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G-ALGEBRAS, TWISTINGS, AND EQUIVALENCES OF GRADED
CATEGORIES

SUSAN J. SIERRA

ABSTRACT. Given Z-graded rings A and B, we ask when the graded mod-
ule categories gr-A and gr-B are equivalent. Using Z-algebras, we relate the
Morita-type results of Ahn-Maérki and del Rio to the twisting systems intro-
duced by Zhang, and prove, for example:

Theorem. If A and B are Z-graded rings, then:

(1) A is isomorphic to a Zhang twist of B if and only if the Z-algebras
A= D, jez Aj—i and B = D, jez Bi—i are isomorphic.
(2) If A and B are connected graded with A1 # 0, then gr-A ~ gr-B if and
only if A and B are isomorphic.

hN

This simplifies and extends Zhang’s results.

1. INTRODUCTION

The subject of this paper is graded Morita theory and its applications. Given
graded rings A and B, algebras over some commutative ring k, we seek to find
necessary and sufficient conditions for the categories gr-A and gr-B of graded right
A and B-modules to be equivalent; we write gr-A ~ gr-B. In the body of the paper
we consider rings graded by arbitrary groups; for now we assume that A and B are
Z-graded.

In 1996, James Zhang [Z] solved the graded Morita problem for connected graded
rings (i.e., B = @, B; and By = k, afield). He defined a twisting system T = {7, }
on a graded ring B, and used 7 to define a new “twisted” multiplication on B. This
new ring is denoted B”, and is now known as a Zhang twist of B. Zhang showed
that if 7 is a twisting system, then gr-B ~ gr-B”. Further, he proved that if A and
B are connected graded k-algebras with A; # 0, then gr-A ~ gr-B if and only if
A = B7 for some twisting system 7 on B.

There are a number of general results establishing Morita-type theorems for
graded module categories; see in particular the work of Angel del Rio [R1l [R2)].
Ultimately, del Rio’s results can be viewed as a special case of the Morita theory
for rings with local units developed in [AD, [AM], which also specializes to give the
classical Morita theorems in the case where the grading group is trivial. However,
Zhang’s results on twisting systems are formally quite different from classical Morita
theory and from the results in [RI],[R2] [Ab, [AM]. The main aim of this paper is to
unify the two theories.
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Our technique involves Z-algebras — roughly speaking, infinite matrix rings as-
sociated to graded rings. More precisely, a Z-algebra R = @i,jez R;; is a ring
without 1 satisfying R;; Rji C Ry, with R;jRpy = 0 if j # m, such that each
subring R;; contains a unit 1;. In particular, given a graded ring A = @, , Ai,
then the ring A = @i,jez Aj_; is a Z-algebra with ZZ—J— = A;_; and multiplication
induced from A; we call it the Z-algebra associated to A. Precise definitions are in
Section

If A and B are Z-graded rings, then by applying the Morita-type results men-
tioned above to the Z-algebras A and B, we can make the somewhat awkward
definition of a Zhang twist (given in Section M) look very natural and give an easy
proof of Zhang’s main theorem. To do this, we recall that graded module categories
have canonical automorphisms given by shifting degrees. If A is a Z-graded ring
and M is a graded right A-module, we denote the n’th shift of M by M (n); that
is, M(n) = @, M(n); is the graded right A-module given by M(n); = M; .

We obtain:

Theorem 1.1. (Theorem[3.6 Proposition31) Let A and B be Z-graded k-algebras.
Then:
(1) The associated Z-algebras A and B are isomorphic if and only if there is an
equivalence of categories ® : gr-A — gr-B such that ®(A(n)) = B(n) for alln € Z.
_(2) If A and B are connected graded and Ay # 0, then gr-A ~ gr-B if and only
if A and B are isomorphic.

Theorem 1.2. (Corollary [£4) Let A and B be Z-graded k-algebras. Then B is a
Zhang twist of A if and only if the associated Z-algebras A and B are isomorphic.

Thus we immediately obtain Zhang’s main result:

Corollary 1.3. Let A and B be Z-graded k-algebras. Then:

(1) B is isomorphic to a Zhang twist of A if and only if there is an equivalence
of categories ® : gr-A — gr-B such that ®(A(n)) = B(n) for all n € Z.

(2) If A and B are connected graded and Ay # 0, then gr-A ~ gr-B if and only
if B is isomorphic to a Zhang twist of A.

Not all properties preserved under Morita equivalence are preserved under equiv-
alences of graded categories — notably, |Z] gives an example of Z-graded rings A
and B with gr-A ~ gr-B, where A is gr-simple and prime and B is neither. However,
in this example B is semiprime. It is not known whether, if A and B are Z-graded
rings such that gr-A ~ gr-B and A is semiprime, then B must also be semiprime,
although [Z] shows it for connected graded Goldie rings. As a step towards this
general question, we prove:

Proposition 1.4. (Proposition B.1) Let A and B be Z-graded k-algebras with
gr-A ~ gr-B. If B is a right Ore domain that is fully graded (that is, the grading
on A does not restrict to any proper subgroup of Z.), and A4 has uniform dimension
1, then A is a right Ore domain. Further, if Q is the graded quotient ring of B and
Q' is the graded quotient ring of A, then Qo = Q.

We also give an example showing that the property of having a graded semisimple
graded Artinian graded quotient ring is not in general preserved under equivalences
of graded module categories.

Using Z-algebras to understand module categories has proven useful in other
contexts; see, for example, [BGS| [SV], among others. We have also used related
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techniques to study the category of graded modules over the first Weyl algebra, Ay,
under the Euler gradation [Si]. In that paper, we completely classify graded rings
B such that gr-B is equivalent to gr-A;. There are some surprising examples; in
particular, there is a ring S that is an idealizer in a localization of A; such that
gr-A; ~ gr-S. This is unexpected, not least because A; and its localizations are
simple, whereas the idealizer has a finite dimensional representation and is not a
maximal order.

Notation. Throughout, we fix a commutative ring k. If G is a group and A is a
G-graded k-algebra, the category of ungraded right A-modules is denoted mod-A,
and the category of G-graded right A-modules is denoted gr-A. If M, N are objects
of gr-A, then Homg, 4 (M, N) is the set of graded homomorphisms of degree e; that
is, the set of maps ¢ € Hommea-a(M, N) so that ¢p(My) C N, for all g € G. We
write:

hOIIlA(]\/[7 N) = Homgr_A(M, N)
and
Hom (M, N) = Homyed-4(M, N).

If A is a ring without 1, we will denote the full subcategory of mod-A consisting
of unitary modules — that is, modules M such that M A = M — by mod"-A. We
similarly define A-gr, A-mod, and A-mod".

Given g € G and a right A-module M = @, ., M, in gr-A, we define the g-th
shift of M to be a new object M(g) = P, M(g)n in gr-A, given by M(g)n =
Mgy N = @ cq Nn is a left A-module, then we define N(g) via N{(g)n =
Npg-1. The g-th shift functor is the automorphism of the category gr-A (or A-gr)

sending M to M {g).

2. G-ALGEBRAS AND GRADED MORITA THEORY FOR GROUP-GRADED RINGS

Before proceeding to the main results of this paper, we must formally introduce
G-algebras. In this section, we give precise definitions, and show how to use the G-
algebras associated to graded rings to apply the results of [AM] to graded module
categories. This gives an extremely concrete solution of the Morita problem for
graded rings, which we will use in the sequel.

Fix a group G. Following [BGS|, we define a G-algebra R to be a k-algebra
(possibly without 1) such that as a k-module R = € f.9ec .9, with multiplication
occuring matrix-wise: that is, for all f,g,h,¢" € G, we have Ry Ry C Ry, and
Ry 4Ry 5 =0if g # g'. We require that each “diagonal” subring R ; have a unit
17 that acts as a right identity on each Ry s and a left identity on each Ry 4.

We say that G-algebras R and S are isomorphic as G-algebras if there is a k-
algebra isomorphism ¢ : R — S such that ¢(15) = 14 for all f € G. More generally,
we say that a k-algebra map (or k-module map) ¢ : R — S is graded of (left) degree
hif Y(Rys4) C Shyng for all f,g € G.

As [SV] Section 11] points out in the case G = Z, a G-algebra can be viewed
as a generalization of a graded ring in the following way: if A is a G-graded ring,
define a G-algebra A = D yec Ayg g, the (right) G-algebra associated to A, by
Apg = Ap-1,. Then A is a G-algebra under the multiplication induced from A,
since Ay g-Agp = Ap-14-Ay-1y, € Ap-1y, = Ay . There is a canonical isomorphism
between the right module A(g) and the row @, ., Agn for any g € G. Any G-
graded right A-module is naturally a unitary right A-module; likewise any unitary
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right A-module has a natural graded A-module structure given by My = M - 15.
Thus we have an equivalence (in fact, an isomorphism) of categories between gr-A
and mod"-A. In the sequel, we will identify the two categories. (There is also an
isomorphism between A-gr and A-mod", which we will not use.)

For completeness, we give the equivalent construction on the left: define the
left G-algebra associated to A to be A = D yea Ag,, where A;, = Apg-1. As
before, A-gr = A—mod“, and the column €, Ahyg is naturally isomorphic to
the left module A(g). For an alternate construction of A, see the smash product
constructed in [Be].

There are G-algebra versions of the Hom functors on module categories. If R
is a G-algebra and S is a G’-algebra, then a unitary (R, S)-bimodule rQgs has a
natural bigraded structure @ = @QGG,hGG’ Qg.h given by Qg n = 14-Q - 1. For
such a bigraded module, we will denote the row @, .o Qg,n by Qgx-

The bigraded bimodule rQg defines a covariant functor Hg(Q,_ ) : mod"-S —
mod"-R given by

Hs(Q,N) = €P Homs(Qq., N).
geG

We leave to the reader the verification that Hg(Q, N) is a submodule of the right R-
module Homs(Q, N) = [[ ¢ Homs(Qg«, V), that Hs(Q, N)-15 = Homs(Qg«, N),
and that Hg(Q, N) is the largest unitary R-submodule of Homg(Q, N); that is,
HS(QvN) = HOms(Q,N) - R.

In particular, if B = €D),cqs B is a G'-graded ring and M = @ peqr Mg,n 18
a (G, G’)-bigraded right B-module (i.e., each M, is a graded right B-module), then
M induces a functor Hg(M, ). If M is locally finite — i.e., each My, is a finitely
generated B-module — then we have Hz(M, M) = @ o Homz(Mg., M¢,), and
H5(M, M) becomes a G-algebra, with

Hg (M, M)y,4 = Homg (M., My.) = homp(Mg., My.);

multiplication is given by composition of functions. We refer to Hz(M, M) as the
endomorphism G-algebra of M. In this setting, M is a bimodule over B and its
endomorphism G-algebra and so Hyz(M,__) is a covariant functor from gr-B to
mod"-Hg(M, M).

If R is a G-algebra, it has no unit unless G is finite; however, R is a ring with
local units in the sense of [AbL [AM]; that is, for any finite subset X of R, there
is an idempotent a € R such that ax = x = za for all x € X. Abrams [Ab] and
Ahn-Mérki [AM] have generalized the classical Morita theorems to rings with local
units. In the next proposition, we reframe these results to analyze Morita theory
for graded module categories in terms of G-algebras. Similar results were obtained
in [RI1l R2].

We note that most results of [AM] are stated for left module categories; however,
by [AML Corollary 2.3], symmetric results hold on the right.

Proposition 2.1. Let G and G’ be groups and let A = P,cq Ay and B =
Dree Br be graded rings. Then gr-A ~ gr-B if and only if there is a (G,G')-
bigraded right B-module Pg = @gec,hec’ Py such that

(1) Pp is a locally finite projective generator for gr-B;

(2) A~ Hz(P, P) as G-algebras.
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Further, if P is as above, then Hg(P, ) : gr-B — gr-A and __ @3 P : gr-A —
gr-B are inverse equivalences; and if ® : gr-A — gr-B is an equivalence of cate-

gories, then P = ®(A,) satisfies (1) and (2), and ® = __ @4 P.

Proof. Suppose that ® : gr-A — gr-B is an equivalence of categories. We define
a (G, G")-bigraded right B-module P = @ c; e Po.n, Where Py = ®(A(g))n.
Then Py = @peer Pon = ®(A(g)), and P = ®(A4). Because Ay is a locally
finite projective generator, so is Pp; and functoriality of ® gives Hz(P, P) =
Hy(®(A),®(A)) & Hz(A,A) = A. This direction also follows from the right-
handed version of [AM, Theorem 2.1], as does the fact that ® = @+ P.

Now suppose Pp is a (G, G’)-bigraded module satisfying (1) and (2). Then
for any N € gr-B, Hz(P,N) is naturally isomorphic to Homz(P, N) - A. For
any finite subset F' C G, let 1p = ZfeF 1 be the associated idempotent in A.
Clearly lim Homg(1p - P,1p - P) & Hg(P, P) = A. Now we may apply the right-
handed versions of [AM| Theorem 2.4, Theorem 2.5], which together say that if
Pg is a locally finite projective generator with liL)nHomE(lp -P/1p - P) = S for
some ring with local units S, then Homy(P, ) - S : mod"-B — mod"-S and
_ ®s P : mod"-S — mod"-B are inverse equivalences. Putting S = A, we have
proved that Hz(P, ) = Homz(P,__)-A and __® P are inverse equivalences. [

We remark that not all locally finite projective generators define an equivalence
of graded module categories; that is, condition (2) above is nontrivial. We give an
example in Example

3. PRINCIPAL G-ALGEBRAS

We say that a G-algebra R is principal if there is a G-graded ring A such that
R = A as G-algebras. (Of course, we then have mod"-R ~ gr-A.) Since by Propo-
sition 2.1] equivalences of graded module categories involve principal G-algebras, we
are naturally interested in understanding these G-algebras better. In this section,
we give a criterion for a G-algebra to be principal, and show that A and B are iso-
morphic as G-algebras exactly when gr-A and gr-B are related by an equivalence
of a particularly nice form.

If R = A for some G-graded ring A, we make the straightforward observation
that for each g € G there is a map

(3.1) Sy R= @ Ry — R = @ Ryh g1
hleG hle@

defined on the component Ry, ; via the identifications Rp; = Ap-1; = Ap-15-19 =
Rgh,qi. Each &, is a graded G-algebra automorphism of degree g, and clearly
Sy 0 Sp = Sgn. The maps Sy relate the multiplications o4 in A and og in R as
follows: if x € Ay = R 4 and y € Ay = Rej, then

(3.2) zroay=1x0orS(y)

in Re g or Rg,gh € Re,gh = Agh.

The next proposition shows that in fact the existence of the maps S, characterizes
principal G-algebras. Given a G-algebra R, we will write Aut,(R) to mean the set
of graded k-algebra automorphisms of R that have left degree g for some g € G.
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Proposition 3.3. If R is a G-algebra, then R is principal if and only if there is a
group monomorphism

7 :G — Aut.(R)
g—1

such that for all g, T, has left degree g.
In particular, a Z-algebra R is principal if and only if R has a k-algebra auto-
morphism of degree 1.

Proof. We have already seen that if R is a principal G-algebra, then there is such
a map.

Conversely, suppose we are given (G, R, and 7 as above. We define a G-graded
ring A = P e A, as follows: first define A as a graded k-vector space via A; =
Regy. Let x € Ay, y € Ap. Mimicking (3.2]), we define the multiplication o4 on A
by

(3.4) zoay=xor Ty(y).

Since T4(y) € Ry gn, we have x 04 y € Re g1, = Agp, as required.
A is easily seen to be G-graded, with unit 1 = 1.. We check associativity of o 4.
Let z € Ay. We have:

(Toay)oaz=(xorTy(y)) or Tgn(z) = v or Ty(y) or TyTn(2)
since 7 is a group homomorphism. But each 7 is a G-algebra homomorphism, so
oA (yonz)=aor Ty or Ta(2)) = v or Ty(y) o T,Ta(2)

and we have (xo4 y)os z =z 04 (you z). Thus A is a G-graded k-algebra.
We show that R =2 A as G-algebras. Define o : A — R by letting o act on Ay,
via:
_ s T
Ay —=Aegig = Aprg = Reorg —= Ry
This is a k-linear bijection, and if x € Ay 4, y € Ay, using (B2) and [B.4), we
have

a(zogy) =T3Sy (wogy) = Tp(S; ' () o Sf_l (v)
=T5(S; ' (x) 0a 8, (y) = Tr (S; 1 (2) or Ty—14S, ()
= Tfo (z) or Tng (y) = a(x) or a(y).
Thus R = A is principal. (I
If R,G,T are as in Proposition 3.3 we say that 7 is a principal map of R. We

call the ring A the compression of R by T and we write A=R7. If R=A , We say
that the principal map S defined in B is the canonical principal map of A.

Example 3.5. We give an example of a locally finite projective generator whose
endomorphism G-algebra is not principal, showing that condition (2) of Proposi-
tion 21 is nontrivial. Let G = G’ = Z, B = k[x] for some field k, and let

{ B(n) if nis even

P = B(—n) if nis odd.
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Then P is a locally finite projective generator for gr-B. We show that H =
H%(P, P) is not a principal G-algebra. We have:

Hp 2 = homp(B(2), B) = By = ka?,
but
H113 = hOHlB(B<—3>,B<—1>) = B,Q =0.
Thus H has no principal map, and by Proposition B3, H is not isomorphic to A
for any Z-graded ring A.

Let R =2 A be a principal G-algebra. If we also have R = B for some other
G-graded ring B, then obviously the categories gr-A = gr-A and gr-B = gr-B are
isomorphic. In fact, as the next result shows, this isomorphism is an equivalence
of a particularly nice form; furthermore, the existence of such a “nice” equiva-
lence between gr-A and gr-B implies that the associated G-algebras A and B are
isomorphic. This proves part (1) of Theorem [I11

Theorem 3.6. Let A and B be G-graded k-algebras. The following are equivalent:
(1) For some principal map T of B, B = A via a degree-preserving isomor-
phism.
(2) The right associated G-algebras A and B are isomorphic as G-algebras.
(3) There is an equivalence of categories ® : gr-A — gr-B such that ®(A(g))
B{g) for all g € G.
(2°) The left associated G-algebras A and B are isomorphic as G-algebras.
(8°) There is an equivalence of categories ®' : A-gr — B-gr such that ®'(A{g))
B(g) for all g € G.

Proof. (3) = (2). Since ®(A(g)) = B{g) for all g, we have ®(A4) = Bp. Because
® is a category equivalence, Proposition [2.1] gives us an isomorphism of G-algebras
between A and Hz(®(A), ®(A)). This is isomorphic to Hz(B, B) = B.

(2) = (3). As the identification between gr-B and mod"-B commutes with
shifting, it is enough to show that there is an equivalence ® : mod"-A — mod"-B
such that ®(A(g)) = B(g) for all ¢ € G. But this is clear, as the isomorphism

between A and B preserves degree.

Il

1

(1) = (2). The proof of Proposition 3.3 shows that B = (FT) ~ A,

(2) = (1). Let @ : A — B be an isomorphism of G-algebras, and let S be the
canonical principal map of A. For all g € G, define 7, = aS,a~!. Then clearly 7 is
a principal map of B, and « gives a graded k-linear bijection from A = A% - FT.
We check this is a ring homomorphism: since a preserves degree, if a € A, and
b € Ap, then we have

a(aoab) = alaog 8,(b)) = ala) o5 a(S,()) = ala) o5 Ty(a(bh) = ala) e a(b)

T . . =57

where o denotes multiplication in B" .
(2) <« (3') follows by symmetry, and (2) <= (2) is obvious from the
definitions of 4 and A. O

Remark: There are results describing the conditions under which equivalences
of graded module categories commute with shifting; see [BeRl [GG]. We note
that condition (2) of Theorem is much weaker than the condition that &
and shifting by ¢g commute as functors; in fact (2) does not even imply that
(M {g)) = (P(M)){g) for all M.
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To complete this section, we specialize to connected graded rings and show that
here all equivalences are of the form given in Theorem This gives part (2) of
Theorem [[L1l Recall that if & is a field, a Z-graded k-algebra A is connected graded
if A= @i>0 Al and AO = k.

Proposition 3.7. Let A and B be Z-graded and connected graded k-algebras with
Ay #0. Then gr-A ~ gr-B if and only if A and B satisfy the equivalent conditions
of Theorem [3.4.

Proof. We follow the approach of [Z, Theorem 3.5]. Suppose ® : gr-A — gr-B
is an equivalence. By Proposition 2] without loss of generality we are in the
following situation: Pg = ®(A) is a (Z, Z)-bigraded projective generator for gr-B;
Hz(P,P)~A;and ® = __ @5 P.

Each P,. = ®(A(n)) is an indecomposable projective in gr-B. As B is connected
graded, there is some integer f(n) such that P,. = B(f(n)). Since for all m € Z,
Hg(P(m), P(m)) = Hg(P,P), we may shift P so that without loss of generality
7(0) = 0.

Since P generates gr-B, f is surjective. Because A and B are both non-negatively
graded, we have f(m) = f(n) <= Pps = Pp <= A(m) 2 A(n) <= m =n.
Thus f : Z — Z is bijective. For all n € Z,

Bf(nJrl)ff(n) = hOHlB(B<f(7’L+1)>, B<f(n)>) = HE(P7 P)n,n-l—l = Zn,n-{-l = Al 7é 0.
Thus f(n +1) — f(n) > 0. Since f : Z — Z is an increasing bijection with
f(0) =0, for all n, f(n) = n, and ®(A(n)) = B(n). Thus the equivalent condi-

tions of Theorem are satisfied. The other direction follows immediately from
Theorem O

4. G-ALGEBRAS AND TWISTING SYSTEMS

In this section, we relate the results in [Z] to the material developed in Section
and prove Theorem [[.2] thus unifying Zhang’s results and classical Morita theory.
In particular, we will see that twisting systems naturally come from principal maps.

Throughout this section we fix a group G and let A = @ 9eG Ay and B =
@D, cc By be G-graded k-algebras. Recall [Z] that a twisting system 7 on A is a set
{7419 € G} of k-linear graded automorphisms of A such that

(4.1) Tg(YTn(2)) = 74(y)7gn(2)
forall g, h,l € G,y € Ay, and z € A;. Using a twisting system 7, the twisted algebra
(now called a Zhang twist) AT is the graded k-module A, with new multiplication
* defined by

Txy = x7,(y)
where z € A,.

The twisting relation ([@.1]) is somewhat cumbersome. The next proposition shows
that instead of twisting systems, we may equivalently study principal maps; in
particular, if G = Z, then a twisting system on A is a set of maps {7,,} that come
from powers of a single algebra automorphism of the Z-algebra A.

Proposition 4.2. Let A be a G-graded k-algebra, and let R = A be the associated
G-algebra. There is a bijection between the set of principal maps T of R and the

set of twisting systems T on A in such a way that if T and T correspond, then
AT = RT.
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In particular, if G = Z then there is a bijection between twisting systems on A
and automorphisms of A of degree 1.

Proof. Recall that R has a canonical principal map S defined by (B1]). Define a
function A from the set of principal maps on R to the set of twisting systems on A
as follows: if 7 : G — Aut.(R) is a principal map, define 7 = A(7) by
quSg_l'];:Re*zAﬂA.
We check that 7 is a twisting system. Let y € Ay, z € A;. Then
79y oah(2)) = 85 Ty(y 0a S, T (2)) = 851 Ty (y or Tn(2))
where the last equality is by B.2]). Also, we have

79(y) 0oa Tgn(2) = 8, ' Ty(y) 04 S, Tyn(2) = 8, Ty (y) ok SkS,, Tyn(2)
=8, Ty(y) or Sy ' T Th(2) = S5 ' Ty(y or Tn(2))
as Sy, 7, are G-algebra automorphisms. Thus (A1) is satisfied, 7 is a twisting
system, and A is well-defined.

Conversely, define a map I' from the set of twisting systems on A to the set of
group homomorphisms from G to Aut.(R) as follows: if 7 is a twisting system,
define I'(7)4 : R = EBhJeG Ry, — R= ®h,leG Rgh. g1 as the map that on Ry ; acts
by

S, L TghOTh Sgn
D(T)g: Ry ——= Rep—1y = Ap—1y 2 Apory = Re -1y ——> Ryp g1

It is immediate from the definition that I'(7), is a k-linear bijection of degree g,
and that I'(7) g oI'(7) f = I'(7)4y. We postpone for the moment verifying that I'(7),
is a ring homomorphism.
Assuming this, we claim that in fact I' = A~'. First, since on R.. we have
I'(1)y = Sy o 74, therefore
(AL(1))g = Sg_lngg =Ty
so AT' = 1. Let 7 be a principal map on R, and put 7 = A(7). Then I'A(T), acts
on Ry as:
Sontgnty, Syt = SgnSoy T T, SkS, ! by definition of A
=17, since Tgp, = 147,
Thus 'A =1, T" and A are inverses, and in particular A is a bijection as claimed.
Fix a twisting system 7 and let 7 = A(7) be the corresponding principal map.

Let * denote multiplication in A” and e denote multiplication in R7. We check
that x and e are equal. If z € (RT), = R., = A, and y € (RT);, = Ay, then

zeoy=zopT(y)
by definition, and

zxy=x0a7y(y) =w0a8; " Ty(y) = xor Ty(y) by B2)
=xey.

Thus A™ = R7.
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To complete the proof, we must verify that if 7 is a twisting system on A and
7 =T'(7), then each 7, is a ring homomorphism. By [Z, Equation 2.1.3], for all
h,m,l € G, a € A,,, and b € A;, we have

7, (aoab) =7, (a) 04 T T (1)
Thus, applying (@.1I]), we have
(4.3) Ton (7, (@04 b)) = Tan (73, () 04 Tahm (T (D))
Let h, f,l € G,z € Ry, 5, and y € Ry;. We have:

Ty(z ory) = SonTonty, Sy, (@ oY) = SgnTonT;, (S (2) or Sy (1))

= gthhTh_l (Sh_l(iE) oA Sf_l(y))
by B2). Since S, '() € R. 15 = Ap-14, applying (E3) with m = h~1f, we see
that this is equal to
Sgn(TgnTy, 'Sy (@) 04 g5 TS (Y)

= Sgh (thTﬁisgi(m) OR ShflngfollS;II(y)) by 3.2)

= (Sgntonmy, 'Syt (@) or (Sgr7or7s 'S (Y))

= Ty(x) or Ty(y)
as required. O

We thus may add another equivalent condition to Theorem [3.6, proving part (1)
of Theorem

Corollary 4.4. Let A and B be G-graded rings. Then A and B satisfy the equiv-
alent conditions of Theorem[3.8if and only if A is isomorphic to a twisted algebra
of B.

Proof. Combine Proposition and Theorem O
One part of Corollary [£.4] was proven by Zhang:

Corollary 4.5. ([Z, Theorem 3.3]) Let G be a group and let A and B be G-graded
rings. Then A is isomorphic to a twisted algebra of B if and only if there is an
equivalence @ : gr-A — gr-B such that ®(A{g)) = B(g) for all g € G. O

Thus we also obtain Zhang’s other main result:

Corollary 4.6. ([Z, Theorem 3.5]) Let k be a field, and let A and B be two
connnected graded and Z-graded k-algebras with Ay # 0. Then B is isomorphic
to a twisted algebra of A if and only if gr-A is equivalent to gr-B.

Proof. Combine Corollary [£.4] and Proposition [B.7. O

5. GRADED DOMAINS

In this section we apply Proposition 2] to understand graded domains — i.e.
graded rings where all nonzero homogeneous elements are nonzerodivisors. For
ungraded rings, being a domain is not a Morita invariant, although being prime
is. However, if A is an ungraded Ore domain, and B = Enda (M, M) is Morita
equivalent to A and “clearly not a matrix ring” — i.e. Bp has uniform rank 1 —
then B is also a right Ore domain and Q(A) = Q(B). Proposition[5dlis the graded
analogue of this result.
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We say that a G-graded ring B is fully graded if the set {g € G| By # 0} is not
contained in any proper subgroup of G.

Proposition 5.1. Let A and B be G-graded k-algebras with gr-A ~ gr-B. If B
is a fully graded right Ore domain and Aa has uniform dimension 1, then A is a
graded right Ore domain. Further, if Q is the graded quotient ring of B, and Q' is
the graded quotient ring of A, then Q. = Q...

If the grading group G is ordered, then a graded domain is also an ungraded
domain, and so this result implies Proposition [[L4] from the Introduction.

Proof. Let A and B satisfy the hypotheses of the theorem, and let @ be the graded
quotient ring of B. Then @ is a graded division ring, so Q. = D is a division ring.
We note that @ is the unique uniform graded injective torsion-free module in gr-B,
and so Q{(g) = @ for all g € G. (The hypothesis that B is fully graded is necessary
to ensure this: if B = Q = k[z?,272] then the previous sentence is false.) Further,
Q is a (G, G)-bigraded right B-module and a G-algebra, and the identifications
Qs-14 = homp(Q(g), Q(f)) induce a canonical isomorphism of G-algebras between
Q and Hg(@, Q). In the G-algebra @, each nonzero homogeneous element ¢ € @f’ g
is invertible, in the sense that there is an element ¢! € @gj, with ¢-¢7! =1y and
gt qg=1,

By Proposition2.1] we may assume that we are in the following situation: there is
a category equivalence ® : gr-A — gr-B, the B-module P = ®(A) is a locally finite
(G, G)-bigraded projective generator for gr-B, ® = __ ®4 P, and ¥ = Hg(P,_)
is the inverse equivalence to ®. Each P, = ®(A(g)) is projective and therefore
torsion-free, and uniform by hypothesis. Thus for all g € G, there is an injection
Vgt Py — Q(g). .

Using the v,, we define a map © : Hg(P,P) — @ as follows: let f,g € G,
¢ € Hg(P,P)ysy = homp(Py, Pr.). As Q = Q(f) is graded injective, the map
v o ¢ i Py — Q(f) lifts uniquely via the inclusion v, to a map ¢ : Q{(g) — Q(f)
such that the diagram

[
Py, —— Py,

Q<9>7>Q<f>

commutes. Put O(¢) = ¢ € H5(Q, Q).

The map O is easily seen to be a G-algebra injection from Hz(P, P) = Ato Q.
To simplify notation, put R = ©(Hg(P, P)) C Q. Let T be the principal map of
R induced from the canonical principal map of A. Thus A = R7 .

The restriction of © to Hg(P, P) .« gives an inclusion Ry, = O(Hg(P, Pt.)) C
Q.- Because (Q,)r = Hg(P,Q(f)), it is a graded uniform right R-module. Thus
ifg#0¢€ @ﬁg, then gRN Ry, # 0, so thereare h € G, r € Ry, s #0 € Ry, such
that gs = 7. Thus R is a graded right order in Q.

For each | € G, we use this to extend 7; : R — R to an automorphism of Q
of degree I by putting 7i(q) = T(r)7i(s)™" € Qupup - Qungg = Qupag- It is an
easy verification that each 7 is well-defined and is a k-algebra automorphism of Q.
Compressing by 7, we have A = R7 C @T. Put Q' = @T.
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Now @’ is a strongly G-graded graded division ring, and as R is a right order
in Q, R = A is clearly a right order in @Q’. Thus A is a graded right Ore domain
with graded quotient Q'. Again, D’ = @, is a division ring, and we have, by [NV
Theorem A.1.3.4] and Proposition B3]

mod-D’ ~ gr-Q’ ~ mod"-Q ~ gr-Q ~ mod-D.
Thus D and D’ are Morita equivalent division rings, and therefore D = D', (Il

In the ungraded situation, being prime, semiprime, and semiprime (right, left)
Goldie are Morita invariants. On the other hand, the following example from [Z]
shows that being graded prime is not invariant under taking equivalences of graded
module categories. Let R = k[z?, 272] for some field k. Then the rings

R xR
A_<xR R )

B = k[z,z Y @ k[z, 2]
are Zhang twists of each other, so gr-A ~ gr-B. Here A is a prime graded simple
graded Artinian ring, and B is graded semisimple graded Artinian and semiprime
but not prime or even graded prime.

In general, we do not know whether being graded semiprime graded Goldie (or
graded semiprime) is invariant under equivalences of graded module categories. [Z,
Proposition 5.8] shows that this is true for Z-graded and connected graded rings.
The proof uses the fact that if B is connected graded and Z-graded, then B is
semiprime graded right Goldie if and only if B has a graded semisimple graded
Artinian right quotient ring, if and only if every graded essential right ideal of
B contains a homogeneous regular element. This last property is invariant under
Zhang twisting. However, Example 5.2 shows that in general, the property of being
semiprime graded Goldie and having a graded semisimple graded Artinian quotient
ring is not invariant under equivalences of graded module categories, even for Z-
graded rings. Thus techniques that do not involve localizing must be used to answer
the general question.

Example 5.2. Let k be a field, G = Z, and let A = k[z] ® k[y], with z,y € A;. A
is semiprime graded Goldie and has a graded semisimple graded Artinian quotient
ring. Define a bigraded module Py = €D, ,,,cz Pam by Pnx = k[z](n) @ k[y](—n).
Then P is a locally finite projective generator for gr-A, and if we put H = H4(P, P)
then we have

and

k™™™ ifn>m
Hym= kdk ifn=m
kym™ ™ if n <m.
H is clearly principal, and in fact H = B, where B = k[z] @ kly], with z € By, y €
B_q; thus gr-A = gr-B. B is also semiprime graded Goldie, but all homogeneous
regular elements of B are in degree 0, and are already invertible in B. Thus B does
not have a graded semisimple graded Artinian quotient ring.
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