(T)| 7 fixes each of the points [+1 : 1][£1 : 1]} C Aut®(T).

It is easy to see that G = k* x k* as algebraic groups (an explicit isomorphism is given later in this section),
and we write 7(p, ) for the element of G which corresponds to (p,0) € k* x k*.

We now define the rings that are the main subject of the paper. Let
L:=0p(Y+W)=0O(1,1) and F:=k+ku+kv+kuv C K =k(u,v).

We canonically identify E with H°(T, £). Now for given 7 € G, we denote the pullback action of ¢ = 70 :
T --» T on rational functions by ¢, so ¢(f) = f¢, and we form the skew-Laurent ring K[t,t~%; ¢]. Let

R:=R(r) :=k(Et) C K[t,t " ¢]

be the k-subalgebra generated in degree 1 by Et.

Let us say that 7 is a general element of G if 7 lies in the complement of a countable union of proper
closed subvarieties of G. The goal of this paper is to understand the algebras R(7) = R, at least for general
7. We recall here the definitions of some homological properties of interest. The connected graded k-algebra
R is Artin-Schelter (AS) Gorenstein if R has finite left and right injective dimension d and we have

. 0 ifi#d
ExtRh(k, R) =
k[¢] ifi=d
(for some shift ¢), where k = R/R> is the trivial graded module. If in addition R has finite global dimension
d and finite GK-dimension, then R is AS-regular. The algebra R satisfies (right) x; if dimy Ext%(k, M) < 0
for all 7 < i and for all finitely generated Mg, and R satisfies y if it satisfies y; for all 7 > 0.

Recall [Jor98| that the depth of a graded R-module M is defined to be min{i | Ext%(k, M) # 0}. For
commutative noetherian graded rings and for some classes of noncommutative graded rings, including AS-
Gorenstein algebras [Jgr98, Theorem 3.2], the Auslander-Buchsbaum formula holds: that is, for a graded
module M of finite projective dimension we have pd M + depth M = depth R. Recall also that if R =
D,,cn Bn is a connected graded algebra, then the Hilbert series of R is the formal power series hr(s) =
P, cn(dimy Ry, )s™.

The main goal of the remainder of the paper will be to prove the following result:
8



Theorem 3.5. Let the pair (p,0) be algebraically independent over the prime subfield F of k, and let R =
R(7(p,0)).
(1) R is noetherian.

(2) R has a presentation k{xy, 2, x3,24)/(f1,-- ., f6), where

fi= $1(0331 - 363) + $3(951 - 0333), fo= 561(0332 - $4) + x3(x2 - 0334)7
f3 = wa(cxy — w3) + w4(x1 — cx3), [fi = x2(cwe — T4) + 24(22 — CT4),

f5 = ZEl(dLEl — .IQ) + 134(2131 — dl‘g), f6 = Il(dl‘g — 1‘4) + $4(ZZ?3 — dI4),

__6-—-1 _ p—1
forc-—6+1,d——p+1.

(3) The trivial module k has a free resolution of the form
0— R[-4] —» R[-3]* - R[-2]° 5 R[-1]* = R—k — 0.

(4) R is Koszul of global dimension 4 and has Hilbert series hg(s) = 1/(1 — s)*. However, R is not
AS-Gorenstein and therefore not AS-regular, and the Auslander-Buchsbaum equality fails for R.

We use the notation 1 := 7(1,1) for the identity map of G, and we give the special case of R(7) where

7 =1 its own name:

A= R(1) = k{t,ut,vt,uvt) C K[t,t~*;0].

(Note that here we denote o : T --» T and the induced pullback action on K by the same symbol; we will
do likewise for 7. We hope this will not induce confusion.) The ring A has appeared in the literature before
(see [YZ06l Proposition 7.6] ) and it has certain bad properties. Most notably, it is not noetherian on either
side (we sketch the simple proof in below). However, several other properties we desire to prove for R,
such as finite global dimension, hold for A and the main strategy of our proofs in these cases is to show that
these properties deform to hold also for R(7) for general .

In the remainder of this section, we give some further formulas and subsidiary results which will be
useful in the sequel. Although the coordinate system we have been using is the one in which ¢ is simplest,
occasionally we will want to change coordinates so that the automorphisms 7 € G are diagonalized. We use
round brackets ( : ) for the coordinate system of P! which is related to the original one by the change of
coordinate formulas [z : y] = (x —y :z+y) and (a:b) =[a+b: —a+b]. Then [1:1] = (0:1) and
[1:—1] = (1:0), and the group of automorphisms of P! fixing both of these points is isomorphic to k*,
where we let p € k* correspond to the diagonal automorphism (a : b) — (p~'a : b). An automorphism in G
has the form p x v where u,v € Aut(P!) correspond to elements p, § € k* respectively; this makes explicit
the isomorphism 7 : k* x k* — G already mentioned.

We define the useful abbreviations

yi=p+1l, d:=p—-1, e=0+1 (:=60-1
9



Then in our two coordinate systems we have the following formulas for 7(p,6) : T — T
(a:b)(c:d)— (p~ta:b)(0 c: d),
[ :y]lz : w] = [y + 0y : vy + dz][ez + Cw : ew + (z].

In terms of the action on rational functions, we record the formulas

u7:7u+(5 vT:ev—i—C o yu—46 o ev—C.
ou+ v’ Cv+e’ —0u+’ —Cv+e€

(3.6)

For future reference we also record the following formulas for the action of ¢ and its inverse on rational
functions. Recalling that we write p(f) = f¢, we have:
ev+ ¢

o(v) = TR o H(u) =

(yu=19) (=Cv+e
(=0u+7) (ev=¢) "~

We note here the following symmetry in our main setup.

ev —(

yuv +4 B
 —(v+e€

—1
= w1 v (v)

(3.7) p(u)

Lemma 3.8. Let ¢ :=7(—1,-1), so ¢¥([x : y][z : w]) = [y : x][w : 2] is the automorphism of T that switches
the coordinates in both copies of P'. Then v commutes with ¢ = To for all T € G. Also, v interchanges X
and Y and interchanges the points F and Q. O

We close this section with an analysis of the opposite ring of R(7). We show that the opposite ring lives in

the same family of examples, and so we will be able to focus our attention on right ideals and right modules.
Proposition 3.9. Let 7 € G and let R = R(t). Then R°? = R(t71).

Proof. We define an automorphism w : K — K by w(u) = u,w(v) = v~1. In other words, w is pullback by
7(1,—1) € G. Note that w? = 1.
All compositions in this proof are compositions of automorphisms of K. Now, R is the subalgebra

of K[t;p] generated by H°(T,O(1,1)) - t. The map Klt;¢] — Klt;¢ ] given by Y a;t’ Zaf_i+1ti
is an anti-isomorphism, so the subalgebra of K[t; ¢~ '] generated by H°(T,O(1,1)) - t is isomorphic to
R°P. Next, the map > a;t' — > w(a])t® gives an isomorphism Klt;¢o~ ! — K[t;wre~lr7tw™1], so
R°P is isomorphic to the subalgebra of K[t;wre™'77'w™!] generated by wr(H®(T,O(1,1))) - t. Since
wr : K — K is induced by an automorphism of 7' = P! x P! which fixes linear equivalence classes of
divisors, we have wT(HO(T,C’)(Ll))) = aH'(T,O(1,1)) for some 0 # a € K. Finally, putting ¢ = at,
we have K[t;wre lr7lw™l] = K[t';wre v lw™!], and now R°P is isomorphic to the subalgebra of
K[t';wre~tr~tw™1] generated by H(T,0(1,1)) - t'.

1 1

We consider the automorphism wrp~!'77'w™! of K. Since o and 7 act via pullback on K, we have

¢* = =071 € Aut(K). Thus wrp 77wt =wo 77w = wo~lwr!, as G is abelian and w? = 1. A

trivial computation shows that wo~'w = o, and so we conclude that wrp~lr~lw™! = o771,
It follows that R(7)°P = R(771), as claimed. O
Corollary 3.10. The algebras A and A°P are isomorphic. ]
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4. GEOMETRIZING R

We want to describe the rings R(7) defined in the previous section in a way analogous to the construction
of a twisted homogeneous coordinate ring or a naive blowup. In particular, we would like to show that each
graded piece of R can be identified with the global sections of a certain sheaf on 7. This will require using
pullback by a birational map instead of an automorphism, and so some sensitive calculations will be needed.

All of the notation developed in the previous section will be in force in this section. Fix 7 € G. Recall
that we defined ¢ = 70 as a birational self-map of T, and we put E := H°(T,£) C K = k(T) where
L=0r(W+Y)CK. For all n,m € N we define an invertible sheaf

¢'m.+1 ¢7n+n71

L =r" oL ®---®L CK.

In particular, when m = 0 this defines the invertible sheaf £, == L® L? ® --- ® £, We warn the
reader, however, that Lﬁm is meant to be one notational unit, and is not necessarily equal to the pullback
of £, by the birational map ¢™; though if ¢ is a stable birational map then this is true. (In all of our later
applications, we will in fact choose 7 so that ¢ is stable.) It is clear that for all n. > 0, E¢" € H*(T, £¢") C K,
and moreover that E¢" generates £?" except possibly at the fundamental points of ¢". Since we defined

R = R(1) =k(Et) C K[t,t71;¢], we have
R, = (Et)y* = EE® ... B*" 1" C H(T, £,)t" C Kt"

for all n > 0.

For all m,n € N, we define R¢" to be the sheaf generated by
(Rnt_n)¢7,L _ E¢7n E¢'m.+l . E¢1n+n71 c HO(T, ,Cim).

Again, Rﬁ is not to be construed as the pullback of R, by ¢". We use special notation for the case
A = R(1) where 7 is the identity map. In this case we write A" instead of R®" .

Let Z¢" be the base ideal of the sections in (R,,t~™)®", so that R¢" = Z¢" L™ C K. Let B = B"() be
the subscheme of T' defined by Iﬂfm. Now, BJ" is a 0-dimensional subscheme, supported at the fundamental
points of ¢™. So B, is 0-dimensional for all m,n also. One of the main goals of the next few sections will
be to show that for general choice of 7, then (Rnt’")‘w is precisely equal to the global sections of the sheaf
Rim. In particular, taking m = 0 this will show that indeed the graded pieces of the ring R have a geometric
description as the global sections of certain sheaves. To move towards this goal, we will need to study how
the sheaves £,, and the ideal sheaves 7,, depend on the choice of 7.

It is useful in this section to write 7(p,0) = p x v, where u = p(p) and v = v(6) are automorphisms of
P!. In the next several results, we concentrate on gaining an understanding of If " for m > 1. Recall that
this was defined as the base ideal of the sections

k 4+ ku?" +ko?” +k(uw)?" = E®" € HO(T, £*").
11



To compute this, we first compute the Weil divisors associated to these rational functions. We obtain:

m

(1) =0, (ud)) _ xom Y¢m7 <v¢m) _ gom Wd)m’ and ((uv)¢) X 4 gyt e
Thus we seek the intersection of the four effective Weil divisors:

Notice that a general horizontal line D = P! x [z : w] will not contain any fundamental points of ¢—™,
and thus D?" = P! x v=™([z : w]) since ¢ simply acts as v in the second copy of P!. Now for any
horizontal line D whatsoever, since pullback respects linear equivalence, D®" will be another (0,1)-curve;
this forces D¢ = P! x v™™([z,w]) in all cases. In particular, W¢" and Z®" are distinct horizontal lines
and W?" N Z¢" = (). So the base locus B! is equal to the scheme-theoretic intersection Y¢" N X",

The more specific calculation of B" is straightforward in case v has infinite order, but messier otherwise.
For given m, we want to understand B{" at least for an open set of 7 that includes the identity map 1. So
we will have to carefully analyze the 7 with v the identity, but will only need to analyze the case of other
finite order v in passing.

We denote the order of the automorphism v by o(v) € {1,2,...} U{oo}. The v-orbit of any point in
P!\ {[%1: 1]} has size o(v).

Lemma 4.1. Let 7 = 7(p,0) = px v € G. If o(v) = 2k for some k > 1, then v*[0 : 1] = [1 : 0] and
vE[1:0] =1[0:1]. If o(v) = o< or o(v) is odd, then the v-orbits of [0 : 1] and [1 : 0] are disjoint.

Proof. In the other coordinate system ( : ) for P! introduced in Section |3} v is the diagonal map (a : b) —
(6~ta : b). In these coordinates, we have [0: 1] = (=1:1) and [1: 0] = (1 : 1). It follows that if o(f) = 2k
for some k > 1, then §* = —1 and the first case occurs. Otherwise, clearly [0 : 1] and [1 : 0] do not lie on the

same orbit, so the second case occurs. O
Definition 4.2. Let j > 1. Let V(j) C G be defined by
V(i) :=A7(p,0) [ 0(0) > 25} U{7(p, 1) [ p # —1}.
We note that V(j) (or, more properly, its complement) is defined over F, the prime subfield of k.

Proposition 4.3. Fiz j > 1 and let 7 = 7(p,0) € V(j). Then
(1) For all 0 <i < j, {fundamental points of ¢~*}N{fundamental points of ¢p} = 0. Thus ¢p~* is defined
at both F' and Q.
(2) For all0 <m < j+1, the divisors X®" and Y*" are (1, m)-curves, and the scheme BJ" has length
2m. Also, L2 = O(1,m +1).
(3) Foralll<n<j+2and0<m<j+2—n, we have L = O(n, k), where k = ("7 — (™).
(4) {F,Q} € X?®" nY?" for all 1 < m < j. In particular, B} = {F,Q} with reduced subscheme

structure.
12



Proof. (1). The fundamental points of ¢ = 7o are precisely the fundamental points F = [0 : 1][1 : 0] and
Q =1[1:0][0: 1] of o, so we only have to prove the first statement. Similarly, the fundamental points of
¢! = o777V are 7(P) and 7(G), since P =[0:1][0 : 1] and G = [1 : 0][1 : 0] are the fundamental points
of 071, Since o~ leaves the second copy of P! alone, an inductive argument shows that the fundamental
points of ¢~ are contained in P* x {v[0:1],...,2¢0: 1],v[1:0],...,2[1 : 0]}. It is clear from Lemma
that if o(v) > 2j > 2i, then the set above is disjoint from {F,Q}.

Thus we have only to consider the case § = 1, p # —1, and ¢« > 1. We claim that in this case the set
of fundamental points of ¢~ is precisely {7(P),7(G)}. Now, ¢ contracts only the two curves Z and W,
which it contracts to the points 7(P), 7(G) respectively; moreover, ¢ is defined at 7(P),7(G) since the
condition 6 = 1, p # —1 forces {7(P),7(G)} N{F,Q} = 0. Since § = 1, we have 7(P) € Z, 7(G) € W. Thus
necessarily ¢(7(P)) = 7(P), ¢(7(G)) = 7(G). One may check that Z and W are not the images of any curves
under ¢, so an inductive argument shows that Z and W are also the only curves that ¢’ contracts. Then
{7(P),7(G)} are the only images of curves contracted by ¢‘, and thus these are the only points which are
fundamental points for ¢—¢, proving the claim. These fundamental points {7(P),7(G)} of ¢~ are disjoint
from the fundamental points {F, Q} of ¢, as we have already noted.

(2). By part (1), for any 0 < i < j, ¢~¢ and ¢ have no common fundamental points, and thus ¢*(¢?)* =
(¢*T1)* by Lemma By induction we see that (¢*)™ = (¢™)* for all 0 < m < j + 1. In particular,
since we calculated earlier in that ¢* acts on PicT = Z? by O(a,b)® = O(a,a + b), we see that
O(1,0)?" = O(1,m). Since X and Y are (1,0)-curves, X¢" and Y¢" are (1, m)-curves, for all m < j + 1.
The length of the 0-dimensional scheme B = X¢" NY?" is equal to the intersection product (X®".Y¢") =
(1,m).(1,m) = 2m [Har77, Proposition V.1.4]. Finally, since £ = O(1,1), we also get £ = O(1,m + 1)
for all such m.

(3). Since by definition £¢" = £" @ £ @@ £ and L2 = O(1,i+1) forall 0 <i < j+1
mhelG41) =

i=m

by part (2), it follows as long as m +n — 1 < j + 1 that £¢" = O(n, k) where k = 3

(5 - (7).

(4). Let C be an (a,b)-divisor on T' with a > 0,b > 0. Then (771(C).Z) = (r71(C).W) = a > 0,
so 771(C) must meet both Z and W nontrivially. Recall the decomposition o = Sa~! and its associated
notation from Section [3| Then 8*(7—1(C)) = C 4+ E where C is the proper transform of 771(C) and E is a
sum of exceptional curves for 8. If 771(C) N Z # {P}, then C must meet (but not be equal to) the proper
transform Lg of Z. If instead 771 (C) N Z = {P}, then the exceptional curve Ly lying over P must appear
in E. In either case, we see that Q lies on some curve appearing in C¢ = a,(C) + a.(E). An analogous

argument considering intersections with W shows that F € C? as well. Thus {F,Q} is contained in the

support of C'?.

13



This argument shows, in particular, that {F,Q} C By* = X®" nY*?" for all m > 1. When m = 1 then

B{ has length 2 also by part (2), and so B} has no choice but to be the reduced subscheme supported at
{F,Q}. O

Corollary 4.4. Let 7 € (5, V(j). Then ¢ = 7o is a stable birational map.
Proof. This is immediate from Definition and part (1) of the proposition. O

Remark 4.5. It is easy to find examples of 7 € G for which ¢ is not stable. The simplest of these is
7 =7(—1,1). For this 7 one has 7(u) = u~!,7(v) = v and so u® = u~'v,v? = v. Then ¢> = 1, but ¢* acts
on the Picard group as calculated in ; in particular, (¢*)? is certainly not the identity. Correspondingly,
one can see that the ring R = R(7(—1,1)) behaves very differently from the case of a general 7. In fact, since
$? = 1, the 2-Veronese R is a commutative ring with graded quotient ring k(u,v)[t?], and so this R is a

PI ring with GKdim R = 3. We have not attempted to fully characterize which 7 lead to a stable ¢ = 70.

Let 7 = 7(p,0) € V(j) for some j > 1. By definition, the automorphisms in V(j) come in two types,
those with o(6) > 2j, and those with # = 1. We now analyze the structure of the schemes B} for m < j in

each case separately. We begin with the easier case where o(6) > 2j.

Definition 4.6. Let 7 = 7(p,0) € V(j) with o(f) > 2j for some j. Proposition 1) shows that ¢ % is
defined at F' and Q for 1 <i < j. We set F; := ¢~ *(F) and Q; := ¢~ 4(Q), for 0 < i < j.

Lemma 4.7. Let j > 1 and let 7 = 7(p,0) € V(j) with o(f) > 2j. For each 0 < m < j+ 1, BY" is the

reduced scheme consisting of the 2m distinct points {Fy, ..., Fr_1,Q0, -, Qm—1}-

Proof. We claim first that ¢~! is defined and a local isomorphism at each F; and @Q; with 0 < i < j. To
see this, note that ¢! = o~ 177! is defined and a local isomorphism at any point which does not lie on
7(Z) =Pt xv([0:1]) or 7(W) = P! x v([1 :0]). Since F; € P! x v=¥([1:0]) and Q; € P* x v=%([0 : 1]) for
1 < i < j, the claim follows, using the hypothesis that o(v) > 2j > 2i and Lemma It is also clear from
this calculation that the points {Fy, ..., F},Qo,...,Q,} are distinct.

Next, we prove by induction that {Fy, Qo,..., Fm_1,Qm-1} € X" NY?" forall 1 < m < j+ 1. The
case m = 1 is immediate from Proposition [4.3(4). Suppose we have proven that {F, Qo, . .., Frn—1,Qm-1} C
X" NY?" for some m < j+ 1. Since ¢! is a local isomorphism at each of these points, it is clear that
¢! of each of these points lies on (X9™)? = X?""" as well as (Y¢")? = Y™ (using stability of ¢). So
{F1,Q1,..., Fn,Qm} C Xy However, X¢"" and Y*""" also both vanish at F and Q, as we
saw in Proposition 4). So X" Ayt = B! is supported at least at the set {Fy, Qo, ..., Fm, Qm}-

Now for any m with 0 < m < j+ 1, Bf" is a scheme of length 2m by Proposition 2), so it must be
exactly the reduced scheme supported at the points {Fp, Qo, - .., Fin—1, Qm-1}- O

Now we calculate B{" in the case where §# = 1. This is more complicated because the scheme is concentrated

at two points.
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Lemma 4.8. Let 7 = 7(p,1) € G with p # —1.

(1) If p=1 then X" = X +nZ and Y?" =Y +nW for all n > 0, while if p ¢ {1,—1} then X¢" and
Y?" are irreducible curves for all n > 0.

(2) For allm > 1, B is supported at {F,Q}. Further, there are local coordinates a,b at F so that for
1 <n<m, B} is defined locally at F by (a,b™), and similarly for Q.

Proof. (1). If p = 1, then the calculation X® = X + Z, Z% = Z was done in Section 1, and the result
X?" = X +nZ follows by induction, because ¢ is stable by Corollary The calculation of Y¢" is similar.

Now assume that p ¢ {1,—1}. We prove that X?" is irreducible by induction on n, the case n = 0
being immediate. Suppose that C' = X¢" has been proven irreducible for some n > 0, and let us prove that
X = ¢ (where we use that ¢ is stable) is irreducible. The curve C?® will be irreducible (and equal to
¢~1(C)) unless C™ = 771(C) contains one of the points {P, G} which are the images of the curves Z, W
which o contracts. We know that (771(C).W) = (r71(C).Z) = 1, since deg7 1(C) = degC = (1,n) by
Proposition 4.3{2). But {F, P} C X by definition, while {F,Q} C C = X?" if n > 1 by Proposition ).
Thus 7~ (F) must be the unique point in 7=1(C)NW , while if n > 1 (respectively, if n = 0) then 77(Q) (or
771(P)) is the unique point in 771(C) N Z. None of these points is equal to P or G since p ¢ {1, -1}, so C?
is irreducible, completing the induction step. The proof that Y¢" is irreducible follows from the symmetry
given by Lemma [3.8

(2). If p =6 =1, then X?" = X +nZ and Y*" =Y + nW for all n > 0, by part (1). As X and W
intersect at F and Y and Z intersect at @, the local structure of X¢" NY %" is immediate.

Suppose then that § =1 and p € {—1,1}. Note that the set U :=T ~ (Z UW) is ¢-stable; in fact, ¢|y is
an isomorphism. We have {F,Q} C BY" for all m > 1, and Bf = X? NY? = {F,Q}, by Proposition ).
Thus X?NY?NU = (), and by induction since ¢|; is an isomorphism we must have X"y nU =0
for all n > 1. Thus B} is supported on Z U W. Now, (X?".Z) = (X?".W) = 1, so set-theoretically
X" NZ = {Q} and X¢" NW = {F}. By a similar argument, Y*" N (ZU W) = {F,Q}. Thus B}
is supported on {F,Q}. BT has length 2m by Proposition ), and by the symmetry in Lemma
necessarily B]" has length m locally at F' and length m locally at Q.

Let 2 f(z,w) + yg(z,w) be the (1, m)-form defining X¢". Since F = [0: 1][1 : 0] € X¢", it must be that
wlg. Since X?" is irreducible, w ff. In the local ring Op g, let u = 2/y and let b :=v~' = w/z. The curve
X?" is locally defined at F by a := u + bFa, for some unit o and some k > 1. Likewise, Y®" is locally
defined at F by u + b3 = a + b*B’, where j,£ > 1 and 3, 8" are units. Thus BJ" is locally defined at F by
the ideal (a, b*). Since, as we have seen, B} has length m at F, we must have £ = m.

We show now that if n < m, then B} C BJ". It is enough to prove this for n = m — 1. As we have already
seen, B} = {F,Q} with reduced structure, and so R?(0, —1) = ZrZgO(1,1), which has a two-dimensional
space of global sections. Note that X?, Y? X + Z, and Y + W are global sections of this sheaf. Thus both

{X? Y?} and {X + Z,Y + W} span the same linear system 0 C PH°(T,0(1,1)). Pulling back by ¢™~!
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and using stability, we obtain that {(X + 2)®" ", (Y + W)?" '} and {X?",Y¢"} span the same linear
system inside P H"(T, O(1, 1)‘1’7%1) =PH(T,O(1,m)). This implies that the scheme-theoretic intersections
B = X" nY?" and (X + Z2)*" N (Y +W)?" " are the same, both being the base locus of this linear

_ m—1
= B!

m—1

system. But the latter intersection trivially contains X " nYye
Thus for n < m, (B})F is defined by an ideal of codimension n that contains (a,b™). There is a unique

such ideal, namely (a,b"). By Lemma [3.8] the local structure at @ is symmetric. O

Proposition 4.9. Let 7 = 7(p,0) € V(m +n), and recall that BT is the subscheme defined by T¢" . Then
B is a 0-dimensional subscheme of length 2(m/("3") + ("51)). In case o(6) > 2(n-+m), then in the notation

of Definition[{.6, B)" is the following subscheme of fat points:

Bl'=nFy+---+nFph1+n—1)F, 4+ -+ Fhym—2t

nQO+"'+an—1 +(Tl* 1)Qm++Qn+m—2

Proof. Note in all cases that Iﬁm = ]_[;":t:f1 If’ " Thus this proposition will follow from our calculations in

Lemmas above of the n =1 case.

Suppose first that o(6) > 2(n+m). For all 7 in the range m < i < m+n — 1, the scheme defined by If’ is
the reduced subscheme supported at the points {Fp, Qo, ... Fi—1,Qi—1}, as we saw in Lemma Then Ifl’m
defines the scheme of fat points of multiplicity n at the points Fy, Qq, ... Fim_1, Qm_1, multiplicity n — 1 at
the points Fy,,, @, and so on, with multiplicity 1 at Fi4m—2, @nim—2. Since a fat point of multiplicity a

has length (“'), we calculate the length of this scheme to be
2mn—|—1 n n + n—1 R 2 —om n+1 49 n+1
2 2 2 2)| 2 3

Now suppose that § = 1. In this case Lemma [{.8 applies, and shows that there is some choice of

as claimed.

coordinates a and b in the local ring S = Or r = kla, (4, such that Ifi is equal locally at F to (a,b’)
for all i < m +n — 1. Thus the sheaf Z¢" is equal locally at F to I = (a,b™) - (a,b™*1)---(a,b™+""1).
Then S/I has a basis consisting of the (images of the) monomials a’b’ for certain i, j. It is easy to see that
if S (m+€—1) <j <Y} (m+€—1), the monomial a’b’ occurs for all 0 < i < n —k+ 1. We see that
S/I has dimension nm + (n —1)(m + 1) +--- 4+ 1(m +n — 1). Since B} must have the same length locally
at @ because of Lemma B!™ is supported at the two points {F, Q} and once again has length
i, ) , n+1 n+1
2;(n—z)(m+z) =2m< ;— ) +2< ;— ),

as claimed. O

We have been referring loosely to the sheaves Rﬁm, the schemes B, etc., as families depending on 7. In

the next result we make this explicit.
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Proposition 4.10. Let n,m € N and let V :=V(n +m).

(1) Forall0 < j < n+m, there are closed subschemes H;, H} of T'xV, flat over V, so that Hj|rx, = 1%
and HJ’-|TXT =X forTeV.

(2) For all 0 < i <mn, there is an invertible sheaf FI™ on T XV so that F"|rxr = E?m forTeV.

(3) For all0 < i < n and 0 < j < m there is an ideal sheaf Jij on T x V, flat over V, so that
jij\TXT = Ifj forTeV.

(4) For all 0 < i < n and 0 < j < m there is a closed subscheme Cij of T xV, flat over V', so that
Clrsr = Bl(7) forT € V.

All these sheaves and subschemes are defined over .

Proof. Let h: TxV — T xV be given by the formula (x,7) — (7(x),7), and let 7 : Tx V' — T be projection
on the first factor. Let & : T'x V --» T x V be the birational map given by the formula (z,7) — (o(z),7)
for z in the domain of definition U of o. Note that h, 7w, and o are defined over F.

(1). For 0 < j <n+ m, we define ideal sheaves G; on T' x V. For j = 0, put Go := 7*Orp(=Y"). Then G
is invertible and defines Hy, which is the constant family Y x V.

Suppose that 1 < j < n + m, and that we have defined an invertible ideal sheaf G;_; on T'x V so
that G;_1|rxr = OT(—Y(ISFI) for 7 € V. Put G; := 0*h*G;_1. Here, o* is pullback by the birational map
. We claim that Gj|lrx, = OT(—Y¢j). Certainly h*G;_1|rx. = OT(—(Y¢j71)T) since h restricts to the
automorphism 7 in each fiber T x 7 over V. The verification that G;|rx, = Or(—((Y?")7)?) is then not
much different. One needs only to check that since the domain of definition U x V of ¢ intersects each fiber
T x 7 in the open set U x 7, whose complement has codimension at least 2, then each fiber of a pullback
by @ is equal to the pullback by o of that fiber. This follows directly from the definitions in Section [2| By

induction on j, for all 1 < 7 < n+m we get
Gilrxr = Or(=(Y*)?) = Op(~Y*) = O(~1, -j),

since (Y¢j_1)¢ = Y% holds for all T € V C V(j) as we saw in the proof of Proposition This proves
the claim, and defining the subscheme H; by the ideal sheaf G;, it will have the required property that
Hilryr = Y% for 7 € V. Since each fiber of H; is a (1, j)-curve and all (1, j)-curves on T" have the same
Hilbert series, by [Har77, Theorem II1.9.9], H; is flat over V. Since &, h, and 7 are defined over F, so are G;
and H;. By symmetry, H]'< exists as described for 0 < j < n +m.

(2). An analogous argument to (1) shows that we may find an invertible sheaf 7; on T' x V', defined over
F, so that Hj|rx, = Or(=W¢ —Y?") for 7 € V. Let 0 < i < n and let F/* == H,, 1L - Hoki o

(3), (4). If i = 0 then the result is trivial. Let CJ := H; N H}. Note that

Cllrsr = Hj xpxy Hi X7xy (T X 7) = Hj|rxr X7xr Hj|rxr = Y¥ n X% = Bi(r)
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for 7 € V. Let ._71j be the ideal sheaf defining C{. For 1 <i < mn, let Jij = Jlj.jljﬂ . -~\71j+i71. Let Cl-j be
the subscheme defined by Jij .
J ¢j+n71
1

Now, J/ - Opxr = Ifj. Thus J? - Oy, = If I = Iﬁfj. From the exact sequence

0— jhj . OTXT — OTXT — (OCTJ;’)‘TXT —0

we see that CJ |7y, = B(7). By Proposition for fixed n,j the length of B (7) is constant for 7 € V.
Thus by [Har77, Theorem I11.9.9] CJ and therefore 7 are flat over V.
Since T x V is flat over V, by flat base change for Tor [Wei94], Prop. 3.2.9] we have

Tor] "V (Ops, Orxr) = Tor{ *V(Opy, Orxy @v O-) = TorY (O, Or).

This vanishes because C? is flat over V. Thus for 7 € V we have JJ|7xr = J - Orxr = Iﬁfj. Finally, since

Hj; and Hj are defined over [, by construction J? and €7 are defined over F. O

Corollary 4.11. Fiz n,m € N and a,b € Z. There is a dense open subset U C V(m +n) C G, with 1 € U,
so that if T € U, then h'(T,R%¢" (a,b)) < h'(T, A" (a,b)) fori=0,1,2. Further, G\ U is defined over F.

Proof. Let V := V(n+m). Let 7 : T x V — T be projection on the first factor; let 7" and F;"* be the
sheaves on T' x V' defined in Proposition Let N := I @ FI" @ 7*O(a,b). This sheaf is defined over
F and flat over V, and for any 7 € V we have N|ry, = Rﬁm (a,b). We now apply upper semi-continuity
[Har77, Theorem III.12.8] to obtain a open neighborhood U of 1 € V so that the statement holds. O

To apply the corollary, we study in the next result the cohomology of the sheaves Ag’", and their relation

to the ring A.

Lemma 4.12. Let m,n € N.

(1) (A,t~™)°" C K has a k-basis consisting of all monomials

(uiv?|0 < i < n,a(i) < j < b(i)}, where a(i) = im + (;) b(3) = im + <”;1> - <”22)

In particular, dimy A,, = (”;3) for alln >0 and A has Hilbert series ha(s) = 1/(1 — s)*.
(2) (Apt™™)°" = HY (T, A%") and H'(T, AS") =0

Proof. (1). Recall that we write F =k + ku + kv + kuv, so A = k(Et) C k(u,v)[t; o]. We need to calculate
ES" = (Apt™")"" = E°"E°

m

TR Tt s enough to prove the case m = 0, for EZ" is formed by

sending each monomial u’v/ occurring in E, to (uv?)°" = u*v7+"™ and the bounds a(i) and b(i) simply

adjust by im for each i.
Now E°' is the k-span of {1, uv’, v, uvi*1} for each i > 0, so E,, is spanned by all possible products of n
monomials, one from each E° with 0 < i <n — 1. Consider which monomials u*v7 are in this spanning set
2 i—1

for a given fixed ¢ with 0 < ¢ < n. Clearly the smallest value of j occurs when one chooses u, uv, uv?, ... uv

from E, E?, ..., Eo respectively, and 1 from the remaining spaces Ef"i7 e ,E"%l; while the largest value
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of j occurs by taking v from each of the spaces E, £, .. ., E"’TH*I7 and then wo™ 1 ... wv™ from the spaces

sy BT vespectively. Thus 1424+ -+i—1 = (2) <j < (n—i)+(n—i+1)+---+n = ("51) = ("5,

n—i

E(T

and it is easy to see that every j in this range actually occurs. Thus E, has the claimed basis, and as a

amtam £ (1)) () - ()

(2). T is covered by the four open sets

consequence

Ui’ := Speck[u,v], U :=Speck[u,v™!], U~ := Speck[u™t v1], Uy = Speck[u™t, v],

and by definition A" is the sheaf globally generated on T by the sections in W := EZ" . On any affine open

set U of the cover, A7 (U) = WOz(U) has an easily calculable k-basis of monomials u’v7. In particular,
WOr(UT) =k{u"v?|i > p,j < q, some uPv? € W}, WOr(U;) = k{u‘v?|i < p,j > q, some uPv? € W}.

Now, HY(T, AS") = WOr(U) N WOr(UN) N WOr(UZ) NWOr(UT). If uivi € WOr(UH) NnWOr(UT),
then (i) ¢ > p,j < ¢ for some uPv? € W and (ii) i« < p',j > ¢ for some uP'v?’ € W. Note that (1)
forces 4 > 0 and (ii) forces i < n, so 0 < ¢ < n. Then since a(i) and b(i) are increasing functions of 4 for
0 <i <n, (i) forces j < b(i) and (ii) forces j > a(i). It follows that WO (UX) N WO7(U;) = W already,
so HO(T, A5" ) = W = (Apt™™)7".

In particular, we obtain from the above that ("+3) = dimy A,, = dimy B = h°(T, A%"). Recall that

3
A" =177 £" | where Z¢" is the ideal sheaf defining the scheme B™(1). By Proposition ), we have

n

m

L£:7 =2 O(n, (”Jrg”ﬂ) — (™). By the Kiinneth formula, H*(T, O(n, ("*7*) — ("}1))) = 0. Consider the

exact sequence

2 2

Proposition and the associated long exact cohomology sequence give us that

05 A" O, <n+m+1> B <m+1

)) — OB;’{‘(]l) — 0.

fﬂnAf»—fﬂﬂom(”+m+ﬁ<m*l

D4R A 4 1en O

2 2
n+m+1 m+1 n+3 n+1 n+1
() () e (1) 2 (") < (1) =0
Therefore, H' (T, A%") = 0 for all n,m > 0. O

Remark 4.13. It easily follows from the explicit basis given in the preceding lemma that A is not noetherian,

since the right ideal Y -, uv®" 't A is infinitely generated.

Recall that we say that U C G is a general subset if it is the complement of a countable union of proper

closed subvarieties.

Proposition 4.14. There is a general subset U of G such that for oll 7 € U and for all m > 0, the Hilbert
series of @, H° (T, RE™) is and H'(T,R¢") = 0 for alln > 0. In particular, for T € U we have

1
(1—s)
dimy R,, < (”2{3) Further, U contains 7(p,0) for all pairs (p,0) that are algebraically independent over F.
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Proof. Fix n,m > 0. We have computed in Lemma that H'(T,A%") = 0. Therefore, by Propo-
sition there is a nonempty open subset U(n,m) C V(n +m) C G such that H(T,R?" (7)) = 0
for 7 € U(n,m). Since the complement of U(m,n) is defined over F, we have 7(p,0) € U(n,m) for all
algebraically independent pairs (p, ).

Take U =, ,,50U(n,m), and let 7 € U. We have that 8" = O, (") = ("S1)) by Propo-
sition (3) The scheme B7'(7) defined by Z¢" has length 2(m (") + ("4')), by Proposition
Since H (T, R?" (1)) = 0, we may deduce from the long exact cohomology sequence associated to R¢" C

O(n, (""HQ”H) - (mg'l)) that

m 1 1 1 1 3
IR =+ D" = (M ey 2 (") ()= ("),
2 2 2 3 3
Since R,t™" C H°(T,R,), all statements are now immediate. O

We will see in the next section that for general (p,d) (in particular for a pair algebraically independent
over ) then we have dimy R,, = ("';3) for all n € N.
Remark 4.15. There is a fair amount of literature on regularity of fat point schemes on multiprojective
spaces. However, the cohomology vanishing in Proposition does not seem to be given by these results.
In particular, it follows from [SVT06, Theorem 5.1] that, if 7 is general, then HY(T,Z, (i, 7)) = 0 for any 4, j
withi,7>n—2andi+j > 2 22;11 k= 2(3) For Proposition however, we need (i,j) = (n, ("'QH))

5. PRESENTATION, HILBERT SERIES AND FREE RESOLUTION OF k

In this section, we analyze the resolution of the trivial module kg, and more specifically the presentation
of R by generators and relations. We show that there is a uniform description of the resolution of k for
general 7, and compute the Hilbert series and some homological properties of (general) R(7). Our main
technique is to prove these results for A and analyze their behavior under deformation.

We will rely heavily on the notation and formulas established in Section In particular, recall that
for given 7 = 7(p,0) weset y=p+ 1, =p—1,e =0+ 1, and { = 6 — 1, as these expressions simplify
the formulas for u® and v® as in . Write ry = t,ro = ut,r3 = vt,r4 = uvt, so that R = R(7) =
k(ry,re,r3,74) C k(u,v)[t; 0]. It is easy to calculate some quadratic relations among the r;. For example,
suppose that t(ft) = (vt)(gt) for some ft,gt € Ry, so f,g € E =k +ku + kv + kuv. Then f¢ = vg®, or
equivalently f = v® 'g. Then using B-7), (—Cv+e€)f = (ev — ()g and there are two linearly independent
solutions: f=ev—(, g=—Cv+e, and f =u(ev — (), g = u(—Cv + €). Similarly, one can find two relations
of the form ro(ft) = ry4(gt) and two relations of the form 71 (ft) = r4(gt). Let k{x1,z2, 23, x4) be the free

algebra, and consider the surjection 7 : k(x1, 22, 23,24) — R; x; + r;. The process above produces the
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following six quadratic elements in the ideal of relations J = ker 7:
Ji=a1(Cer — exs) + as(exy — Cws),  fo = x1(Cua — exs) + w3(€w2 — (a4),
(5.1) f3 = x2(Cx1 — ex3) + xa(exy — (x3), fi1 = x2(Cxo — exy) + xy(exs — Cay),
f5 = x1(0x1 — yx2) + Ta(yT1 — 022), fo = x1(dx3 — Yw4) + x4(Y23 — 024).
Since the coefficients in these relations depend only on 7, we set S(7) := k(z1, x2, 3, 24)/(f1, fo, - - -, f6). We
shall see that for general 7, the surjection S(7) — R(7) is an isomorphism. For now note that the relations

f1—fe give precisely the relations in Theorem 2) in case v # 0,¢e # 0.

We set up some additional notation which will be useful throughout this section.

Notation 5.2. It is convenient to name the following special elements in R(7);:
z1 = (C—ev)t, 2o = (e — CU)t, 23 = (Cu — euv)t, z4 = (euw — Cuv)t, 25 = (6§ —yu)t, 26 = (y — ou)t,
z7 = (0v — yuv)t, zg = (yv — duw)t, z9 = (yu — 0)(—Cv + €)t, z10 = (du — v)(ev — ()t.
Lemma 5.3. Assume Notation . The following relations hold in R(7):
r1z1 + 1322 = 0, 1123 + 1324 =0, 1021 + 1420 =0, 1023 + 1424 =0, T125 + 1426 =0, T127 + 1428 =0,
2521+ 2720 =0, 2523 + 2724 =0, 2621 + 2820 =0, 2623 + 2824 =0,
2921 + 21022 = 0, 2923 + 21024 = 0, 2129 + 23210 = 0, 2229 + 24210 = 0.
Proof. The first six relations are just f; through fs. The others are checked easily, using . |

The next result gives a complex which is a potential free resolution over R(7) of the trivial module k.
We will prove later that this complex is exact for general 7. For notational purposes, we will think of the
right module R™ as a column vector. An R-module map M : R[a]™ — RI[b]™ is therefore an m x n matrix

of elements of R,_,, acting by left multiplication.

Proposition 5.4. For any 7 € G, there is a complex of right R = R(T)-modules

(5.5) 0— R[-4] % R[-3]®* & R[-2]%° B R[-1]** S R >k — 0,
where here
(5.6)
zg 0 0 O
0 zo 0 0 O z1 23 0 0 zy =z
0 0 29 0 O 0 0 2z 2 0 0
M = , N = , P= ' aQ:(ﬁ To T3 7"4)
zZ9 0 210 0 0 Z2 24 0 0 0 0
Z10 0 0 Z1 23 0 0 zZ9 Z4 Zg 28
0 0 20 24
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Proof. The fact that this is a complex is equivalent to the matrix equations QP = 0, PN =0, NM = 0,

which are in turn equivalent to the relations computed in Lemma |

In the case that 7 = 1, we can analyze the Hilbert series of R(7) = A, and show that is exact,
fairly directly. We do this in the next two results. We note that such basic properties of A were also
obtained by Paul Smith and James Zhang in unpublished work [YZ06, Proposition 7.6]. Given a,b € A, we
use the notation syz,(a,b) for the module of right syzygies between a and b; in other words, syz,(a,b) =

{(z,y)|az + by = 0} C A2. Similarly, syz,(a,b) = {(z,y)|za + yb =0} C A% is the module of left syzygies.

Lemma 5.7. Consider A = R(1).

A= S(1) =k(xy, 20,23, 24) /(f1, fo,. -, f6); in particular, ha(s) = hga)(s) = 1/(1 — s)4.

syz,.(r1,12) = (1o, —r3)A = syz,.(r3, r4).

1
2
3
4

syz,(r1,7r3) = (r3, —r1) A+ (r4, —12) A = syz,.(r2,74).

(
(
(
(

o O — ~—

Dually to parts (2) and (3), we have syz,(r1,r2) = A(rs4, —71) = Syz,(rs3,r4), and
syz,(r1,73) = A(rs, —r1) + A(ry, —r2) = syz,(ra, r4).

Proof. (1). Take lexicographic order on the monomials in the x;, with 2o < 21 < 3 < x4. In the case
7 =1 at hand, we have v = ¢ = 1,5 = ( = 0, and so the relations of S(1) become especially simple binomial

relations:

f1 =x3m1 — 2123, fo =320 — 2124, f3 = 241 — To3,
_ /o _
fa = 242 — T224, f5 = X%y — X273, fo = T4T3 — T1T4.

Here, we have replaced f5 by ff = fs — f5 so that the leading terms zzx1, T3T2, T421, T4Z2, T1X2, T4z Of
the relations with respect to the order are distinct. It is routine to check that all of the overlaps between
these relations are resolvable, and so by Bergman’s diamond lemma [Ber78] the set of irreducible words
{aiad xkabli, j, k, 0 > 0} is a k-basis for S(1). The Hilbert series hsa)(s) = 1/(1 — s)* is immediate. Since
A has the same Hilbert series by Lemma [£.12] the surjection 7 : S(1) — A must be an isomorphism.

(2). By part (1), we may work with the ring S = S(1) instead, which we do for the rest of the proof.
Consider the monomial ordering and basis of irreducible words given in part (1). Let M := syz,(z1,22) =
{(f,9) € S?|z1f + w29 = 0}. Obviously (z2,—z3) € M by relation fi. If (f,g) € M where f is a linear
combination of irreducible words, we can subtract an element in (z3, —x3)S to yield (f',¢') € M where f’
is a linear combination of irreducible words not containing x5.

Define Z; to be the k-span of all irreducible words which begin with z;; thus S>1 = Z2 @ Z1 ® Z3 ® Z4
as vector spaces. Now x1f’ € Z; by the previous paragraph, and rewriting ¢’ if necessary so that it is a
linear combination of irreducible words, clearly z2g’ € Z3. So x1f' = —x2g’ € Z1 N Zy = 0, which forces
f''=¢ = 0since S(1) = A is a domain. Thus M = (x5, —x3)S. Now since x3 = vx; and x4 = vag, it is

easy to see that syz,(z1, z2) = syz,.(z3,24).
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(3). Maintain the notation of part (2). First, an easy argument using the basis of irreducible words shows
that 1.5 C Z1 + Z3. Then the result follows from a similar argument to that in part (2), which we leave to
the reader.

(4). It is straightforward to check using the relations that the vector space bijection S; — S7 defined by
X1 > T3, To > Ty, Ty > T1, T4 — T2 extends to an anti-isomorphism S — S. We note (without proof) that

this anti-isomorphism is the map given by Corollary [3.10] O

Proposition 5.8. As above, consider A = R(1).

(1) The complex (5.5) is exact and so is a free resolution of ka.
(2) Extli(k, A) = 0.

Proof. (1). In this case, the entries z; of the matrices in the complex (5.5) simplify to be scalar multiples
of the 7;. Exactness of the complex at the A[—1]%? spot is now easily seen to be equivalent to the fact
that f1, fo,..., f¢ generate the kernel of k(zy,...,z4) — A, as was proved in Lemma (1) Exactness at
the A[—4] spot follows because A is a domain. Finally, it is straightforward to see that exactness of the
complex in the remaining A[—2]%% and A[—3]%* spots requires precisely the right syzygy results proved in

Lemma [5.7)(2)(3). So (B.5)) is exact in this case.

(2). Since (5.5) is exact, we can compute Ext’y(k, A) as the ith homology of the complex

(5.9) 0 AL A® 2 42120 5 4314 X A[4] o,

given by applying Homu(_ , A) to . Since this is a complex of left modules, we will write the free
modules as row vectors, and write Q*, P*, etc. as right multiplication by the matrices giving @, P, etc. Now
to prove Ext} (k, A) = 0 we need to prove that ker P* = im Q*, where clearly im Q* = A(r1,72,73,74). But
an easy argument using the left syzygies computed in Lemma [5.7)(4) shows that ker P* = A(r1,72,75,74) as
needed. (]

Now we will study the complex (5.5 as 7 € G varies.

Lemma 5.10. Let R = R(7).

(1) For each n > 1, there is an open set U, C G, with 1 € U,, such that dimy R(7), = (n;:s) for all
TeU,.
(2) For eachn > 1, there is an open subset V,, C U,, C G such that (5.5)) is exzact in degree n for T € V,,;

moreover, 1 € V,, and the complement of V,, is defined over [.

Proof. To save notation, let us identify G with k* x k*. We first fix some degree n and consider the degree
n component of any one of the maps occurring in the complex ([5.5); in more general notation, this looks

like Q(7) : R[-m]®* — R[—m + 1]%7, where the map (7) is given by a matrix with entries in R(7);. We

n

think of p, 6 as parameters now and note that the nonzero entries z; in the matrix are fixed elements in
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Flp, 0][u, v]t. We assume that n > m, since otherwise Q(7) = 0. Writing down all possible words of degree
n — m in the elements 71,79, 73,74 and multiplying them out using , one gets a k-spanning set Y for
R,,_ consisting of 4™ elements of the form ft"~™ where f € F(p, 0, u,v). Then one gets a k-spanning
set for R[—m|®? consisting of i - 47~™ i-tuples of such elements. Applying (7), we get a k-spanning set for
im Q(7) consisting of j-tuples of elements in F(p, 0, u,v)t" "™ 1. We multiply by ¢t"*"~! obtaining a set
Z CF(p,0,u,v)®.

Following through the construction of Z, one may check that every element of Z has a well-defined
evaluation at any (p,0) € G; in other words, each fraction appearing has a denominator which is not
identically 0 when evaluated at any (p,6) € G. Indeed, this must be true since by construction, specializing
Z at any particular (p, ) should give a set whose k-span (times t"~™*%1) is equal to im Q(7(p,#)). Now it
is standard that dimy Z(p,#) behaves lower-semicontinuously in (p, 6); in other words, for every d > 0, the
condition dimy Z < d is a closed condition on (p, §) € G; moreover, this closed set is cut out by the vanishing
of polynomials in F[p, ]. In conclusion, there is an open subset of G, whose complement is defined over F,
on which dimy im Q(7) achieves its maximum.

(1). We apply the argument in the preceding two paragraphs to the map @ in . It shows that for
all n > 1, there is an open set U,, C G of 7 for which dimg R(7),, achieves a maximum value d,,. Note that
d, > dimy 4,, = (";3) by Lemma ). By Proposition there is also a general subset of G for which
dimy R(7), < (";3). This forces d,, = (";‘3) and 1 € U,.

(2). Fix n > 1 and define U, as above. Then for all 7 € U,,, dimy R(7),, = ("$?) is constant by part (1).
Thus for all 7 € U/ = U, NU,—1 N -+ NUp_y4, (omit any term U; with ¢ < 0), the k-dimension in degree
n of each term in the complex is the same. Let Q(7) be any degree n map occurring in the complex,
in the notation of the first paragraph of the proof. Since dimyim Q(7) behaves lower-semicontinuously for
7 € U}, by the rank-nullity formula dimy ker Q(7) must behave upper-semicontinuously in 7 € U/. Then
for any ¢, the k-dimension of the degree-n piece of the ith homology of the complex will also behave
upper-semicontinuously in 7 € U/, and so will achieve a minimum along an open subset of U/,. But we saw
in Proposition that is exact when 7 = 1. Thus the minimum dimensions for the homology groups
are 0 in each degree; in other words, there is an open subset V,, C U, C U,, C G, with 1 € V,,, such that
is exact in degree n as claimed. The closed subset of U] where each dimy ker 2(7) does not achieve
its minimum is the same as the closed subset where dimy im Q(7) does not achieve its maximum, and we

already saw in the first part of the proof that this closed subset is defined over F. O

The next result shows, among other things, that for general 7 parts (2)-(4) of Theorem |3.5| hold for R(7).

Proposition 5.11. There is a general subset U C G, with 1 € U and (p,0) € U for any pair (p,0)
algebraically independent over F, such that R = R(7) has the following properties for any 7 € U:
(1) The complex is exact, R is Koszul of global dimension 4 with hg(s) = 1/(1 — s)*, and R =
S(r) =k{x1, 22, x3,24) /(f1, f2,-- -, [6);
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(2) Exth(k, R) = 0;
(3) dimy Extly(k, R) = oo for i = 2,3,4;
(4) R is not AS-Gorenstein, and so R is not a reqular algebra; R fails x2 on the right; and depth R = 2,

so the Auslander-Buchsbaum formula fails for the module M :=kpg.

Proof. Let V,, C G be the open subset occurring in Lemma 2) for each n > 1, and let V := ﬂnzl Vi
(1). Let 7 € V. The complex is exact by the construction of V,, in Lemma 2). Then R is
Koszul, and gl.dim R = pdk = 4 by [Li96]. The Hilbert series of R(7) also follows immediately from the
shape of the free resolution of k in . The fact that the kernel of the map k(x1,z2, x3,24) — R(T) is
generated as an ideal by {f1,..., fe¢} follows from the exactness of at the R[—1]®4 spot.
(2). As in Proposition 2), we examine the complex

M*

(5.12) 0= R R® DS R121%6 Y5 R[3)®4 M RI4] — 0,

given by applying Homg(__, R) to , where the free modules are rows and the maps M™*, N* etc. are
right multiplication by M, N, etc. By (1) we can calculate Ext%(k, R) as the ith homology of for
TeV.

But now analogous arguments as in Lemmaapply to the complex (5.12). In particular, the dimensions
of the nth graded pieces of the part of this complex relevant to the calculation of Ext}%(]k, R), namely

R% R D R2)®S,

are all constant for 7 on an open set U/ := U,, NU,4+1 NUj 2, in the notation of the proof of Lemma 1).
The same argument as in the proof of Lemma 2) shows that the first homology of in any degree
n > —2 is upper-semicontinuous for 7 € U”. Since Ext} (k, A) = 0 by Proposition we conclude that for
n > 1 there are open subsets W,, C U/, containing 1 and all pairs (p, #) which are algebraically independent
over [, such that is exact in the R[1]%* spot (in degree n) for 7 € W,,. In particular, Exth(k, R) = 0
forall7eU:=VnN (]71272 W,.

(3). Assume that 7 € U throughout this part. Since 7 € V, Exty(k, R) is the ith homology of (5.12).
Clearly Exth(k, R) = R[4]/im M* = R/(Rzy + Rz1)[4]. There is a relation z;zg + 23210 = 0 by Lemma
Let g(s) be the Hilbert series of R/(Rz9 + Rz19). Then

g(s) > 1/(1—5)* = [25/(1 — 5)* = /(1 = )] = 1/(1 — )2,

and in particular dimy Ext%(k, R) = oo.

Similarly, we have Ext%(k, R) = ker M*/im N*, and obviously {(a,b,0,0)|a,b € R} C ker M*. On the
other hand, im N* N {(a,b,0,0)|a,b € R} = {(a,b,0,0)|a,b € Rzg 4+ Rz1o}. Thus Ext%(k, R) has a subfactor
isomorphic to R/(Rzg + Rz10)®2[3]; in particular, dimy Ext%(k, R) = oo also.

It follows from the exactness of that

—4

hr(s) — hrpjes(s) + hrpgjes(s) — hgpgjea(s) + hrp)(s) = s
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This also gives the alternating sum of the Hilbert series of the homology groups of ; in other words we
must have Z?:o(_l)ihExth(k,R)(S) = 5% Then we have Ext’(k, R) = 0 for i = 0,1 (since 7 € W), and by
the calculations above, hpy gy (S) = g(s)s™* and Pz e, r) (8) = 2g(s)s3. It follows that Pz (e, r)(8) =
2g(s)s™3 — g(s)s~*. Write g(s) = Y g;s. Now, if Ext%(k, R) is finite-dimensional, for i > 0 we have
0 < 2g; < git1- Thus R/(Rz9 + Rz10) has exponential growth; as we know R has GK-dimension 4 this is
impossible.

(4). For 7 € V, the failure of the AS-Gorenstein property for R follows from part (3) above. The failure
of x2 is also immediate from part (3). Parts (2) and (3) show that depth R = 2 for 7 € U. Therefore, for

such 7 the Auslander-Buchsbaum formula fails for the module M :=k, since depthk =0 and pdk =4. O

We remark that [Jor98, Theorem 3.2] shows that if R is connected graded and noetherian, and the smallest
nonvanishing Ext%(k, R) is finite-dimensional, then R must satisfy the Auslander-Buchsbaum property.
Since we show later in the paper that R is noetherian for general 7, this shows that once we know that
Ext%(k, R) # 0, it must necessarily be infinite-dimensional. Note that [Jor98, Proposition 3.5] also shows
that any noetherian connected graded algebra that satisfies x and has finite global dimension must be Artin-
Schelter regular. The algebras R show that the x conditions are in some sense necessary for Jgrgensen’s

results.

6. CRITICAL DENSITY

An infinite subset C of a variety S is called critically dense if every infinite subset of C' is Zariski dense
in S. This property arises naturally, among other places, in the study of the noetherian property for naive
blowup algebras R(S, ¢, £,0) as in [KRS05]: a necessary condition for such a naive blowup algebra to be
noetherian is that the point ¢ € S being blown up lies on a critically dense orbit of the automorphism o.
Bell et. al. have studied this condition further in [BGT08] and have shown the that critical density of such
an orbit of an automorphism is simply equivalent to density in case chark = 0. (In positive characteristic,
on the other hand, there are easy examples of orbits of automorphisms, even of P2, which are dense but not
critically dense.)

The aim in this section is to prove that the forward ¢~!-orbits of the special points F and @ (when these
are defined) are critically dense subsets of T, when 7 is general. As we will see in the next section, this
is a necessary condition for the ring R(7) to be noetherian, by a similar argument as in the naive blowup
case. Since critical density for an orbit of a birational map has not really been studied, we will prove critical
density holds for general 7 more or less from scratch, using a method similar to that used in [Rog04].

In the proof of critical density, the alternative coordinate system ( : ) for P! introduced in Section |3| is
especially useful, and we use it throughout this section. We begin with a simple computation that gives the
general form of the points on the forward ¢~ !-orbit of F' = (1: —1)(1 : 1); the behavior of the orbit of Q is

symmetric.
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Lemma 6.1. Let 7 = 7(p,0) € G be a general element of G, thinking of p and 6 as parameters. There are
polynomials py, = pn(p,0), an = qn(p,0) in Flp, 8] such that ¢~ (F) is defined and equal to (pn : qn)(0™ : 1)
for all (p,8) such that p,(p,0),qn(p,0) are not both zero. Moreover, p, = p™ + 0pl, and ¢, = —1 + 0¢,, for

some polynomials p.,, q., € Flp, ).

Proof. An easy calculation using the formulas in Section [3| shows that in terms of the coordinate system

(:), the formula for the birational map ¢! is
o Ha:b)(c:d) =077 a:b)(c:d) =0 (pa:b)(Oc: d) = (pad — Obc : bd — pbac)(fc : d).

Let po := 1,q0 := —1, and inductively define p, 11 := ppn, — 0" 1q, and g,+1 := g, — p0"*'p,. Induction on
n shows that ¢~ (F) = (pn : ¢»)(0™ : 1) for all n > 0 (for (p, ) such that p,, g, are not both zero). Clearly

D,y qn € Flp, 0] for all n. The last claim also follows easily by induction. O

Proposition 6.2. There is a general subset U of G, containing 7(p,0) for all pairs (p,0) which are alge-
braically independent over F, such that for T € U, the points F,, = ¢"™(F) and Q, = ¢ "(Q) are defined
for alln >0 and {Fy }n>0 and {Qn}n>0 are critically dense subsets of T'.

Proof. By the usual symmetry argument using Lemma (3.8 it is enough to prove the claims for the point F’
and its ¢~ !-orbit. We use the notation and the result of Lemma

Suppose we are given any m > 0,s > 0, and an increasing sequence 0 < n; < ng < --- < ny of
N = (m+ 1)(s + 1) nonnegative integers. An arbitrary hypersurface of degree (m,s) on T is the vanishing
of some nonzero multi-homogeneous form ;"  >°7_, crexFy™ k2wt We totally order monomials of
bidegree (m,s) as follows: we set x'y™ 27w < aFym k2lw =t if j > forif j = £ and i > k. Let
fi=a™mz2® < fo < -+ < fy = y™w® be the enumeration of all monomials of degree (m,s) in this order.

Consider the N x N matrix

(63) Mm,s,{nj} = (aij)lgi,jSN = (fi(pnj7an79nj7 1))1§17j§N

which has entries in F[p, §]. We claim that det M,,, ; (,,} is a nonzero polynomial in F|p, 6]. Supposing we
have proven this claim, then note that if the points F;, happen to be defined for all n > 0, but the set
{F,.|n > 0} is not critically dense in T, there will be some hypersurface H of degree (m, s) and some infinite
subset of N, say {ni,ns, ...}, such that F,; € H for all n;. This will force (p, #) to be in the vanishing set of
det M, 5 (n, P Moreover, by Proposition 1) we already know that the points ¢~"(F') are well-defined
for all n > 0 as long as 6 does not have finite order. In conclusion, {F,|n > 0} is a well-defined critically
dense set of points as long as (p,6) is not in the vanishing set of any of the countably many polynomials
det My, s (n;}, Or contained in the countably many horizontal lines where 6 is a root of unity. Let U C G
be the complement of these countably many proper closed subsets. Since all of the removed closed sets are

defined over F, any point (p,8) with coordinates algebraically independent over F must belong to U.
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It remains to prove the claim that D = det M,, s (»,} is a nonzero polynomial. For this, think of D as a
sum of N! signed products of entries of (a;;). Order monomials in F[p, 6] lexicographically with 8 < p, so
0'p7 < 0Fp’if i < korifi =k and j < £. We want to consider, for each such signed product, the smallest
possible monomial in this ordering occurring with nonzero coefficient. Since we have shown in Lemma [6.1
that p, has a single term p™ of degree 0 in € and g, also has a single term —1 of degree 0 in 0, it follows that
aij = fi(Pn;,qn;,0",1) has a unique term of lowest degree in 6, namely f;(p"/, —1,60"7,1). More specifically,
if f; = aFym=F2fws=f where k = k(i) and ¢ = £(i), then this is (—1)™"*p*"39"i. So clearly p*mig™ is
the smallest monomial occurring in a;;. Now if x is any permutation of {1,2,..., N}, and P, = Hfil NG
is one of the products occurring in the expansion of D, we may calculate the smallest monomial occurring

in this product by multiplying the smallest monomials occurring in each factor. The resulting smallest

monomial in P, is

N
L, = Hpk(i)nx(i)gf(i)”x(w_

i=1
Let x be any nonidentity permutation of {1,2,..., N}; so there is i; < ig such that x(i1) > x(i2). Define
X' = x o7, where 7 = (i, 1) is the transposition interchanging ¢; and . We show that L,, < L,. Since

only the ¢1,%2 terms in the products L., L, differ, we just need to show that

(6.4) pk(il)nx(il)gf(h)nx(il)pk(iz)nx(ig)9@(i2)nx<i2> > pk(i1)nx(i2)gf(il)nx(i2>pk(i2)nx(il)gf(iz)nx(il).

By the way the f; were enumerated, since i1 < iz, we have £(i1) > £(iz) and if £(i1) = £(i2), then k(i1) > k(iz2).
It is then straightforward to verify that holds. In particular, this implies that L., where e is the identity
permutation, is strictly smaller than the smallest monomial occurring in L, for any non-identity x. This
finishes the proof that D is not identically 0, since L. cannot be canceled by any other term in the expansion

of D. O

Let us pause and take stock of our progress so far. We have shown that almost all of Theorem holds
for general 7 € G, as well as proving a number of additional results about the map ¢ and the cohomology of

the sheaves R%". More specifically, we have:

Theorem 6.5. Let (p,7) be a pair algebraically independent over F, and let 7 := 7(p,0). Then R(T) and
R(7) satisfy the following properties:

(1) For anyn,m € N and i,j € Z, we have h'(T,RE" (i,4)) < h'(T,.A%" (i, 7)).

(2) KM(T,RE"™) =0 for all m,n € N.

(3) (Rt=™)®" = HY(T,R¢™) for all n,m € N.

(4) For any m € N, the rational map ¢~™ is defined at F and Q and the ¢p~t-orbits of F and Q are
infinite.

(5) The set {¢~"F}im>0 U{d " Qlm>0 is a critically dense subset of T'.
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(6) dimg R, = (";"3) and R = k(xy,xa,23,24)/(f1, f2,- -, fo) where the relations f1,...,fe are as in
(-1)-

(7) R has left and right global dimension 4, and is a free resolution of kg.

(8) R fails left and right xo.

(9) The Auslander-Buchsbaum property fails for R on the left and the right.

Proof. Since R(7)°? = R(77 1) by Proposition it is enough to show that for such 7 each of the properties
claimed for R(7) hold individually on the right. Then (1) is Corollary [£.11} (2) is Proposition [£.14] (3) follows
from Proposition and Lemma 1), (4) and (5) are Proposition[6.2] and the remaining properties are
Proposition [5.11 U

The ring-theoretic properties of a (general) R(7) shown in parts (6)-(9) of the theorem are not terribly
surprising, since the pathological example A has all of these properties. What is less expected is that in the

general case R(7) becomes noetherian, unlike A. Proving this is the goal of the remainder of the paper.

7. COHOMOLOGY MODULES

For the rest of the paper, we assume that 7 = 7(p, ) where the pair (p,#) is algebraically independent
over k. Thus R = R(7) and R = R(7) will satisfy all of the properties in Theorem

In this and the following two sections, we prove that R is noetherian and thus complete the proof of
Theorem [3.5] We begin with some comments on the proof strategy.

There is a method of attack that has successfully shown that many classes of birationally commutative
algebras are noetherian (c.f. [KRS05], [RS07], [Sie08], [Siel0b]). Ultimately, this goes back to Artin and Van
den Bergh’s original paper [AV90] on twisted homogeneous coordinate rings. Suppose that one is interested
in a graded algebra S, given as global sections of some quasicoherent graded sheaf S = @ S,, on a projective
scheme X. Roughly speaking, the method is as follows. First, one puts a multiplicative structure on S that
induces the multiplication on S; that is, one makes S into a bimodule algebra, as in [Van96]. One shows that
the bimodule algebra S is noetherian; one may think of this as saying that S is noetherian at the level of
geometry. Then one shows that the sheaves S,, form an ample sequence in the sense of [Van96]. This forces
certain cohomology groups to vanish, and one then applies [Van97, Theorem 5.2] to show that S itself is
noetherian.

This method fails for the algebras R(7). As we shall see in Remark the sheaves R, do not form
an ample sequence, and thus one cannot force cohomology to vanish. We will see, in fact, that there are
infinite-dimensional cohomology modules over R that form an extremely interesting class of objects. In this
section, we will define cohomology modules, and reduce the problem of showing that R is noetherian to that
of showing that (particular) cohomology modules are noetherian.

We begin, however, by showing that R is noetherian at the level of geometry. This amounts to showing

that there is a well-behaved correspondence between graded right ideals of R and ideal sheaves on T
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Proposition 7.1. Let J&) C J® C ... be an ascending chain of graded right ideals of R. There are a
number k € N and an ideal sheaf J C Iy, so that the sections in JT(LZ) generate J Ly, Rfik form >k ¢>0.

Proof. Let H be any graded right ideal of R. Let H, be the subsheaf of the constant sheaf IC generated
by H,t™". That H is a right ideal means that H,,R,, C H,1, C Kt"*™, and so HmRﬁm C Hypgp, for all
m,n € N. Now since H,, C R, = H*(T,Z, ® L,), we can write H,, = G, ® L,,, where G,, C Z,, is also an
ideal sheaf. Then the condition that H is a right ideal becomes ng,‘fm C Gpym for all m,n € N. Obviously
this is equivalent to the conditions ngfm C Gy for all m > 0.

We call any sequence of ideal sheaves {G,,|m > 0} satisfying G,, C Z,,, and ngf - Gma1 forallm >0
a standard sequence. It is enough to prove that for any standard sequence, we have ngf "= G4 for
m > 0. For supposing we have proved this, let {g,(,?} be the standard sequence associated to the ideal J.
For fixed m, the ascending chain g,(i) - Q,(,f) C --- stabilizes to a fixed sheaf, call it G,,. Clearly {G,,} is
again a standard sequence. We will have ngf i Gm+1 for m > mg. Let J := G,,. For £ > 0, we have

7(,2 = J. Then the proposition holds, with this J and k = mg.

Thus we must show that ngfm = Gmy1 for m > 0, for any standard sequence {G,,}. Let m' be the
smallest m such that G,, # 0. By redefining G,,, = G,,,» for m < m’, we obtain another standard sequence, and
it is enough to prove the claim for this sequence. Thus we may assume that Gy defines a proper subscheme
C of T. Since D :={¢p " (F)|n > 0} U{s " (Q)|n > 0} is a critically dense set by the hypothesis that 7 is
general, S := C' N D is a finite set of points.

Let o := ¢~ (F) for some j > 0. In this case, using Lemma we have that
"), = m, ifm>j+1

Or,ifm<j
where we write m,, for the maximal ideal of Or . It follows similarly that (Z,,,), = m™ =1 for m > j + 1,
while (Z,,), = Or for m < j. Similar formulas obviously hold if z = ¢=7(Q) for some j > 0. In particular,
we deduce from the equation gmzf " C Gimy1 that the scheme defined by G, is supported on the set C'U D
for all m > 0.

Let y € T. We study the local behavior of the standard sequence at y. We know that
(7:2) (Grn)y S (Zm)ys  and (G} )y C (Grmsr)y-

We now consider cases. Suppose that y ¢ C'U D. In this case, specializes to (QmIfm)y =Ory =
(Gm+1)y for all m > 0. Next, suppose that y € D\ C, say y = ¢ 7 (F) (the case of a point on the orbit
of @ is similar). Then again specializes to (Gp,)yOr,y C (Gm+1)y for 0 < m < j, and it specializes to
(Gm)ymy € (Gmt1)y C m;"’j for m > j+ 1. Since y ¢ C, we will have (Gy)y = Or,. Now induction on m
using the equations above shows that (G,,), = Oy for 0 <m < j+1, and (Gp,)y = m™ 771 for m > j 4 2.

In particular, all inclusions are equalities above and (G, ), (Z m)y = (Gm+1)y holds for all m > 0.
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Next, let y € U := C ~ D. Since C'N D is finite, U is an open subscheme of C. Specializing , we
obtain (G,,)yOry C (Gm+1)y, since y & D. In other words, the sequence {G,,|v} gives an ascending chain
of ideal sheaves on U. Since U is a noetherian scheme, (Qm)y(Ild’m)y = (Gm)y = (Gm+1)y for all y € U and
m > my, for some my.

The finitely many points in S = C'N D are left. Suppose that y € C N D, say y = ¢ 7/(F). Then for
m>j+1, says (Gm)y € my" 7~ and (Gm)ymy € (Gmi1)y- These conditions can be reinterpreted as
follows: @,;%(Gitjt+1)y is a graded ideal of the Rees algebra Or, @ m, @ m2 & .... This Rees algebra is
noetherian, so the ideal is finitely generated. This means precisely that (QmIfm)y = (Gm+1)y for m > 0.
The case that y = ¢7(Q) is similar. Repeating finitely many times, we conclude there is a single mo such
that (lefm)y = (Gm+1)y for m > mg, and for all y € S. Thus ng{bm = Gm+1 for m > max(my, msa), and

the claim is proved. O

It is not immediately clear from Proposition [7.1]that R is right noetherian. As we will see, the obstruction
lies in the cohomology of sheaves of the form F ® ’Rgm. To begin to analyze this issue, we make some
definitions. For m > 0, let R®" := D, Rﬁm. For m,n,¢ € N, let Un'e Rﬁm ® R?Mn — Ri:z be the

natural multiplication on R®" induced by the embeddings of these sheaves in the constant sheaf K.

Definition. Suppose that G := @, ., Gn is a quasicoherent sheaf on 7', and that for all n,¢ € N there are

¢n +m

action maps fin¢ : G, @ Ry — Gnte so that the diagram

¢n+[+7n n+l+m
k

n+m
(7.3) Gn@Ry @R G ORY

1®1/Z:7”J J/HnJr[,k

n+m
gn & R?—&-k ” gn+€+k

Mo, e+k

commutes for all n, ¢,k € N. Then we call G an R¢"™ -module. For any R%" -module G and 0 < i < 2 we call
HY(T,G) a cohomology module.

An important special case is G = F @ R?" for some quasi-coherent sheaf F, with the maps fin,¢ induced
by the multiplication maps on R?". In this case we use the special notation

H'(F,m):= (P H(T,.FoRS")
neN

for the cohomology module H' (T, G).

We must show that cohomology modules do in fact have an R-action, as the name suggests. We prove

this and other important formal properties of this construction in the next result.

Lemma 7.4. Let m € N.

(1) For any R®" -module G, there is an R-module action on H'(T,G) induced by the maps ji, ¢
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(2) Let G be an R®" -module such that for all n > 0 the map Hom : Go ® Rﬁm — Gy 18 surjective with
0-dimensional kernel. Then oo induces a surjective map H*(Go,m) — H'(T,G) of R-modules that is an
isomorphism for i > 1.

(3) HY(__,m) is a functor from Ox-Mod to Gr-R. Moreover, for an exact sequence 0 — F — G — H — 0

of quasicoherent sheaves on T, there is a long exact sequence of R-modules

HY(F,m) = H°(G,m) — H(H,m) — H'(F,m) - HY(G,m) - H'(H,m) —

H?*(F,m) — H%*(G,m) — H*(H,m) — 0.

Proof. The proof of this lemma is routine, and so we leave some details to the reader.
(1). Fix m, n,£ € N. Now, ’wam is globally generated, and by Theorem M(S) we have HY(T, an+m) =
—pygntm . P Pntm . . .
(Ret™") . We write (loosely) R} =H°(T,R; ). There is thus a surjective map

(7.5) Or®R— O0r@ R SR
Tensor (7.5) with G,, and follow this by the multiplication map pn ¢ : G, ® wam — Gnate; then applying
HYT,_ ) gives a map H(T,G,) ® Ry — H'(T,G,.¢) which provides the desired R-action on H(T,G).
Associativity of this action follows from (7.3)).

(2). Consider the action map pg.e : Go ® R®" — G; applying H(T, ) induces the map

H'(Go,m) = H(T,Go ® R®") — H'(T, G).

It is an R-module map by a diagram chase, using (|7.3)) again. From the long exact sequence in cohomology
and our assumption on the kernel of 11 ,,, we deduce that this map is surjective for ¢ > 0 and is an isomorphism
for¢>1.

(3). Given an exact sequence 0 = F — G — H — 0 of sheaves, there are exact sequences
(7.6) 0Ky = GORY 5 HORY -0 and 05K/, » FOR?" = K, — 0,

where the sheaves K], have 0-dimensional support.

Since 0 : €D,,5,9 ® RE" — Do H® R¢"™ is a morphism of R®"-modules (in other words, # commutes
with the multiplication maps in the obvious sense), it is routine to check that ker = K = @nZO IC,, obtains
an induced R®" -module structure, and so H* (T,K) is a right R-module.

m n+m m
For any ¢ > 0, the multiplication map R?" ® Rf — Rﬁ ¢ induces a morphism of exact sequences

(7.7) 0— K& RZ)+ — GeRY ® R?’L+T’L — HRRE" @ R?Hm — 0
0 Ko Q®Riie 4”!—[@7221@ E—Y
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Consider the morphism of long exact sequences in cohomology induced from (7.7)), which begins

0+ H(T. K)o R+ H(T.goRS Y e Ry » H(THoRY Yo RY " — -+

| J |

0 —— H(T.Knpr) ——— HUT.GORY,,) ——— HUTHOR,,,) —

Because this diagram commutes, the cohomology long exact sequence
(7.8) 0— HYT,K) = H(G,m) » H (H,m) - HY(T,K) — --- .

that we obtain by taking ¢ = 0 and summing over n is in fact a long exact sequence of R-modules.
Note that K9 = F. Now, from (7.6) and part (2) of the lemma, we obtain for all i > 0 a surjective map
of R-modules H(F, m) — H'(T, K), which is an isomorphism for i > 1. Combining these maps with (7.8)),

we obtain the desired long exact sequence of R-modules. Functoriality of H'(__,m) easily follows also. [

Cohomology modules allow us to make an important reduction.

Proposition 7.9. To show that R is right noetherian, it is enough to show that all cohomology modules

H!(F,m) are noetherian, where F is a coherent sheaf on T and m € N.

Proof. Suppose that H'(F,m) is noetherian for all F,m. Let J® C J®?) C ... be an ascending chain of
graded right ideals of R. By Proposition there are an ideal sheaf J and integers m and ¢y so that for
n > m and £ > {y, the sections in Jy(f) generate J L, Rfim Without loss of generality, we may assume
that £ = 1.

In particular, for all j, the sections in Jg) generate H := JL,;, C R,,. Clearly, it is enough to show that
the chain Jggl C Jg)n C - .- stabilizes, so we may assume that all J (i) are contained in the right ideal

H:= @ H(T.HR]",,) C Rom.
n>m

Let H' be the shifted cohomology module

H':=H(H,m)[-m] = @ HO(T. H&RL ).

n>m

By Lemma 2), there is a surjection H' — H; since Rgm = Or, this map is an isomorphism in degree m.
Let V be the preimage of J&) in H/ . Since H/Jggl is a factor of H'/V R, it suffices to show that H'/VR
is noetherian.

Recall that V' generates H. Consider the exact sequence 0 - F — V@ Op — H — 0, for the appropriate

F. By Lemma 3)7 there is a long exact sequence of cohomology modules that reads in part:

f
V @ HOY(Or,m) —— HO(H,m) —s HY(F,m) —— V @ H(Or, m).
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By choice of 7, H (T, R¢") = 0 for all n € N, and the last term of the exact sequence above vanishes. The
first term is V @ R®". The cohomology module H(H,m) is H'[m]. The connecting homomorphism d thus
induces an injection from (H’/V R)[m] into H*(F,m). Since H'(F,m) is noetherian by assumption, so is

H'/VR. O

We observe that the cohomology modules H?(F,m) are easily seen to be finite-dimensional.
Lemma 7.10. For any coherent F and m € N, the cohomology module H?(F,m) is finite-dimensional.

Proof. Fix F and m. There is a natural map F ® Rﬁm — F® L?", whose kernel and cokernel have

n

0-dimensional support. In particular, taking cohomology we obtain that
H*(F,m), = HX(T,FoRE") = HX(T,F @ L").

Let P be a finite direct sum of invertible sheaves so that there is a surjection P — F. Then H?*(T, P@LS")
surjects onto H2(T,F ® L") = H?(F,m),. Now, H*(T,P(a,b)) = 0 for all a,b > 0. Recall that £¢" =
O(n,mn+ ("1")). Asn — oo so does mn+ ("}'). Therefore, H*(T,P®L{") = 0 for n > 0, and H?(F, m)

O

is finite-dimensional, as claimed.

Let p : T — P! be projection onto the 2nd factor. Our next goal is to show that the Leray spectral

sequence associated to p induces a decomposition of a cohomology module.

Proposition 7.11. Fix a coherent sheaf F on T and m € N. Then there are natural R-actions on

(7.12) K(F,m):= P H' (P!, p.(FoRS"))
neN
and
(7.13) Q(F,m) = H (P, R'p.(FRRL")).
neN

Further, there is a natural exact sequence of R-modules,

0 — K(F,m) — H(F,m) = Q(F,m) — 0.

Proof. The R-action on (7.12) (respectively, on (7.13))) is given by applying H'(P!,p._) (respectively,
H°(PY, R'p,._)) to the multiplication map

(7.14) FarR! @R —»ForR! aR" " - FaRrY,

as in the proof of Lemma 1). By [Wei%4, 5.8.6], for any quasi-coherent sheaf M on T, there is a
convergent Leray spectral sequence H*(P', Rp.M) = H(T, M). Further, by [Wei94, Theorem 5.8.3],

the exact sequence of low degree terms is
(7.15) 0— HYP' p.M) = HY(T, M) = H°(P', R'p. M) — H*(P', p.M) =0,

and the maps in this exact sequence are natural in M.
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Fix n,¢ € N. We apply the exact sequence (7.15)) to the multiplication map (7.14]). By naturality, the

diagram

0= H P, p,(FOR")®R, = H (T, FORS" )@ Ry = H' (P, R'p.(FORE" ) @Ry = 0

J J J

0 — H'(P',p.(FORS,) —— HN(I,F@RY,) — H(P, R'p(FORL,,)) — 0
commutes. This precisely says that the maps
0 — K(F,m) — H'(F,m) = Q(F,m) =0
given by preserve the R-module structure. O

Note that naturality of (7.15]) also implies that Q(__, m) and K(__, m) are functors from Op-Mod — Gr-R.
The strategy of the remainder of the proof that R is noetherian will be to verify the hypotheses in the

following corollary, which we do in the final two sections of the paper.

Corollary 7.16. To show that R is right noetherian, it suffices to show that the modules K(O(a,b),m) and
Q(O(a,b), m) defined above are noetherian for all a,b € Z and m € N.

Proof. Since any invertible sheaf is isomorphic to some O(a, b), the hypothesis together with Proposition
shows that H'(#,m) is noetherian for any invertible sheaf H.

By Proposition [7.9] it is enough to show that for any coherent F and m € N, the cohomology module
H'(F,m) is noetherian. There is an exact sequence 0 — F' — H — F — 0 where # is isomorphic to a

direct sum of invertible sheaves on 7. By Lemma 3)7 there is an exact sequence of R-modules
H'(H,m) S HY(F,m) - H*(F',m).

By Lemma|7.10} the cokernel of « is finite-dimensional and is thus noetherian. Since H!(H,m) is noetherian

by the first paragraph, H*(F,m) is noetherian. O
8. Q(O(a,b), m) 1S NOETHERIAN

In this section, we calculate the modules Q(O(a,b), m) and show that they are noetherian. In fact, we
given even more details of their structure: these modules are finite extensions of point modules.

We continue to assume that 7 = 7(p,0) € G where the pair (p, 8) is algebraically independent over the
prime subfield F, so that all of the properties in Theorem hold. For j > 0, recall that F; = ¢~7(F) and
Q; = ¢77(Q). As in the last section, we write p : T — P! for the projection of T onto the second factor.
Let ¢; := p(Q;) and f; := p(F};), and write f := fo and ¢ := go. Recall also that T¢" is defined as the base
ideal of the subsheaf of £&" generated by the rational functions in (R,t~")?". We saw in Proposition
that Z¢" defines the fat point subscheme that we may write as

(81) nF0++nFm—1+(n_1)Fm++Fn+m—2+nQO++an—l+(n_1)Qm++Qn+m—2
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By choice of 7, the points F; and Q; all lie on distinct fibers of p. We need a notation for a general (fat)
fiber of p. If ¢ € P! and ¢ > 1, define T, by the fiber square

. —— T

| b

le — P,

The main idea of this section is to reduce the calculation of Q(O(a,b), m) to the calculation of H'(F,m)
for certain sheaves F supported entirely on a single fiber of p. These latter cohomology modules are then
computed directly with Cech cohomology and shown to be noetherian. The result of this computation is
given in the following main technical lemma. The proof is somewhat sensitive because of the need to carefully

track the R-action on the cohomology, and so we defer it until the end of the section.
Lemma 8.2. Let{>1,d >0, a,b € Z. Forn > max(d,1), let
H(O)n =I5 Opz(aX + W) @ Ly,

This is an R-module since ’H(Z)WRﬁn C H(O)ntk, and so H(l) := B, > max(a,1) HY(T,H(¢),) is an R-module
by Lemma[74(1).

Let 4y := max(l,—a — 1); let ng := max(d,1,—a — 1). For all m > ng, £ > Ly, the natural restriction
map HY(T,H(¢ + 1),) — HYT,H({),) is an isomorphism, and multiplication by t € Ry gives a bijection
pe s HO)p — H(0)pt1.

Moreover, we have

L 0 a>—-d-1
H (T, H({),) =

Oy 00 - O(—a—d—l)q a<—d-2.

(Note that since H({),, is supported along the fat fiber £Z, H (T, H({),) = H'((Z,H({),,) obtains an Ogy-

—a—d

module structure from the base.) In particular, dimyg H((), = (7%

) is constant for n > ng, £ > fy.

Furthermore, H(L) is noetherian and is, up to finite dimension, an extension of (7“27‘1) point modules.

A symmetric result holds for the sheaves HY(¢),, := I}}*d - O (aX + W) ® L,,, and we will use this
without further comment.
We now note some consequences of the lemma above. First, some special cohomology modules are

noetherian.

Lemma 8.3. Let ¢ = q; or ¢ = fi for some k € N. Let a,b € Z. For { > 1 let Fy := Op(a,b)|er.. Let
m € N. Then the cohomology module H*(F;,m) is noetherian and is, up to finite dimension, an extension

of finitely many point modules.
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Proof. We do the case that ¢ = gi; the case that ¢ = f is symmetric. The idea is to show that the cohomology
module in question can be shifted twice to obtain a tail of a module already studied in Lemma One
must be careful, as it seems problematic to shift R®"-modules in general, though it works for the special
cases considered here; c.f. [KRS05, Lemma 5.5].
Fix £ > 1, and let G, := Oyr,(a,b) - RE". Then G := D,.cn Gn is clearly an R?"-module, and by
Lemma [7.4]2),
N =P H'(T.Gn)

neN
is an R-module isomorphic to H(F;, m).
Now, by , If;m vanishes at Qi to order
0 fk>n+m-—1
(8.4) n+m—k—1 ifm—-1<k<n+m-1
n ifk<m-—1.

For r = max(m, k 4+ 1), we have for n > 0 that
G = IET™ 7 Opr, (a,0) @ L8 2 IE " Oy, (a,0) ®@ L)' @ Loy

For appropriate a’,b’, there is thus an isomorphism G, = Ig:"“T - Opr.(a', V) & L4 that respects the
action by R®" on each side. Shifting by (—m) and applying cohomology, we get an isomorphism

P H(T.G,)[-m] = @ H(T.Gn—m)

neN n>m
of R-modules. In particular, letting H,, :=Z " - Opr.(a’, ') ® Ly, we have

Ni-m]>, = @ H (T, H,).
n>r
Next, given our assumption that 7 is general, $—* : T --» T is defined and a local isomorphism from a

neighborhood U of Z to a neighborhood ¢=*(U) of ¢=%(Z) = T.. The R-module  H,, has action maps
bne @ Hp ® Rfﬂ — Hpy¢ involving sheaves supported along ¢~%(U). Thus we can pull back these action
maps by ¢~* and reindex to get /A;M : (’Hfi:; ®R‘fn) — Hﬁjwe- These action maps make H' = @, .\ Hi:;

into another R-module. Explicitly, since H,, = Zg " - Opr,(a/,0') @ Ly, we have an isomorphism

I

—k ke
Hg+k (Ig;TJrk . OZTC (a/, b/) ® £n+k)¢ k o~ Igf’l“ﬂ’k‘ . OZZ(U/I, b//) ® En
for the appropriate a”,b”. Since ¢~* is an isomorphism on U, pulling back by ¢~ * induces an isomor-
phism in cohomology of any sheaf supported on ¢~%(U). Thus the pullback by ¢~* induces a bijection
HY(T,H)[k]>0 = H'(T,H’), and this is an isomorphism of R-modules since the pullback commutes with the
action maps by construction. Combining this with the first shift we calculated, we get

Nl=m+klz = @ HY(T,IH - Oz (d V) @ L),

n>r—k
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where the right hand side is a tail of a module considered in Lemma Recalling that N = H'(Fy, m), the
result thus follows immediately from Lemma withd=r—%k>0,a=ad". O

Another consequence of Lemma is that it tells us Rp, of certain twists of a fat point on 7. We record

this as:

Lemma 8.5. Let T be the ideal sheaf of the point z € T, and let a,b € Z. Let g = p(2). If a < —2 and
n > —a—1, then

R'D.T"(n + a,b) = O—a—1)g ® - Oy.

Further, for £,n > —a — 1 the natural map
v: R'p.I"(n + a,b) — R'p.(I"(n + a, b)er,)

is an tsomorphism.

If a > —1, then R*p,Z"(n + a,b) = 0 for all n > 0.

Proof. The result of the lemma does not depend on the choice of point z, so we may assume that z = Q.
Let U :== P'\ {q}. On V := p~}(U) we have Z"(n+a, b)|v = O(n+a,b)|y. Since R'p, is local on the base,
we have
(R'p.O(n + a,b))|[v = H'(V,0(n + a,b)|v) = H' (P, Opy (n + a)) =0
since n 4+ a > —1 in all cases. Thus R'p,Z"(n + a,b) is supported at {q}.
We apply the theorem on formal functions [Har77, Theorem I11.11.1]. For some £,n > 0, consider the

commutative diagram

o

(8.6) (R'p.I7(n + a, b)), — Um, H'(¢2,7"(n + a,b)|ez)

J |

Rlp*l'”(n +a, b) ® O[p17q/m2 E— Rlp* (I”(n + a, b)|PZ)

Here, the top row is the isomorphism guaranteed by the theorem on formal functions, and the bottom row

is the natural morphism between the /th terms of the respective inverse limits. Note that
HY(¢Z,(T"(n + a,b))|ez) — H'(Z,T" - (Or(n + a,b)|ez))

is an isomorphism, since moving the Z" outside of the restriction changes the sheaf on a 0-dimensional set at
most. Thus taking d = 0 in Lemma 8.2 tells us exactly about the inverse limit lim, HY(0Z,T"(n + a,b)|ez).
That lemma shows that the limit is trivially 0 if @ > —1; while if a < —2, then the maps in the limit stabilize
for all /,n > —a — 1, and thus the right-hand map in is an isomorphism for such ¢, n. So the limit is
isomorphic to O(_,_1). ® -+ O, as claimed. This also shows that the limit is supported on (’)[Pl)q/mg and so
the left-hand map in , and in fact the natural map

R'p.I"(n +a,b) = R'p,I"(n + a,b) ® (’)[Pl’q/mg,
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are isomorphisms. Then for £,n > —a — 1 the bottom arrow of is an isomorphism, and finally it follows

that the natural map v of the lemma statement is an isomorphism as well. O
We now apply the lemma to compute R'p,O(a,b) @ R®".

Corollary 8.7. Let a,b € Z and m,n € N. If n > —a — 1, the length of R'p.R$" (a,b) is 2(m(7") + (3);
in particular, R'p,R¢" (a,b) = 0 ifa > —1. When a < —2, the (scheme-theoretic) support of R'p,R?" (a,b)

is equal to
Cla,m) i= (~a =)o+ (~a = Dfp 1+ (0= o+ + frna g+ (—0 = Dao+ -+ +dm_as
In particular, this support does not depend on n > —a — 1.

Proof. By our choice of 7, the points f;,q; are all distinct. Let n > —a — 1. We have R (a,b) =
78" (n +a,V), where b/ := (";1) + nm + b. For fixed k > 0, the multiplicity ej, of Z¢" locally at Q) can be
calculated as in . In particular, if 7 is the ideal sheaf of @k, then in a small enough neighborhood V' of
qr we have (Z¢" (n + a,b))|,-1(v) = I (ex + [n + a — ex),b')|,-1(v). Here, a’ := n + a — e, satisfies o’ = a
fk<m-1l,d =a-m+k+1lifm—-1<k<n+m-1,anda’=n+a>-1ifk>n+m—1. It is now
immediate from Lemma that R'p,R¢" (a,b) has multiplicity max(0, —a’ — 1) at qy; since a symmetric
result holds locally at the fx, this shows exactly that Rlp*R‘f;m (a,b) is supported scheme-theoretically at
C(a,m).
Considering the lengths of the sheaves in Lemma gives

len(R'p.T¢" (n + a, 1)) = 2(m (_2“) + (_“2_ 1> n (‘“2_ 2) R @) +0)

This gives the first statement. O

Remark 8.8. We can now justify the earlier assertion that the sheaves {R?" },en do not form an ample
sequence in the sense of [Van97]. By the corollary, if m > 1 and a < —2, then using Proposition we

have
dimy HY(T, O(a,b) @ R") > dimy H*(P!, R*'p.O(a,b) @ RS") > 0

for all n > —a — 1. If m = 0 we must take a < —3.
We are now ready to finish the proof that the modules Q(O(a,b), m) are noetherian.

Theorem 8.9. Let F be an invertible sheaf on T and let m € N. Then the right R-module Q(F,m) is

noetherian and is, up to finite dimension, an extension of finitely many point modules.
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Proof. Recall that

=@ HE P, RIp(FORS)).
n>0
Let F = O(a,b) for some a,b € Z. If a > —1, then Q(F, m) = 0 by Corollary Thus without loss of

generality we may assume that a < —2. Let C := C(a,m) as defined in Corollary
For any ¢ > 1, consider the natural map
(8.10) F = P Fler.
ceC

of sheaves on T'. This induces a natural map
(8.11) R'p(FORY") — Deec R'p:(Fler. @ RY").

By Lemma, this map is an isomorphism for n,£ > —a — 1.
Notice that if we sum (8.11)) over all n and take global sections, we have precisely the module homomor-
phism Q(F,m) = @.cc Q(Fler,, m) induced by (8.10). Setting ng = £y = —a — 1, then

-F m >n0 @Q ‘F|€T ) >TL0
ceC

for all ¢ > £y. Since each F|er, is supported on a (fat) fiber of p, the modules K(F|¢7,,m) all vanish, and
from Proposition we obtain that Q(F|er,, m) & H'(F|,7,,m). Thus

1
fm >n0 @H ]:|€0ch >n0~
ceC

The result follows from Lemma R3] O
We now give the delayed proof of the main technical lemma, Lemma

Proof of Lemma[8.2 The proof is somewhat long, so we break it up into steps.
Step 1: Setting up identifications.

Recall that d > 0,a,b € Z are fixed, and we have sheaves H(¢),, := Ig_d - Opz(aX + W) ® L, and a
cohomology module H (¢) := D,,> max(1,) HY(T,H(¢),). Fix £ > max(1,—a — 1) and let H,, := H(¢),, and
H = H(0).

Let Ut :=¢ZN(T\Y) and let U~ := £Z N (T ~ X) be charts on £Z. Let St := k[u,v]/(v*) and
let S~ := k[u=!,v]/(v%). We identify Ut with Spec ST and U~ with SpecS~. Let U* := Ut N U~
and let S* := O(U*) = k[u,u™!,v]/(v*). We will use Cech cohomology on this open cover to compute
H, = HYT,H,) and to study the R-action on H. We will show that H is (up to finite dimension) an
extension of (7% %) modules with Hilbert series 1/(1 — ), each of which is a shifted point module. Tt will
follow that H itself is noetherian.

Let ng = max(d,—a — 1) and let n > ng in the following calculations. We will regard both H, and

L, (aX +bW)|yz as subsheaves of the constant sheaf (k(u)[v]/(v%))t™ on €Z, where t" is a placeholder to
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remind us that the action of R is twisted by the appropriate power of ¢. Let V' be an open subset of £Z. If

s = afu,v)t € Ry then the multiplication map
Ho(V) @ ks = Hpy1 (V) C (k(u)[v]/(v9)) ¢!

is given explicitly by f(u,v)t" @ s — fa® t"+1,
Step 2: Identifying a basis for the cohomology group.
Since 7 is general, W¢' # Z for any i. Recalling that £ = Op(Y + W) and so

n—1

Lo=Or(Y +Y? 4 4 Y W W W),

we get
n—1
Ln(aX +bW)|oz = Opz(aX +Y + Y - 4 Y )™,
As a divisor, (aX +Y +Y? + ... + Y?" )| is concentrated at P and Q. We thus have H,(U%) =
Oez(Ui)t” = SE¢" under these identifications. Further, if U = Ut or U = U, then under these identifica-
tions H,,(U) is contained in S*". The image of the Cech differential

On : Hn(UN) @ Hp(U™) = Ho(UF)

is thus equal to H,(U") + Hn(U™) € H,(UF).

We claim that for n > ng, the image of 9, is equal to the vector space Lt"™, where

L =
span(ui’vj | max(0,—a—d) <j<{, or0<j<—a—d—1landi> —a, or 0 <j<—a—d—1and i< j+d).

In particular, L = S* if a +d > —1. Assume the claim for the moment. This allows us to identify H,, with

(S*/L)t", that is with the span of (the images of) the monomials
v |0<j<i—d—1,d+1<i<—a—1}-t"

If we fix i in the range d +1 < i < —a — 1, we obtain the i — d monomials {u’, u'v, ..., ulv*=9=1}. 4" We see
that u’k[v]/(v'~%)t" is a direct summand of H'(¢Z,H,,) as a k[v]/(v’)-module. Since v is a local coordinate

on the base P! at g, we have
Hl(EZ, Hn) = Oq D qu DD O(—a—d—l)q

as claimed in the statement of the lemma.

For any d > 0, multiplication by ¢t € Ry takes H,,(UT) = STt" to H, 11 (UT) = ST+ and takes im 9, =
Lt" to im d,,41 = Lt"*L. Since H,, = coker d,,, multiplication by ¢ induces a bijection u; : H, — Hy,;1. The
claim that restriction induces an isomorphism H (¢ + 1),, — H({),, is also immediate.

Step 3: Proving the claim that im 9, = Lt".
We drop the t" coefficients and identify H, (U) with a subspace of ST, for U = UT,U~,U*. Let

Ji, = v*SE. We will show that J, N L = J, Nim 9, for all & > 0.
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By Proposition Qe Y4 N Z for i > 0. Since (Y‘bi.Z) =1, the curve Y4 meets Z transversely at @,
and nowhere else. On the other hand, X N Z = {P}. Since UT = U \ {Q}, we have

Ho(UD) = 0pz(aX +Y + Y 44 V" YUT) =u ST,

To compute H,(U™), let zn + y& be the (1,7)-form defining Y%, where 7, & are homogeneous of degree
i in k[w, z]. Since Y% meets Z transversely at @, the germ of 7 in k[v]/(v?) is contained in the maximal
ideal of k[v]/(v), and the germ of ¢ is invertible. Thus Y¢' is defined on U~ by r; := u~! + a;, where
a; € vk[v]/(v*). In S* we have ri_l =u(l — oqyu + (yu)? — - £ (au)*1). Let s :=rory---7,_1, and let

h:= s 1u~™". Thus
Lo(aX +0W)|z(U) = (aX +Y +Y? + - +Y?" )| z2(U ) =515 =u"hS".

For 0 < i < £ — 1, there are elements ¢; € v’k[v]/(v*) so that so that h = 1+ e;u+ equ? + - - -+ ep_qu’~ 1.

Multiplying by Igfd, we have
Ho(U7) = (ut,0)" " Ww"hS™ = u?hS™ + u™whS™ + - +u™v" " 9hS~.

Now that we have a detailed description of H,(U~) and H,(U™"), we make some observations. First,
imd, C L. To see this, note that since S~ is spanned by monomials in k[u~!,v], therefore H,(U~) is

spanned by elements of the form
wolh = vl + u“'lvjel + u“‘zvjeg + -4 u”z_lvjee_l

where ¢ < min(n,j 4+ d) and 0 < j < ¢. Since vk|ek for each k, u'v7h is a sum of terms of the form ut v’
with i’ < j'+d, and these are all in L by definition. Obviously H,(U™*) C L, so the first observation follows.
Second, we observe that for each monomial u’v? € L there is an element in im 8, of the form u‘v7 4+ s where
s € Jiy1 N L. If i > —a this is obvious since u=*S™ = H,,(UT) C im,; otherwise, we have u'v? with
i1 <j+dand i < —a—1, so in particular ¢ < n by the choice of n. The observation now follows by the
analysis above of the elements u'v/h which span H,,(U™).

Given the two observations above, a simple downward induction on k proves that J, N L = J, Nim d,, for
all 0 < k < /. Taking k = 0, we obtain that L = im d,, as claimed.
Step 4: Finding the filtration by point modules.

We next show that there is a complete flag on the vector space S*/L that induces an R-module filtration
of H whose subfactors are point modules. To see this, let us study further the action of R on the sheaf
H = @H,. As we have already noted, any s € R; acts on H,, and its cohomology as the image of s*"

under the natural maps
HYT,RY") — HY(T,RY |1z) = HY (62, Ty - L2 |4z) - t.

Let R :=Tg - £ |oz.
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We use the open cover Ut, U~ of £Z to compute H°(¢Z,R'). Recall that Y¢"|, is defined on U~ by

2

T = u"l + ay,, for some a,, € vk[v]/(v?). Let g := 1 — ua, + (ua,)? — - £ (ua,)*" 1, so r; ' = ug. Note

that g € ST\ uS™. Since

LY iz = OW + Y"1z = Oz (Y?),
we compute that
(8.12) H(tZ,R) = ((uil, v) - ugS™ N S+) = (gk[v]/(vz) + uvgk[v}/(ve)).
We now begin to construct the flag on S*/L. For d < e < —a — 1, define
V(e) :=span(u'v’ + L|i < j+e) C SE/L.

By 8:12), if f € H°((Z,R'), then V(e) - f C V(e). Since Ry acts on H, = (S/L)t" as its image in

HO(T,R’) - t, the vector spaces V(e) := @ V(e)t™ are R-submodules of H>,,. We therefore have a

n>ngo

chain of R-modules
0=V(d)CV(d+1)C- - CV(-a—1)= Hxp,.

Note from Step 2 that the multiplication-by-t map u; induces a bijection from V(e),, to V(€)n+1, for n > ng.

Fix d+1<e < —a—1 and consider the subfactor
%4
Vie) _ P Vie)
Vie—1) V(e—1)
n>ng
Now, V(e)/V (e — 1) has basis
u+Vie—1), u o+ Vie-1), ..., u o7 L V(e —1).

ForO0<c< —a—e,let

W(e) := span(u/ v + V(e—1)|j>¢c) CV(e)/V(e—1).

By (8.12), multiplication by f € H°(¢Z,R') preserves the spaces W (c). Thus W (c) := €@
R-submodule of V(e)/V (e — 1), and there is a chain

W(e)t"™ is an

n>ngo

0=W(-a—e) CW(-a—e—1)C-- CIW(0) = V(e)/V(e ~ 1)

of R-modules. Again, the map p; gives a bijection from W(¢),, = W (¢)n41 for n > ng.

For 0 < ¢ < —a—e—1and n > ng, the element a,, := (u“"“v°+ W (c+1))t" generates the 1-dimensional
vector space (W (c)/W (c+1)),. Our analysis of u; above shows that a,t = apt1. Thus W(c)/W(c+1) is
cyclic and torsion free, with Hilbert series s /(1 —s). It is thus a (shifted) point module, and is noetherian.
Since H is, up to finite dimension, an extension of such modules, H itself is noetherian.

Finally, since the filtration of H is induced from a complete flag on S* /L, the number of point modules
appearing as subfactors is equal to dimy S*/L = (_GQ_d). (]
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9. COMPLETING THE PROOF OF THEOREM

In this section we prove that the modules K(O(a,b), m) are noetherian (in fact, finite dimensional over
k), and complete the proof of Theorem
We will work with both R and A = R(1). We begin by making some computations of cohomology of the

sheaves AZ" (a,b).

Lemma 9.1. Let m € N and a,b € Z. Foralln > —a—1, Rlp*A,"Lm (a,b) is a O-dimensional sheaf of length
2(m (") + (51)-

Proof. The proof uses similar methods as those in the last section: we use the theorem on formal functions
followed by an explicit Cech cohomology computation. Recall that we write A7 = Z2" £" for an ideal
sheaf Ig"", which in this case defines a 0-dimensional subscheme supported at F' and ().

First, a similar argument to the proof of Lemma shows that the sheaf R'p..A%" (a,b) is 0-dimensional,
and in fact is supported at {f,¢}. Of course the structure at those two points will be symmetric and in this
proof we concentrate on the point f. For £ > 1, let 7, :=Z2 " - Ogw((a +n)Y). Note that the natural map
A" (a,b)|ew — F induces an isomorphism on H'.

The theorem on formal functions shows that

(9.2) (R'p. AT (a,b)) , = %nHl(EW Fo).
Let w := v~! and let u,u~! be local coordinates on W. We define S~ := k[u™t, w]/(w*), ST = k[u, w]/(w"),

and ST := k[u,u™!, w]/(w’). Let Ut,U~, U® respectively be the spectra of S*, S~ and S*, as open subsets
of {W.

For brevity of notation, write = F;. By Lemma 2), the ideal sheaf Z¢ "is equal locally at F' to
(u,w?), and so we get

FUT) = (u,w™) (u, w™ ) . (w, w™ 1 ST,

Further, F(U~) = u"*t%S~, and F(U*) = ST. We need to calculate
H'((W,F) = FUS)/(FUT) + FU")).

If we take ¢ large enough, a basis of monomials for the factor S*/F(U™) is the same as a basis of monomials
for k[u, w]/(u,w™)(u,w™ ) ... (u,w™ 1), and this was already calculated in Proposition Namely,
setting j, = m + h — 1 for 1 < h < n, for the indices j with Z’;;} jn < j < Z,’i:l jn we get ulw! for all
0<i<n—k+1. Thus we see that F(UF)/(F(U*) + F(U™)) has the following basis of monomials: for
the indices j with ZZ: ihn<g< Z:leh, we get u'w’ for all ¢ satisfying n +a <i<n—k+ 1.

There are

m(—a—1)+m+1)(—a—2)+-+ (m—a—2)(1)=m ;lz+;2¢(—a— 1—4) =m<_2“) + (_;)
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of these. Thus len H*(¢W, F;) = m(7") + () for all £ > 0. In addition, since we get the same k-basis
for all large ¢, clearly the maps in the inverse limit in (9.2)) are isomorphisms for all large ¢, and so we have

calculated the length of R'p,A%" (a,b) at f. By symmetry the length at ¢ is the same, and so we have

1 B —a —a
len R p*]-"Q(m< 9 ) + ( 3 )),
as claimed. O

m

Proposition 9.3. For any m € N and a,b € Z, we have H* (P!, p. A2 (a,b)) = 0 for n > 0.

Proof. Let F :=T%" ((n+a)Y), and suppose that a < —1. We begin by computing p,F. We let u,u~!, v, v ™"
be local coordinates on T, where u* give coordinates along the fibers of p and v+ give coordinates along
the base of p. We denote the four open affines covering T' by Ui, Uy, UT, and U, where for example
U™T = Speck[u,v™!]. Note that in this coordinate system, F is defined by v = 0,v~! = 0, and Q is defined
by = = 0,v = 0. Then by Lemma [4.8(2) we have:

FUY) = (w,0™™) (u, ™™Dy o (0~ Dk w071, FUD) = w kw07

FULD) =u™(u o™ (w™ o™ ) s (w0 Dk o]y and F(UT) = klu, v).

Let Uy = Speck[v] and U_ = Speck[v™!] be charts for P1. Now, if n > —a, then we have

n+a
(pF)(U-) = FUH N F(U @ul ~(mn=0+ (" Py 1)
and
n+a 1 “
(peF)(U) = F(UL EBu’ mi=a+("3")k o).

Note that the intersections p,JF(Uy) N u'k[v,v~!] and p*]-"(U_) N u'k[v, v~ give a compatible direct sum
decomposition of p*F(Uy) and p* F(U_). Therefore, if n > —a > 1, then

pF = %10 m(n i) + (";i>+m(i—a>+<i;“)>>
Nrégo m(n —a) + (n;z)+<z;a>))

By the projection formula,

m +1 +1
poA @) = pF O+ (") w0 = G (M) 0
To show that H'(P', p.(A%" (a,b))) = 0 for n > 0, it suffices to show that there is some ng > 0 such that
the sheaf

bt () (5o () 00 (1) () (5 0

(where b' = ma + b does not depend on n or i) has vanishing H! for all n > ng and 0 <i < n + a.
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Consider the function —("2_1) — (1_2“) as 1 varies. On the interval 0 < ¢ < n 4+ a this is equal to

%[—(n—i)(n—i—1)—(i—a)(i_a_1)]

2

which is quadratic in ¢ with leading term —i?. It is symmetric around 7 = (n + a)/2 and thus attains its

n

) — (31). Now we may choose

minimum at the endpoints ¢ = 0 and ¢ = n 4+ a. This minimum value is 7(

ng so that (”'QH) — (g) — (_2“) + o' > —1 for all n > ng. Then for any n > ng and 0 < i < n + a, we have

n+1 n—i 1—a , n+1 n —a ,
_ _ > — — > —
(270202 = () -()-(3)
Thus H*(P',G,;) = 0 for all i, and so H*(P*,p..A?" (a,b)) = 0.

If n,a > 0, then a similar computation as above gives that

puF = @o m(n — i) + <” )@2@@0 m(n — a) + (”;i)+(iga>)).

i=a+1
The proof that H'(P', p,A%" (a,b)) = 0 for n > 0 is similar to that for @ < —1, and we leave the details to
the reader. O

Theorem 9.4. Let 7 = 7(p,0) for a pair (p,0) algebraically independent over F. For any a,b € Z and
m € N, the R-module K(O(a,b), m) is finite-dimensional and therefore noetherian.
Proof. Fix a,b. Recall that K(O(a,b),m) = @, o H*(P',p.RE" (a,b)). By Theorem

dimy HY(T,R¢" (a,b)) < dimy H'(T, A" (a,b)).

By Corollary [8.7 and Lemma [0.1] if n > —a — 1 we have

len R'p,R¢" (a,b) = 2(m< ;) + (S‘I)) =len R'p, A%" (a,b).
But now, by the Leray spectral sequence we have
dimy H'(PY, p. R (a,b)) = dimy H (T, R (a,b)) — dimy H°(P*, R'p.R¢" (a, b))
< dimy HY(T, A%" (a,b)) — dimy H*(P', R'p,.AZ" (a,b))
= dimy H'(P*, p, A" (a,b)).
By Proposition [9.3] this last term vanishes for n > 0. So K(O(a, b), m) is finite-dimensional, as claimed. [J
We are finally ready to give the proof of the main theorem.

Proof of Theorem[3.5, Let 7 = 7(p,0) for a pair (p, 8) algebraically independent over F. Let R := R(7). For
any a,b € Z and m € N, by Theorem Q(O(a,b), m) is a noetherian right R-module. By Theorem
K(O(a,b),m) is noetherian. By Corollary R is therefore right noetherian.

Now, R°? = R(7~1) by Theorem Since 771 = 7(p7 L, 9*1) R is also left noetherian. By Proposi-
tion R is defined by the relations ; setting ¢ := (/e = 6+1 and d:=4/y = +1 we obtain the given

presentation of R. The remaining properties of R are given by Proposition [5.11 O
46



We conclude with a brief discussion of some questions suggested by the results in this paper, which we
hope to address in further work. We still do not have a very deep understanding of the category of graded
R-modules; for instance, is it closely related to some more geometrically defined category? Some other
important questions are whether R satisfies the Artin-Zhang x; condition, and what the structure of the
point modules over R is.

Now that we know that noetherian GK-4 birationally commutative surfaces exist, this naturally raises
the question of whether they can be classified, thus completing the classification of noetherian birationally
commutative surfaces. The work of Diller and Favre in [DF0I] shows that the GK-4 growth type arises in a
fairly limited situation: the field automorphism ¢ must be induced by a birational self-map ¢ of some ruled
surface which preserves the ruling. Thus there is some hope that the general GK-4 birationally commutative
surface is not too different in behavior from the examples we consider in this paper, although it probably
will not have such special homological properties.

Finally, what are the implications of the fact that connected graded noetherian Koszul algebras of finite
global dimension are not automatically AS-Gorenstein? Let R := R(7), for general 7. We note that R is
not strongly noetherian: by a similar proof as that of [KRS05, Theorem 9.2], R is not generically flat, and
therefore there is a commutative noetherian k-algebra C so that R ® C is not noetherian. If a connected
graded strongly noetherian k-algebra R has finite global dimension and is Koszul, must it be AS-Gorenstein?

Conversely, a counterexample to this question would be extremely interesting.
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