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THEORIES

PAUL DE MEDEIROS, JOSE FIGUEROA-O’FARRILL, ELENA MENDEZ-ESCOBAR AND PATRICIA

RITTER

ABSTRACT. We prove a structure theorem for finite-dimensional indefinite-signature metric
3-Lie algebras admitting a maximally isotropic centre. This algebraic condition indicates that
all the negative-norm states in the associated Bagger—Lambert theory can be consistently de-
coupled from the physical Hilbert space. As an immediate application of the theorem, new
examples beyond index 2 are constructed. The lagrangian for the Bagger-Lambert theory
based on a general physically admissible 3-Lie algebra of this kind is obtained. Following an
expansion around a suitable vacuum, the precise relationship between such theories and certain
more conventional maximally supersymmetric gauge theories is found. These typically involve
particular combinations of N = 8 super Yang-Mills and massive vector supermultiplets. A
dictionary between the 3-Lie algebraic data and the physical parameters in the resulting gauge
theories will thereby be provided.
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1. INTRODUCTION AND SUMMARY

The fundamental ingredient in the Bagger-Lambert—Gustavsson (BLG) model [1-3], pro-
posed as the low-energy effective field theory on a stack of coincident M2-branes, is a met-
ric 3-Lie algebra V' on which the matter fields take values. This means that V is a real
vector space with a symmetric inner product (—,—) and a trilinear, alternating 3-bracket
[—, —,—] : V xV xV — V obeying the fundamental identity [4]

[, y, [21, 22, 23] = [[z, ¥, 21], 22, 23] + [21, [2, ¥, 22], 23] + [21, 22, [T, ¥, 23]] , (1)

and the metricity condition

<[x,y,z1], ZQ) == <Z1’ [x,y, ZQ]) ) (2)

for all z,y, z; € V. We say that V is indecomposable if it is not isomorphic to an orthogonal
direct sum of nontrivial metric 3-Lie algebras. Every indecomposable metric 3-Lie algebra
gives rise to a BLG model and this motivates their classification. It is natural to attempt
this classification in increasing index — the index of an inner product being the dimension of
the maximum negative-definite subspace. In other words, index 0 inner products are positive-
definite (called euclidean here), index 1 are lorentzian, et cetera. To this date there is a
classification up to index 2, which we now review.

It was conjectured in [5] and proved in [6] (see also [7,8]) that there exists a unique nonabelian
indecomposable metric 3-Lie algebra of index 0. It is the simple 3-Lie algebra [4] S, with
underlying vector space R*, orthonormal basis e1, s, €3, e4, and 3-bracket

lei, €5, ex] = ngkﬂeﬂ : (3)

where ¢ = e; Aey Aeg Aey. Nonabelian indecomposable 3-Lie algebras of index 1 were classified
in [9] and are given either by

e the simple lorentzian 3-Lie algebra Ss; with underlying vector space R, orthonormal
basis ey, €1, €2, e3 with ey timelike, and 3-bracket

ey, en, €] = E EpoSoo (4)

where so = —1 and s; =1 fori=1,2,3; or

e W(g), with underlying vector space g ® Ru @ Rov, where g is a semisimple Lie algebra
with a choice of positive-definite invariant inner product, extended to W (g) by declaring
u,v L gand (u,u) = (v,v) =0 and (u,v) = 1, and with 3-brackets

[w,z,yl =[z,y]  and  [2,y,2] = —([v,y], 2) v, (5)
for all z,y, 2 € g.
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The latter metric 3-Lie algebras were discovered independently in [10-12] in the context of the
BLG model. The index 2 classification is presented in [13]. There we found two classes of
solutions, termed la and IIIb. The former class is of the form W(g), but where g is now a
lorentzian semisimple Lie algebra, whereas the latter class will be recovered as a special case of
the results in this paper and hence will be described in more detail below.

Let us now discuss the BLG model from a 3-algebraic perspective. The V-valued matter
fields in the BLG model [1-3] comprise eight bosonic scalars X and eight fermionic Majorana
spinors W in three-dimensional Minkowski space R2. Triality allows one to take the scalars X
and fermions W to transform respectively in the vector and chiral spinor representations of the
50(8) R-symmetry. These matter fields are coupled to a nondynamical gauge field A which is
valued in A%V and described by a so-called twisted Chern-Simons term in the Bagger-Lambert
lagrangian [1,3]. The inner product (—, —) on V is used to describe the kinetic terms for the
matter fields X and U in the Bagger-Lambert lagrangian. Therefore if the index of V' is positive
(i.e. not euclidean signature) then the associated BLG model is not unitary as a quantum field
theory, having ‘wrong’ signs for the kinetic terms for those matter fields in the negative-definite
directions on V, thus carrying negative energy.

Indeed, for the BLG model based on the index-1 3-Lie algebra W (g), one encounters just this
problem. Remarkably though, as noted in the pioneering works [10-12], here the matter field
components X and W along precisely one of the two null directions (u, v) in W (g) never appear
in any of the interaction terms in the Bagger—Lambert lagrangian. Since the interactions are
governed only by the structure constants of the 3-Lie algebra then this property simply follows
from the absence of v on the left hand side of any of the 3-brackets in (Bl). Indeed the one null
direction v spans the centre of W(g) and the linear equations of motion for the matter fields
along v force the components X* and W" in the other null direction u to take constant values
(preservation of maximal supersymmetry in fact requires ¥* = 0). By expanding around this
maximally supersymmetric and gauge-invariant vacuum defined by the constant expectation
value of X", one can obtain a unitary quantum field theory. Use of this strategy in [12] gave
the first indication that the resulting theory is nothing but N = 8 super Yang-Mills theory
on RY? with the euclidean semi-simple gauge algebra g. The super Yang-Mills theory gauge
coupling here being identified with the SO(8)-norm of the constant X“. This procedure is
somewhat reminiscent of the novel Higgs mechanism introduced in [14] in the context of the
Bagger—Lambert theory based on the euclidean Lie 3-algebra Sy. In that case an N = 8 super
Yang-Mills theory with su(2) gauge algebra is obtained, but with an infinite set of higher order
corrections suppressed by inverse powers of the gauge coupling. As found in [12], the crucial
difference is that there are no such corrections present in the lorentzian case.

Of course, one must be wary of naively integrating out the free matter fields X¥ and ¥" in
this way since their absence in any interaction terms in the Bagger—Lambert lagrangian gives
rise to an enhanced global symmetry that is generated by shifting them by constant values. To
account for this degeneracy in the action functional, in order to correctly evaluate the partition
function, one must gauge the shift symmetry and perform a BRST quantisation of the resulting
theory. Fixing this gauged shift symmetry allows one to set X" and WY equal to zero while
the equations of motion for the new gauge fields sets X* constant and U* = 0. Indeed this
more rigorous treatment has been carried out in [15,16] whereby the perturbative equivalence
between the Bagger—Lambert theory based on W (g) and maximally supersymmetric Yang—Mills
theory with euclidean gauge algebra g was established (see also [17]). Thus the introduction
of manifest unitarity in the quantum field theory has come at the expense of realising an
explicit maximal superconformal symmetry in the BLG model for W(g), i.e. scale-invariance
is broken by a nonzero vacuum expectation value for X“. It is perhaps worth pointing out
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that the super Yang—Mills description seems to have not captured the intricate structure of a
particular ‘degenerate’ branch of the classical maximally supersymmetric moduli space in the
BLG model for W(g) found in [9]. The occurrence of this branch can be understood to arise
from a degenerate limit of the theory wherein the scale X* = 0 and maximal superconformal
symmetry is restored. However, as found in [15, 16], the maximally superconformal unitary
theory obtained by expanding around X* = 0 describes a rather trivial free theory for eight
scalars and fermions, whose moduli space does not describe said degenerate branch of the
original moduli space.

Consider now a general indecomposable metric 3-Lie algebra with index r of the form V =
D._, (Ru; & Ru;) & W, where (u;, u;) = 0= (v;,v;), (u;,v;) = d;; and W is a euclidean vector
space. As explained in section 2.4 of [13], one can ensure that none of the null components
XY and ¥ of the matter fields appear in any of the interactions in the associated Bagger—
Lambert lagrangian provided that no v; appear on the left hand side of any of the 3-brackets
on V. This guarantees one has an extra shift symmetry for each of these null components
suggesting that all the associated negative-norm states in the spectrum of this theory can be
consistently decoupled after gauging all the shift symmetries and following BRST quantisation
of the gauged theory. A more invariant way of stating the aforementioned criterion is that
V should admit a mazimally isotropic centre: that is, a subspace Z C V of dimension equal
to the index of the inner product on V', on which the inner product vanishes identically and
which is central, so that [Z,V,V] = 0 in the obvious notation. The null directions v; defined
above along which we require the extra shift symmetries are thus taken to provide a basis for
Z. In [13] we classified all indecomposable metric 3-Lie algebras of index 2 with a maximally
isotropic centre. There are nine families of such 3-Lie algebras, which were termed type IIIb
in that paper. In the present paper we will prove a structure theorem for general metric 3-Lie
algebras which admit a maximally isotropic centre, thus characterising them fully. Although
the structure theorem falls short of a classification, we will argue that it is the best possible
result for this problem. The bosonic contributions to the Bagger—Lambert lagrangians for such
3-Lie algebras will be computed but we will not perform a rigorous analysis of the physical
theory in the sense of gauging the shift symmetries and BRST quantisation. We will limit
ourselves to expanding the theory around a suitable maximally supersymmetric and gauge-
invariant vacuum defined by a constant expectation value for X (with ¥* = 0). This is the
obvious generalisation of the procedure used in [12] for the lorentzian theory and coincides with
that used more recently in [18] for more general 3-Lie algebras. We will comment explicitly on
how all the finite-dimensional examples considered in section 4 of [18] can be recovered from
our formalism.

As explained in sections 2.5 and 2.6 of [13], two more algebraic conditions are necessary
in order to interpret the BLG model based on a general metric 3-Lie algebra with maximally
isotropic centre as an M2-brane effective field theory. Firstly, the 3-Lie algebra should admit
a (nonisometric) conformal automorphism that can be used to absorb the formal coupling
dependence in the BLG model. In [13] we determined that precisely four of the nine IIIb families
of index 2 3-Lie algebras with maximally isotropic centre satisfy this condition. Secondly, parity
invariance of the BLG model requires the 3-Lie algebra to admit an isometric antiautomorphism.
This symmetry is expected of an M2-brane effective field theory based on the assumption that it
should arise as an IR superconformal fixed point of N = 8 super Yang-Mills theory. In [13] we
determined that each of the four I1Ib families of index 2 3-Lie algebras admitting said conformal
automorphism also admitted an isometric antiautomorphism.

It is worth emphasising that the motivation for the two conditions above is distinct from that
which led us to demand a maximally isotropic centre. The first two are required only for an
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M-theoretic interpretation while the latter is a basic physical consistency condition to ensure
that the resulting quantum field theory is unitary. Moreover, even given a BLG model based on
a 3-Lie algebra satisfying all three of these conditions, it is plain to see that the procedure we
shall follow must generically break the initial conformal symmetry since it has introduced scales
into the problem corresponding to the vacuum expectation values of X*“. It is inevitable that
this breaking of scale-invariance will also be a feature resulting from a more rigorous treatment
in terms of gauging shift symmetries and BRST quantisation.

Thus we shall concentrate just on the unitarity condition and, for the purposes of this paper,
we will say that a metric 3-Lie algebra is (physically) admissible if it is indecomposable
and admits a maximally isotropic centre. The first part of the present paper will be devoted
in essence to characterising finite-dimensional admissible 3-Lie algebras. The second part will
describe the general structure of the gauge theories which result from expanding the BLG model
based on these physically admissible 3-Lie algebras around a given vacuum expectation value
for X"i. Particular attention will be paid to explaining how the 3-Lie algebraic data translates
into physical parameters of the resulting gauge theories.

This paper is organised as follows. Section Plis concerned with the proof of Theorem [@, which
is outlined at the start of that section. The theorem may be paraphrased as stating that every
finite-dimensional admissible 3-Lie algebra of index r > 0 is constructed as follows. We start
with the following data:

e for each a = 1,..., N, a nonzero vector 0 # k* € R" with components ', a positive
real number A, > 0 and a compact simple Lie algebra g,;
e for each m = 1,..., M, a two-dimensional euclidean vector space F, with a complex

structure H,, and two linearly independent vectors n™, (™ € R";
e a euclidean vector space Ey and K € AR" ® Ej obeying the quadratic equations

(Kijny Kiem) — (Kijm, Knge) + (Kijo, Kinnk) — (Kijie, Komn) = 0,

where (—, —) is the inner product on FEy;
e and L € A‘R".

On the vector space

we define the following inner product extending the inner product on E, and Ej:

o (u;,v;) = d;j, (uj,uj) =0, (v;,v;) = 0 and u;,v; are orthogonal to the g,, E, and Ej;
and
e on each g, we take —\, times the Killing form.
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This makes V' above into an inner product space of index r. On V we define the following
3-brackets, with the tacit assumption that any 3-bracket not listed here is meant to vanish:

T
[, uj, ug] = Ky + E Lijreve

=1
[wi, wj, wo] = — Z (Kijks o) vk
k=1

[wi uj, xx) = (07 G = 0j ¢ ) Hat

” " (©)
(Wi, 2, Y] = (Hatm, y) (07 CT = 07 ¢

7=1

[ui,«ra,ya] =Ry [Z’a, ya]
[xomyom Za] = - <[xomya]> Zoz) Z H?Uz‘a

for all g € Ey, or,yr € Er, and 24, Yo, 20 € goa- The resulting metric 3-Lie algebra has a
maximally isotropic centre spanned by the v;. It is indecomposable provided that there is no
xy € Ey which is perpendicular to all the Kjj;, whence in particular dim £y < (g) The only
non-explicit datum in the above construction are the Kj; since they are subject to certain
quadratic equations. However we will see that these equations are trivially satisfied for r < 5.
Hence the above results constitutes, in principle, a classification for indices 3 and 4, extending
the classification of index 2 in [13].

Using this structure theorem we are able to calculate the lagrangian for the BLG model asso-
ciated with a general physically admissible 3-Lie algebra. For the sake of clarity, we shall focus
on just the bosonic contributions since the resulting theories will have a canonical maximally
supersymmetric completion. Upon expanding this theory around the maximally supersymmet-
ric vacuum defined by constant expectation values X% (with all the other fields set to zero) we
will obtain standard N = 8 supersymmetric (but nonconformal) gauge theories with moduli
parametrised by particular combinations of the data appearing in Theorem [ and the vacuum
expectation values X", It will be useful to think of the vacuum expectation values X% as
defining a linear map, also denoted X% : R" — R® sending £ — X¢ := >"7 X%, Indeed
it will be found that the physical gauge theory parameters are naturally expressed in terms
of components in the image of this map. That is, in general, we find that neither the data in
Theorem [@ nor the vacuum expectation values X" on their own appear as physical parameters
which instead arise from certain projections of the components of the data in Theorem [@ onto
X% in RS,

The resulting Bagger—Lambert lagrangian will be found to factorise into a sum of decoupled
maximally supersymmetric gauge theories on each of the euclidean components g, F, and Ej.
The physical content and moduli on each component can be summarised as follows:

e On each g, one has an N = 8 super Yang—Mills theory. The gauge symmetry is based on
the simple Lie algebra g,. The coupling constant is given by || X*"||, which denotes the
SO(8)-norm of the image of k* € R" under the linear map X*“. The seven scalar fields
take values in the hyperplane R” C R® which is orthogonal to the direction defined by
X (If X** =0, for a given value of «, one obtains a degenerate limit corresponding
to a maximally superconformal free theory for eight scalar fields and eight fermions
valued in g,.)
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e On each plane E, one has a pair of identical free abelian N = 8 massive vector super-
multiplets. The bosonic fields in each such supermultiplet comprise a massive vector
and six massive scalars. The mass parameter is given by ||[X7" A X¢"||, which corre-
sponds to the area of the parallelogram in R® defined by the vectors X7 and X¢" in
the image of the map X“. The six scalar fields inhabit the RS C R® which is orthog-
onal to the plane spanned by X7 and X¢ . (If [|[ X7 A X¢|| = 0, for a given value
of 7, one obtains a degenerate massless limit where the vector is dualised to a scalar,
again corresponding to a maximally superconformal free theory for eight scalar fields
and eight fermions valued in F,.) Before gauge-fixing, this theory can be understood as
an N = 8 super Yang—Mills theory with gauge symmetry based on the four-dimensional
Nappi-Witten Lie algebra 9(E,,R). Moreover we explain how it can be obtained from a
particular truncation of an N = 8 super Yang-Mills theory with gauge symmetry based
on any euclidean semisimple Lie algebra with rank 2, which may provide a more natural
D-brane interpretation.

e On Ej one has a decoupled N = 8 supersymmetric theory involving eight free scalar
fields and an abelian Chern—Simons term. Since none of the matter fields are charged
under the gauge field in this Chern—Simons term then its overall contribution is essen-
tially trivial on R%2.

NOTE ADDED

During the completion of this work the paper [18] appeared whose results have noticeable
overlap with those found here. In particular, they also describe the physical properties of BLG
models based on certain finite-dimensional 3-Lie algebras with index greater than 1 admitting
a maximally isotropic centre. The structure theorem we prove here for such 3-Lie algebras
allows us to extend some of their results and make general conclusions about the nature of
those unitary gauge theories which arise from BLG models based on physically admissible
3-Lie algebras. In terms of our data in Theorem [ the explicit finite-dimensional examples
considered in section 4 of [18] all have K;j; = 0 = L;j;,; with only one J;; nonzero. This is
tantamount to taking the index r = 2. The example in sections 4.1 and 4.2 of [18] has k* =0
(i.e. no g, part) while the example in section 4.3 has k* = (1,0)". These are isomorphic to two
of the four physically admissible ITIb families of index 2 3-Lie algebras found in [13].

2. TOWARDS A CLASSIFICATION OF ADMISSIBLE METRIC 3-LIE ALGEBRAS

In this section we will prove a structure theorem for finite-dimensional indecomposable metric
3-Lie algebras admitting a maximally isotropic centre. We think it is of pedagogical value to
first rederive the similar structure theorem for metric Lie algebras using a method similar to
the one we will employ in the more involved case of metric 3-Lie algebras.

2.1. Metric Lie algebras with maximally isotropic centre. Recall that a Lie algebra g is
said to be metric, if it possesses an ad-invariant scalar product. It is said to be indecomposable if
it is not isomorphic to an orthogonal direct sum of metric Lie algebras (of positive dimension).
Equivalently, it is indecomposable if there are no proper ideals on which the scalar product
restricts nondegenerately. A metric Lie algebra g is said to have index r, if the ad-invariant
scalar product has index r, which is the same as saying that the maximally negative-definite
subspace of g is r-dimensional. In this section we will prove a structure theorem for finite-
dimensional indecomposable metric Lie algebras admitting a maximally isotropic centre, a
result originally due to Kath and Olbrich [19].
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2.1.1. Preliminary form of the Lie algebra. Let g be a finite-dimensional indecomposable metric

Lie algebra of index r > 0 admitting a maximally isotropic centre. Let v;, i = 1,...,r, denote
a basis for the centre. The inner product is such that (v;,v;) = 0. Since the inner product
on g is nondegenerate, there exist w;, ¢ = 1,...,r, which obey (u;,v;) = d;;. It is always

possible to choose the u; such that (u;,u;) = 0. Indeed, if the u; do not span a maximally
isotropic subspace, then redefine them by u; — u; — %Z;Zl (ui,u;) v; so that they do. The
perpendicular complement to the 2r-dimensional subspace spanned by the u; and the v; is then
positive-definite. In summary, g admits the following vector space decomposition

T

g=P Ru; ®Rvy) @, (7)

i=1

where t is the positive-definite subspace of g perpendicular to all the u; and v;.
Metricity then implies that the most general Lie brackets on g are of the form

[wi, uj] = Kij + Z Lijrvy
k=1

[wi, ] = Jix — Z (Kij, ) v (8)

[x>y] = [x>y]t - Z <£E, Jiy) Vi

i=1

where K;; = —Kj; € ¢, L;j; € R is totally skewsymmetric in the indices, J; € so(r) and
[—, —]¢ : t Xt — v is bilinear and skewsymmetric. Metricity and the fact that the v; are central,
means that no u; can appear on the right-hand side of a bracket. Finally, metricity also implies
that

([ 4l 2) = (2, [y, 2], (9)

for all z,y, z € t.
It is not hard to demonstrate that the Jacobi identity for g is equivalent to the following
identities on [—, —|., J; and K;;, whereas L;;;, is unconstrained:

[, [y, 2]e)e = ([T, Yl 2] — [y, [2, 2] = 0 (10a)
Jilz, yle = [Jiz,yle — [z, Syl = 0 (10b)

JiJjx — JjJix — [Kij,x]e =0 (10c)

TR g+ J K + JoKo; = 0 (10d)

(Koi, Kj) + (Kj, Kii) + (Ko, Kij) = 0, (10e)

for all z,y, z € t.

2.1.2. v is abelian. Equation (I0a) says that v is a Lie algebra under [—, —|., which because of
equation ([@) is metric. Being positive-definite, it is reductive, whence an orthogonal direct sum
t =5 & a, where s is semisimple and a is abelian. We will show that for an indecomposable g,
we are forced to take s = 0, by showing that g = s ® s+ as a metric Lie algebra.

Equation (I0D) says that J; is a derivation of ¢, which we know to be skewsymmetric. The
Lie algebra of skewsymmetric derivations of v is given by ads @ so(a). Therefore under this
decomposition, we may write J; = ad z; + J£, for some unique z; € s and J? € so(a).
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Decompose K;; = Kj; + K

&, with K € s and Kf; € a. Then equation (I0d) becomes the
following two conditions

[2i, Zj]t = Kfj (11)
and
[J7, J5] = 0. (12)

One can now check that the s-component of the Jacobi identity for g is automatically satisfied,
whereas the a-component gives rise to the two equations

JEKS + JOKR + JRKS =0 (13)
and
(K§ K&+ (K& Ky + (Kg, K ) = 0. (14)

We will now show that g = s @ s+, which violates the indecomposability of g unless s = 0.
Consider the isometry ¢ of the vector space g defined by

p(ui) = ui — 2 — %Z (2, 2j) v;

J=1

olx)=x+ Z (zi, ) vy,
i=1
for all € t. Notice that if € a, then p(z) = x. It is a simple calculation to see that for all
r,y € 5,
[o(ua), p(x)] =0 and  [p(z), o(y)] = @[z, yl)- (16)
In other words, the image of s under ¢ is a Lie subalgebra of g isomorphic to s and commuting
with its perpendicular complement in g. In other words, as a metric Lie algebra g = s @ s+,
violating the decomposability of g unless s = 0.
In summary, we have proved the following

Lemma 1. Let g be a finite-dimensional indecomposable metric Lie algebra with index r > 0
and admitting a maximally isotropic centre. Then as a vector space

T

g= @ (Ru; ® Ru;) & E, (17)

i=1

where E is a euclidean space, u;,v; L E and (u;,v;) = 65, (u;, uj) = (v;,v5) = 0. Moreover the
Lie bracket is given by

[us, uj] = Kij + Z Lijivg
k=1

[wi, #] = Jix — Z (Kyj, ) v; (18)
[z, y] = —Z (z, Jiy) vi,

i=1
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where K;; = —K;; € E, L, € R is totally skewsymmetric in its indices, J; € so(E) and in
addition obey the following conditions:

JiJ;j —JjJi =0 (19a)

JiKjp + Ji Ky + JpKi; =0 (19b)

(Kpiy Kji) + (Kyj, Kii) + (Ko, K5) = 0. (19¢)

The analysis of the above equations will take the rest of this section, until we arrive at the
desired structure theorem.

2.1.3. Solving for the J;. Equation ([9al) says that the J; € so(F) are mutually commuting,
whence they span an abelian subalgebra h C so(FE). Since F is positive-definite, £ decomposes
as the following orthogonal direct sum as a representation of b:

E=@DE. E, (20)
=1
where
Ey={x € E|Jix =0 Vi} (21)

and each F, is a two-dimensional real irreducible representation of h with certain nonzero
weight. Let (H,) denote the basis for h where

if
o, =0 dT#e (22)
—IL, if 7=y,

where I, € End(F) is the orthogonal projector onto E;. Relative to this basis we can then
write J; =Y JTH,, for some real numbers J.

2.1.4. Solving for the K;j. Since K;; € E, we may decompose according to (20) as
K=Y Kj+Kj). (23)
=1

We may identify each E, with a complex line where H, acts by multiplication by ¢. This turns
the complex number KJ; into one component of a complex bivector K™ € A%C". Equation
(I9L) splits into one equation for each K™ and that equation says that

JIKG + JETKE + K =0, (24)

or equivalently that J™ A K™ = 0, which has as unique solution K™ = J™ At™, for some t™ € R".
In other words,

KJ = JrtT — JTE. (25)

Now consider the following vector space isometry ¢ : g — g, defined by
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for all z € E, where t; € E and hence t; = Y7 _ 7 +t9. Under this isometry the form of the

=1 "1
Lie algebra remains invariant, but K;; changes as

Kij — Kz'j — Jitj + thz’ (27)

and L;j; changes in a manner which need not concern us here. Therefore we see that K7 has
been put to zero via this transformation, whereas KZ-Oj remains unchanged. In other words, we
can assume without loss of generality that K;; € £y, so that J; K, = 0, while still being subject
to the quadratic equation (I9d).

In summary, we have proved the following theorem, originally due to Kath and Olbrich [19]:

Theorem 2. Let g be a finite-dimensional indecomposable metric Lie algebra of index r > 0
admitting a mazimally isotropic centre. Then as a vector space

T

=1 =1

where all direct sums but the one between Ru; and Rv; are orthogonal and the inner product is
as in Lemma [l Let 0 # J™ € R", K;; € Ey and L, € R and assume that the K;; obey the
following quadratic relation

<Kgi, Kjk> + <ng, Kkz> + <ng, Kij> .= 0. (29)
Then the Lie bracket of g is given by

[us, uj] = Kij + Z Lijivx
k=1

[uhx] = Jzﬂ—Hﬂx
[wi, 2] = =Y (Kyj, 2) v,
j=1
[33, y] - - XT: <3?, JzﬂHﬂy> Vi,
i=1
where x,y € Er and z € Ey. Furthermore, indecomposability forces the K;; to span all of Ey,

whence dim Ey < (g)

It should be remarked that the L;;, are only defined up to the following transformation
Lijik v Lije + (Kij, tr) + (K, t5) + (Kjp, t) (31)

for some t; € Ej.

It should also be remarked that the quadratic relation (29]) is automatically satisfied for index
r < 3, whereas for index r > 4 it defines an algebraic variety. In that sense, the classification
problem for indecomposable metric Lie algebras admitting a maximally isotropic centre is not
tame for index r > 3.

2.2. Metric 3-Lie algebras with maximally isotropic centre. After the above warm-
up exercise, we may now tackle the problem of interest, namely the classification of finite-
dimensional indecomposable metric 3-Lie algebras with maximally isotropic centre. The proof
is not dissimilar to that of Theorem 2, but somewhat more involved and requires new ideas.
Let us summarise the main steps in the proof.
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(1) In section 2Z21] we write down the most general form of a metric 3-Lie algebra V'
consistent with the existence of a maximally isotropic centre Z. As a vector space,
V=272®&7Z"®W, where Z and Z* are nondegenerately paired and W is positive-
definite. Because Z is central, the 4-form F(z,y, z,w) := ([x,y, z],w) on V defines an
element in A*(W @ Z). The decomposition

NMWeZ)=AWae (N°WeZ)e (NPWeANZ)e(WeANZ)eANZ (32)

induces a decomposition of F = Zizo F,, where F, € A*7*W ® A*Z, where the com-
ponent Fj is unconstrained.

(2) The component Fy defines the structure of a metric 3-Lie algebra on W which, if V' is
indecomposable, must be abelian, as shown in section

(3) The component F; defines a compatible family [—, —]; of reductive Lie algebras on W. In
section we show that they all are proportional to a reductive Lie algebra structure
g @ 3 on W, where g is semisimple and 3 is abelian.

(4) In section 224 we show that the component F, defines a family J;; of commuting
endomorphisms spanning an abelian Lie subalgebra a < so(3). Under the action of a, 3
breaks up into a direct sum of irreducible 2-planes E. and a euclidean vector space Ej
on which the J;; act trivially.

(5) In section we show that the component Fj defines elements Kjj, € Ey which are
subject to a quadratic equation.

2.2.1. Preliminary form of the 3-algebra. Let V be a finite-dimensional metric 3-Lie algebra
with index r > 0 and admitting a maximally isotropic centre. Let v;, 2 = 1,..., 7, denote a basis
for the centre. Since the centre is (maximally) isotropic, (v;, v;) = 0, and since the inner product
on V' is nondegenerate, there exists u;, i = 1,...,r satistying (u;,v;) = ¢;;. Furthermore, it
is possible to choose the u; such that (u;,u;) = 0. The perpendicular complement W of the
2r-dimensional subspace spanned by the u; and v; is therefore positive definite. In other words,
V' admits a vector space decomposition

V= @ (Ru; ® Ru;) @ W. (33)

i=1

Since the v; are central, metricity of V' implies that the w; cannot appear in the right-hand
side of any 3-bracket. The most general form for the 3-bracket for V' consistent with V' being
a metric 3-Lie algebra is given for all x,y, z € W by

I8
[wi, wj, ug] = K, + E Lijreve

=1
[wi, wj, x| = Jio — Z (Kijk, x) v
(34)
[uhxa y] - [x7y]l - Z <ZE, JZ]y> Uj
j=1

T

[xvyv Z] = [x7y7Z]W - Z <[Jf,y]i,2> Ui

i=1
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where J;; € so(W), K;j, € W and L € R are skewsymmetric in their indices, [—, —]; :
W x W — W is an alternating bilinear map which in addition obeys

<[x7y]i7 Z> - <Jf, [yu Z]Z) ) (35)
and [—, —, —|w : W x W x W — W is an alternating trilinear map which obeys
<[.T Y,z ] W > _<[x>y>w]WaZ>- (36)

The following lemma is the result of a straightforward, if somewhat lengthy, calculation.

Lemma 3. The fundamental identity (dI) of the 3-Lie algebra V' defined by [B4) is equivalent
to the following conditions, for all t,w,x,y,z € W:

w
3
o

JimKjre = Jij Kyom + JieKWomj + Ji Kjpm
Jii Kiom = Jom Kiji + T Fije + T Kijm
<Kz'jm7 Knk€> + <Kijk7 KEmn) - <Kijn7 Kk€m> + <Kz'j€7 Kmnk) .

tw, [z,y, 2lwlw = [[t,w, zlw. y, 2lw + [z, [t, 0, ylw, 2lw + [z, y, [t w, 2Jwlw (37a)
[w, [z,y, 2lw]i = [[w, i, y, 2lw + [2, [w, yli, 2lw + [z, y, [w, 2]i]w (37b)

[, y, [z, thlw = [2,¢, [z, ylidw + [z, v, 2lw, ] + [2, [z, y, ]w]i (37¢)
Jijle,y, 2lw = [Tz y, 2lw + [, Jyy, 2lw + [z, y, Jij2lw (37d)

Jij[x’y’ ]W - [x Y, ‘]]Z]W = Hx y]w ] [[x>y]j>z]i (376)
[, y, Kiielw = Tk, yli + Jwalz, yl; + Jiglz, ylx (37f)
[Jijz,y, 2lw = [z, yli, 215 + [y, 2150 2l + [[2, 2], y] (37g)

Jijlw y, 2w = [z, [, yl5li + [2, [y, 23] + [y, [2, 2] (37h)

[, y, Kijielw = Jijlz, yli — [Tz yle — [2, Jijyl (371)

Jiel, yly — il yle = [T, yli + [2, Tyl (37])
[, Tyl = [Jijz, yle + [z, yl; + Jielz, yli (37k)

[ ijks L ] [ng, ] [Kfjk’x]i"i_[Kéki’x]j (371)

[Kijies @le — [Kijo, xlie = (JijJre — e Jij) @ (37m)
[z, Kjreli = (JjiJio + Jie iz + Jjedii) @ 37n)

)

)

)

N TN A/~ T
w w
J
QL T

Of course, not all of these equations are independent, but we will not attempt to select a
minimal set here, since we will be able to dispense with some of the equations easily.

2.2.2. W is abelian. Equation (B7al) says that W becomes a 3-Lie algebra under [—, —, —|w
which is metric by ([Bl). Since W is positive-definite, it is reductive [6-9], whence isomorphic
to an orthogonal direct sum W = S @ A, where S is semisimple and A is abelian. Furthermore,
S is an orthogonal direct sum of several copies of the unique positive-definite simple 3-Lie
algebra S, [4,20]. We will show that as metric 3-Lie algebras V = S @& S+, whence if V is
indecomposable then S = 0 and W = A is abelian as a 3-Lie algebra. This is an extension of
the result in [9] by which semisimple 3-Lie algebras S factorise out of one-dimensional double
extensions, and we will, in fact, follow a similar method to the one in [9] by which we perform
an isometry on V' which manifestly exhibits a nondegenerate ideal isomorphic to S as a 3-Lie
algebra.
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Consider then the isometry ¢ : V' — V' defined by
o) =vi o) =u—si—35 Y (sis)v;  plx)=x+ Y (si,x) v, (38)
=1 i=1

for z € W and for some s; € W. (This is obtained by extending the linear map v; — v; and
u; — u; — 8; to an isometry of V.) Under ¢ the 3-brackets (B4]) take the following form

[o(w), (uy), p(u)] = o(K5) + Y L

[o(w), p(uy), p(x)] = (JGx) = > (Kfy, x) v

. (39)
[o(u), o(x), o(y)] = @z, ylf) = > (=, Jy)v;
j=1
[o(x), (m), e(2)] = e[z, y, 2lw) — Y _ ([ ¢, ) v,
i=1
where
[[E, y]f - [[E, y]l + [Sia z, y]W
J;gx = Jijl’ + [Si,x]j - [sj,x]i + [SZ', sj,x]W
Ky = Kigk — Jigsk — Jjnsi — Jrisj + [8i, 8jlk + (85, skli + [Sk, 81l — [815 85, sklw (40)
Lo = Lijre + (Ko si) — (Keis ) + (Kuij, 5k) — (Kiji, 50)
— (83, Jwesj) — (Sk, Jjesi) — (85, Jiesw) + (50, Jjsi) + (se, Jrisj) + (Se, Jijsk)
+ ([56, 85]es 81) — ([56, 85]k> 5¢) — (58 8ilj, 80) — (55, sKis 8¢) + ([54, 55, sK|w, 8¢) -
Lemma 4. There exists s; € S such that the following conditions are met for all x € S:
[z, =] = Jgﬁx =0 <K;’;k, x> =0. (41)

Assuming for a moment that this is the case, the only nonzero 3-brackets involving elements
in p(9) are
and this means that ¢(9) is a nondegenerate ideal of V', whence V = ¢(S) & ¢(S)*. But this
violates the indecomposability of V', unless S = 0.

Proof of the lemma. To show the existence of the s;, let us decompose S = Sf) SRRRN Sim)
into m copies of the unique simple positive-definite 3-Lie algebra S;. As shown in [9, §3.2],
since J;; and [z, —]; define skewsymmetric derivations of W, they preserve the decomposition
of W into S @ A and that of S into its simple factors. One consequence of this fact is that
Jiyx € S forall x € S and [z,y]; € S for all z,y € S, and similarly if we substitute S for
any of its simple factors in the previous statement. Notice in addition that putting ¢ = 7 in
equation (B7g), [—, —]; obeys the Jacobi identity. Hence on any one of the simple factors of S
— let’s call it generically Sy — the bracket [—, —]; defines the structure of a four-dimensional
Lie algebra. This Lie algebra is metric by equation (B3]) and positive definite. There are (up to
isomorphism) precisely two four-dimensional positive-definite metric Lie algebras: the abelian
Lie algebra and s0(3) @ R. In either case, as shown in [9, §3.2], there exists a unique s; € Sy
such that [s;, z, y]lw = [x,y]; for z,y € S;. (In the former case, s; = 0.) Since this is true for all



METRIC 3-LIE ALGEBRAS FOR UNITARY BAGGER-LAMBERT THEORIES 15

simple factors, we conclude that there exists s; € S such that [s;, z,ylw = [z,y]; for z,y € §
and for all 7.
Now equation says that for all z,y, 2z € S,

[Jijx’ Ys Z]W = [[‘T’ y]i> Z]j + Hya Z]j> ZE]Z + [[Z’ x]i’ y]j
= [8j, [si: @, ylw, 2lw + [si: [85, 9, 2w @lw + [s5, [si, 2, 2w, ylw
= ([s, 85, T]w, Y, Tlw, using (B7al)
which implies that J;;z — [s;, s, ]y centralises S, and thus is in A. However, for x € S, both
Ji;x € S and [s;, sj, xlw € S, so that J;;x = [s;, s;, x]w. Similarly, equation ([B71) says that for
all z,y € S,
[z, y, KijeJw = Jijlz, yle — [Tz, yle — [2, Jiyln
= [8i, 55, [sk, T, ylwlw — [Sk. [86, 55, Zlw, ylw — sk, 2, [56, 859w ]w
= [[si, 5, slw, 2, ylw, using (37a)

which implies that K, — [si, s;, Sglw centralises S, whence K, — [si, 55, Splw = Ki?k c A

Finally, using the explicit formulae for J and K, in equation (@), we see that for all all
r €S,
J:?JI = Jijl’ + [Si,l’]j - [sj,x]i + [82', Sj,l’]w
= [si, 85, 2lw + [85, 86, lw — [s4, 85, T|w + [s4, 85, ¢]w = 0
and
Ky = Kige — Jijse — Jjnsi — Jrisj + [8i, 851k + [85, seli + [sk, sil5 =[50, 55, sulw

= K{;l-k + [siy 85, Sklw — [8iy 85, Sklw — [85, Sk silw — [k, iy s5lw
+ [Sks iy Sjlw + [Sis Sj. Sklw + [S5s Sk, Silw — [siy 85, Skjw = ng,
whence <K;§.k,x> =0forallz e S. O
We may summarise the above discussion as follows.

Lemma 5. Let V' be a finite-dimensional indecomposable metric 3-Lie algebra of index r > 0
with a maximally isotropic centre. Then as a vector space

V=D Ru; @ Rvy) & W, (43)
i=1
where W is positive-definite, w;,v; L W, (u;,uj) = 0, (v;,v;) = 0 and (u;,v;) = 0;5. The v;
span the maximally isotropic centre. The nonzero 3-brackets are given by

T
[wi, wj, u) = Kiji + E Lijreve

=1
(i, uj, x| = Jyx — Z (Kijk, x) vg
(11)
[uia z, y] = [ZE, y]l - Z <.Z', ‘]Z]y> Uj
j=1

T

[$,y,Z] = _Z <[$7y]i72> Vi,

i=1
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for all x,y,z € W and for some L € R, Kijr € W, Ji; € so(W), all of which are totally

skewsymmetric in their indices, and bilinear alternating brackets [—, —|; : W x W — W satis-

fying equation [BH). Furthermore, the fundamental identity of the 3-brackets [@d]) is equivalent
to the following conditions on K, Jij and [—, —];:

[z, [y, 2lil; = [l ;. 2)i + [, [, 25 (45a)

[z, yli; 215 = [l=, y];, 2]i (45b)

Jijlz, yle = [Jijz, ylk + (@, Tyl (45¢)

0= Jielz, yli + Julz, yl; + Jij[z, yle (45d)

(Kijis xle — [Kijo, @)k = (Jij e — Jpediz) © (45¢)

[z, Kikeli = (Jjndio + Tuedij + Jjodii) @ (45f)

Jii Kiom = JomKiji + ImiKije + JpeKijm (45g)

0 = (Kijn, Kiem) + (Kijo, Kinnk) — (Kijms Knke) — (Kijks Komn) . (45h)

There are less equations in ([@H) than are obtained from (B7) by simply making W abelian.
It is not hard to show that the equations in (@3] imply the rest. The study of equations ({5
will take us until the end of this section. The analysis of these conditions will break naturally
into several steps. In the first step we will solve equations ([#5al) and (@5D) for the [—, —];. We
will then solve equations ([@5d) and ([45d)), which will turn allow us to solve equations ([F5d) and
@5D) for the J;;. Finally we will solve equation ([@5g). We will not solve equation (45h). In
fact, this equation defines an algebraic variety (an intersection of conics) which parametrises
these 3-algebras.

2.2.3. Solving for the [—, —];. Condition ([@5al) for i = j says that [—, —|; defines a Lie algebra
structure on W, denoted g;,. By equation ([BH), g; is a metric Lie algebra. Since the inner
product on W is positive-definite, g, is reductive, whence g; = [g;, g;| ® 3;, where s; := [g;, ;]

is the semisimple derived ideal of g; and 3; is the centre of g;. The following lemma will prove
useful.

Lemma 6. Letg;, 1 =1,...,r, be a family of reductive Lie algebras sharing the same underlying
vector space W and let [—, —]; denote the Lie bracket of g;. Suppose that they satisfy equations
[@5a) and @BL) and in addition that one of these Lie algebras, g, say, is simple. Then for all
r,ye W,

['ruy]z - ’ii['ruy]la (46>

where k; € R.

Proof. Equation ([Gal) says that for all z € W, ad; z := [z, —]; is a derivation of g;, for all i, j.
In particular, ad; = is a derivation of g,. Since derivations preserve the centre, ad; x : 3; — 3,
whence the subspace 3; is an ideal of g;. Since by hypothesis, g; is simple, we must have that
either 3, = W, in which case g; is abelian and the lemma holds with x; = 0, or else 3, = 0, in
which case g; is semisimple. It remains therefore to study this case.

Equation (45hal) again says that ad; x is a derivation of g;. Since all derivations of g; are
inner, this means that there is some element y such that ad;x = ad;y. This element is
moreover unique because ad; has trivial kernel. In other words, this defines a linear map

Vi g — o1 by ad; r = ady Y;x Ve e W. (47)

This linear map is a vector space isomorphism since ker; C kerad; = 0, for g; semisimple.
Now suppose that I < g; is an ideal, whence ad;(x)I C I for all x € g;. This means that
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ad;(y)I C I for all y € gy, whence [ is also an ideal of g;. Since g; is simple, this means that
I =0 or else I = W; in other words, g; is simple.
Now for all z,y, z € W, we have

[Wilz, yli, 210 = ([, yli, 2] by equation (7))
=[x, [y, 2lili — [y, [z, 2]i]i by the Jacobi identity of g;

= [Whix, Wiy, 211 — [y, Wi, 2)i)a by equation (47)
= [z, Yiylr, 2] by the Jacobi identity of g,

and since g; has trivial centre, we conclude that

Vilz, yli = [Vir, Yiylh,

whence v; : g, — g1 is a Lie algebra isomorphism.

Next, condition (45h]) says that ad[z,y|; = ad;[x, y];, whence using equation (1), we find
that ad;[z,y]; = ad; [z, y]1, and since ad; has trivial kernel, [z,y]; = [z, y];. We may
rewrite this equation as ad; x = 1, ad; x for all z, which again by virtue of (@), becomes
ady Y;x = 1; ady x, whence 1; commutes with the adjoint representation of g,. Since g; is
simple, Schur’s Lemma says that 1; must be a multiple, k; say, of the identity. In other words,
ad; x = k; ady x, which proves the lemma. O

Let us now consider the general case when none of the g; are simple. Let us focus on two
reductive Lie algebras, g, = 3, ® s;, for ¢ = 1,2 say, sharing the same underlying vector space
W. We will further decompose s; into its simple ideals

N;
=Ps: (48)
a=1

For every x € W, ad; z is a derivation of go, whence it preserves the centre 3o and each simple
ideal 55 . This means that 35 and 55 are themselves ideals of g;, whence

32:E0@@5(11 and ﬁngﬁ@@s? Vﬂé{l,Q,---,NQ}, (49)

a€cly aEIﬁ
and where the index sets Iy, I1, . .., Iy, define a partition of {1,..., Ni}, and
h1=Ec® E1& - & Ey, (50)

is an orthogonal decomposition of 3;. But now notice that the restriction of g, to Eg® P, ;. s Iy

is reductive, whence we may apply Lemma [@] to each simple 52 in turn. This allows us to
conclude that for each 3, either s5 = Ej or else s = §% for some o € {1,2,..., Ny} which
depends on 3, and in this latter case, [z, y]5§ = K[z, ylse, for some nonzero constant .

This means that, given any one Lie algebra g;, any other Lie algebra g; in the same family is
obtained by multiplying its simple factors by some constants (which may be different in each
factor and may also be zero) and maybe promoting part of its centre to be semisimple.

The metric Lie algebras g; induce the following orthogonal decomposition of the underlying
vector space W. We let Wy = (;_, 3 be the intersection of all the centres of the reductive Lie
algebras g;. Then we have the following orthogonal direct sum W = W, & @2;1 W, where
restricted to each W~ at least one of the Lie algebras, g; say, is simple and hence all other
Lie algebras g;; are such that for all z,y € W,

[z, y]; = Ki[z, yli Ik € R, (51)
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To simplify the notation, we define a semisimple Lie algebra structure g on the perpendicular
complement of Wy, whose Lie bracket [—, —] is defined in such a way that for all z,y € W,,
[z, y] == [z,y];, where i € {1,2,...,r} is the smallest such integer for which the restriction of
g; to W, is simple. (That such an integer i exists follows from the definition of Wy and of the
W,.) It then follows that the restriction to W, of every other g;.; is a (possibly zero) multiple
of g.

We summarise this discussion in the following lemma, which summarises the solution of

equations (dha)) and (45h).

Lemma 7. Let g;, 1 =1,...,r, be a family of metric Lie algebras sharing the same underlying
euclidean vector space W and let [—, —]; denote the Lie bracket of g;. Suppose that they satisfy
equations [@5a) and ASD). Then there is an orthogonal decomposition
N
W =W, w.. (52)
a=1
where
0 if x,y € Wo;
[z, 9)i =1 . _ ’ (53)
Kq ['T’y] foayewou
for some k& € R and where [—,—| are the Lie brackets of a semisimple Lie algebra g with

underlying vector space @ivzl Wy

2.2.4. Solving for the J;;. Next we study the equations ([@hd) and (45d), which involve only J;;.
Equation (F5d) says that each J;; is a derivation over the g for all ¢, j, k. Since derivations
preserve the centre, every J;; preserves the centre of every g; and hence it preserves their
intersection Wy. Since J;; preserves the inner product, it also preserves the perpendicular
complement of Wy in W, which is the underlying vector space of the semisimple Lie algebra
g of the previous lemma. Equation (45d) does not constrain the component of .J;; acting on
W, since all the [—, —]) vanish there, but it does constrain the components of J;; acting on
@Y | W,. Fix some « and let z,y € W,. Then by virtue of equation (53), equation ([@5d) says
that

Ky (Jijle, yl — [Jigw, y] — [, Jijy]) = 0. (54)

Since, given any a there will be at least some & for which x§ # 0, we see that J;; is a derivation
of g. Since g is semisimple, this derivation is inner, where there exists a unique z;; € g, such
that J;;y = [2;;,y] for all y € g. Since the simple ideals of g are submodules under the adjoint
representation, J;; preserves each of the simple ideals and hence it preserves the decomposition
(B2). Let z; denote the component of z;; along W,. Equation ([@5d) can now be rewritten for
x,y € W, as
K?[Z?Z’ [QE, y]] + K’?[ZZ" [QE, y]] + K’?[Ziaj’ [QE, y]] =0. (55)
Since g has trivial centre, this is equivalent to

K25 + K2+ Ky 2 = 0, (56)

which can be written more suggestively as k% A z* = 0, where k% € R” and 2® € A’R" @ W,,.
This equation has as unique solution z% = kK A s, for some s* € R" ® W, or in indices

25 = K{'8§ s¢ ds5 € W, (57)

(e}
kj



METRIC 3-LIE ALGEBRAS FOR UNITARY BAGGER-LAMBERT THEORIES 19

Let s; =), s% € g and consider now the isometry ¢ : V' — V defined by
e(vi) = v;
p(2) = 2

for all z € Wy and all z € @gzl W,. The effect of such a transformation on the 3-brackets
(@) is an uninteresting modification of K;;; and L,z and the more interesting disappearance
of J;; from the 3-brackets involving elements in W,. Indeed, for all x € W,,, we have

[o(ui), p(u;), p(2)] = [ui — 56, u; — 55, 2]
= [u;, uj, x| + [uj, 8;, x] — [w;, 5, 2] + [s4, 85, «]
= Jijx + [s;, x|; — [s;, x]; + central terms
= (25, 2] + K5[s], 2] — K{'[s§, 2] 4 central terms
= [2f; + KSsi — Ki's§, o] + central terms
= 0 + central terms,

where we have used equation (7).

This means that without loss of generality we may assume that J;;z = 0 for all x € W, for
any «. Now consider equation ([45]]) for = € @gzl W,. The right-hand side vanishes, whence
[Kiji,x]e = 0. Also if © € Wy, then [Kj;jx, x], = 0 because z is central with respect to all g,.
Therefore we see that Kjjj is central with respect to all g, and hence K;;, € W,

In other words, we have proved the following

Lemma 8. In the notation of Lemmal7, the nonzero 3-brackets for V- may be brought to the
form

T
[, uj, ug] = Ky + E Lijreve
=1
T

[wi, wj, wo] = Jijwo — Z (Kijk: To) Uk
k=1
- (59)
[wi, w0, 90] = — Y (z0, Jij0) vy

J=1

[uiv Ly ya] - Hia[x7 y]

[l’a, Yo, ZQ] - = <[l’a, ya]v Za> Z Iizqvi?
i=1

for all To, Yo, 20 € Wa, xo,y0 € Wy and for some Ly € R, K;j € Wy and Ji; € so(Wy), all
of which are totally skewsymmetric in their indices.

Since their left-hand sides vanish, equations [@5d) and (45f) become conditions on .J;; €
so(Wp):

JijIwe — Jredij = 0, (60)
Jiwdie + Jpedij + Jje i = 0. (61)
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The first condition says that the J;; commute, whence since the inner product on Wj is positive-
definite, they must belong to the same Cartan subalgebra h C so(Wp). Let H,, for 7 =
1,..., Ldimzwoj , denote a basis for h, with each H, corresponding to the generator of infinitesimal
rotations in mutually orthogonal 2-planes in Wy. In particular, this means that H,H, = 0 for
7 # o and that H? = —II,, with II; the orthogonal projector onto the 2-plane labelled by
7. We write J; € R for the component of J;; along H,. Fixing 7 we may think of J7; as
the components of J™ € A?R". Using the relations obeyed by the H,, equation (GI]) separates
into Ldm;—woj equations, one for each value of 7, which in terms of J™ can be written simply as
J™NJ™ = 0. This is a special case of a Pliicker relation and says that J™ is decomposable; that
is, J© = n™ AC™ for some 7™, (™ € R". In other words, the solution of equations (60)) and (&1]) is

T =Y (i ¢F —ni¢) He (62)

s

living in a Cartan subalgebra b C so()).

2.2.5. Solving for the K,j. It remains to solve equations ([@5g) and (45L) for K. We shall
concentrate on the linear equation ([@5g)). This is a linear equation on K € A*R” ® W, and says
that it is in the kernel of a linear map

MR @ W, —— A’R" ® A’R" ®@ W, (63)
defined by
Kiji = Jij Kiem — JimKiji — I ije — JpeKijm. (64)

The expression in the right-hand side is manifestly skewsymmetric in ij and k¢m separately,
whence it belongs to A’R" @ A’R"” @ W, as stated above. For generic r (here r > 5) we may
decompose

AR @ AR — YR @ VAR @ AR, (65)
where Y Youns tableau dengtes the corresponding Young symmetriser representation. Then one
can see that the right-hand side of (64]) has no component in the first of the above summands

and hence lives in the remaining two summands, which are isomorphic to R” @ A*R".
We now observe that via an isometry of V' of the form

p(vi) = v,
90(51701) = Tao
p(ui) =i+t — 3 (i t;)v; (66)

J

p(x0) = w0 — Z (0, i) Vi

for t; € Wy, the form of the 3-brackets (BJ) remains invariant, but with K;;;, and L;jj, trans-
forming by

Kiji — Kiji + Jijte + Jjits + Jiit;, (67)
and

Lijke = Lijre + (Kiji, te) — (Kuij, te) + (Kpais t5) — (Kjke, ti)

68
e it te) + Uit 1) + (inis ) + (et b + it t) + (it (O



METRIC 3-LIE ALGEBRAS FOR UNITARY BAGGER-LAMBERT THEORIES 21

respectively. In particular, this means that there is an ambiguity in K, which can be thought
of as shifting it by the image of the linear map

R @ Wy —— AR™ @ W, (69)
defined by
ti o Tty + Tt + Juit (70)
The two maps (63) and (€9) fit together in a complex
R © Wy —— AR @ W, —— R" @ A*R™ ® W, (71)

where the composition vanishes precisely by virtue of equations ([60) and (&1). We will show

that this complex is acyclic away from the kernel of J, which will mean that without loss of

generality we can take Kjj;, in the kernel of J subject to the final quadratic equation (450l).
Let us decompose W, into an orthogonal direct sum

(dim Wo) /2
b E. if dim W, is even, and
=1
Wy = (72)
(dim Wo—1)/2
Rw & &y E., if dim W is odd,
=1

where E, are mutually orthogonal 2-planes and, in the second case, w is a vector perpendicular
to all of them. On E, the Cartan generator H, acts as a complex structure, and hence we may
identify each FE, with a complex one-dimensional vector space and H, with multiplication by
i. This decomposition of W allows us to decompose K = Kjj; + > KT, where the first
term is there only in the odd-dimensional situation and the K7, are complex numbers. The

complex ([[T]) breaks up into L%J complexes, one for each value of 7. If J™ = 0 then K7},
is not constrained there, but if J*™ = n™ A (™ # 0 the complex turns out to have no homology,
as we now show.

Without loss of generality we may choose the vectors n™ and (™ to be the elementary vectors
e; and e in R, so that J™ has a J{; = 1 and all other J7; = 0. Take ¢ = 1 and j = 2 in the

cocycle condition (G3)), to obtain
kem = Jom Kiop + T KT + T K gy (73)

It follows that if any two of k,¢,m > 2, then K[, = 0. In particular KT;; = K3;; = 0 for all
t,7 > 2, whence only K7, for k > 2 can be nonzero. However for k > 2, K7,, = J{,e;, with
ex, the kth elementary vector in R", and hence KT,, is in the image of the map (69); that is,
a coboundary. This shows that we may assume without loss of generality that K7, = 0. In
summary, the only components of K;;; which survive are those in the kernel of all the J;;. It

is therefore convenient to split W} into an orthogonal direct sum

Wo = Ey & P E-, (74)

where on each 2-plane E, J™ = n™ A (" # 0, whereas J;;z = 0 for all x € E,. Then we can
take Kijk: S EQ.

Finally it remains to study the quadratic equation (45L). First of all we mention that
this equation is automatically satisfied for » < 4. To see this notice that the equation is
skewsymmetric in k, ¢, m,n, whence if r < 4 it is automatically zero. When r = 4, we have to
take k, ¢, m,n all different and hence the equation becomes

(Kij1, Kosa) — (Kijo, Ksar) + (Kijs, Kai2) — (KGja, Ki23) = 0,
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which is skewsymmetric in ¢, 7. There are six possible choices for 7,7 but by symmetry any
choice is equal to any other up to relabeling, so without loss of generality let us take ¢ = 1 and
7 = 2, whence the first two terms are identically zero and the two remaining terms satisfy

(K93, K419) — (K24, K123) = 0,

which is identically true. This means that the cases of index 3 and 4 are classifiable using our
results. By contrast, the case of index 5 and above seems not to be tame. An example should
suffice. So let us take the case of r = 5 and dim £, = 1, so that the Kjj; can be taken to be
real numbers. The solutions to ([@50) now describe the intersection of five quadrics in R1:

K95 K134 — K124 K35 + K123 K145 = 0
K95 K934 — K124 K35 + K123 K245 = 0
K35 K234 — K134 K35 + K123 K345 = 0
K45 K234 — K134 K5 + K24 K345 = 0
K45 Ka35 — K135 Ko45 + K25 K345 = 0,

whence the solutions define an algebraic variety. One possible branch is given by setting /y;; =
0 for all 7, 7, which leaves undetermined Ks34, Ko35, Koss and Ksyus. There are other branches
which are linearly related to this one: for instance, setting Kj;; = 0, et cetera, but there are
also other branches which are not linearly related to it.

2.2.6. Summary and conclusions. Let us summarise the above results in terms of the following
structure theorem.

Theorem 9. Let V' be a finite-dimensional indecomposable metric 3-Lie algebra of index r > 0
with a maximally isotropic centre. Then V admits a vector space decomposition into r + M +
N + 1 orthogonal subspaces

r N M
V= ®Ru e Rv)) & P W. e P E-o E, (75)
i=1 a=1 =1

where W, E. and Ey are positive-definite subspaces with the E, being two-dimensional, and
where (u;,uj) = (v;,v;) = 0 and (u;,v;) = 0;;. The 3-Lie algebra is defined in terms of the
following data:

e 0 AN N(™ € AN’R" for eachm=1,..., M,
0+#kr*€eR" for eachaa=1,..., N,

a metric simple Lie algebra structure g, on each W,
L € A*R", and

K € A’R" ® E, subject to the equation

(Kijny Kiem) + (Kijo, Kpnk) — (Kijms Kne) — (Kije, Komn) = 0,
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by the following 3-brackets, A

T
[, uj, ug] = Ky + Z Lijreve
=1

T

(i, uj, 0] = = Y (Kije, o) v
k=1

[wis wj, | = S5 Hry

T

(76)
[Ui, Ly, yﬂ] - — Z <337|-, J’Z;Hﬂ'yﬂ'> Vj

j=1

[uiv Lo, ya] = ’i?[xaa ya]
[xoﬁ Yas ZOé] - <[x01a ya]> Zoz) Z "f?vh
=1

Jor allzg € Eo, Tr,yx € Erx and To, Yo, 2o € Wa, and where J; = nf (T —n7 (T and Hy a complex
structure on each 2-plane E.. The resulting 3-Lie algebra is indecomposable provided that there
is no xg € Ey which is perpendicular to all the K;j,, whence in particular dim Ey < (g)

2.3. Examples for low index. Let us now show how to recover the known classifications in
index < 2 from Theorem [

Let us consider the case of minimal positive index » = 1. In that case, the indices i, j, k, [
in Theorem [ can only take the value 1 and therefore J;;, Kjj; and L;;, are not present.
Indecomposability of V' forces Fy = 0 and E, = 0, whence letting u = u; and v = vy, we have
V =Ru®Rod @Y | W, as a vector space, with (u,u) = (v,v) = 0, (u,v) = 1 and @_, W,
euclidean. The 3-brackets are:

[U, 'rav ya] = [«Ia, ya]
[xom Yo, Za] = - <[$a, ya]; Zoz> v,

for all x, Ya, 2o € W, and where we have redefined k%[x, Yo] — [T, Ya), which is a simple Lie
algebra on each W,. This agrees with the classification of lorentzian 3-Lie algebras in [9] which
was reviewed in the introduction.

Let us now consider » = 2. According to Theorem [0 those with a maximally isotropic centre
may now have a nonvanishing Jj, while K;, and L;;j; are still absent. Indecomposability of
V forces By = 0. Therefore W, = @7]:4:1 E, and, as a vector space, V = Ruy; & Rv; & Ruy &
R’Ug D WO D @i\;l Wa with <u2-, Uj> = <Uz'7 Uj> = 0, <u2‘, Uj> = (5@‘, V’L,j = 1, 2 and WO D @gzl Wa
is euclidean. The 3-brackets are now:

(77)

[ulv U2, xw] - J'rﬂ'

[ulu Lr, yﬂ] - - <x7T7 Jyﬂ'> U2

U, Ty Yr| = (T JYr) V

[ 2 Y ] <a Yy > 1 (78)
[U1,$a,ya] =R [Z’a, ya]

[u2>xonya] - /fgl[xaaya]

[xavyou Za] - = <[xa,ya],za) ’i?vl - ([xa,ya],za) K;UQ,

'We understand tacitly that if a 3-bracket is not listed here it vanishes. Also every summation is written
explicitly, so the summation convention is not in force. In particular, there is no sum over 7 in the third and
fourth brackets.



24 DE MEDEIROS, FIGUEROA-O’FARRILL, MENDEZ-ESCOBAR, RITTER

for all x.,y, € E; and 4, Ya, 2o € W,. This agrees with the classification in [13] of finite-
dimensional indecomposable 3-Lie algebras of index 2 whose centre contains a maximally
isotropic plane. In that paper such algebras were denoted Viny(E, J, 1, b, g,v) with underly-
ing vector space R(u,v) & R(es,e_) ® E & @ h & g with (u,u) = (v,v) = (ex,es) = 0,
(u,v) =1 = (e4,e_) and all @ orthogonal. The nonzero Lie 3-brackets are given by

[u,e_,z] = Jx [, 91, 2] = [¥g1, 92
[u,z,y] = (Ja,y) e+ le—, 91,92 = [91, 924
ez, y] = = (Jz,y)v [91, 92, 93] = — ([91, 92l 93) €4 — {[¥91, galg, g3) v (T9)
[6_,h1, 2] [hbh?]b [u 0y, 2] = [€1>€2]
(R, ha, hs] = — ([h1, haly, hs3) e [01, 09, 03] = — ([l1, la], £3) v

where z,y € K, h,h; € h, g €gand (; € L.
To see that this family of 3-algebras is of the type (78)) it is enough to identify

Uy < U V] U Uy > €_ Vg > ey (80)
as well as
N
WoeoE  and  PW.eolabhag, (81)
a=1

where the last identification is not only as vector spaces but also as Lie algebras, and set

K’l|b:O Hg‘hzl
Hl‘[zl I€2|[:0 (82)
'L{""l‘ga = ,Qboc K2|go¢ = 1’

to obtain the map between the two families. As shown in [13] there are 9 different types of such
3-Lie algebras, depending on which of the four ingredients (E,J), [, b or (g,v) are present.

The next case is that of index r» = 3, where there are up to 3 nonvanishing J;; and one
K93 := K, while L;;j; is still not present. Indecomposability of V' forces dim Ey < 1. As a
vector space, V' splits up as

3 N M
V= Ru e Rv) e P W P E-o E, (83)
i=1 a=1 =1

where all & are orthogonal except the second one, W,,, Ey and E, are positive-definite subspaces
with dim Ey < 1, E, being two-dimensional, and where (u;, u;) = (v;,v;) = 0 and (u;, v;) = 0;5.
The 3-brackets are given by

[U1, Ua, u3] - K

[u;, Uy, To) = — Z <Kijka To) Uk

k=1
[ui, uj, vp] = J5Hrvy
- . 84
[ui; x7r7 yﬂ'] - - Z <x7r7 JZ]Hﬂ'yW> Uj ( )
j=1

[ui> Lo, ya] = K'Zq [xon ya]

[xa’ Yo Za] == <[Iau ya]v Za) Z ’iz‘aviv
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for all zg € Ey, 25,y € E, and x4, Yo, 2o € Wy, and where JZ} = nfq — n;rgr and H, a
complex structure on each 2-plane Fi.

Finally, let us remark that the family of admissible 3-Lie algebras found in [18] are included
in Theorem In that paper, a family of solutions to equations (B7) was found by setting
each of the Lie algebra structures [—, —|; to be nonzero in orthogonal subspaces of W. This
corresponds, in the language of this paper, to the particular case of allowing precisely one ¢
to be nonvanishing in each W,.

Notice that, as shown in (82]), already in [13] there are examples of admissible 3-Lie algebras
of index 2 which are not of this form as both x; and k5 might be nonvanishing in the g, factors.

To solve the rest of the equations, two ansétze are proposed in [18]:

e the trivial solution with nonvanishing J, i.e. &y = 0, K;;, = 0 for all 7,5,k = 1,...,7
and for all a; and

e precisely one k¢ = 1 for each o (and include those W,’s where all x’s are zero in W)
and one J;; := J # 0 assumed to be an outer derivation of the reference Lie algebra
defined on W.

As pointed out in that paper, L;;; is not constrained by the fundamental identity, so it can
in principle take any value, whereas the ansatz provided for K,j; is given in terms of solutions
of an equation equivalent to (450)). In the lagrangians considered, both Liji and Kj, are set
to zero.

One thing to notice is that in all these theories there is certain redundancy concerning the
index of the 3-Lie algebra. If the indices in the nonvanishing structures ¢, J;;, K and Ly
involve only numbers from 1 to ry, then any 3-Lie algebra with such nonvanishing structures
and index r > rq gives rise to the equivalent theories.

In this light, in the first ansatz considered, one can always define the non vanishing J to be
J12 and then the corresponding theory will be equivalent to one associated to the index-2 3-Lie
algebras considered in [13].

In the second case, the fact that J is an outer derivation implies that it must live on the
abelian part of W as a Lie algebra, since the semisimple part does not possess outer derivations.
This coincides with what was shown above, i.e., that J|y, = 0 for each «. Notice that each
Lie algebra [—, —|; identically vanishes in W}, therefore the structure constants of the 3-Lie
algebra do not mix J and [—, —];. The theories in [18] corresponding to this ansatz also have
K, = 0, whence again they are equivalent to the theory corresponding to the index-2 3-Lie
algebra which was denoted V' (E, J,h) in [13].

3. BAGGER—LAMBERT LAGRANGIANS

In this section we will consider the physical properties of the Bagger—Lambert theory based
on the most general kind of admissible metric 3-Lie algebra, as described in Theorem [A

In particular we will investigate the structure of the expansion of the corresponding Bagger—
Lambert lagrangians around a vacuum wherein the scalars in half of the null directions of the
3-Lie algebra take the constant values implied by the equations of motion for the scalars in
the remaining null directions, spanning the maximally isotropic centre. This technique was
also used in [18] and is somewhat reminiscent of the novel Higgs mechanism that was first
introduced by Mukhi and Papageorgakis [14] in the context of the Bagger-Lambert theory
based on the unique simple euclidean 3-Lie algebra S;. Recall that precisely this strategy has
already been employed in lorentzian signature in [12], for the class of Bagger—Lambert theories
found in [10-12] based on the unique admissible lorentzian metric 3-Lie algebra W (g), where it
was first appreciated that this theory is perturbatively equivalent to N = 8 super Yang—Mills
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theory on R with the euclidean semisimple gauge algebra g. That is, there are no higher
order corrections to the super Yang—Mills lagrangian here, in contrast with the infinite set of
corrections (suppressed by inverse powers of the gauge coupling) found for the super Yang—Mills
theory with su(2) gauge algebra arising from higgsing the Bagger-Lambert theory based on S,
in [14]. This perturbative equivalence between the Bagger—Lambert theory based on W (g) and
maximally supersymmetric Yang—Mills theory with euclidean gauge algebra g has since been
shown more rigorously in [15-17].

We will show that there exists a similar relation with N = 8 super Yang-Mills theory
after expanding around the aforementioned maximally supersymmetric vacuum the Bagger—
Lambert theories based on the more general physically admissible metric 3-Lie algebras we have
considered. However, the gauge symmetry in the super Yang—Mills theory is generally based on
a particular indefinite signature metric Lie algebra here that will be identified in terms of the
data appearing in Theorem [0 The physical properties of the these Bagger—Lambert theories
will be shown to describe particular combinations of decoupled super Yang-Mills multiplets
with euclidean gauge algebras and free maximally supersymmetric massive vector multiplets.
We will identify precisely how the physical moduli relate to the algebraic data in Theorem [l
We will also note how the theories resulting from those finite-dimensional indefinite signature
3-Lie algebras considered in [18] are recovered.

3.1. Review of two gauge theories in indefinite signature. Before utilising the structural
results of the previous section, let us briefly review some general properties of the maximal N =
8 supersymmetric Bagger—Lambert and Yang—Mills theories in three-dimensional Minkowski
space that will be of interest to us, when the fields are valued in a vector space V equipped
with a metric of indefinite signature. We shall denote this inner product by (—, —) and take it
to have general indefinite signature (r,r+mn). We can then define a null basis e4 = (u;, v;, €,) for
V,withi=1,...,r,a =1,...,n, such that (u;, v;) = d;j, (u;, u;) =0 = (v;,v;) and (e,, €,) = Jap.

For the sake of clarity in the forthcoming analysis, we will ignore the fermions in these
theories. Needless to say that they both have a canonical maximally supersymmetric completion
and none of the manipulations we will perform break any of the supersymmetries of the theories.

3.1.1. Bagger—Lambert theory. Let us begin by reviewing some details of the bosonic field con-
tent of the Bagger—Lambert theory based on the 3-bracket [—, —, —] defining a metric 3-Lie
algebra structure on V. The components of the canonical 4-form for the metric 3-Lie algebra
are Fapep = (lea, e, ecl,ep) (indices will be lowered and raised using the metric (e, ep)
and its inverse). The bosonic fields in the Bagger-Lambert theory have components X7 and
(AH)AB = FABCDAgD, corresponding respectively to the scalars (I = 1,...,8 in the vector of
the 50(8) R-symmetry) and the gauge field (1 = 0, 1,2 on R"? Minkowski space). Although the
supersymmetry transformations and equations of motion can be expressed in terms of (flu)g,
the lagrangian requires it to be expressed as above in terms of AﬁB.
The bosonic part of the Bagger—Lambert lagrangian is given by

&L =—3 (DX, D'"Xp) + V(X) + ZLes (85)
where the scalar potential is
V(X)) = =15 (X1, X5, X, [ X1, X5, Xk]) (86)
the Chern—Simons term is

gcs = % (AAB VAN dzZiAB + %AAB A /IAC A ACB) ) (87)
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and D, = 0,0" + (AM)A 5P defines the action on any field ¢ valued in V of the derivative
D that is gauge-covariant with respect to A4p. The infinitesimal gauge transformations take
the form d¢? = —A4z¢P and §(A) s = 6M/~\AB + (A ) A — ]\AC(AM)CB, where A4y =
FA5cpA°P in terms of an arbitrary skewsymmetric parameter A4 = —ABA,

If we now assume that the indefinite signature metric 3-Lie algebra above admits a maximally
isotropic centre which we can take to be spanned by the basis elements v; then the 4-form
components £, 4pc must all vanish identically. There are two important physical consequences
of this assumption. The first is that the covariant derivative D, X;" = 0,X;". The second is
that the tensors Fupcp and FupcC® Fppra = Fapc? Fperg which govern all the interactions in
the Bagger—Lambert lagrangian contain no legs in the v; directions. Therefore the components
AZZ’A of the gauge field do not appear at all in the lagrangian while X" appear only in the
free kinetic term —D, X} 0" X} = —0,X["0*X;*. Thus X' can be integrated out imposing
that each X} be a harmonic function on R"? which must be a constant if the solution is to
be nonsingular. (We will assume this to be the case henceforth but singular monopole-type
solutions may also be worthy of investigation, as in [21].) It is perhaps just worth noting that,
in addition to setting X" constant, one must also set the fermions in all the u; directions to
zero which is necessary and sufficient for the preservation of maximal supersymmetry here.

The upshot is that we now have —1 (D, X;, DX ;) = —+ D, X¢D*X ¢ (with contraction over
only the euclidean directions of V') and each X}" is taken to be constant in (85]). Since both
X}" and A4 are now absent, it will be more economical to define Xj := X" and Al* := Al
henceforth.

3.1.2. Super Yang—Mills theory. Let us now perform an analogous review for N = 8 super Yang—
Mills theory, with gauge symmetry based on the Lie bracket [—, —] defining a metric Lie algebra
structure g on V. The components of the canonical 3-form on g are fapc := ([ea, eg], ec). The
bosonic fields in the theory consist of a gauge field Aﬁ and seven scalar fields X7 (where now
I =1,...,7 in the vector of the so(7) R-symmetry) with all fields taking values in V. The field
strength for the gauge field takes the canonical form F), = [D,,D,] = 0,A, — 0, A, + [A,, A)]
in terms of the gauge-covariant derivative D, = 0, + [A,, —]. This theory is not scale-invariant
and has a dimensionful coupling constant .

The bosonic part of the super Yang-Mills lagrangian is given by

LIMANXT klg) = =5 (DuXp, D) — 5 (X1 Xl [ X1 Xu]) = g (Fus F*) - (89)

T 4R?

Noting explicitly the dependence on the data on the left hand side will be useful when we come
to consider super Yang-Mills theories with a much more elaborate gauge structure.

Assuming now that g admits a maximally isotropic centre, again spanned by the basis ele-
ments v;, then the 3-form components f,, 45 must all vanish identically. This property implies
DX} =dX} F% = dA% and that the tensors fapc and fag” fopr = fap®fope which govern
all the interactions contain no legs in the v; directions. Therefore X}* and A" only appear
linearly in their respective free kinetic terms, allowing them to be integrated out imposing that
X}* is constant and A" is exact. Setting the fermions in all the wu; directions to zero again
ensures the preservation of maximal supersymmetry.

The resulting structure is that all the inner products using (e, eg) in (88) are to be replaced

with (eq, €p) while all X7 are to be taken constant and A" = d¢"i, for some functions ¢*:.
With both X} and A" now absent, it will be convenient to define Xj := X" and ¢' := ¢*
henceforth.

Let us close this review by looking in a bit more detail at the physical properties of a particular
example of a super Yang—Mills theory in indefinite signature with maximally isotropic centre,
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whose relevance will become clear in the forthcoming sections. Four-dimensional Yang—Mills
theories based on such gauge groups were studied in [22]. The gauge structure of interest is
based on the lorentzian metric Lie algebra defined by the double extension 0(F, R) of an even-
dimensional vector space E with euclidean inner product. Writing V = Ru & Rv @ F as a
lorentzian vector space, the nonvanishing Lie brackets of 9(FE,R) are given by

[u, ] = Jx | [z, y] = —(z, Jy) v, (89)

for all z,y € F where the skewsymmetric endomorphism J € so(FE) is part of the data defining
the double extension. The canonical 3-form for ?(E,R) therefore has only the components
fuab = Jaup With respect to the euclidean basis e, on E. It will be convenient to take J to be
nondegenerate and so the eigenvalues of J? will be negative-definite.

We shall define the positive number p? := X¥X¥ as the SO(7)-norm-squared of the constant
7-vector X¥ and the projection operator P, := d;; — u~2 X*X% onto the hyperplane R® C R’
orthogonal to X}. It will also be convenient to define z* := X} X{ as the projection of the
seventh super Yang-Mills scalar field along X} and D® := d® — d¢p" A J® where ¢ can be
any p-form on RY? taking values in . In terms of this data, the super Yang Mills lagrangian
LM ((dpv, A?), (X¥, X9, k[o(E,R)) can be more succinctly expressed as

— 1PPDLXPDIXG + S () P X PXY — (2D, AY) (2 DAY
(Duz® + p2J?PAL) (DFa® + > J*A*€) . (90)

From the first line we see that the six scalar fields P}, X are massive with mass-squared given
by the eigenvalues of the matrix —x2u?(J?),. All the fields couple to d¢* through the covariant
derivative D, but the second line shows that only the seventh scalar x® couples to the gauge
field A*. However, the gauge symmetry of (@0) under the transformations JA* = DA* and
oz = —p2J%\b, for any parameter \* € E, shows that 2 is in fact pure gauge and can
be removed in [@0) by fixing \* = p~2(J1)®2b. The remaining gauge symmetry of ([@0) is
generated by the transformations d¢* = a and 0® = a J® for all fields ® € E, where « is an
arbitrary scalar parameter. This is obvious since D = exp(¢"J)dexp(—¢"J) and therefore, one
can take D = d in ([@0) by fixing @ = —¢".

Thus, in the gauge defined above, the lagrangian Z5YM((d¢¥, A%), (X%, X¢), k[0(E,R)) be-
comes simply

— LR, XM XS+ M () PR XEXY — 1k (20,A9) (201 AT9) 4+ 12 (%) A2 AR (91)

2 1x2

_ 1
242

describing dim E decoupled free abelian N = 8 supersymmetric massive vector multiplets, each
of which contains bosonic fields given by the respective gauge field % A7, plus six scalars Py X7,
all with the same mass-squared equal to the respective eigenvalue of —k2u?(J?) .

It is worth pointing out that one can also obtain precisely the theory above from a particular
truncation of an N = 8 super Yang—Mills theory with euclidean semisimple Lie algebra g. If one
introduces a projection operator Py, onto a hyperplane R® C R” then one can rewrite the seven
scalar fields in this euclidean theory in terms of the six projected fields P;;X¢ living on the
hyperplane plus the single scalar y* in the complementary direction. Unlike in the lorentzian
theory above however, this seventh scalar is not pure gauge. Indeed, if we expand the super
Yang—Mills lagrangian (88)]) for this euclidean theory around a vacuum where y* is constant then
this constant appears as a physical modulus of the effective field theory, namely it gives rise to
mass terms for the gauge field A” and the six projected scalars Pr;X§. If one then truncates the
effective field theory to the Coulomb branch, such that the dynamical fields A and P;;X; take
values in a Cartan subalgebra t < g (while the constant vacuum expectation value y € g), then
the lagrangian takes precisely the form (@I]) after making the following identifications. First one
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must take E' = t whereby the gauge field A% and coupling k are the the same for both theories.
Second one must identify the six-dimensional hyperplanes occupied by the scalars X in both
theories such that P, in (@) is identified with P;; here. Finally, the mass matrix for the
euclidean theory is —r?[(ad,)?]s which must be identified with —r?p?(J?),, in (@I)). This last
identification requires some words of explanation. We have defined ad, ® := [y, @] for all @ € g,
where [—, —| denotes the Lie bracket on g. Since we have truncated the dynamical fields to
the Cartan subalgebra t, only the corresponding legs of (ad,)? contribute to the mass matrix.
However, clearly y must not also be contained in t or else the resulting mass matrix would
vanish identically. Indeed, without loss of generality, one can take y to live in the orthogonal
complement t+ C g since it is only these components which contribute to the mass matrix.
Thus, although (ad,)? can be nonvanishing on t, ad, cannot. Thus we cannot go further and
equate ad, with p.J, even though their squares agree on t. To summarise all this more succinctly,
after the aforementioned gauge-fixing of the lorentzian theory and truncation of the euclidean
theory, we have shown that

LM (A", Alg) s (XF, Py X glps 2|g)  w[0(E,R)) = LM (Alg, (PryX |6, ylpr) , klg) (a )
92

where E = t, y € t+ C g is constant and (ad,)? = ?J? on t. Of course, it is not obvious that
one can always solve this last equation for y in terms of a given p and J nor indeed whether
this restricts ones choice of g. However, it is the particular case of dim £ = 2 that will be of
interest to us in the context of the Bagger—Lambert theory in where we shall describe
a nontrivial solution for any rank-2 semisimple Lie algebra g. Obvious generalisations of this
solution give strong evidence that the equation can in fact always be solved.

3.2. Bagger—Lambert theory for admissible metric 3-Lie algebras. We will now substi-
tute the data appearing in Theorem [ into the bosonic part of the Bagger-Lambert lagrangian
([BH), that is after having integrated out X}’ to set all X} := X} constant.

Since we will be dealing with components of the various tensors appearing in Theorem [, we
need to introduce some index notation for components of the euclidean subspace @2;1 W, @
@yzl E, @ Ey. To this end we partition the basis e, = (eq,, €, ,€q,) on the euclidean part
of the algebra, where subscripts denote a basis for the respective euclidean subspaces. For
example, a, = 1,...,dim W, whose range can thus be different for each «. Similarly ag =
1,...,dim Ey, while a, = 1,2 for each two-dimensional space E,. Since the decomposition
@gzl W, ® @yzl E, @ Ey is orthogonal with respect to the euclidean metric (e,, €,) = 045, We
can take only the components (e, €p.) = Oanbns (€ars€b.) = Oarb, and (€4, €py) = Oagp, tO be
nonvanishing. Since these are all just unit metrics on the various euclidean factors then we will
not need to be careful about raising and lowering repeated indices, which are to be contracted
over the index range of a fixed value of a, 7 or 0. Summations of the labels o and 7 will be
made explicit.

In terms of this notation, we may write the data from Theorem [ in terms of the following
nonvanishing components of the canonical 4-form Fygcp of the algebra

_ [e%
Fuiaabaca - K;Z faabaca

o T T T T
Fuinawar - (772 C] - ,r]j C’L ) Eaﬂbﬂ'
FuinUkaO = Kijk’ao

Fuiujukul - LZ_]kl Y
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where f,.p.c, denotes the canonical 3-form for the simple metric Lie algebra structure g, on
W, and we have used the fact that the 2x2 matrix H, has only components €, , = —€p_4.,
with €15 = —1, on each 2-plane F.

A final point of notational convenience will be to define Y42 := X# X2 and the projection
Xf = & X! for any £ € R”. Combining these definitions allows us to write certain projections
which often appear in the lagrangian like Y& := Xfo and Y% = XfX}’ for any £,¢ € R".
It will sometimes be useful to write Y% = || X¢||? > 0 where || X¢|| denotes the SO(8)-norm of
the vector Xf. A similar shorthand will be adopted for projections of components of the gauge
field, so that A5 = &; A and A§* == &AL

It will be useful to note that the euclidean components of the covariant derivative D, X7 =
0, X 4 (A)ApXPF from section Bl can be written

D, X7 = 0, X7 — K foobace (2 Alle X7 4 Ajece X7)
=: 9,X]* = 2B~ X}
ar ar T T _Gnbr ij vbr ibr j ibr Vi
_ ar arbr ¢ br Tbx CW br "
= 0, X0+ 2¢ (AZ X AT XS 4 A X )
D, X7 = 0,X{° — Kijn® AYX] .
The second line defines two new quantities on each W,, namely B~ := % faabacaAffca and
the covariant derivative 2, X[ := 9, X — 2 fobacep® Albe X7 The latter object is just the

canonical covariant derivative with respect to the projected gauge field @ := —2 Aﬁa“a on
each W,. The associated field strength .%,, = [Z,,, Z,] has components

Fto — _9 K/? (dAz'aa _ K?fa&b&C&Aiba A Ajca) ) (95)

Although somewhat involved, the nomenclature above will help us understand more clearly
the structure of the Bagger—Lambert lagrangian. Let us consider now the contributions to (85
coming from the scalar kinetic terms, the sextic potential and the Chern—Simons term in turn.

The kinetic terms for the scalar fields give

N M
—3(DuX1, D"Xp) = =3 ) D X{"D'Xp — 3% DXy D'Xj" — 3D, X{°D'X;*  (96)
a=1 =1
which expands to

N
> {12, X{* 9" X}* + 2 X[ Bie 9" X{e — 2V Boe Bree |

a=1

M
1 Z {—%6MX}1”8"‘X}“ —9 aMX;zﬂeawbﬂ <1427rc-;r)(‘l;7r . AzﬂbﬂXICﬂ' n AiﬂbﬂX}?n)
=1

-9 (Az“C“X}zﬂ _ AzﬂaﬂXIC + AiﬂaﬂX? ) (AMH“C”X}IW _ Aun”aﬂXIC + AuC“aﬂX? )}
— 30, X100 X[ + Kijp™ AT 0"Y* — LK jkay Kimnao Y WA AP (97)
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The scalar potential can be written ¥ (X) = ¥W(X) + ¥#(X) + ¥ *o(X) where

N
A//W(X) = _i faabaeafcadaea (Yn“nayaaw _ Y/io‘aayn“ca) Ybada
a=1
M
%E(X) — _% Z {Yaﬂ'aﬂ' (Yn‘rrn‘rryc‘rrc‘rr . (Yn‘rrc-rr)Q) + 2Y777raﬂ_Y<‘n—aﬂ_Yn-,r<ﬂ- (98)
=1

_yntanynTany ¢TCT _ YC"awyC”awyn"n"}
VE(X) = =& Kijrao Kimna, Y 'Y T"YH"

Notice that #*0(X) is constant and will be ignored henceforth.
And finally, the Chern-Simons term can be written Zog = L% + L% + L5 where

N
LY =2 B NF
a=1

ZE =4y {ermtn AT am AT 9 AT N AT Om \ ASTm  Leanbn gasbe p g AT

=1

L8 =2 KijragAY N dAM™ — LK i00 Kjmnag A7 N AN A™ + 21000 AT N dAM
These expressions are valid only up to total derivative terms that will be discarded.

Clearly there is a certain degree of factorisation for the Bagger—-Lambert lagrangian into
separate terms living on the different components of @~ | W, ® @ | E, ® Ey. Indeed let us
define accordingly £ = —L SN D, X Drx o 4y V(X)) + L and likewise for E and Ey.
This is mainly for notational convenience however and one must be wary of the fact that Z¥
and Z*0 could have some fields, namely components of A¥, in common.

To relate the full lagrangian . with a super Yang-Mills theory, one has first to identify and
integrate out those fields which are auxiliary or appear linearly as Lagrange multipliers. This
will be most easily done by considering £V, Z¥ and Z*° in turn.

3.2.1. W . The field B% appears only algebraically as an auxiliary field in #". Its equation
of motion implies
QY Bl = XU P X 4 x T (100)

for each value of . Substituting this back into .Z" then gives

N N
— 1Y D X{eD'Xje + LY = {—3P DX DM X5 — e T F ) (101)

a=1 a=1

where, for each a, PF} := 75— % is the projection operator onto the hyperplane R” C R®
which is orthogonal to the 8-vector X" that k¢ projects the constant X onto.
Furthermore, in terms of the Lie bracket [—, —], on g,, the scalar potential can be written
N
YW(X) = =3 ) Y™ PR PR [Xo Xl [ Xk, Xelae (102)
a=1
In conclusion, we have shown that upon integrating out B> one can identify
N
LV =S LI (e Py XX ga) (103)

a=1
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The identification above with the lagrangian in (88]) has revealed a rather intricate relation
between the data < and g, on W, from Theorem [ and the physical parameters in the super
Yang—Mills theory. In particular, the coupling constant for the super Yang—Mills theory on W,
corresponds to the SO(8)-norm of X§". Moreover, the direction of X#* in R® determines which
hyperplane the seven scalar fields in the super Yang—Mills theory must occupy and thus may
be different on each W,. The gauge symmetry is based on the euclidean Lie algebra @gzl da-

The main point to emphasise is that it is the projections of the individual x{ onto the
vacuum described by constant X! (rather than the vacuum expectation values themselves)
which determine the physical moduli in the theory. For example, take N = 1 with only one
simple Lie algebra structure g = su(n) on W. The lagrangian (I03)) then describes precisely the
low-energy effective theory for n coincident D2-branes in type ITA string theory, irrespective
of the index 7 of the initial 3-Lie algebra. The only difference is that the coupling ||X*||, to
be interpreted as the perimeter of the M-theory circle, is realised as a different projection for
different values of r.

Thus, in general, we are assuming a suitably generic situation wherein none of the projections
X#* vanish identically. If X = 0 for a given value of « then the W, part of the scalar potential
([@]) vanishes identically and the only occurrence of the corresponding B is in the Chern—
Simons term ([@9). Thus, for this particular value of v, B* has become a Lagrange multiplier
imposing %% = 0 and so &/ is pure gauge. The resulting lagrangian on this W, therefore
describes a free N = 8 supersymmetric theory for the eight scalar fields X7=.

3.2.2. LE. The field e~ A% appears only linearly in one term in .£% and is therefore a
Lagrange multiplier imposing the constraint A7"¢" = d¢""¢", for some some scalar fields ¢ ¢",
for each value of m. The number of distinct scalars ¢”"¢" will depend on the number of linearly
independent 2-planes in R” which the collection of all n™ A (™ span for 7 = 1,..., M. Let us
henceforth call this number k, which is clearly bounded above by (g)

Moreover, up to total derivatives, one has a choice of taking just one of the two gauge fields
A" an and AC"" to be auxiliary in .ZF. These are linearly independent gauge fields by virtue
of the fact that n™ A (™ span a 2-plane in R" for each value of 7. Without loss of generality we
can take A7 to be auxiliary and integrate it out in favour of A¢™%. After implementing the
Lagrange multiplier constraint above, one finds that the equation of motion of A7 % implies

2y men — —eonte X (axpr 4 2ener (XprdgT 4 X AT ) )
+ 2% (AT 4 2P d T A AST) L (104)

Substituting this back into £ then, following a rather lengthy but straightforward calculation,
one finds that

M M
I3 DX DEXG 4 L = = 43 P (9,X5 + 26 (X007 + X[ AS )
7=1 T=1

x (X5 4 260 (X5org < 4 X Ar<Ter))

M
o Z YCil"C’r <8[MA5}%W +2¢em aw(bn”cﬂ Ai;bﬂ>
=1
X ((9“14”477“” + 2 ea“c“a“qb”ﬂUA”cﬂc’T) ,
(105)
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where, for each 7, PIC; = 01y — % projects onto the hyperplane R” C R® orthogonal to
the 8-vector XICr which (T projects the constant X} onto.

We have deliberately written (I0H) in a way that is suggestive of a super Yang—Mills de-
scription for the fields on E however, in contrast with the preceding analysis for W, the gauge
structure here is not quite so manifest. To make it more transparent, let us fix a particular
value of 7 and consider a 4-dimensional lorentzian vector space of the form Re, & Re_ & E,
where the particular basis (e;,e_) for the two null directions obeying (e ,e_) = 1 and
(ex,ex) = 0 = (e4,e,,) can of course depend on the choice of m (we will omit the 7 label
here though). If we take E, to be a euclidean 2-dimensional abelian Lie algebra then we can
define a lorentzian metric Lie algebra structure on Re, &Re_ @ E, given by the double extension
0(E,,R). The nonvanishing Lie brackets of d(E,, R) are

ler,eq.] = —€arb,Ch, e, e | = —€ap. e - (106)

This double extension is precisely the Nappi-Witten Lie algebra.

For each value of 7 we can collect the following sets of scalars X7 := (X7, X§" X9) and
gauge fields A™ := (2d¢"¢",0,—2 A"%) into elements of the aforementioned vector space
Re, @ Re_ @ E,. The virtue of doing so being that if D = d + [A,—]|, for each value of
7, is the canonical gauge-covariant derivative with respect to each d(E;,R) then (DX;)* =

dX7™ 4 2¢br (X}’“dqb"”cﬂ + X?WAC”’”) while the associated field strength F,, = [D,,D,] has
For = —2 (dAS™ ™ + 2 anbrdg™" A AS™P7). These are exactly the components appearing in

(!

Moreover, the scalar potential #(X) can be written

M
VE(X) = =5 > YT PPy X, X Xae, Xe ] (107)
=1
where [—, —] denotes the Lie bracket on each d(E,, R) factor.

Thus it might appear that .Z¥ is going to describe a super Yang-Mills theory whose gauge
algebra is @7]:4:1 0(F,,R), which indeed has a maximally isotropic centre and so is of the form
noted in section B.T.2l However, this need not be the case in general since the functions
@""¢" appearing in the ey direction of each A™ must describe the same degree of freedom for
different values of 7 precisely when the corresponding 2-planes in R" spanned by n™ A (™ are
linearly dependent. Consequently we must identify the (e ,e_) directions in all those factors
0(E,,R) for which the associated n™ A (™ span the same 2-plane in R”. It is not hard to see
that, with respect to a general basis on @ﬂle E., the resulting Lie algebra £ must take the
form @Fﬂ:l 0(E}q, R) of an orthogonal direct sum over the number of independent 2-planes k
spanned by 5™ A ¢l of a set of k double extensions 0(Eix, R) of even-dimensional vector spaces
El, where AN E, = @fﬂ]zl El;. That is each [r] can be thought of as encompassing an
equivalence class of 7 values for which the corresponding 2-forms n™ A (™ are all proportional
to each other. The data for £ therefore corresponds to a set of k£ nondegenerate elements
Jix] € s0(Epy) where, for a given value of [r], the relative eigenvalues of Ji; are precisely the
relative proportionality constants for the linearly dependent 2-forms n™ A (™ in the equivalence
class. Clearly ¢ therefore has index k, dimension 2 (k + [d‘m—QWO]) and admits a maximally
isotropic centre.
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Putting all this together, we conclude that
k

=3 g <A ), iy HXC["]H‘D joi R)) . (108)

[7]=1
One can check from ([@8) and (I05) that the contributions to the Bagger—Lambert lagrangian
on E coming from different E, factors, but with = values in the same equivalence class [7],
are precisely accounted for in the expression (I08) by the definition above of the elements J

defining the double extensions.

The identification above again provides quite an intricate relation between the data on E,
from Theorem [ and the physical super Yang—Mills parameters. However, we know from
section that the physical content of super Yang—Mills theories whose gauge symmetry is
based on a lorentzian Lie algebra corresponding to a double extension is rather more simple,
being described in terms of free massive vector supermultiplets. Let us therefore apply this
preceding analysis to the theory above.

The description above of the lagrangian on each factor E, has involved projecting degrees
of freedom onto the hyperplane R” C R® orthogonal to XIU. The natural analogy here of
the six-dimensional subspace occupied by the massive scalar fields in section is obtained
by projecting onto the subspace R® € R® which is orthogonal to the plane in R® spanned by
X7 AXC ie. the image in A’R® of the 2-form n™ A (™ under the map from R” — R® provided
by the vacuum expectation values X%. This projection operator can be written

Pl =6, - XTQT — X QY (109)
where |
Q? = ﬁ <YCWCWX}7 — YUWCWXIC )
nT¢r
) (110)
QS = (Y”“U“XC“ — Y’?”C“X””) ,
! (An’r(”)2 ! !
and
(AUWU)2 = ||X”7r A XCW||2 =Yty <t - (Y’77r<ﬂ)2 ) (111)

The quantities defined in (II0) are the dual elements to X" and X¢ such that Q7 X" =1 =
Q5" X5  and QT XS =0 = Q5 X", The expression (III) identifies Ayrcx with the area in
R® spanned by X7 A X¢". From these definitions, it follows that Pj;¢" in (I0J) indeed obeys
P = P PP = P and PICXT =0 = PEXS

The scalar potential (I07) on E has a natural expression in terms of the objects defined in

(I09) and (III) as

M
VEX) = =3 3 (Borer) P XX (112)
=1
Furthermore, using the identity
T T _ ™ (A Cw)
Pl = Piy = e Qr QF (113)
allows one to reexpress the remaining terms
M
1Y DX DXy + L (114)
T=1

in (I05) as
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M
> PR DXTDEXG — gk (2D),A5 ) (2D )

=1

M ™
y e (Ayren)? .
77 Q n C arbr C br
§_1: - (X PSID, X5 42 22T canbr AC )

N[

(Ayrgr)?

(X” P DIXGT +222 o

eawaAWCﬂ) , (115)
where we have introduced the covariant derivative DO := dd 4 2 ¢ ™" A O for any
differential form ®° on R'? taking values in F,. Similar to what we saw in section B.1.2]
the six projected scalars Pj;¢" X% in the first line of (ITH) do not couple to the gauge field
A" on each E,. Moreover, the remaining scalar in the second line of (II5]) can be eliminated

from the lagrangian, for each F,, using the gauge symmetry under which §A¥" = DA~

1 y¢TeT

symmetry under which §¢7"¢" = A7"¢" and 5Pt — —2 AT carbr e where the gauge parameter

AT = 7 ¢TAY, under which the derivative D transforms covariantly. This can also be fixed

to set D = d on each E,. Notice that one has precisely the right number of these gauge

symmetries to fix all the independent projections ¢ ¢ appearing in the covariant derivatives.
After doing this one combines (I12]) and (IIH]) to write

for any parameter A% to fix AS9" = 2e%bn X" P X There is a remaining gauge

M
27 =3 AP OX X — (AP X X
e (116)
D e QOpAL ) ROMATT) = i (AP AT AT
=1

describing precisely the bosonic part of the lagrangian for free decoupled abelian N = 8 massive
vector supermultiplets on each E, whose bosonic fields comprise the six scalars Pf;gﬂXf}“ and
gauge field 2” XCWHAC rall with mass Ay~c= on each E;. It is worth stressing that we have
presented (IIG) as a sum over all E; just so that the masses A,~.= on each factor can be
written more explicitly. We could equally well have presented things in terms of a sum over
the equivalence classes -, as in (I08), whereby the relative proportionality constants for the
Ayrex within a given class 7] would be absorbed into the definition of the corresponding Ji.

The lagrangian on a given E, in the sum (II6]) can also be obtained from the truncation of
an N = 8 super Yang-Mills theory with euclidean gauge algebra g via the procedure described
at the end of section In particular, let us identify a given F, with the Cartan subalgebra
of a semisimple Lie algebra g of rank two. Then we require —|| X" || (ad,)? = (A,=¢x)* 15 on
E, for some constant y € E+ C g. In this case g must be either su(3), so(5), s0(4) or go
and E is identified with the root space of g whose dimension is 6, 8, 4 or 12 respectively. A
solution in this case is to take y proportional to the vector with only +1/-1 entries along the

positive /negative roots of g. The proportionality constant here being % where h(g) is
g

the dual Coxeter number of g and equals 3, 3, 2 or 4 for su(3), so(5), so(4) or go respectively
(it is assumed that the longest root has norm-squared equal to 2 with respect to the Killing
form in each case).

Recall from [23] that several of these rank two Lie algebras are thought to correspond to
the gauge algebras for N = 8 super Yang—Mills theories whose IR superconformal fixed points
are described by the Bagger-Lambert theory based on Sy for two M2-branes on R®/Z, (with
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Lie algebras so(4), s0(5) and gy corresponding to Chern—Simons levels & = 1,2,3). It would
interesting to understand whether there is any relation with the aforementioned truncation be-
yond just numerology! The general mass formulae we have obtained are somewhat reminiscent
of equation (26) in [23] for the BLG model based on Sy which describes the mass in terms of
the area of the triangle formed between the location of the two M2-branes and the orbifold
fixed point on R8/Z,. More generally, it would be interesting to understand whether there is a
specific D-brane configuration for which .#* is the low-energy effective lagrangian?

3.2.3. LFo. The field A" appears only linearly in one term in £l and is therefore a Lagrange
multiplier imposing the constraint K;jre, A" = d7ia,, where 7,4, is a scalar field on R taking
values in R" ® Ej.
Substituting this condition into the lagrangian allows us to write
_%DMX?ODMX?O + géESo - _ %aﬂ (X?O _ %aoX}') O (X?O _ ’Y'aOX;)

1 fij 1 ij ’ kl (117)

-3 VAN d’}/mo A d’}/jao + §LijklA T A dA .
The first line shows that we can simply redefine the scalars X;° such that they decouple and
do not interact with any other fields in the theory.

Notice that none of the projections A7¢" = d¢""¢" of A¥ that appeared in £ can appear in
the second line of ([II7) since the corresponding terms would be total derivatives. Consequently,
our indifference to .Z%0 in the gauge-fixing that was described for £% | resulting in (IIG), was
indeed legitimate. Furthermore, there can be no components of AY along the 2-planes in R”
spanned by the nonanishing components of K4, here for the same reason.

The contribution coming from the Chern—Simons term in the second line of (II7]) is therefore
completely decoupled from all the other terms in the lagrangian. It has a rather unusual-looking
residual gauge symmetry, inherited from that in the original Bagger—Lambert theory, under
which §7igy = Giae = KiqouA™ and Ly (6AF — dAF) = o;%0d~j,, for any gauge parameter
A%, In addition to the second line of (II7)) being invariant under this gauge transformation,
one can easily check that so is the tensor LijkldAkl —dYiaqo Nd7Yja,- This is perhaps not surprising
since the vanishing of this tensor is precisely the field equation resulting from varying A% in the
second line of (IT7). The important point though is that this gauge-invariant tensor is exact and
thus the field equations resulting from the second line of (1) are precisely equivalent to those
obtained from an abelian Chern-Simons term for the gauge field Cj; := LijklAkl =™ A dYjlag
(where the [i7] indices do not run over any 2-planes in R” which are spanned by the nonvanishing
components of nﬁ(ﬁ and K;jka,)-

In summary, up to the aforementioned field redefinitions, we have found that

LF0 = 19, XWX 4+ LM Oy A dCyy (118)

for some constant tensor M*“* which can be taken to obey M¥* = MWK = Nkl that is
generically a complicated function of the components L;ji; and Kjjre,. Clearly this redefined
abelian Chern—Simons term is only well-defined in a path integral provided the components
Mk are quantised in suitable integer units. However, since none of the dynamical fields are
charged under C;; then we conclude that the contribution from £#0 is essentially trivial.

3.3. Examples. Let us end by briefly describing an application of this formalism to describe
the unitary gauge theory resulting from the Bagger—Lambert theory associated with two of the
admissible index-2 3-Lie algebras in the IIIb family from [13] that were detailed in section 2.3
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3.3.1. Vim(0,0,0,b,9,%). The data needed for this in Theorem @ is k|, = (0,1)!, k|, =
(1o, 1)t. The resulting Bagger—Lambert lagrangian will only get a contribution from #" and
describes a sum of separate N = 8 super Yang-Mills lagrangians on h and on each factor g,,
with the respective euclidean Lie algebra structures describing the gauge symmetry. The super
Yang-Mills theory on b has coupling || X*“2|| and the seven scalar fields occupy the hyperplane
orthogonal to X“2 in R®. Similarly, the N = 8 theory on a given g, has coupling ||t), X“* + X*2||
with scalars in the hyperplane orthogonal to v, X" + X"2. This is again generically a super
Yang—Mills theory though it degenerates to a maximally supersymmetric free theory for all
eight scalars if there are any values of a for which ¢, X" + X*2 = 0.

3.3.2. Vi(E, J,0,5,0,0). The data needed for this in Theorem @ is k|, = (0,1)" and J™ =

n™ A ¢™ where n™ and (™ are 2-vectors spanning R? for each value of 7 and E = @ﬂle E.. The
data comprising J”™ can also be understood as a special case of a general admissible index r 3-
Lie algebra having all n™ A (™ spanning the same 2-plane in R” (when r = 2 this is unavoidable,
of course). The resulting Bagger-Lambert lagrangian will get one contribution from ZW,
describing precisely the same N = 8 super Yang-Mills theory on h we saw above, and one
contribution from Z¥. The latter being the simplest case of the lagrangian (I08) where there
is just one equivalence class of 2-planes spanned by all n” A(™ and the gauge symmetry is based
on the lorentzian Lie algebra 0(F,R). The physical degrees of freedom describe free abelian
N = 8 massive vector supermultiplets on each E; with masses Ay~c= as in ([I6). Mutatis
mutandis, this example is equivalent to the Bagger—Lambert theory resulting from the most
general finite-dimensional 3-Lie algebra example considered in section 4.3 of [18].
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