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Abstract

We present a new class of near-horizon geometries which solve Einstein’s vacuum
equations, including a negative cosmological constant, in all even dimensions greater
than four. Spatial sections of the horizon are inhomogeneous S2-bundles over any com-
pact Kéahler-Einstein manifold. For a given base, the solutions are parameterised by
one continuous parameter (the angular momentum) and an integer which determines
the topology of the horizon. In six dimensions the horizon topology is either S? x S? or
CP?4#CP2. In higher dimensions the S%-bundles are always non-trivial, and for a fixed
base, give an infinite number of distinct horizon topologies. Furthermore, depending on
the choice of base we can get examples of near-horizon geometries with a single rota-
tional symmetry (the minimal dimension for this is eight). All of our horizon geometries
are consistent with all known topology and symmetry constraints for the horizons of
asymptotically flat or globally Anti de Sitter extremal black holes.
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1 Introduction

One of the classic results of four dimensional General Relativity is Hawking’s horizon topology
theorem [IL[2]. This states that spatial sections of the event horizon of an asymptotically flat
black hole solution to Einstein’s equations must be homeomorphic to S%. This theorem is a
key ingredient to the black hole uniqueness theorem, being the first logical step required to
prove such a classification theorem for black holes.

For a variety of reasons, mainly stemming from String Theory and AdS/CFT (see e.g. [3]
for a clear account and references), the study of black hole solutions to higher dimensional
General Relativity has recently attracted a great deal of attention. The classification of black
hole solutions in higher than four dimensions is a difficult open problem. However, it is pos-
sible to extend some of the ingredients which were used for D = 4 to higher dimensions. For
example, Hawking’s horizon topology theorem uses the two dimensional Gauss-Bonnet theo-
rem in a crucial way and thus does not generalise straightforwardly. Nevertheless, Galloway
and Schoen [4] have established a generalisation which constrains the horizon topology of
asymptotically flat black holes in the following manner: spatial sections of the event horizon,
H (which are D — 2 dimensional orientable and closed manifolds), must be positive Yamabe
typ. For D = 5, so H is three dimensional, this constraint is strong enough to allow only 53
(and quotients) and S x S? (and connected sums of these). In fact, explicit asymptotically
flat black hole solutions are known for both of these topology types [5H7]. In D > 6, so
dim H > 4, the complete list of positive Yamabe type manifolds is not known. However, it is
clearly less of a constraint than in D = 5.

There is in fact another way of constraining horizon topologies, as noted in [Eiﬂg Suppose we
have a black hole solution which is asymptotically flat or globally Anti de Sitten] (AdS). Now
consider a spacelike hypersurface ¥ which intersects the future event horizon and conformal
future infinity. The D — 1 dimensional manifold > has a boundary which is the disjoint union
of H and SP~2 (the sphere at infinity), i.e. it defines a cobordism between H and SP~2.
In fact since the manifolds in question all have an orientation induced from the spacetime
orientation, then H# and S”~2 must be oriented cobordant. It is a standard result that two
closed manifolds are (oriented) cobordant if and only if their corresponding Stiefel-Whitney
and Pontryagin numbers are equal [9,[I0]. Since these numbers all vanish for spheres we
deduce that H must have vanishing Stiefel-Whitney and Pontryagin numbers.

It is worth noting that topological censorship requires ¥ to be simply connected [2]11].
However, for dim H > 3 this provides no extra constraint on the topology of H because given
any oriented cobordism there must always exist a simply connected oriented cobordism [12].
In fact for dim H = 3 all the Stiefel-Whitney and Pontryagin numbers trivially vanish for any
‘H, and thus the existence of such cobordisms provides no constraint. However, for dim H > 4
the existence of a cobordism to a sphere does give non-trivial constraints on the topology,
which is different to the positive Yamabe constraint. For example, CP? is positive Yamabe but
has non vanishing Stiefel-Whitney and Pontryagin numbers, whereas T is zero Yamabe type
but has vanishing Stiefel-Whitney and Pontryagin numbers. Therefore for D > 5 the existence
of such cobordisms provides a refinement of allowed horizon topologies for asymptotically flat

LA compact manifold is positive Yamabe type if and only if it admits a positive scalar curvature metric.

2By asymptotically globally AdS we mean the conformal boundary is R x SP~2. We will not consider
asymptotically locally AdS spacetimes, i.e. with conformal boundary R x X for more general X. For black
holes with these asymptotics, H would have to be cobordant to X. Recall that another important case in the
context of AdS/CFT is X = RP~2 in which case the known “black hole” solutions have H = RP~2.



and AdS black holes.

Now, as is well known, finding, and let alone classifying, black hole solutions is a difficult
task. In this paper we are motivated by the question: what horizon topologies are actually
realised by asymptotically flat and globally AdS black hole solutions in D > 58 As we
have discussed above a necessary condition is they are oriented-cobordant to a sphere (or
equivalently have vanishing Stiefel-Whitney and Pontryagin numbers), and, at least in the
asymptotically flat case, positive Yamabe type. But are these conditions sufficient? This is a
fundamental open problem towards the classification of higher dimensional black holes.

Interestingly, for extremal black holes, one can show that the full spacetime Einstein
equations imply the metric induced on H satisfies an equation which depends only on intrinsic
data on H. Thus in a precise sense the Einstein equations on the horizon can be decoupled
and solved separately. This is in fact intimately related to the existence of the so called
near-horizon limit of the full black hole metric [8,13,14]. Therefore, by studying the horizon
equation one can learn about the possible horizon geometries and topologies for H, without
finding the full black hole metric. This is the approach we will take. It is worth emphasising
that this method can allow one to rule out possible black horizon topologies, but not prove
their existence (since given a near-horizon geometry there need not be a corresponding black
hole solution).

To get some insight into what one might expect, consider possible near-horizon geometries
in Einstein-Maxwell theory. The reason for doing this is that it is easy to construct some
simple static examples, i.e. the direct product AdS, x H, where the metric on H is positive
Einstein, with a Maxwell field proportional to the volume form on AdS,. For simplicity
consider D = 6, and thus in this example H is a positive Einstein closed 4-manifold. The
classification problem for such spaces is a famous open problem in differential geometry. Only
a few explicit examples of such Einstein spaces are known [I5]: S* with the round metric,

CP? with the Fubini-Study metric, S? x S? with the standard product metric and CP?#CP?
(i.e. CP? with 1-point blown up) with the Page metric [16] (which is cohomogeneity-1 and

conformally K#hler). Existence of Einstein metrics has been established for CP*#kCP? with
2 <k <R H This provides us with a host of Einstein metrics which can be used to give
near-horizon geometries of exotic horizon topology. Out of this list only S*, S? x S? and
CP?*#CP? are actually cobordant] to S%. However, in view of the uniqueness theorem for
static black holes with an electric field [I7] only the S* case is expected to arise as a limit of a
static asymptotically flat black hole (although note this theorem has only been proved for non-
extremal black holes). Nevertheless, one might expect that rotating black holes (stationary

and non-static case) could have S? x S? or CP?#CP? horizon topologies. This would be
analogous to black rings in D = 5 which must be rotating.

In this paper we construct an infinite family of vacuum (and also Einstein) near-horizon
geometries in D = 2n + 2 > 6 which have non-spherical horizon topology. Spatial sections of
the horizon H are smooth inhomogeneous 2n-dimensional S2-bundles over a compact Kihler-
Einstein manifold K (the Einstein metric on K has positive curvature). Our ansatz is inspired
by the local form of the horizon metric of certain even dimensional extremal Myers-Perry black
holes (which can be written as fibrations over CP" 1), as well as certain Einstein metrics on

3Note that this question is still open for D = 5 black holes.

4The k = 2 case is conformally Kéhler whereas the rest are Kéhler.

5This can been seen from the fact that CP? is the generator of the oriented cobordism group in four
dimensions, which is in fact isomorphic to Z.



complex line bundles over K [18] (which include Page’s metric [16]). For fixed K, our solutions
are parameterised by a continuous parameter L > 0 and an integer m > p which specifies the
topology of H (where p is an integer associated to the Kéahler-Einstein base called the Fano
index). The isometry group of our near-horizon geometries is SO(2,1) x U(1) x G where G
is the isometry group of K. Note that by construction, the local form of our solutions (with
K = CP" ') also contain the near-horizon geometry of the extremal Myers-Perry-(AdS) black
holes (which have H = S?") with all angular momenta equal as a special case.

In D =6 (so n = 2), these solutions give smooth cohomogeneity-1 horizon geometries

for H = S% x S2 (if m is even) and H = CP*#CP? (if m is odd). Note that these horizon

metrics are not the Einstein ones for S? x S? or CP?#CP? discussed above in the context of
static near-horizon geometries in Einstein-Maxwell — in particular our S? x S? metric is not
even a product metric. As discussed above both of these manifolds are cobordant to S* and
are positive Yamabe and therefore candidates as horizons of black holes. Therefore we will
discuss the possibility that there are asymptotically flat or globally AdS vacuum black hole
solutions with such horizon topologies, and that the solution we have is the near-horizon limit
of an extremal black hole of this kind.

In higher dimensions (i.e. n > 2), the new near-horizon geometries we find are all non-
trivial H-bundles over AdS,, with H itself always a non-trivial S?-bundle over any compact
Kéhler-Einstein space. Strikingly, for a fixed Kéhler-Einstein base, the topology of the horizon
(i.e. the S%-bundle over K) is different for each value of the integer m. Therefore, we have an
infinite discrete class of horizon topologies (in contrast to the n = 2 case above). Furthermore,
as we explain later, any S2-bundle over a compact manifold is guaranteed to be cobordant to
a sphere, and any S%bundle over a compact base with positive Ricci curvature must be of
positive Yamabe type. Therefore, all our horizon topologies are cobordant to S*" and positive
Yamabe type, and are thus all consistent with the topological restrictions discussed above for
the horizons of asymptotically flat and globally AdS black holes.

If the Kéahler-Einstein base space K is toric (i.e. admits U(1)"~! isometry) then these
near-horizon geometries have SO(2,1) x U(1)" isometry where n = [(D — 1)/2] is the rank
of SO(D — 1). Interestingly, if one chooses the Kéhler-Einstein space to have no isometries,
we get examples of near-horizon geometries with isometry exactly SO(2,1) x U(1), i.e. just
one rotational isometry U(1) and no more. This is interesting as it has been conjectured
that in view of the higher dimensional version of the rigidity theorem [19,20], there should
be stationary black hole solutions with R x U(1) symmetry [8]. Therefore we will discuss the
interesting possibility that our near-horizon geometries are near-horizon limits of extremal
black holes with this minimal amount of rotational symmetry.

It is worth emphasising that our solutions possess no more abelian rotational symmetry
than is allowed for asymptotically flat or globally AdS spacetimes: U(1)(P=DI/2 (and this is
saturated when K is toric). Indeed this was the motivation for focusing on the class of near-
horizon geometries considered in this paper. However, they do not constitute the most general
possibility with U(1)(P=1/2 rotational symmetry. Indeed the classification of near-horizon
geometries with U(1)I(P=D/2 symmetry is an interesting open problem out of reach with
current methods. However, when the Kéahler-Einstein space is chosen to be homogeneous
our near-horizon geometries are cohomogeneity-1. It is then plausible (at least for K =

6The minimal dimension for such near-horizon geometries is 8 (i.e. n = 3 so dim K = 4). Explicit examples
for dim K = 4 are given by the del Pezzo surfaces dP;, for 4 < k < 8, i.e. CP? with k points blown up in
general positions.



CP"!) that our solutions are the most general cohomogeneity-1 near-horizon geometries
with a maximal abelian isometry group U(1)(P=1/2 although we have not proved this.

The analogous classification problem in D = 4 [21H23] and D = 5 [23] has been solved (in-
cluding a Maxwell field and a cosmological constant in D = 4 [22124]) — i.e. the classification
of near-horizon geometries with U(1) and U(1)? rotational symmetry respectively. Crucially,
these near-horizon classifications have been used recently to prove uniqueness theorems for
extremal Kerr [25H27] and Kerr-Newman [25,27] as well as a D = 5 generalisation [26]. For
D > 5 there is another possible generalisation of these 4d and 5d problems. That is, the
classification of near-horizon geometries with U(1)”~3 rotational symmetry. This has also
been solved [28], however it is worth emphasising that for D > 5 such near-horizon geome-
tries cannot be near-horizon limits of asymptotically flat black holes since they have too
many commuting rotational isometries — instead they would arise as near-horizon limits of
Kaluza-Klein (KK) black holes which are uniform in the KK direction.

The organisation of this paper is as follows. In Section 2 we present the simplest example
of our solutions, a Ricci-flat near-horizon geometry in six dimensions with horizon topology
either S? x S% or (CIPQ#@2. This short summary is intended for readers who wish to avoid our
analysis in detail. Section 3 presents the derivation of our new near-horizon solutions. The
global analysis of the resulting horizon geometries is given in Section 4. Section 5 presents
a derivation of the physical properties of these solutions. Finally, in Section 6 we gather
the preceding results and consider the possibility that these near-horizon geometries extend
to extremal, asymptotically flat or asymptotically globally AdS black hole solutions. We
conclude with a Discussion. Some useful technical results are collected in the Appendices.

2 Summary of six dimensional Ricci flat near-horizon
geometry

In this section we will summarise the six dimensional Ricci flat near-horizon geometry we have
found. We have also constructed analogous solutions with a negative cosmological constant
and also in any even dimension. However, the Ricci flat six dimensional case is the simplest
and thus a good example to illustrate our more general class of solutions. We will not give
any derivations in this section, however we will make the presentation self-contained. In
the subsequent sections we will provide complete derivations of the general class in all even
dimensions including a cosmological constant.
The D = 6 vacuum solution takes the explicit form

2 2 r? o
ds” = (& + x7) —ﬁdv + 2dvdr +

L3(1 — 2?)dz?
(4 — m?a?) (€n — 3%)
(4= m2a?) (& — 225

il R T gy

where

4 (3—-2
&m=3 (44—:7’;2) 2)

where L > 0 and m > 2 is an integer. The coordinate ranges are —2/m < z < 2/m,
0<0< 7 ¢~ ¢+2r/m, x ~ x+ 27 and (v,r) can take any value (the horizon is at r = 0).

6

(1)

2
) <d¢ + % cos Odx + 2\/£mrdv) - i(l — 2%)(d6® + sin® Odx?)



Cross sections of the horizon H, are homeomorphic to S? x S? if m is even or CIP’z#@z if m
is odd. Note that the only other way the local form of the horizon metric can be extended to
a smooth metric on a compact manifold is if m = 2 and ¢ ~ ¢ + 27, which gives H = S* and
corresponds to the near-horizon limit of extremal 6d Myers-Perry with all angular momenta
equal.

The area and Komar angular momentum, defined with respect to the rotational Killing
field m~'dy (since this has orbits with canonical period 27), are:

Ay = L (3 _ i) 3)

3m? m2
mL* V&, 4
J—i§57;(“hﬁ) (4)
and therefore
A(H) = 4G mr/&n| | - (5)

It is interesting to compare, for fixed J, the area of the new horizons H to the spherical
topology case (79). This can be expressed as

A B = 2my | S (©)

and therefore

A(H)
2 < < 2V3 7
A5 V3 (7)
where the inequalities follow from the fact that (@) is a monototically increasing function of
m and m > 2.
In section [6] we discuss the possibility that such near-horizon geometries arise as near-
horizon limits of yet to be found asymptotically flat extremal black hole solutions.

3 Construction of near-horizon geometries

3.1 Near-horizon equations

We will assume that the event horizon of a stationary extremal black hole solution must be
a Killing horizon of a Killing vector field V. In a neighbourhood of such a Killing horizon
we can always introduce Gaussian null coordinates [20] (v,r, %) such that V = 9/0dv, the
horizon is at » = 0 and z* are coordinates on a spatial section of the horizon H (which of
course is D — 2 dimensional). We will assume that # is an oriented compact manifold without
boundary. Near the extremal Killing horizon, the space-time metric in these coordinates reads

ds® = r*F(r,z)dv* 4 2dvdr + 2rh s (r, ©)dvde® + yap(r, )drdz? . (8)

The near-horizon limit [§,[14] is obtained by taking the limit v — v/e, r — er and € — 0.
The resulting metric is

ds* = r2F(z)dv* + 2dvdr + 2rha(z)dvdz® + yap(z)dz*da? (9)



where I ha,vap are a function, a one-form, and a Riemannian metric respectively, defined
on H.

In this paper we will be interested in finding near-horizon geometry solutions to Einstein’s
vacuum equations R, = Ag,,. We will be mainly focused on A < 0. One can prove (see e.g.
[23]) that these spacetime equations for a near-horizon geometry are in fact equivalent to the
following set of equations on H:

1
Rap = §hAhB — Vahp) + Avap (10)
with the function F' determined by

F= %hAhA— %VAhAJrA, (11)
where R g and V are the Ricci tensor and the covariant derivative of the metric v45. In
particular, (I0) is the AB component of the Einstein equations, (1) is the vr component, all
written covariantly on H. It can be shown that the rest of the Einstein equations are satisfied
as a consequence of the above set of equations.

Before moving on we note that static near-horizon geometries of this kind (which are
equivalent to dh = 0) have been classified in [I3]. It was found that for A < 0 the only
solution is F' = A, hy = 0 and Rag = Ayap. In this paper we will focus on the non-static
case.

3.2 A class of near-horizon geometries in even dimensions

We will consider (2n + 2)-dimensional near-horizon geometries (so dim H = 2n) of the form

vapdridz® = L [A(p)*gudz*dz® + dp* + B(p)*(d¢ + 0)?] (12)
hadz® = T(p)~'[k(p)B(p)*(dg + o) — T"(p)dp] (13)

where G is a (2n — 2)-dimensional Kéhler-Einstein metric on a base manifold K, normalised
to Rup = 2ngap, with Kéhler form J = %da and 7% some set of coordinates on K. As we will
see later, compactness of H requires the coordinates p € [p1, p2], @ ~ ¢ + A¢ and that K be
compact. The constant L is taken to have dimensions of length and is introduced for later
convenience. The isometry group of y4p is G x U(1) where G is the isometry group of g,
and the U(1) is generated by the Killing field 9/0¢. The 1-form h is chosen to respect the
G x U(1) symmetry too, so the total near-horizon geometry also has this symmetry. In this
parameterisation there is a scaling freedom,

(p, A, B,k,L) — (sp,sA,sB,s %k,s L) (14)

where s # 0 is a constant, which leaves the near-horizon data invariant.

Let us explain our motivation for studying this class of near-horizon geometries. One
reason comes from choosing the base space K to be a homogeneous space. Then our ansatz is
in fact the most general horizon geometry with G x U(1) isometry group whose principle orbits
are U(1) bundles over a homogeneous base K (even if K is not Kéhler-Einstein). The (p, ¢) are
coordinates valid on the principal orbits. Furthermore in this case h is also the most general
1-form invariant under G x U(1) provided there is a unique — up to homothety — homogeneous



Einstein metric on K [29] (in the K&hler case there is in fact a unique homogeneous Kéhler-
Einstein metric [15]). Note that if K is homogeneous both the horizon and near-horizon
geometries are cohomogeneity-1.

The case of most interest to us when K is homogeneous is K = CP"!, which has a unique
Kahler-Einstein metric gq, given by the Fubini-Study metric. This is indeed a homogeneous
metric on CP" ! with G = SU(n), in which case the isometry group of the horizon geometry
is SU(n) x U(1) with cohomogeneity-1 orbits. This class of near-horizon geometries includes
those of the extremal Myers-Perry black holes with all angular momenta equal [29]. If instead
we choose other Kahler-Einstein spaces K with less symmetry these metrics are no longer
cohomogeneity-1 — we will also be interested in this possibility (although then the above
is not necessarily the most general near-horizon geometry with such symmetries). Another
important point is that if K is toric (i.e. has U(1)"~! symmetry) then the maximal abelian
subgroup of G' x U(1) is U(1)(P=YI/2 which is the maximal abelian subgroup of the rotation
group SO(D — 1) for asymptotically flat or globally AdS spacetimes.

We will now turn to solving equation ([I0). It is convenient to introduce a set of vielbeing1]
e? for the metric y45:

e? = Ldp, e = LAe", e = LB(d¢ + o) (15)

where a = 1,---2n —2 and é” are vielbeins for g = e*¢®. The Ricci tensor of (I2) in this basis
is diagonal with

1 2(n—1)A" B”
= — S 1
R =3z |-2PE - E (16
1 B” B?> A'B
Rop_19n-1 = 12 {_f +2(n—1) (ﬁ T AB )] (17)
2n A" (2n—3)A% 2B* A'B'] 0u
w=|-=—-— — — — — . 1
By [A2 A A? AT AB | L2 (18)
Details of the calculation are given in Appendix [AJl The source term Syp = %h Ahp —
V(ahpy + Ayap in the vielbein basis reads
1 Iw F/2 1 k2B2 B/Iv
Sp=—|—=— A Son—12n—1 = — A,
0 L2(F 2r2)+ ’ Znotan=d L2(2F2+BF)+
BE VA 6,4
SO2n—1 = _L2F Sab = TA ﬁ + A(Sab . (19)

It immediately follows that the 02n — 1 component of equation ([I0) implies k(p) = K a
constant. We will assume x # 0, otherwise the near-horizon geometry is static.

For solving the rest of the equations it is convenient to define a new coordinate = by
2'(p) = B(p). Note that the coordinate is valid wherever B # 0 (which occurs on the
principal orbits), and is defined up to the scaling freedom z — s?z (inherited from (I4))), as
well as * — —z and * — x + const. We will use these to simplify the solution. For later
reference it is worth noting that (dz)? = B?*/L?. From now on we will be treating everything
as a function of z and will denote d/dz = .

"To avoid a proliferation of indices we will use the same symbols for coordinate and vielbein indices.



Firstly, if one subtracts the 2n—1 2n—1 component of equation ([I0)) from the 0 0 component
of equation ([0 one gets

20—=1) ( , 1\ 1 I

We will determine the most general solution for which the left and right sides of the above
equation vanish separately. It is not obvious that there must be solutions of this form, but
as we shall see there are; it is also not necessarily the case that all solutions must be of
this form [ Tt is a guess inspired by the form of 4d near-horizon geometries [23,24] and even
dimensional inhomogeneous Einstein spaces [I8]. Therefore we should emphasise that we have
not necessarily classified all solutions of the form (I2)) and (I3).

Setting the RHS of (20)) to zero gives an equation for I' which is identical to that which
occurs for 4d near-horizon geometries [23]24]. Its general solution is

2 2
K Bz — )
MNz)=—+——"=-— 21
@="%+=5 (21)
where § > 0 and z are integration constants. For later convenience we will introduce a
positive constant £ > 0 defined by

2
2 _ ¢
o= (22)
in terms of which 5
[(z) = Z€+ (v —20)] (23)
Setting the LHS of (20) to zero gives
A"+ AP =0, (24)

which in fact has two different families of solutions. Notice that (24]) implies A is a non-
constant function, a fact we will use below. We have thus determined the functions I'(z), A(x).
Before solving for A explicitly, we will now use (24]) to simplify the other field equations.

It is clear now that the ab component of (I0)) is a first order equation for the remaining
function B. In fact it is convenient to introduce the function

P(z) = BT 42D (25)

Then the ab component of ([I0) can be simplified, using (24]), resulting in

(26)

d [ P\ TAMD(2n—)A?%)
de \ AA" | — A2A”

where A = AL? is dimensionless.

8In fact, in the A = 0 case, it is easy to show there are solutions not in this class, e.g. there is a solution
B? =nA? and T = |k|A%/(2y/n — 1) where A is constant. If K = CP"~! this is the near-horizon geometry of
the direct product of an odd dimensional extremal Myers-Perry black hole with all angular momenta equal,
and a line.
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It is now sufficient to impose one other component of the field equations, say the 00
component. We find that the 00 component of (I0) is (without using (24]))

/ . / 5 o " _ 12 2 ~
P (E n M) Py (2(" DA" 20— DAT ?) P = —2\T A2 | (27)

I A A A?

Using (24) this can be rewritten as

1 d| ,,0d( P I 2(n—1)A ,d [ P
i | (AA’) (r )M a \am
AA/F// ]_ /2 ! p o 2(n_1)
+[ . +(E—A>F}AA,——2AFA . (28)

Now, substituting (26]) into (28]) results in many cancellations, and simplifies to

" 1 1 12 /
F+AA’<A2 A)F—O. (29)
To summarise, we have shown that if we impose the ansatz (24]), then the field equations are
equivalent to solving (20), (29) with (23]). Thus, this system of equations is overdetermined
and it is not obvious there exist solutions. In fact as shall now see, one class of solutions to
(24) leads to a full solution for this system.

First note that (24) implies A’ > _ A2 = const. In fact this constant must be nonzero,
otherwise equation (29) implies I'" = 0 which is inconsistent with (23]). Therefore we can
write A — A2 = —ea~! for some constant o > 0 and ¢ = =+1. Integratingﬁ one gets
A% = ¢(a — a'2?) where we have used the translation freedom in the definition of x to fix
the integration constant. Furthermore, using the scaling freedom (I4]) (with s = y/«) the

solution can be written as
A% =¢(1 —27) . (30)

Now, the equation (29), using ([23) and (B0), is satisfied if and only if 2o = 0. Therefore I" is
simply
g(g +a7) . (31)

Finally, substituting (30) and (31I) into (26]) gives

I =

d (P(x)\ _ £+ 22)(1 — 22" (1 — 22) — 2n)] (32)
dz T B 2
where for convenience we have defined
P(z) =487'"P() . (33)

To summarise, we have found a solution to the near-horizon equations (I0) of the form (I2))
and (I3)), with A% and T given by ([B0) and (BI) respectively, and B? determined up to a first
order ODE for P (32) where P is defined by (33) and (25).

9Note that the other solution A2 = e to the first order equation A% — A=2 = —ea! does not solve the
original second order equation A” + A=3 = 0 and thus must be discarded.
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To integrate the ODE for P(x) (B2) explicitly it is convenient to define the polynomial

Qn(u,§) = Z”Cl [%} (—1)k! (34)
1=0

which satisfies

d (Qu(z*¢) (€+22)(1 —a*)"!
dx ( x T 2 . )
It is worth noting for later reference that
n—1)/m a4l —n+l
Qulat,€) = G [aCl P o) + 60 o) (36)
2

where C\ () are the Gegenbauer polynomials. It then follows that the general solution to

B2) is:
P(z) = 2nQn (2%, &) — eAQni1 (22,€) + e (37)

where ¢ is an integration constant. This explicit expression will be useful for later analysis.

We have thus determined the horizon data yap,h4 in the coordinate system (z, ¢, zZ%).
We may now evaluate the remaining near-horizon data, namely the function F' given by ().
Using the explicit form of A(x) and I'(x), together with (32]) (i.e. we do not need the explicit
expression for P(x)) we find it can be written as:

A(] HzB2
=220
T + 7212 (38)
for a constant Ay given by
__enp 2B\ _ B
Ay = 2L2+A<ﬁ+4)_4L2[ 2ne + A1+ ¢)] (39)

where in the second equality we have used (22]). The significance of this particular form for F’
is revealed by changing the radial variable in the full near-horizon geometry to » — I'r which
allows one to write it as

2

2
ds? = T(a)[Agr2dv? + 2dvdr] + L2 | A(2)25udz*dz’ + —— + B(x)? <d¢ too ”dv) ]

B(x)? L?

(40)
This form of the near-horizon geometry has manifest SO(2,1) x G x U(1) symmetry as
guaranteed by the theorem proved in [29]. For our solution we have

_B
4

eP(x)
(1 —a2?)" (€ +2?)

with Ay given by ([B9),  given by 22 and P(x) by (B7). This solution has the scaling
symmetry (3,v) — (KB, K~'v) where K > 0. This allows one to set the constant (3 to
any desired value (i.e. it is a redundant parameter). It is worth pointing out that if one
analytically continues the AdS, — S? we have an Einstein metric which falls in the general
class derived in [30,31].

P(x)=—2(+2%), A@@)?=e¢l-2%), Bl)= (41)
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3.2.1 Summary of solutions

We have derived a set of near-horizon geometries of the form (9, and satisfying R,, = Ag,.
in D = 2n + 2 dimensions for n > 2, given by

A3 B c 2 (f + 1’2)(1 — 1’2)n_1d;1;'2 P(ZL’) 0. )
Yapdx®dx® = €L P I (do + o)
+(1 - x2)§abdjadjb] (42)
i_ L 2/EP) N
hAd.fL’ = :l:(g—l—l‘2)2(1 _1.2)71—1 (d¢+ ) §+x2d (43)
_ 2ne+ A1+€) 46 P(z)
T L6+ 2?) L2(1 — 22)n1(€ + 22)3 (44)

where P(z) is a polynomial given by ([B7) and A = AL?. The metric gy, is any (2n — 2)-
dimensional K#hler-Einstein metric such that R,, = 2ngq and J = do /2 is the Kéhler form.
For fixed choice of the Kéahler-Einstein structure (g, J), the solution is parameterised by
the constants (£, ¢, L) where £, L > 0, c¢ is the integration constant occurring in P(z) and
e = £1. Note that the parameter 5 has cancelled from the solutions as it is redundant (see
above). Therefore this constitutes a three parameter family of metrics. It is worth noting
that although they are valid for n > 2, if one sets n = 1 and formally g,, = 0, 0 = 0, then
the solution is locally isometric to the near-horizon limit of extremal Kerr-NUT-(AdS,) [23].
These solutions may thus be regarded as a generalisation to all even dimensions. It is worth
pointing out that these solutions are valid for any A.

4 Global analysis of horizon geometries

In this section we will derive the conditions necessary for extending our local horizon metric
to a complete Riemannian metric on a compact smooth manifold H with no boundary (i.e. a
cross section of the horizon). We will only analyse the case A < 0. First note that since we
require 45 to be a positive definite metric we must have A% > 0 (with a possible equality
only at isolated points) and therefore either ¢ = 1 and 22> < 1 or ¢ = —1 with z*> > 1. For
e = +1 we must have P(z) > 0, whereas for ¢ = —1 we must have (—1)"P(x) > 0, in other
words €"P(z) > 0.

We first consider potential singularities in the metric as one varies x. Inspecting the
metric we see that these can only occur at © = £1, x = £o0o or the roots of P(x). Following
the terminology of [I§] we refer to these points as endpoints. A complete manifold requires
r1 < x < x9 where 1 < x5 are two adjacent endpoints and that the singularities at these
endpoints are removable by coordinate transformations. Compactness further requires that
x1, Ty are finite endpoints (i.e the metric distance between points in 27 < = < x5 and the
endpoints is finite). This leaves a number of possibilities: the endpoints can be either at +1
or at simple zeros of P(x). Note that regularity of the metric requires that if either x; or xs
are equal to +1 then P(z) must also vanish at these points (otherwise, for example, the norm
of 9/0¢ diverges at these endpoints). Therefore in all cases we must have x; < x < x9 with
P(z1) = P(z3) = 0 and €"P(z) > 0 for ; < x < 9. Note that this implies €"P’(z;) > 0 and
€"P'(z5) < 0. For later use it is convenient to note the identity

E+22)(1 — 22)" He(1 — 2?) — 2n]

i

Pl(a) = | (45)

X
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which can be derived using and P(z;) = 0. It is worth noting that necessarily x; # 0,
since all roots of P are non-zera™Y.
The possibilities for the endpoints are listed in the following table:

Case | 1T | Ila IIb IIla | IIIb | IV Va Vb
T 1] -1 ]>-1|<-1 1 >—-1>1|<-1
To 1 | <1 1 -1 >1| <1 |>1|<-1

Table 1: Endpoints

Note that in case Ila (case IIb), the inequality xo < 1 (21 > —1) follows by the assumptions
that o # 1 (21 # 1) and x5 (71) is an adjacent endpoint to —1 (1). Also note that case Ila
and IIb, case Illa and IIIb, and case Va and Vb, can be mapped into each other using the
freedom in the definition of x — —x. Therefore without loss of generality we refer to these
cases as II, III, V respectively, and we need only consider the five cases I-V.

In fact, case Il and V cannot occur. This is easy to see as follows. Simply note that in both
cases € = —1 and thus without loss of generality one has a root 25 > 1 such that sgn P'(x9) =
(—=1)"*! (i.e. case IIIb and case Va). However equation (A5 implies sgn P'(x5) = (—1)" and
therefore we have a contradiction. In Appendix [C] we show case II cannot be made smooth
with compact topology. This leaves case I and case IV, and as we will show these can be
made smooth with compact topology, and end up homeomorphic to S** and S?-bundles over
compact Kahler-Einstein manifolds K, respectively.

Before moving on we note that the horizon metric has conical singularities at the roots z;
of P(x) as long as x2? # 1. Removal of the conical singularity at z = z; is equivalent to

En—l(]_ _ I?)n—l

| P ()]

X

=14
m Xe(1—z2) —2n

A¢ = dm (& + 27) (46)

where the second equality follows from the identity (45).

4.1 Inhomogeneous S*"

In this section we analyse case I listed in table 1. Note that since in this case —1 < x < 1
we must have e = 1. From the explicit expression for P(z) given in equation (B1) we see that
P(1) = 0 = P(—1) implies ¢ = 0 and therefore P(z) is an even function. The constraint
P(1) = 0 now provides one linear equation for the parameter £. One can solve this by
performing the various binomial sums involved, to get an explicit value for £ given by

2n+1— X
S TSI T S Y (47)
Substituting this value back into P(z) and simplifying gives, after some Work
A1 —2?%)
_ 2 \n -
P(z)=(1—2%)" |1+, ol (48)

19T his follows from the fact that P(0) = (2n — Ae)¢. For € = 1 we see that P(0) > 0. For e = —1 we see
that P(0) # 0 unless A = —2n, and thus for simplicity we assume X # —2n.
HTn fact it is easier to go back and solve ([B2).
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It is worth noting that for A = 0 we have & =1
to obtain using the identity Q,(u,1/(2n —1)) = (
gives the following horizon metric

/(2n — 1), and the solution is much easier
1 —wu)"/(2n — 1). Putting all this together

2 7.2 (1—2?) [1+& — )‘(ln_xQ)
Yapdztda® = L? & ) )] T [ 2 ik (dp+0)?
(1 —2?) [1+£*_ 2nt1 } S
+(1 — 2%)gapdz*dz’] (49)

where &, is given by ([47]).
The above metric is smooth and invertible for —1 < x < 1. We must now check regularity
at © = £1. Set & = (1 — n?) and expanding for small 7 one gets

Yapdartda® = 207 [dn® + n*((d¢ + 0)? + Gupdz*dz’)] + . .. (50)

where ... signify terms higher order in the 1 expansion. Smoothness at n = 0 requires that
A¢ = 27 and that § be the Fubini-Study metric on K = CP""!. The horizon metric then
looks like the origin of R?"” near « = £1. The horizon topology in this case is then H = S?".

To summarise, this case gives a 1-parameter (given by L) family of inhomogeneous horizon
geometries on H = S?". In fact these near-horizon geometries are isometric to the near-horizon
limits of the extremal Myers-Perry-(AdS) in 2n+2 dimensions with all angular momenta equal.
For A = 0 these near-horizon limits were calculated in [29] and it is easy to check that they
are the same by setting z = cos# and

2 2na?
S 2n—1

(51)

It can be checked that our solution for A < 0 is isometric to the near-horizon geometry of
extremal Myers-Perry-AdS in 2n + 2 dimensions with all angular momenta equal, although
we will not give the details here.

4.2 Inhomogeneous S? bundles over Kihler-Einstein spaces

In this section we analyse case IV listed in table 1. This corresponds to the generic case when
the endpoints are —1 < x; < 7o < 1 and thus € = 1. This implies that A? = (1 — 2?) > 0
for all z; <z < 9 and P(z) > 0 for x; < x < 5. It follows that we must have P’'(z;) > 0
and P’'(z3) < 0. The horizon metric is thus smooth and invertible for z; < z < x9 with
potential conical singularities at = = z1,x2. From (@) we see that simultaneous removal of
these singularities implies

AMl—=a})—2n  A1—2a3)—2n
1 a L2 '

(52)

For A = 0 this immediately implies that ; = —x5. For A < 0 notice that f(z) = [A(1—2?) —
2n]/x is a monotonically increasing function for all z > 0. Therefore the regularity condition
f(xe) = —f(x1) implies 1 = —z5. From the form of P(x) the condition z; = —x5 implies
¢ = 0. The period of ¢ is given by (46]) and is simply

47'('(132

2n — A1 —22)

Ap = (53)
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This means that for a fixed point on the base K the (z, ¢) part of the metric is smooth and
of S? topology. Compactness of H then clearly requires K to be compact.

So far we have only considered regularity of the horizon metrics when one varies z. In this
case (in contrast to the other cases considered) we have not constrained the Kéhler-Einstein
space (K, J,g). We must also impose that d¢ + o is independent of the coordinate chart on
K used. This implies that fc 2J over any 2-cycle C' in K must be an integer multiple of
A¢, and hence fo 2J and fC, 2J for any two 2-cycles C,C" must be rationally related. This
constraint is automatically satisfied for Kahler-Einstein manifolds since the first Chern class
of its tangent bundle, which is an integral class, is given by ¢, (K) = [p/27] = (n/27)[2J]] (p
is the Ricci form of g). Let p be the Fano index of the Ké&hler-Einstein base K, which by
definition is the largest positive integer such that p~lc;(K) is an integral class. Now consider
a set of 2-cycles ¥; C K which form a representative basis of the free part of Hy(K,Z). It
follows that

/ ) =g (54)

for a set of integers n; € Z such that ged(n;) = 1; note that without loss of generality we can
always take n; to be non-negative. It follows that

2
/ 2] = n;—L (55)
oo n
and thus for any integral 2-cycle C' = ZZ ¢;22; we have
27p _ 2mp
2J| = | —— =2 —— 56
[ =[Sm0 5 (59

where the last equality follows from the fact one can always find integers ¢; such that ) . ¢;n; =
17 Tt follows that the minimum absolute value of fc 2J over all possible 2-cycles is then
simply 27wp/n. Therefore the period of ¢ must satisfy

mAG — ? (57)

for some positive integer m. In fact for any compact Kéahler-Einstein manifold p < n with
equality if and only if K = CP" '
Equating the two expressions (53) and (57)) for A¢ thus gives the following quantisation

condition o A 2)]
plén — — T
- . 58
" 2nxy (58)

Note that this is particularly simple for A = 0 which gives z5 = p/m.

The existence of smooth metrics in this case thus boils down to proving that the (even)
polynomial P(z) = 2nQ,(2%,€) — AQn11(2?,€) must have a smallest positive root x5 < 1,
such that z, satisfies (58)) for some integer m. If this can be achieved then the horizon metric
is a smooth inhomogeneous metric on a compact manifold which is a fibre bundle (possibly
trivial) over K with S? fibre.

To prove the existence of x5 first note the identities:

_nlVERn 1= N(E - )
I'(n+ %)

P(0) = (2n — \)¢, P(1) (59)

12This is a basic generalisation of a number theory result called Bézout’s identity.
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where &, is given by ([@0). For A < 0 it is clear that P(0) > 0. Furthermore if £ < &, then
P(1) < 0. It follows that, for A < 0, if £ < &, then there must exist a root zy of P(z) in the
interval 0 < x < 1. It remains to show that x( is the smallest positive root, i.e. P(z) > 0
for —zy < x < x¢, so that x9 = xy. Fortunately this is easy to prove. Suppose that z( is
not the smallest positive root. It follows that there must exist a root x_ < xy < 1 such
that P'(x_) > 0. However from the identity (45) we see that any root 0 < x; < 1 must
have P'(z;) < 0. This is a contradiction and hence zy must be the smallest positive root
as required. Therefore we have proved that a sufficient condition for the existence of x5 is
& < &. We can also prove the condition £ < &, is necessary as follows. First note that £ = &,
was analysed earlier and has x5 = 1 and thus we discard in this case. Now assume & > &, so
that P(1) > 0. Therefore, either P(x) > 0 for all 0 < x < 1 or there exists a root 0 < z_ < 1
such that P’'(x_) > 0. As argued above this is a contradiction and therefore we have shown
that if £ > &, then P(z) > 0 for all 0 < 2 < 1, i.e. 25 does not exist. To summarise, in the
A < 0 case we have shown that a root 0 < 25 < 1, such that P(x) > 0 for 2% < 22, exists if
and only if £ < &,.

Finally it remains to show that the quantisation condition (58] can always be satisfied for
some positive integer m. This can be established as follows. First note that for A < 0 the
function [2n — A(1 — 2?)]/z is monotonically decreasing, and takes the value +oo at x = 0
and 2n at x = 1. Therefore (G8)) has solutions if and only if m is any integer satisfying

m>p. (60)

It is worth noting that one can solve (B8] explicitly for zo = zo(m, p) (e.g. for A = 0 it is just
= p/m) which in turn gives £ = £(m, p) via the identity,

__n[en e - ek 1)

_n+ —n—4x
Cop_s ($2) - T/\chn ? (22)

which follows from P(xs) = 0 and (36).

In summary, we have smooth horizon metrics which are S2-bundles over a compact Kéhler-
Einstein space K if and only if £ < £, and (B8] are satisfied. For a given base K (which gives
p), these metrics are parameterised by one continuous parameter L > 0 and an integer m

satisfying the bound (60]).

4.2.1 The topology of H

The topology of our bundles depends on the integers m,p and thus we will refer to these
horizons by H,,,. In Appendix [B] we derive some of the basic invariants of these spaces,
which we summarise at the end of this section. Recall though that the two topological
restrictions we are interested in are: is H,,, cobordant to S?"? Is H,,, positive Yamabe
type? Fortunately these are easy to deal with as follows.

First, observe that any S2-bundle over an oriented compact manifold is oriented cobordant
to a sphere. This can be seen as follows. Let S? — H — K be any S?-bundle over a compact
manifold K, with dim H = N. The structure group of such bundles is SO(3). One can
construct an associated ball bundle over K. That is, one replaces the fibres S? with the 3-ball
B3 (so B3 = S?) and then constructs the associated bundle using the same SO(3) transition
functions acting on By C R3. Call this new N + 1 dimensional (oriented) manifold X so that
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by construction X = H. It is then clear that a (oriented) cobordism between H and SV
exists. One simply cuts a sufficiently small (N + 1)-ball By, from the interior of X so that
the remaining manifold has boundaries H and S% as required. Explicitly, the cobordism is
given by 3 = X\ By41. Therefore we immediately deduce that our H,, , are always (oriented)
cobordant to S?" for any m > p and n > 2.

Next, observe that any S?-bundle over a compact manifold K, such that the base admits a
positive Ricci curvature metric, must also admit a positive Ricci curvature metric [32]. Since
by assumption our K is compact and Einstein with positive scalar curvature, we immediately
deduce that our H,,, must admit a positive Ricci curvature metric. It follows that H,,, are
all of positive Yamabe type for any m > p and n > 2.

Summary of topology: ~ We will now summarise the key topological properties of the 2n-
dimensional manifolds H,,, where m, p are positive integers such that m > p.

e For n = 2 it is either homeomorphic to the trivial bundle S* x S? (if m even) or the

non-trivial S2-bundle over S? which is CP?#CP? (if m is odd). For n > 3 it is always
a non-trivial S2-bundle over a compact positive Kihler-Einstein manifold K where p is
its Fano index; furthermore different m give different topologies.

e They are simply connected for all n > 2.

e They are spin if and only if m + p is even, for all n > 2.

e The Euler characteristic is 2y (K) for any n > 2 and all m.

e They are oriented cobordant to S?" for all n > 2 and all m.

e They are positive Yamabe type for all n > 2 and all m.
The derivation of the n = 2 case is discussed in the next section and the rest are discussed in
detail in Appendix [Bl

4.2.2 Four dimensional horizons: S? x S? and CIPQ#@z

In this section we consider the n = 2 case explicitly. We note that the only Kahler-Einstein
space in this case is S? with (note the normalisations)

cos
2

Gupdz0dz’ = i [d6” + sin® Bdx*] o= dy (62)
and x ~ x + 27. Since there is only one 2-cycle, S? itself, the invariant [, 2J = 27, ie.
p = 2. Therefore, for every integer m > 2 we have an explicit smooth inhomogeneous metric
on S? bundles over S%. As is well known [33], up to homeomorphism, there are only two types
of S2-bundles over S? since they are classified by m(SO(3)) = Z,. One is the trivial bundle
S? x S? and the other is a non-trivial bundle which has the same topology as CP*#CP?. In
our case these arise depending on whether m is even or odd respectively. This fact can be
deduced from our analysis as follows (see [34] for a simple argument). Since p = 2 we note
that H,,2 is spin if and only if m is even. Since S? x S? is spin and CP?4#CP? is not spin, it
immediately follows that m even corresponds to the former and m odd to the latter.
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It is worth pointing out that the A = 0 solution is particularly simple. Then

Plz) %:::4 A — 1)2% 4 4e . (63)

The existence of a positive root 23 < 1 occurs if and only if £ < 1/3 and explicitly is given by

s _ 3 S
x2—§[1—£— (1-¢) —;] : (64)

Since we must have £ > 0 we see that 0 < 23 < 1 is uniquely parameterised by 0 < £ < 1/3
(the function z2(§) is a monotonically increasing function on the domain [0, 1/3] with range
[0,1]). The quantisation condition is simply zo = %, which allows one to give a simple explicit

expression for &:
4 (3—-=%
t=6n=3(153) (65)

where recall the integer m > 2. Note that in this parameterisation, the quartic (G3)) is simply:

422

Plo) = (4= ) (60— 1) (66)

3m?2

In section 2] we give the explicit form of the full near-horizon geometry in this simple case.

4.2.3 Examples in all even dimensions

We now discuss some interesting examples in dimensions n > 2.

K=CpP" "

Here we consider the Kihler base to be K = CP"! which has a unique Einstein metric given

by the Fubini-Study metric, and this has p = n. It is a homogeneous metric with SU(n)

isometry. Therefore, the horizon and near-horizon geometries are both cohomogeneity-1. The

resultant near-horizon geometries then posses an isometry group SO(2,1) x SU(n) x U(1).
This class is the natural generalisation of the n = 2 case. Recall that for n = 2 we showed

H is homeomorphic to the trivial bundle S% x S? (if m is even) or the non-trivial bundle

CP*#CP? (if m is odd). However, for n > 3 the possible topologies of our solutions are very
different to the n = 2 case, despite the similarly of the local forms of the metric. In particular
our H,,, is never homeomorphic to the trivial bundle or CP"#CP". To see this observe that
for n > 3, different m must give different topologies (as we show in the Appendix [Bl), and
m =0 and m = 1 correspond to the trivial bundle and CP"#CP" respectively [18]. However
regularity of our bundles requires m > n, and thus these two topologies are immediately ruled
out as claimed.

dimH = 6:

This corresponds to the case n = 3, which corresponds to D = 8 dimensional near-horizon
geometries. The Kahler-Einstein space K in this case is 4 dimensional and spatial sections
of the horizon are six dimensional S2-bundles over K. In fact, all Kihler-Einstein metrics
on complex 2-manifolds (K, J) with positive curvature have been classified [35]. These occur

exactly on CP?, CP' x CP', or the del Pezzo surfaces dP, = CPz#k@ for 3 <k <8 (ie.
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CP? blown up at k points in a general position), and the Kéhler-Einstein metric is uniquely
determined by (K, .J). Each of these provides us with a near-horizon geometry of the form
derived earlier.

Let us now consider the isometry groups of these Kéhler-Einstein metrics. In fact CP?,
CP' x CP' and dP; are all toric manifolds (i.e. admit an effective U(1)?-action), and their
associated Kihler-Einstein metricdd must be invariant under U (1)2. Further, the CP* and
CP' x CP' cases have enhanced symmetry of SU(3) and SU(2)? respectively. Recall our
corresponding near-horizon geometries have isometry groups SO(2,1) x U(1) x G where G is
the isometry group of K, and thus the cases CP? and CP' x CP' are both cohomogeneity-1.
On the other hand, dP, for 4 < k < 8 are not toric manifolds and their Kahler-Einstein met-
rics generically have no continuous isometries. Therefore, choosing K = dP, for 4 < k < 8
gives us examples of near-horizon geometries with only U(1) rotational isometry, or in total
SO(2,1) x U(1). Interestingly, for k& > 5 these solutions possess 2k — 8 extra continuous
parameters, corresponding to the complex structure moduli of dPy (these correspond to the
positions of the k& blow up points).

dimH > 8:
This corresponds to n > 3 and is qualitatively similar to the n = 3 case just described,
although there is no analogous classification of possible compact positive curvature Kahler-
Einstein manifolds available yet. We can give some explicit examples though.

If we choose the Kahler-Einstein space to be homogeneous then the horizon, and near-
horizon geometry, is cohomogeneity-1. The most symmetric case is K = CP"~* which we have

Y

already considered above. Another homogeneous possibility is to take K = (CIP’l)X(n_l) =
(Sz)x("_l). The resultant near-horizon geometry then possess an isometry group SO(2,1) x

SO(3)*m=1 x U(1).

More generally consider the case when K is a toric manifold so the isometry group is
U(1)"~1. Tt follows that the rotational isometry group of the associated near-horizon geome-
tries is U(1)". These horizon and near-horizon geometries are generically cohomogeneity-n.
A special case of course includes the homogeneous examples above.

Finally the most extreme case occurs for Kéhler-Einstein metrics that possess no sym-
metries whatsoever (generalising the higher del Pezzo surfaces). In this case the S? bundle

over K has only one U(1) symmetry and the associated near-horizon geometry has isometry
SO(2,1) x U(1).

5 Area and angular momentum formulas

In this section we will discuss various physical properties of the near-horizon geometries we
have derived. Recall that, for any compact Kahler-Einstein manifold K, we found a family
of compact horizon geometries parameterised by one positive real number L (which sets the
scale of the horizon) and an integer m > p where p is the Fano index of K. Our horizons H,, ,
have their topology determined by the integers (m,p). For m = p one must have K = CP"!
and so p = n, and the horizons have S?" topology and are isometric to those of extremal
Myers-Perry with all angular momenta equal. For m > p the topology of the horizon is of an
S2-bundle over any K. Recall the coordinate ranges are —zy < 2 < 25 and ¢ ~ ¢+ A¢, where

13Note that this metric on dP3 is only known numerically [36].
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xo is the smallest positive root of P(z) and depends on the integer m. Note that A¢ = %
for m > p and A¢p = 2x for m = p. We first give the volume form on the horizon

e=ydx' Ao ANdr? = L1 —2*)" Mda Adp NE (67)

where we have chosen an orientation and € is the volume form associated to the Kéahler-
Einstein space K.

5.1 Area

The area of a cross section of the horizon is

VT o

A(Hm,p):Le:_LGMbv@( )(F( le) . (xz) (68)

where vol(K) = [, € and we have used

n—1 15,.21+1
n1~ (12277 (n = DWT(ntd)
> T = g gy Gt @ (69)

where Cy(f‘)(x) is a Gegenbauer polynomial.
The H = 52" case, £ = &,, corresponds to x5 = 1, A¢ = 27, vol(CP" ') = 771 /(n — 1)!,

and using Czn 1 )(1 = —1, gived

271'""’_ 5 L2n

F(n + 5)

A(S*) = = Ay, L*" (70)

where A,, is the volume of a unit round sphere. Note that for A = 0 this agrees with the
Myers-Perry value [29] upon using (51l) (as it should).

5.2 Angular momentum

The Komar angular momentum of the near-horizon geometry is given by [29]

J,-EJ[mi]:W/ﬁh-mi (71)

where m; is a rotational Killing field. For our near-horizon geometry the available rotational

Killing fields are
_A¢ 0

=~ 21 0¢’
for 1 <i < d—1 where d < n depends on K, where m; are the commuting Killing fields of K.

Note that if K is toric then d = n. We have defined my such that its orbits are canonically
normalised with period 27.

“The area of a unit round S” is given by A, = 27°7 /I‘("+1) (note that there is a typo in [29]). The

volume of CP"~! with the Fubini-Study metric normalised as in this paper, can be deduced from the volume

of an $?"~1 with unit round metric, Ag,_1, using the fact it can be written as a Hopf fibration. Explicitly
Agp_1 = Ag vol(CP" ).
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The angular momentum associated to mg evaluates to

L2"(AG)? vol(K)VE [® 2P()

=+ dz .
Jo 3212(3 s (€ + 22)2 z (73)
The integral for J; can be done by parts using (32]), resulting in
" 2P(x) 2 2 2
where @, (u, &) is the polynomial (B4]). For the case at hand
—"Ci(=1)'a” nl(3) (n-b)
2 —1) = B e o LA 2

1=0
where Cy(f‘)(x) is a Gegenbauer polynomial. Putting all this together gives

L2”(A¢) vol(K )Agnnfl (n+ A

(—n—3)

Jp = £

where A,, is the area of a unit round n—sphere as above.
In the case when K = CP"! we have checked explicitly, in Appendix [D] that the angular
momenta associated to the internal Killing fields m; of CP"™! are

Ji=0 (77)

for 1 <i < n—1. It also follows that these angular momenta vanish for direct products of
lower dimensional complex projective spaces. In fact in Appendix [Dl we also show that for
general toric K these internal angular momenta must vanish as well (one does not need the
explicit metric for this calculation).

1
For the H = S?" case the formulas for J, can be simplified using C’én 2)(1) =2n+1,
resulting in

A2nL2n
8tG
When A = 0 this gives J, = +A4,,L*'ny/2n — 1/(87G) which agrees with [29] upon using

GI).

Jy =+

&n(2n—1-=X) . (78)

5.3 Area versus angular momentum curves

Let us first consider the simplest case of H = S?" corresponding to the near-horizon geometry
of an extremal Myers-Perry(-AdS) black hole. For A = 0, using the formula for the area of
the horizon and the angular momentum we find

TG
nv?an — 1

For A < 0 one can also write J, as a function of the horizon area:

lgn A (m)”“r _
nA(S*") Azn

sl = —%ra on + 1 ' (80)

A(S*) = o] - (79)
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From this expression it is easy to show that, for fixed J,, A(S*") decreases monotonically as
one makes A more negative starting from A = 0. This makes intuitive sense, as turning on a
negative cosmological constant makes gravity more attractive.

These area versus angular momentum curves can also be written for our new near-horizon
geometry. For A = 0 it reads:

8rG
AlHng) = 2 | -

\J¢>| (81)

(—n+j

CZn 1 ( )] ‘J(j)‘ — 87TG\/7
(—n+3)

C2n 2 ( T2

where the second equality follows from the identity:

5205 (1)

(—n+3)

C2n 2 (z2)

§= (82)

which is a consequence of P(z3) = 0 and (36). For A < 0 one can write down an analogous
curve for ‘H,,, although it is not so revealing.

We can compare the curve for our new near-horizon geometry to the spherical topology
case. For A = 0 we find that, at fixed Jy,

(-n+3)
2n—1 2
A(Sm) 2 22C, "3 (2)

We have explicitly checked that (83]) is a monotonically decreasing function of x5 in the interval
0 < @9 < 1 for low values of n. Assuming this is the case for all n (as seems reasonable), it
follows that AH,, )

n< ——m--<nv2n—1. 84
Thus in particular, for fixed Jy, the area of H,,, is always larger than that of the spherical
topology case. It is worth emphasising that if there are new black hole solutions corresponding
to our near-horizon geometries, the canonical rotational Killing field m, need not correspond
to the same combination of rotational Killing fields at asymptotic infinity as it does for the
Myers-Perry solution (see next section). Therefore, the above comparison of the area at fixed

J, may not be meaningful outside the context of this class of near-horizon geometries.

6 Which horizon geometries arise from new black holes?

In this section we will investigate the possibility that the D = 2n + 2 > 6 dimensional near-
horizon geometries we have found are in fact the near-horizon limits of yet to be known,
stationary extremal black hole solutions to R,, = Ag,, for A < 0. We will focus on_asymp-
totically flat black holes (A = 0) and asymptotically globally AdS black holes (A < O) Near

15We remark that our near-horizon geometries can be obtained as “near-horizon” limits of spacetimes with
Taub-NUT like asymptotics. These spacetimes can be obtained by analytically continuing certain Einstein
metrics in [3T]. However, due to their asymptotics, they necessarily have closed time like curves everywhere.
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spatial infinity, asymptotically these black hole spacetimes would look like

AR? dR?
2 2 2 7.2(Q2n
-1
ds*(8%") = ) dpif + i (dy")? (86)
I=1

as R — oo, where R is some radial coordinate, Y ;_, u3 = 1 are the latitude coordinates on
S? and ! ~ T + 2. Note that the Killing fields ¢; = 9/0v! are the standard generators
of the Cartan subgroup U(1)" C SO(2n + 1). There are a number of constraints on the
symmetries and topologies of the horizons of such black holes which we now recall.

In both of these cases, the maximal rotational isometry group is SO(2n + 1) and its
maximal abelian subgroup is U(1)". Furthermore, for a rotating black hole, the rigidity
theorem [19,20] guarantees the existence of at least one U(1) isometry (although this has
only been proved for non-extremal black holes@). Therefore black holes of this kind have an
isometry group whose abelian subgroup is R x U(1)¢ such that 1 < d < n (as shown above
though, asymptotically they do have the maximal abelian symmetry R x U(1)").

Our near-horizon geometries are D = 2n + 2 dimensional spacetimes which satisfy R, =
Ag,, for A < 0. Their isometry groups are SO(2,1) x G x U(1) where G is the isometry group
of K. The SO(2,1) component is typical for near-horizon geometries and is guaranteed by
general theorems regarding symmetry enhancement [14,29]. The isometry group of spatial
sections of the horizon H is (by assumption) G x U(1) and thus depends on the choice of K. If
K is toric then the maximal abelian subgroup of G is U(1)"~! and thus in this case the total
abelian isometry group of the near-horizon geometries is R x U(1)". If K has a metric with
no isometries then the total abelian isometry group of the near-horizon geometry is R x U(1).

For asymptotically flat, or globally AdS black holes the exterior to the black hole defines
a cobordism from H to S?*. As discussed earlier all our horizons geometries are guaranteed
to be cobordant to a sphere since they are S2-bundles over a compact manifold. Furthermore
for asymptotically flat black holes the horizon must be positive Yamabe type, which is also
the case for our horizon geometries.

Therefore in all even dimensions greater than four we have found examples of near-horizon
geometries such that the spatial sections of the horizon are not of spherical topology, but still
consistent with all known symmetry and topology constraints required for asymptotically
flat and globally AdS black holes. It is therefore natural to speculate whether these are the
near-horizon geometries of yet to be found extremal black holes in such spacetimes. We now
expand on some examples in more detail.

6.1 Black holes with R x U(1)(P~)/2 symmetry

For this discussion we will focus on the class of near-horizon geometries with the Kéahler-
Einstein base K = CP"! for n > 2. Recall that for n = 2 then H is either the trivial bundle
S% x 52 (for m even) or the non-trivial S?-bundle over S? (for m odd) which is homeomorphic
to CPz#@z. For n > 3 then # is always a non trivial S>-bundle over CP"! and for different
m they have different topology (in this case m > n).

16See [37] for partial results on the extremal case.
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The rotational symmetry of these near-horizon geometries is SU(n) x U(1). As discussed
above the abelian subgroup of this is U(1)", the maximal abelian rotational symmetry group
possible for asymptotically flat or globally AdS black holes in 2n + 2 dimensions. These
isometries are associated to angular momenta J; for ¢ = 1,...,n. We calculated these with
respect to the Killing fields on the horizon (72)) and found J, # 0 (76)), and that the “internal”
angular momenta J; =0 for 1 <i<n—1 (see Appendix [D)).

It is natural to expect that the putative black hole solutions would have the same rotational
symmetry as the horizon geometry, and thus a total of R x SU(n) x U(1). For example, the
H = S?" case we derived earlier which also has SU(n) x U(1) rotational symmetry, arises from
the extremal Myers-Perry-(AdS) black hole with equal angular momenta which does have the
enhanced isometry group R x SU(n) x U(1). However, for our new horizon geometries #,, .
will in fact now argue that this cannot be the case. Suppose that the full black hole solution
does have a global SU(n) x U(1) isometry with orbits which are U(1) bundles over CP"'.
This gives a natural way of identifying the rotational Killing fields on the horizon (72)), in
terms of those of the total rotational symmetry SO(2n+1) at infinity. Simply write the round
S?7 in (B5) in terms of a round S?"~! and in turn, the round S?*~! as a Hopf fibration over
CP" !, ie.

ds*(S?") = d6* + sin? 0[(d¢’ + o')* + 7] (87)
where g’ is the Fubini-Study metric (normalised by Ric(g’) = 2ng’) with Kéhler form J' =

do'/2 and of course A¢/ = 27. It is then easy to show that in terms of the standard set of
rotational Killing fields v; for 1 < I <n of S?" defined in (86]), we have

g = un =t (38)
=1

for 1 <4 < n—1, where m/ are the U(1)"~! generators on CP"'. Now, due to the assumption
of the global SU(n) x U(1) isometry, it is most natural to identify the data (¢',0’,g’) in this
sphere at infinity with the corresponding data on the horizon (¢, o, g) (since we are choosing
K = CP"™"). However, since A¢ = 27/m # A¢’, and (g,J) and (7', J') are both normalised
in the same way, we find a contradiction. Therefore this argument implies, surprisingly, that
there can be no asymptotically flat or globally AdS black hole with a global SU(n) x U(1)
rotational isometry and horizon geometry H,,,. This is unfortunate as it means we can say
less about any potential black hole solutions with such horizons. For example, the above
identification would have allowed one to deduce the angular momenta as viewed from infinity
are all equal. Also, the problem of determining such black hole solutions would have been
more tractable, since the black hole metrics would have been cohomogeneity-2 and thus one
could cast the problem on the 2 dimensional orbit space M = M/[Rx SU(n) x U(1)] (analgous
to the Weyl solutions case).

In the absence of any other symmetry, there is no natural way to identify the data on
the horizon (¢, o, g) with the data at infinity (¢, o, g'). However, note that one has the same
number of commuting Killing fields on the horizon and the sphere at infinity (this is true
for any toric K). Therefore, a natural expectation for the symmetries of the hypothetical
black hole solutions is that they have the same commuting rotational symmetries as the near-
horizon geometry, i.e. a global isometry group R x U(1)". This then allows one to identify
the commuting rotational Killing fields in the most general possible way: namely, the two
sets of commuting Killing fields (04, m;) and (04, m;) are necessarily related by some constant
matrix in SL(n,Z). Since we do not know the explicit form of this constant matrix, we cannot
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deduce what the angular momenta would be from the point of view of asymptotic infinity; in
particular, they need not have all angular momenta equal.

Finally, it is worth noting that in the generic toric K case, H,y,, has isometry group U(1)"
and thus one might expect any corresponding full black hole solutions to also have R x U(1)"
symmetry. This would then allow one to identify the commuting Killing fields on the horizon
and at infinity via some constant matrix, as in the & = CP"! case just discussed.

6.2 Black holes with R x U(1) symmetry

In this section we consider the class of near-horizon geometries we have derived where the
Kahler-Einstein base K is chosen so that it has no isometries at all. Such spaces are known
to exist in four and higher dimensions. Therefore the associated near-horizon geometries in
this case start in eight dimensions. The near-horizon geometries in this case would have
total isometry group SO(2,1) x U(1). If they arose as near-horizon limits of an extremal
black hole, it would necessarily have only R x U(1) symmetry. In this case the near-horizon
geometry only has one angular momentum, corresponding to the U(1) generator 9/d¢, and
as we showed this is necessarily non-zero. Since the horizon has less abelian symmetry than
asymptotic infinity there is no natural way to identify the U(1) generators and therefore we
cannot guess what angular momenta these black holes would carry relative to infinity.

Let us now mention some explicit examples. The simplest case for which we can have such
symmetry is n = 3, i.e. 4d Kahler-Einstein space K. The only non-toric possibilities are the
complex del Pezzo surfaces dP, for 4 < k < 8. Therefore we have established the existence of
examples of horizon geometries which are fully consistent with the black hole horizon topology
theorems, but also have only one U(1) rotational symmetry. As mentioned earlier, the dP;
for £ > 5 have a moduli space of complex structures of dimension 2k — 8, corresponding to the
freedom in placing the blowup points. Hence the associated near-horizon geometries possess
these additional continuous parameters. These parameters could in turn constitute further
continuous ‘hair’ for the putative black holes.

For n > 3 the Kahler-Einstein space K is 2n — 2 > 6 dimensional. Much less is known
about the classification of such spaces. However, presumably it is the case there are examples
with no isometries, as well as continuous moduli.

Therefore, in all even dimensions D > 8 we have candidate near-horizon geometries for
new asymptotically flat or globally AdS extremal black holes with just R x U(1) isometry.

6.3 Associated (boosted) black strings

In this section we point out that given our Ricci-flat near-horizon geometries in 2n+ 2 dimen-
sions with horizon section H, we may trivially construct Ricci-flat near-horizon geometries in
2n + 3 dimensions with horizon section S! x H.

This construction is analogous to that used in [29] where, for every extremal Myers-Perry
black hole in 2n + 2 dimensions, a boosted extremal black string was constructed in 2n + 3
dimensions. Its near-horizon geometry then provides an example of one with H = St x S2"
and U(1)"*! rotational isometry. This is the correct maximal abelian rotational symmetry for
an asymptotically flat black hole in 2n+3 dimensions. This led [29] to conjecture that a subset
of these solutions could be the near-horizon limit of yet to be found extremal asymptotically
flat black rings in odd dimensions (in 5d one can explicitly check this is true as solutions are
known [14]).
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In the present case, obviously we do not have the full even dimensional black hole solution
(i.e. the analogue of the Myers-Perry solution with our horizon H,,,) or for that matter know
whether it actually exists. Nevertheless, one may still construct the near-horizon geometry of
the corresponding boosted black string as follows. Consider the direct product of our Ricci
flat solutions with a line dz2. Now consider the “boost”

®— ¢+ 55802 z—cp 2 (89)
where sg = sinh 3, cg = cosh 8 and () are constants. The resultant near-horizon geometry is

ds* = I'(x)[Agrdv® + 2dvdr] (90)
2

B(x)?

+L? | A(2)?Gupdz®dz’ + + chdz?

d 2
+ B(a)? (d¢ 4o+ spQdz + %)

which is Ricci flat in 2n + 3 dimensions. One can perform a global analysis of the horizon
metrics and the result are smooth compact horizon geometries with topology of H,,, x S,
where H,, , is identical to the 2n dimensional horizons we have derived and z must be periodic
on the S'. Thus we have a family with four continuous parameters (L, 3,2, Az) and an integer
m > p, although it is expected that © would be related to L if a black hole exists (see below).
As a consequence of our construction, the isometry group of these near-horizon geometries is
SO(2,1) x G x U(1)2 Note that S' x H,p,,, is cobordant to S+ and positive Yamabe typd'l.
For K = CP' for example, we have D = 7 smooth cohomogeneity-1 near-horizon geometries
with H = S x S? x §2, abelian symmetry U(1)?, which are cobordant to S® and positive
Yamabe type.

The constants [ and 2 introduced above have the following significance. Suppose that
there exists an asymptotically flat extremal black hole with a horizon geometry given by our
H.mp and consider the associated black string obtained by adding a line dz?. Now boost
(t,2) = (cat — spz, cgz — sgt) where t is the asymptotically flat time coordinate of the lower
dimensional black hole. Upon taking the near-horizon limit of this black string one will end
up with a near-horizon geometry that is related to that of the black hole as above where (2 is
the angular velocity of the black hole in the ¢ direction (it is not possible to calculate 2 form
knowledge of the near-horizon geometry alone [29]).

Note that these hypothetical black strings would have standard KK asymptotics (i.e.
RY27F1 % §1). Generically such strings possess a tension. Typically one can choose the boost
B = Bt such the tension vanishes. In this case, one might expect new asymptotically flat
black holes in RY?"2 to exist with horizon topology S* x H,,,. Physically, this is achievable
because the straight string can be “bent” into a ring in such a way as to have Minkowski
asymptotics while inputting no energy. But since near-horizon geometries are independent of
the asymptotic geometry, the near-horizon geometry of strings with § = f..;; is expected to be
the same as such higher dimensional “black rings”. As mentioned above, this is precisely what
occurs for extremal black rings and the Kerr black string in D = 5 [14]. It is natural to expect
a similar phenomenon to occur here and so we have candidate near-horizon geometries for
asymptotically flat extremal black holes in 2n+3 dimensions with horizon topology S* X H,,, .

Tn fact S* x M™ is cobordant to S™*! for any closed manifold M™. This is simply because it is the
boundary of the n + 2 dimensional manifold D x M™ where D is a disk. Also S' x M™ is positive Yamabe
type if M™ is.
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7 Discussion

In this paper, we have investigated the space of allowed extremal black hole horizon topologies,
for vacuum general relativity, including a negative cosmological constant, in even dimensions
greater than four. Our strategy was based on the observation that for such black holes,
Einstein’s equations can be decoupled and solved on the horizon H alone. We have constructed
an infinite class of (non-static) vacuum near-horizon geometries in D = 2n + 2 for n > 2 (see
section [2 for the n = 2 Ricci flat case and ([42) for the general local form of the solutions).
A global analysis of the local horizon metrics reveals that the topology of H is either an
S2-bundle over any compact Kéhler-Einstein manifold K, or S?*. Regularity implies that
the S%-bundle topology solutions are characterised, for a given base K, by a continuous
parameter (essentially the angular momentum) and a positive integer m satisfying some bound
determined by the topology of K. The spherical topology solutions are simply the near-horizon
geometries of extremal Myers-Perry-(AdS) with all angular momenta equal. We emphasise
that all our new near-horizon geometries have horizons of non-spherical topology (with the
precise topology determined by the choice of K and the integer m).

First, consider the simplest case n = 2. Then for our new near-horizon solutions, H
must have topology S? x S? or CP2#@2. We have analogous near-horizon geometries in
higher dimensions n > 2, where K can be any (2n — 2)-dimensional Kéhler-Einstein space.
In contrast to the n = 2 case, the horizon H is always a non-trivial S%-bundle over K, and
furthermore, for a fixed base K, one has an infinite number (countable) of distinct horizon
topologies. As explained in the Introduction, the horizon topology of asymptotically flat
or globally AdS black holes is constrained by the existence of a cobordism from H to a
sphere, and the generalisation of Hawking’s topology theorem (positive Yamabe). In fact all
our horizon topologies automatically satisfy these restrictions. We emphasise that all these
conclusions are equally valid with and without a negative cosmological constant. Therefore,
our work raises the possibility that there exist extremal, asymptotically flat or globally AdS
black holes with precisely these non-spherical horizon geometries.

Our work leaves a number of open questions. Most interestingly, of course, is whether
there are in fact asymptotically flat or AdS extremal black holes with near-horizon limits
given by our new near-horizon geometries. If this is the case then is reasonable to expect
non-extremal and non-vacuum generalisations as well. These black holes would have to be
rotating and thus constructing them would be a difficult task.

An important feature of our analysis is that it yields, in addition to the topology, the
explicit horizon geometries for the proposed extremal black holes. Although asymptotic in-
formation is lost in the near-horizon limit (e.g. angular velocities, mass), we can still compute
the conserved angular momenta and area from the near-horizon geometry alone. In fact for
our near-horizon geometries we find only one independent Komar angular momentum .J.
Interestingly, in the pure vacuum case (A = 0) we find that for fixed J, the area of the
non-spherical horizons is always more than that of the corresponding Myers-Perry horizons.
However, for the corresponding candidate non-spherical extremal black holes, we cannot say
how this angular momentum J would be distributed at asymptotic infinity, and thus this
comparison should be taken with caution.

Another interesting point is that for fixed angular momentum .J, we can have more than
one near-horizon solution. In particular, in D = 6 for fixed J, we can have an infinite number
of near-horizon geometries with H = S? x S? (even m) but also an infinite number of near-

horizon geometries with H = CP*#CP? (odd m). Thus we see two phenomena: discrete hair
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for a fixed topology, and non-uniqueness of the near-horizon geometry for fixed J. On the
other hand, in higher (even) dimensions D > 8, we do not have the discrete hair for fixed
topology, although we do have infinite non-uniqueness of the near-horizon geometry for fixed
J (since we have an infinite number of distinct possible horizon topologies with the same
J). It should be emphasised though, that since we do not have the full black hole solutions
available (or even know they exist), we can not compute the mass and thus we cannot say
anything about the corresponding black hole (non-)uniqueness problem.

One particularly interesting example of a near-horizon geometry arises when we choose
the Kéhler-Einstein base to have no isometries (e.g. the del Pezzo surfaces dP for 4 < k < 8).
The resulting near-horizon geometry then has just SO(2,1) x U(1) symmetry. If it arises as
the near-horizon limit of an extremal black hole, the black hole would have at most R x U(1)
symmetry. This is the minimum symmetry requirement for a rotating black hole (all known
solutions have more symmetries), and in fact it has been conjectured that black hole solutions
with this symmetry should exist [§]. It is worth noting that evidence for asymptotically flat
rotating black holes with this minimal symmetry has been found recently using a variety
of different approaches [38,[39]. In particular, the analysis of linearized gravitational per-
turbations of odd dimensional D > 9 Myers-Perry black holes with equal angular momenta
suggests a new branch of solutions with R x U(1) symmetry [39]. Such black holes have
an upper bound on their angular momenta which is saturated when they are extremal, and
the instability sets in for angular momenta larger than some lower bound, which of course
includes the extremal limit. However, this potential new branch of solutions would still have
spherical horizon topology.

More approachable open problems involve the analysis of near-horizon geometries. In this
paper we found a class of solutions within some general ansatz (i.e. near-horizons of the
form (I2) and (I3)). An interesting question is whether we have in fact found all solutions
within this ansatz or not. We note that one can in fact classify compact Einstein spaces of
the same form as our horizon geometries and the possible topologies one finds are S**, CP"
and a finite discrete family of S2-bundles over Kihler-Einstein base K of the same form as
ours (although we have an infinite discrete family for fixed K) [18]. It is thus striking that a
regular H = CP" case does not arise in our solutions (we did find an example with a conical
singularity though). Therefore it is possible that there are other solutions within this class
which would give such horizon topologies. We note that for n odd CP" is cobordant to S2"
and therefore consistent with all known restrictions on asymptotically flat or AdS black holes.

In this paper we have focussed our attention on the classification problem of higher-
dimensional black holes. Since we included a negative cosmological constant, our results have
potential applications to AdS/CFT. Most obviously, the existence of non-spherical horizon
topology black holes which are asymptotic to global AdS is currently unknown. These would
correspond to some interesting phase of the dual gauge theory on R x S3. Various attempts
at finding AdS black rings have so far failed’”]. In particular the existence of supersymmetric
AdS; black rings with R x U(1)? symmetry has been ruled out [41,42], suggesting that the
known spherical horizon topology solutions [44][45] may in fact be the most general ones.

181t is worth noting that previously [40], for the odd dimensional D > 7 Myers-Perry-AdS with equal
angular momenta, an instability was found (which sets in for sufficiently large rotation and includes the
extremal limit), and was conjectured to have an endpoint which is a non-rotating black hole with even less
symmetry, i.e. just stationary but not axisymmetric.

19 Although see [43] for some approximate constructions. See also [23] for an approximate near-horizon
geometry.
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However in this paper we have found non-supersymmetric non-spherical topology (and non-
black ring like) examples. For instance, in 6d we have explicit S? x S? topology extremal
horizon metrics. It is thus natural to wonder whether these are in fact near-horizon geometries
of yet to be found extremal AdS black holes. If so, then it seems reasonable non-extremal
generalisations should exist. Such objects would correspond to novel thermal phases of the
dual gauge theory.
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A Local properties of horizon metrics

We consider 2n-dimensional Riemannian manifolds (H,~) (spatial sections of the horizon)
endowed with metrics of the form:

Yapdrdz® = L [dp? + A(p)*gupdzdz” + B(p)*(dé + 0)?] (91)

where g is a Kahler metric on the 2n — 2 dimensional Kahler-Einstein ‘base’ space K with
Kihler form J = %da and curvature normalised such that Ric(g) = 2ng. Lower Latin indices
a,b,c, ... take values from 1,---,2n — 2. Henceforth we adopt the convention all quantities
defined on the base are “barred”, unless otherwise stated. Note that L is a parameter with
dimensions length. We introduce a vielbein basis {e? : A € {0,a,2n — 1}} defined by

e’ = Ldp, e = LAe", e? 1 = LB(d¢ + A) (92)
with e* a veilbein basis for (K, g). Note we also sometimes use the coordinate dz = Bdp.

A.1 Curvature calculations

In this subsection we denote p-derivatives by d/dp = ’. The spin connection, defined by

de?t = —w?y AP, is readily computed:
A B’ B -
Woa = _meaa wWo2n—-1 = _LBe2n_1> Wap = Wab — mJabe%L_la
B -
Waon—1 = _mjabe . (93)
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The curvature two-form O 45 = dwap+w Ac/\ch has the following non-vanishing components:

Oy, = % [—%ﬂe A et + % (%/ — g) et A ebjab} (94)
Ovm_1 = % {_%,,60 APt 4 % (%/ - %) e A ebJab] (95)
Ouon_1 = % {% (i’ g) Jpe’ Aeb + (i—i — %) 0ge’ N 62"_1] (96)
Ou = % B—B; (%, — %) O N e Ty el A et (—%/5535*’ i JacTpd — ii Jabjcd)]
+ Oy . (97)

Note that we have used the fact V.J = 0 and J%.J%, = —3%, to simplify the above expression.
Finally, the Riemann curvature is read off from O3 = %R ascpe’ AeP. A calculation yields
the following independent components (for clarity we will label the 2n — 1 basis component
simply as ¢ below):

A// B Al B/ B//
ROaOb = —m&zb, R0a¢>b = m (Z - B) ']aba R0¢>0¢> = _ﬁ
2B (A B B?  A'B'\ du
Rogar = JEYE (Z - B) Jab, Ragby = (ﬁ T AB ) 72 (98)
1 [ Rabed A B* -
Raped = 13 [ T T2 ( yE —5 9acOd)p + t (JateTap — JabJca)
From here it is straightforward to calculate the Ricci tensor (IG).
A.2 Conformal Kahler structure
In this subsection we denote z-derivatives by d/dx = . Define the two-forms
Jo = LPAA T £ A = [2[A%T £ dx A (do + o)) (99)
which satisfy J.5J.% = —64 (i.e. they are almost complex structures). One can show that
24" 2
dJy = ( 1 A2) dr N\ Jy . (100)

Since J is the Kihler form on the base K, the volume form € = J"~!/(n—1)! and thus J" = 0.
It follows that B
Jt=4n(LPAH)" T AL AP = 4l e (101)

where € is the volume form of (H,~). Now, since K is an n — 1-dimensional complex manifold
there is an (n —1,0) form Q on K such that J"~ = "1 (=1)""D=22Q A Q where Q is the
complex conjugate of Q2. This allows one to write J} = i"(—1)""=Y/2Q, A Q4 where

QL = \/g (L2A%)"5 QA (& +ie? ) . (102)
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One can check that
(An—lB)/
Ar-1B
From these local properties it follows that H is a complex manifold with complex structure
specified by Q. , and furthermore (H, ) is conformally K&hler (see [46] for a similar argument).
In fact from ([I02) we may read off a set of complex coordinates for H. First let 2* be
a set of complex coordinates for K. Then note that o = —i(d — d)k where k is the Kihler
potential of K. However since 0k is a (1,0)-form on K we must have Q A0k = 0. This allows
us to write

in = dx N\ Q:t . (103)

Qe = \/g(LQAQ)"le QA dw* (104)
where
+ - i i Cdx
wr = £[ip — k(2', 2")] + iR (105)
Thus Z! = (w¥, 2%) are two different sets of complex coordinates on H.
Now let us consider our explicit solution. Using A% = (1 — %) we get
2
de: = F dx A Ji (106)
1Fxx
and therefore ;
Jo= 107
* (1Fx)? (107)
is closed. The 2-form ji is a Kahler form and the associated Kéahler metric is
vk _aB (108)

YaB (1 ¥ I)2

It is useful to have an expression for the Ricci form of this Kahler metric. Recall that in
general for a Kéhler metric g5, in some set of complex coordinates z#, the Ricci form is

p=—iddlogdet(gs) = db, b= %(a — 8) log det(g,) (109)

where the expression in terms of b follows from the identity 99 = —1d(8 — ). Therefore one
simply needs det g, in a set of complex coordinates. For the case at hand, using (104)) one can
calculate € (and thus dety from € = +i" det(y,12s) dw® Adw® Adz! Adz' - ANdz""P AdzT)
in the coordinates Z7 = (w?, z%). Taking care of the conformal rescaling it follows that

(L2A2)n—lB2

A:l: g a:=
det(’}/zIZj) - 2(1 ES ZL’)2n det(gu) (110)
and therefore
. 3 9 A2(n-1) g2 N 5
b =b+ 5 5t {log e [dw™ £ (0 — J)k]
i 9 AXn-p2) _
YL llog T30 ] [dw™ F (0 — 0)k] (111)

where p* = db* and p = db are the Ricci forms of 45, and g, respectively. Note that
to perform this calculation one must take care of the fact that by definition the complex
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coordinates w® are shifted by a function of (2%, z%) (i.e. k): while this does not change the

d/0w* derivatives it does shift

0 0 0 0

Noting that
o B9 _id

— =———F == 113
dut 2 or 200 (113)
the final two terms of (IT1]) can then be written back in our real coordinates:
_ B2 ( A2(n—1)B2
b*=bF —— |log | (d 114
qzzdx[%<1¢@%]<¢+”> (14)

Since the base is Kahler-Einstein p :_an and therefore locally b = no up to an exact 1-form
— we will choose this to be such that b = n(d¢ + o) and therefore

B2 d A2(n—1)B2

Using our explicit form for B? finally gives the Ricci form of (H,4%)

pr = d[f(z)(dd + o)) (116)

1 ,  2aP 2nP
f“3:”¢2a—x%%we+ﬂ><P <s+ﬂ>11¢x)' (1)

where

B Topology of H,,,

In the main text we established that our horizon metrics extend smoothly onto compact H,, ,,
and that the resulting H,, , is the total space of an S?-bundle over a compact Kahler-Einstein
manifold K. Note that the structure group for such bundles is at most SO(3). In this section
we will discuss the topology of these bundles in more detail. To avoid clutter we will refer to
H,p simply as H.

One of the most fundamental topological invariants of a manifold is the fundamental
group. Since the fibre of the bundle H over K is S?, and S? is simply connected, it follows
that m (H) = m (K) PJ. Furthermore since any closed Kéhler manifold with positive definite
Ricci tensor must be simply connected [48] we must have m(K) = 0 (recall K is positive
Einstein). Therefore

m(H)=0. (118)

From this we immediately deduce that Hi(H) = 0 and by Poincare duality the free part of
Hgn_l(?‘[) == O

In fact we can easily deduce the whole cohomology ring H*(H) as follows. First note that

there is a closed global 2-form J, /(1 — z)? on H, see equation (@9)), whose restriction to each

20For any fibre bundle F — E — B, where F is the fibre, E the total space and B the base, exactness of
its homotopy sequence --- — w1 (F) — m1(E) = m(B) — mo(F) — ---, implies that if mo(F) = m1(F) =0
then 71 (F) is isomorphic 1 (B), see e.g. [33L47].
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fiber S? generates the cohomology of the fiber. Then, by the Leray-Hirsch theorem [47], the

cohomology of H is
H*(H) = H*(K) @ H*(S?) . (119)

This allows us to deduce H*(#,R) = H*(K,R) ® H**(K,R) for k > 2. Now, recall that
the Euler characteristic x(H) = Y. (—1)"bi(H), where b;(H) = dim H(#,R) are the Betti
numbers of H. Since by (H) = bi.(K) + bp_o(K) for 2 < k <2n — 2, and by = by, ; = 0 from
above, we deduce

X(H) = 2x(K) (120)

for any choice of K.

For later use we now construct an explicit basis for the second integral homology groups
Hy(H,Z) in terms of that of Hy(K, Z), following [46]. Since m(K) = 0 we have H*(K,Z) 2 Z"
for some r (i.e. the torsion vanishes), and therefore we can find 2-cycles ; for i = 1,--- |r
such that the homology classes [¥;] form a basis for the free part of Hy(K,7Z). Now define a
submanifold ¥ = S? of H corresponding to the fibre of H at some fixed point on K. Also
define the global section s : K — H, of 7 : H — K, by the property that each base point in
K is mapped to the pole x = x5 of the fibre S?. Therefore {3, s¥;} forms a representative
basis for the free part of Hy(H,Z). Observe that we have H*(H,Z) = Z & H*(K,Z) which
agrees with the general result derived above.

Next we note that H is a complex manifold — this is proved in the Appendix (A.2)). We
can introduce complex coordinates (W, z'), where W = exp(27w, /A¢) with

wy =1i¢p — k(z,2) + % (121)
and z° a set of complex coordinates inherited from K where k is the Kahler potential of K.
Note that W is well defined everywhere except at the pole x = x5. Furthermore W = 0
at the other pole x = x; = —a5. To see these facts one simply has to note that B? ~
(const )*(z3 — 2?) as #* — 22 and thus [“dz/B* = o0 as ¢ — 25 and [“dz/B* — —c0 as
© — —x. Thus W is a coordinate on the CP' = S? fibre of H.n,p which covers everywhere
except the z = x5 pole. Hence 1/W is a coordinate on the fibre which covers everywhere
except the other pole x = x4.

Using the complex structure we can now relate our bundle H to a standard one. Let L
denote the canonical line bundle over K (i.e. the holomorphic line bundle of (n — 1,0) forms
over K). By adding a point to each fibre C one has an associated CP' = S? bundle over K,
such that the U(1) subgroup of transitions functions of £ acts isometrically on CP'. For this
canonical S? bundle (A@). = 27/n (see e.g. [46]). In our case we have A¢ = (p/m)(Ag)..
Therefore the coordinate on the CP! fibre of H.p can be written as W = wi /P where
W, = exp(2mwy /(Ad).) is a coordinate on the CP' fibre of £. It follows that our S? bundles
may be thought of as being associated to the (m/p)™ power of the canonical line bundle, i.e.
£%%. Once again the association involves simply adding a point to each fibre C and taking
the same U(1) transition function such that they act isometrically on the S? fibre. These
bundles are always well defined since £? is always well defined (e.g. for CP"* this is the
tautological bundle). An easy way to see this is from equation (54)). The line bundle £/P
may be defined by < ¢;(LYP),[S;] >=p~ ! < e1(L),[8] >= —p~! < a1(K),[S] >= —n; € Z.
As in [46], we may therefore write H,,, = L™/ ®y 1) CP', which means take the same U(1)
transition functions as for £7/? and use them to construct an associated CP' = $? bundle
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with the U(1) acting isometrically on the fibre. It is also worth noting that our bundle can
be written as a projectivised bundle.

We are interested in determining the conditions for H to be a spin manifold. Recall this
requires one to compute the second Stiefel-Whitney class wy(H). Since TH is a complex vector
bundle we can use the fact that we(#) is the mod 2 reduction of the first Chern class ¢, (H).
Now we remark that our (#, ) is a conformally K&éhler manifold — this property is shown in
the Appendix [A:2l For definiteness we will chose the Kéhler metric to be Y45 = (1 —x)%y4p
(see Appendix [A.2]). Then, since the Chern class ¢;(#) (i.e. the first Chern class of the
complex tangent bundle TH) is a topological invariant, it is in fact easier to calculate this
using the Kahler metric 445. This is a standard result for Kahler manifolds and is given by
c1(H) = [p/2n] where p is the Ricci form of 445. The Ricci form p is given by (II6). We can
now evaluate the first Chern class evaluated on our basis of the free part of Hy(H,Z):

1 . A¢ B
< ). [8]>= 5= [ 5= 32 w) = f(a) =2 (122)
. 1 A f(l’g) .
<e)am]>=g [ 5=17 /E 27 = ny(m + p) (123)
where the second equality follows from the form of f(z) (II7), x1 = —x2, the identity
2m

(which can be derived using ([43]) and (53)), equation (53)) and (57). Note that n; € Z are the
same integers as in (54]) and satisfy ged(n;) = 1.

We are now in a position to deduce the second Stiefel-Whitney class using we(H) =
c1(H) mod 2. This means that evaluating we(H) on Hy(H,Z) gives a set of integers which
are the same mod 2 as evaluating ¢;(H) on Hy(#H,Z). Therefore we deduce that wy(H) is
trivial, and hence H is a spin manifold, if and only if m + p is even. Note that this does not
depend on whether wq(K) is trivial which occurs if and only if p is even (see (B4])).

Finally, we show that for n > 3 the bundle S? — H — K is never trivial. This is in
contrast to the case n = 2, which as we saw is the trivial bundle S? x S? if m is even.
To prove this we will use the fact that S?-bundles over a compact manifold are partially
classified by the first Pontryagin class of the associated R3-bundle (constructed with the
same SO(3) transition functions). Explicitly, #,,, may be thought of as the unit sphere
bundle in V3 = Iz @ £L"/P where I is the trivial real line bundle over K. Therefore we
need p;(V3) = —c2(Vs ® C) € HY(K,Z), where V3 ® C = Ic & L™™P @ L™/ and I¢ is the
trivial complex line bundle over K. The total Chern class ¢(V3®@C) = c(L™/P)c(L™/P) = (1—
c1(L™/P)) (14-c1(L™P)) = 1—cy (L£™/P)2. Tt follows that p; (Vi) = m?ci(L£)?/p? = m?c (K)?/p?.
Since K is Kéhler-Einstein ¢;(K) = n[J]/m and thus finally we have

m*n?

p(Vs) = W—[J]2 : (125)
This immediately implies that p;(V3) # 0 (since for our solutions m # 0) and therefore all
our bundles are non-trivial — of course this argument only works for n > 3. In fact we may
go further and define a topological invariant for any S2-bundle over a compact manifold, by
the scalar quantit

m2nn!

p(H) = /K (Vi) A T8 = vol(K) (126)

p27T2

21'We thank James Sparks for pointing this out.
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which of course is only defined for n > 3. This number is an invariant of our bundles H,,, —
in particular any two S2-bundles over K are not homeomorphic if the invariant p just defined
is different. We deduce that for different m > 0 the manifolds H,,, are not homeomorphic.
This is in marked contrast to the n = 2 case. Thus since we can have m > p we in fact have
an infinite discrete family of topologies (this is in contrast to the compact Einstein spaces
in [18] which have m < p).

C Inhomogeneous CP" horizon with conical singularity

Here we perform the global analysis of case II in table 1, and without loss of generality take
—1 <z <z <1with P(z;) =0 and P(1) = 0 and P(x) > 0 for z; < z < 1, so we must
have € = 1. This form of P(x) clearly requires P'(z1) > 0 and comparing to equation (45])
implies z; < 0.

One can solve the constraint P(1) = 0 to get

o _n!ﬁ(Qn— 1—-X) B
c=cy = T+ 1) (€ —¢&) (127)

where &, is given by ([d7). Substituting back give
P(z)=(1—-2)"R(x) (128)

where R(x) is a polynomial of order n 4+ 2 which we do not need explicitly for our analysis
below. However, we do require the polynomial R(x) to have a root —1 < x; < 0 such that
R(z) > 0 for z; < z < 1. The horizon metric in this case is

(E+2?)(1 4 z)" 'da? (1—2)R(x)
(1 —2)R(x) (€ +22)(1 + z)"

yapdrtda? = L* -(do + o)+ (1— :L'Q)g}

(129)
Let us now examine regularity of this metric which is clearly non-degenerate and smooth for
xy <x < 1. Near z = 1 set x = 1 — n? and expand for small . To leading order one gets

yapdrtdz® ~ 22 [dn” +n*((do + 0)* + §)] (130)

where we have used the identity?3 R(1) =2™(1 4 &). Therefore smoothness at n = 0 requires
A¢ = 2r and g to be the Fubini-Study metric on CP" . At the other endpoint x; we have
A? > 0 and thus we have a bolt. Smoothness requires the conical singularity at « = x; to be
removed. The condition for this is (46]) (recall z; < 0 in this case)

47|z |

A¢p = 131
¢ 2n — A\(1 — x2) (131)
and therefore since we have already shown A¢ = 27, smoothness requires
A 2
|x1|:n—§(1—z). (132)

22Note that this form for P(z) is guaranteed by (B2) which allows one to show that if P(1) = 0 then
P(m)(l)zoforlgmgn—l.

Z3This may be obtained by differentiating (I28) n times, evaluating the result at = = 1, and comparing to
the expression obtained from computing d"P(x)/dz™ directly from (32)).
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Recall that the root x; must satisfy —1 < x; < 0. Therefore for A < 0 the regularity
condition (I32) implies x; < —n which is a contradiction. Therefore for A < 0 the above
metric necessarily is singular (either at x = 1 of x = z1). It can be thought of as a metric on
CP" with a conical singularity at the bolt.

It is possible that for A > 0 this metric can be made smooth — to prove this one needs to
show that R(z) has a root x; such that —1 < z; < 1, R(x) > 0 for z; < z < 1 and (132)
is satisfied. Then the horizon metric would be a smooth and inhomogeneous metric on CP".
We will not pursue this here.

D Computation of “internal” angular momenta on K

In this section we compute the Komar integral (I71]) associated to the U(1) Killing vector fields
m; = 0/0¢" for i =1,--- n—1 for K toric. Explicitly this is

- L*A¢E [ P(x) o
h=sg [ A [l 153

where € is the volume form on K. The calculation thus reduces to evaluation of the integrals

I, = /K(a “my;) €. (134)

First observe that this integral is actually well defined despite o not being a globally defined
object on K. To see this recall the Kéhler form J = 1do and L,J = 0. It is therefore possible
to choose a gauge for o such that L;,0 = 0. Any residual gauge transformations o — o + dA
must satisfy L;,d\ = 0 which is equivalent to the function m; - d\ = const. However this
constant must vanish since m; each vanish somewhere on K. This proves that [; is gauge
invariant and thus well defined. We will now do an explicit calculation for K = CP""! and
also give a more general argument for toric K.

D.1 K =cCp!

The calculation thus reduces to evaluation of the integrals

I = /CPM(U ) €. (135)

As noted above I; is gauge invariant. Therefore it may be computed by choosing an open
covering of CP"! and working in a gauge there ¢ is smooth in each open set.

Now recall the standard open cover of CP" ! which consists of n patches U, = {Z; # 0}
with £ = 1,--- ,n and Z; the usual homogeneous coordinates. In each patch U, we can
introduce inhomogeneous coordinates zz-(k) = Z;/Zy for i # k. Let us work in one patch say

U,, and set zf") =z fori=1,---,n—1. The Fubini-Study metric in such a patch is given by

dz'dz"  ZdZdE

— —a j=b __ 2
Japdzdz” = d¥; | = 7 — 7 (136)
where f =1+ 22" and i, = 1,--- ,n — 1 and we are summing over repeated indices (this
metric satisfies Ric(g) = 2ng). The Kéhler form is
d ) S S
J = 70, o= é (z'dz" — Z'd2") . (137)
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There are a number of ways to introduce real coordinates in order to identify the rotational
Killing fields m;. The simplest for our purposes is to set 2* = r;e’®. The vector fields
m; = 0/0¢" have closed orbits with period 27 and generate the U(1)"~! isometry subgroup,
and 0 < 7; < oo. Then (I36) becomes

n—1 n—1 2 n—1 2
dy? | = % [Z dr? + rf(dqsi)?] — % <Z ridri> + (Z rqubi) (138)
=1 =1 =1

VG ==t (139)
We also have .
1 —

=7 > ride . (140)
=1

Note this is in a gauge which ensures ¢ is smooth at r; = 0. Putting this together gives

0o 3 T
= feme = @ [Tan [T [T

n—1
2 n 1 3 d ;
_ (2m) / : rio_ (141)
0

2n=3n) 1 + r2)3 n!

by repeated integration.

Now, it is clear that the analogous integrals Il-(k) in the patches U, for k =1,---,n—1
give the same value. However, it is not the case that adding all these together gives I;, since
the overlaps U; N U; # 0. In fact there is a trick to avoid this complication. Instead one can
work in a gauge which is singular in every patch, in such a way that performing the integral
in any patch gives the correct total answer. For the case at hand this gauge is given by

n—1 T2
o= ; (7 — %) de; (142)

which gives
1
L=1" - —/ e=0 (143)
n (Cpnfl

an

where in the last equality we have used Vol(CIP"_l) = FT)' Hence as expected, the conserved

angular momenta associated with the ‘internal’ rotational Killing fields on CP"~! vanish.

D.2 Toric K

In this section we generalise the calculation of the previous section to cover the general case
of when K is a toric manifold. As we will see, we do not actually need the explicit metric
in order to calculate the internal angular momenta, just the toric data. We will employ well
known constructions of toric symplectic geometry.
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First recall that for a 2(n — 1) dimensional toric Kéhler manifold one may introduce
symplectic coordinates (z*, ¢") for i = 1,---n — 1 such that the metric is

Gupd7dz’ = Gij(z)dr'dz? + GV (x)d¢'de (144)

where GY is the matrix inverse of G;;, and G;; = 9*g/0x'027 where g is called the symplectic
potential. The symplectic form is the Kéahler form which is

J =dz' A d¢' (145)

so in the language of symplectic geometry these are Darboux coordinates. The coordinates
ranges are ¢' ~ ¢' + 2w, so that the Killing vector fields m; = 0/9¢" generate the toric
symmetry U(1)"~!. By a classic result the z° are coordinates which lie in a so called Delzant
polytope A. This is a subset of R"~! defined by the intersection of a set of linear inequalities
A={z:(vy-z+A\,) >0, Va}, where a labels the faces of the polytope and v, is the normal
vector to each face such that v, form a basis for Z"!. Note that symplectic coordinates are
not unique. In particular 2* — M*;27 where M € GL(n — 1,Z) and z* — z' 4 k* are both
freedoms. The polytope A is then invariant under a subgroup of these transformations.
As in the previous section the calculation of the internal angular momenta reduces to

K
In symplectic coordinates we can always choose a gauge such that
o =2(z"+ c")d¢’ (147)

for some constants ¢’. Also note that the volume form in these coordinates is trivial so /g = 1.
Therefore

I = 2(2m)" ! / (2" + ) dat - da" (148)
A

It is then clear that we can always pick a gauge such that I; = 0 forall 1 <7 <n—1, ie.
¢ = —vol(A)~! [, 2" dx'---dz""'. By the same reasoning as in the previous section, since

I; is gauge invariant, if it vanishes in every coordinate patch then it must vanish everywhere.
Thus we deduce that for general toric K the internal angular momenta vanish.
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