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Center for the Fundamental Laws of Nature, Harvard University,
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Abstract

String theory contains solutions with SL(2,R)R × U(1)L-invariant warped AdS3 (WAdS3)
factors arising as continuous deformations of ordinary AdS3 factors. We propose that some of
these are holographically dual to the IR limits of nonlocal dipole-deformed 2D D-brane gauge
theories, referred to as “dipole CFTs”. Neither the bulk nor boundary theories are currently
well-understood, and consequences of the proposed duality for both sides is investigated. The
bulk entropy-area law suggests that dipole CFTs have (at large N) a high-energy density of
states which does not depend on the deformation parameter. Putting the boundary theory
on a spatial circle leads to closed timelike curves in the bulk, suggesting a relation of the
latter to dipole-type nonlocality.

http://arxiv.org/abs/1109.0544v1
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1 Introduction

The holographic AdS/CFT duality relating string theory on anti de Sitter space (AdS) to
conformal field theory (CFT) is by now relatively well-understood. However AdS is a very
special solution of string theory and a CFT is a very special kind of quantum field theory.
It is important to try to generalize this duality in as many ways as possible.

In the last several years warped AdS3 (WAdS3) solutions of string theory have emerged
as interesting generalizations of AdS3 solutions, see e.g. [1–11]. They appear in the solu-
tion space of string theory as continuous deformations of ordinary AdS3 which break the
SL(2,R)R × SL(2,R)L isometry down to SL(2,R)R × U(1)L. This continuous deformation
however fundamentally changes the nature of the boundary, and apparently requires an as-
yet-undiscovered holographic dictionary.1 Finding this dictionary is an important challenge
which will likely yield new insights into the nature of holography.

In parallel with these developments, recent investigations have indicated an interesting
class of nonlocal deformations of quantum field theory known as dipole deformations [14–16].
These are simpler cousins of quantum field theories on noncommutative spaces in which one
of the spatial momenta is exchanged with a global conserved charge. These dipole theories
have a very rich and interesting structure about which much remains to be fully understood.

In this note we will point out that these two types of structures, which lie at the edges
of our understanding of bulk string theory and quantum field theory, are in some cases holo-
graphically dual. Our hope is that the relation between them will advance our understanding
of both.

More specifically, the dipole deformed field theories dual to WAdS3 solutions of string
theory are the IR limits of dipole deformed 2D gauge theories, in some cases at finite temper-
ature or chemical potential. We refer to these IR theories as dipole CFTs. They have a novel
SL(2,R)R ×U(1)L global symmetry. Field theories with novel scaling symmetries have also
been a subject of much recent interest for condensed matter applications [17]. The special
cases of local field theories with SL(2,R)R × U(1)L symmetries were considered in [18] and
found to have an infinite symmetry enhancement. The full symmetry group of dipole CFTs
remains to be understood.

1see [12, 13] for progress on related issues.



A further reason for interest in the WAdS3/dipole CFT structure is that it is a simpler
cousin of the one appearing in the Kerr/CFT correspondence [19]. Indeed the WAdS3 ge-
ometry may well have been seen in the sky [20, 21] as fixed polar angle sections of extreme
Kerr black holes. Kerr/CFT has recently been embedded in string theory [22–24], in which
context the holographic dual is in principle known. In trying to unravel this structure,
we were led to the somewhat simpler WAdS3/dipole CFT dualities studied in this paper.
Many of the puzzling aspects of the Kerr/CFT correspondence (see [25] for a review) already
make an appearance in the WAdS3/dipole CFT context. Our hope is that investigations of
WAdS3/dipole CFT duality will ultimately shed insights into the structure of Kerr/CFT
and astrophysical extreme black holes.

Some interesting features and new questions emerged in our analysis. In section 2 we
construct the geometry dual to the IR limit of the dipole deformed D1-D5 gauge theory
on the Minkowski plane with charges Q1 = Q5 = Q and find a WAdS3 factor with a null
warping. In section 3, we construct the dipole deformation of the theory at finite temperature
on the plane and find the warping becomes spacelike. Two sets of boundary conditions are
given which lead to asymptotic left or right Virasoros with central charges cL = 6Q2 or
cR = 6Q2, which do not depend on the dipole deformation parameter λ. Moreover, the
entropy density computed from the bulk solution using the area law agrees with that obtained
by a naive application of the Cardy formula to the dipole CFT. These observations together
suggest that dipole CFTs retain some of the characteristics of ordinary CFTs. Exactly which
characteristics remains to be fully understood. In section 4 we move from the Minkowski
plane to the cylinder by periodic identification of the spatial coordinate of the dipole CFT.
Interestingly we find that this generically leads, on the bulk side, to closed timelike curves
(CTCs) near the WAdS3 boundary, in the region corresponding to scales shorter than the
dipole length of the dipole CFT. Perhaps this can lead to some insight on the nature of
CTCs in gravity. The one special case in which CTCs do not arise is when the periodic
identification in the dipole CFT is null and aligned with the dipole direction itself.

Overlapping and compatible observations have been made in the recent paper [26].

2 Dipole deformation of the ground state

We begin with the familiar near-horizon solution of the supersymmetric D1-D5 string in its
ground state

ds26 = Q(
−2dx+dx− + dz2

z2
+ dΩ2

3) (2.1)

FRR = 2Q (ǫ3 + ∗ǫ3) (2.2)

eΦ = 1 (2.3)

where dΩ3 is the metric on a unit 3-sphere, ǫ3 is the volume form on a unit 3-sphere, and ∗
denotes the 6 dimensional Hodge dual. For simplicity we have taken the D1 and D5 charges
both equal to Q and suppress the 4D K3 or T 4. In our conventions 2G

(6)
N = π2.

The D1-D5 gauge theory admits a dipole deformation in which the ordinary product
of fields is replaced by a nonlocal ⋆ product.There is an extensive literature on the dipole
deformation of gauge theories beginning with [14], mostly in greater than 2 dimensions, and



the construction of holographic duals by solution-generating techniques. We assume below
some familiarity with this literature and will not fully review the subject here. The nonlocal
⋆ product involves a choice of a constant dipole vector field Lµ in spacetime (in our case
1+1 dimensional) as well as a conserved U(1) charge q. For two functions f and g which are
momentum and charge eigentstates one then has

f ⋆ g = eiqfL
µpgµ−iqgL

µpfµfg. (2.4)

This is similar to the more familiar ⋆ product of noncummutative geometry, but with one
momentum direction replaced by the U(1) charge.

If the gauge theory has a known holographic dual and the U(1) charge in question is a
geometric Kaluza-Klein (KK) charge, then an algorithm is known [16,27,28] for constructing
the deformed dual geometry.2 It is called the “TsT” transformation. First, one compactifies
and T-dualizes along the dipole direction Lµ. Next, one twists the boundary condition
around the dipole circle by a rotation (or shift) along the U(1) with magnitude proportional
to the size of the deformation. This twist (unless of course it is an integral multiple of 2π)
is not a symmetry of the theory and leads to a physically inequivalent solution. Finally
one T-dualizes again along the dipole circle and decompactifies. As explained in [14–16] the
resulting new gravity solution is the dual of the dipole-deformed field theory.

In this paper we will apply this procedure to configurations with only RR fields for which
the string frame metric can be written as

ds2d = ds2d−2 + g11(dx
(1) + A(1))2 + g22(dx

(2) + A(2))2 (2.5)

FNS = 0 (2.6)

where x(2) is the dipole direction and x(1) is the U(1) fiber. The TsT transformation is
equivalent to a T duality along x(1), followed by a shift x(2) → x(2)+λx(1) and then a second
T duality along x(1). After this TsT transformation, the solution becomes

ds̃2d = ds2d−2 + e−2(Φ−Φ̃)[g11(dx
(1) + A(1))2 + g22(dx

(2) + A(2))2] (2.7)

e−2Φ̃ = (1 + λ2g11g22)e
−2Φ

F̃RR = FRR

F̃NS = −d
[

λg11g22

1 + λ2g11g22
(dx(1) + A(1)) ∧ (dx(2) + A(2))

]

If the shift λ = 0, since T 2 = 1, the transformation is trivial. Hence λ parameterizes a
continuous deformation of the D1-D5 gauge theory.

In this section we consider the case where the dipole direction is null (along x−) and the
U(1) charge is the KK charge associated to ∂ψ. TsT transformation on a null circle can be
obtained as a limit of a spacelike circle. For a twist of size λ, limit of (2.7) under g11 → 0

2An algorithm should exist for any choice of U(1) charge, but the general case has not yet been understood.



gives

ds2 = Q(
−2dx+dx− + dz2

z2
− λ2Q2dx

+2

4z4
+ dΩ2

3) (2.8)

FRR = 2Q (ǫ3 + ∗ǫ3)

FNS = λQ2

(

− 1

2z3
dz ∧ dx+ ∧ (dψ + cos θdφ) +

dx+

4z2
∧ sin θdθ ∧ dφ

)

eΦ = 1

This solution has SL(2,R)R×SU(2)L×U(1)2 symmetry. The three dimensional part of the
metric is null warped AdS3 (for a discussion of this geometry see e.g. [29]). The deformations
are suppressed (become large) in the IR (UV) at z → ∞ (z → 0) in accord with the fact
that the corresponding operator is irrelevant. Nevertheless the space is homogeneous and all
points are related by the action of an isometry.

3 Dipole deformation at finite temperature

3.1 Deformed solution

In this subsection we construct the duals of the dipole deformed theory at finite temperature.
In the undeformed theory, finite temperature solutions dual to the CFT on a circle are BTZ
black holes and may be obtained as quotients of the ground state solutions. This construction
of black holes as quotients is special to three dimensional theories with unbroken conformal
symmetries. It does not work in higher dimensions. It also does not work once the dipole
deformation is turned on, as smooth quotients of this type do not exist for null warped
AdS3 [29].

To construct the dual of the finite temperature dipole CFT, one must first turn on a
finite temperature and then deform. The finite temperature analog of the metric in (2.1) is

ds2

Q
= ρ2(−dτ 2 + (dx)2) + ρ20(cosh δdτ + sinh δdx)2 +

dρ2

ρ2 − ρ20
+ d2Ω3 (3.1)

On the boundary ρ = ∞ the metric goes like ρ2(−dτ 2 + (dx)2) so τ± = τ ± x are null
coordinates. However they both become Rindler type coordinates related to x± in (2.1) by

x± = ±
√

ρ2 − ρ20√
2ρ

e±2πT±τ±. (3.2)

Here the left and right Rindler temperatures are

T± =
1

2π
ρ0e

±δ (3.3)

The presence of the dτ+2 and dτ−2 terms in the metric indicates a nonzero energy density
arising from the Rindler temperatures. The area law gives a Bekenstein-Hawking entropy
density per unit x

δS

δx
= πQ2(T+ + T−). (3.4)



This geometry has an asymptotically flat extension describing a near-extremal temperature
(T+, T−) D1-D5 black string with τ± asymptotically canonically normalized longitudinal null
coordinates [30]. The entropy can then be understood as the entropy per unit proper length
along x at temperatures T± .

The TsT construction involving T-duality along τ− rather than x− may then be inter-
preted as the dipole deformation of the finite temperature gauge theory. The 6D Einstein
frame metric becomes

4ds̃2

Q (1 + (λπT−Q)2)
1/2

= −ω+ω− + σ2
1 + σ2

2 +
1

1 + (λπT−Q)2
(ω2

3 + σ2
3) (3.5)

where we have defined the SU(2)L × SL(2,R)R invariant one forms

σ1 = cosψdθ + sin θ sinψdφ (3.6)

σ2 = − sinψdθ + sin θ cosψdφ

σ3 = dψ + cos θdφ

ω± = 4πT+e
∓2πT−τ−

ρ
√

(ρ2 − ρ20)

ρ20

(

dτ+ ∓ 2πT−dρ

ρ(ρ2 − ρ20)

)

ω3 = 2πT−dτ
− +

(−2ρ2 + ρ20)dτ
+

2πT−
,

The new 6D dilaton is
e−2Φ̃ = 1 + (λπT−Q)

2 (3.7)

The string frame metric is ds2string ≡ eΦ̃ds2.
The three form fields becomes

F̃NS = − λ(πT−)
2Q2

1 + (λπT−Q)2
(
1

2
ω+ ∧ ω− ∧ σ3 + σ1 ∧ σ2 ∧ ω3) (3.8)

F̃RR =
Q

4
(
1

2
ω+ ∧ ω− ∧ ω3 + σ1 ∧ σ2 ∧ σ3) (3.9)

Note that the RR field is self dual, while the NS-NS field is anti-self dual.
The SL(2,R)R×SL(2,R)L portion of the isometry group is broken to SL(2,R)R×U(1)L

with generators

H̃± =
e∓2πT+τ+

2ρ
√

ρ2 − ρ20

(

2ρ2 − ρ20
2πT+

∂+ + 2πT+∂− ± ρ(ρ2 − ρ20)∂ρ

)

(3.10)

H̃0 =
1

2πT+
∂+ (3.11)

HL = − ∂−

2πT−
(3.12)

The SL(2,R)R generators are normalized so that they satisfy the standard algebra [H̃0, H̃±] =
∓H̃±, [H̃+, H̃−] = 2H̃0.



3.2 Thermodynamics

In this subsection we consider the thermodynamics of the deformed black string geometry.
We do not expect the temperatures T± to change because we carry out the deformation in
the boundary Rindler coordinates (3.2). The entropy density (per unit x) is the Einstein

frame area of any point of fixed τ± divided by 2π2 = 4G
(6)
N . From (3.5) we see that the

factors of 1 + (λπT−Q)
2 cancel and we regain formula (3.4):

δS

δx
= πQ2(T+ + T−). (3.13)

Interestingly, this relation is independent of λ.
We can also associate left and right central charges to the deformed geometry. With

appropriate choices of boundary conditions, the SL(2,R)R × U(1)L global isometry can be
enhanced to either a left or a right conformal group. To see this, we first dimensionally
reduce along ψ. Then the NS-NS field becomes a U(1) gauge field A ∝ ω3. From the
analysis of [31], this U(1) gauge field does not contribute to the central charge. It may lead
to a current algebra. We are mainly interested in the central charges in this paper, so we
can just ignore the NS-NS field for that purpose. Then we can further reduce to warped
AdS3. Since the 6 dimensional spacetime is a direct product of warped AdS3 and warped
S3, warped S3 only contributes to the 3 dimensional Newton’s constant. Similar metric and
gauge field was analyzed in various papers, for example [6, 26, 32]. Here we just lay out the
main formulas. More details could be found in [26]. With the boundary condition





h++ ∼ ρ4 h+− ∼ ρ0 h+ρ ∼ ρ−2

h−− ∼ ρ0 h−ρ ∼ ρ−1

hρρ ∼ ρ−4



 , QH̃0
= 0 (3.14)

where QH̃0
is the conserved charge associated with the vector QH̃0

, the asymptotic symmetry

generators are the right moving vector H̃0 and the left moving vector fields

ξL = −1

2
∂−ǫ−(τ

−)ρ∂ρ + ǫ−(τ
−)∂− (3.15)

The analysis of the of central charge associated to these generators closely parallels [19,33,34].
The conserved charges QξL associated with the asymptotic Killing vectors ξL are symmetry
generators on the phase space, and generate ξL transformations via Dirac brackets. The
Dirac bracket algebra of the conserved charges is the same as the Lie bracket algebra of the
asymptotic Killing vectors, up to a central term:

δξLQξ̃L
≡ {QξL ,Qξ̃L

}D.B. = Q[ξL,ξ̃L]
+

1

8πG3

∫

∂Σ

kξL[Lξ̃Lg, g]. (3.16)

The central term kξL[Lξ̃Lg, g] is a one-form, whose explicit expression can be found in [19,34].
In this case,

1

8πG3

∫

∂Σ

kξL[Lξ̃L ḡ, ḡ] =
Q2

4π

∫

dτ−ǫ′′′−(τ
−)ǫ̃−(τ

−) + · · · (3.17)



where prime denotes derivative with respect to τ− and · · · denotes terms with only one
derivative. The triple derivative term implies a left moving central charge

cL = 6Q2. (3.18)

An alternate set of consistent boundary conditions gives a right-moving Virasoro. Closely
following the analysis of [35–39], these boundary conditions are





h++ ∼ ρ2 h+− ∼ ρ0 h+ρ ∼ ρ−1

h−− ∼ ρ0 h−ρ ∼ ρ−1

hρρ ∼ ρ−4



 (3.19)

supplemented by

ḡµνhµν ∼ ρ−3 (3.20)

∂−h+ρ ∼ ρ−2 (3.21)

The right moving Virasoro generators are found to be

ξR = −1

2
∂+ǫ(τ

+)ρ∂ρ + ǫ+(τ
+)(∂+ − T+

T−
∂−) (3.22)

(3.23)

The corresponding central term is

1

8πG3

∫

∂Σ

kξ̃R[Lξ̃R ḡ, ḡ] =
Q2

4π

∫

dτ+ǫ′′′+(τ
+)ǫ̃+(τ

+) + · · · (3.24)

giving the right moving central charge

cR = 6Q2 (3.25)

So far no consistent boundary condition that allows both Virasoros has been found.
Divergences of the charges appear if we natively relax (3.14) or (3.19) to allow both Virosoros.
This puzzling situation is very similar to one that has been discussed many times in the
literature in the context of the NHEK geometries of extreme Kerr [39–43]. We do not
understand the significance of this phenomena. We hope that the present context, in which
the microscopic dual is better understood, will prove a fruitful context in which to address the
puzzle. We also note that recent investigations from a purely field theoretic perspective [18]
suggest the generic appearance of infinite dimensional symmetry groups in theories with
global SL(2,R)R×U(1)L symmetries. It would be interesting to adapt the discussion of [18]
to the present context.

Finally, we note that given the central charges and temperatures found above together
with Cardy’s formula gives the entropy density

δS

δx
=

1

2π

π2

3
(cLT− + cRT+) = πQ2(T+ + T−). (3.26)

This agrees precisely with the Bekenstein-Hawking result (3.13). Since the dipole deformed
theories are still incompletely understood this is not a microscopic derivation of the macro-
scopic area law. Rather, we should regard it as a possible indication that the dipole defor-
mation of a CFT does not alter high energy density of states.



4 Putting the theory on a circle and CTCs

So far we have studied 2D CFTs and their dipole deformations living on the real line at finite
temperature. In this section we investigate what happens when the real line is periodically
identified to obtain a circle.

The identification3 corresponding to putting the boundary field theory on a circle is

x = 1
2
(τ+ − τ−) = x+ 2πmR (4.1)

The norm of the vector field ∂x = 2πT+H̃0 + 2πT−HL is

4

Q
|∂x|2 =

ρ2

π2T 2
−

(−ρ2 + 4π2T+T−) +
4π2

1 + (λπT−Q)2

(

ρ2

2π2T−
− T+ + T−

)2

(4.2)

near the horizon ρ2 → 4π2T+T−

4

Q
|∂x|2 →

4π2

1 + (λπT−Q)2
(T+ + T−)

2, (4.3)

which is spacelike. On the other hand for ρ→ ∞ we have

4

Q
|∂x|2 → − ρ4

π2T 2
−

(λπT−Q)
2

1 + (λπT−Q)2
+

4ρ2(1 + (λπT−Q)
2 T+
T−

)

1 + (λπT−Q)2
+ · · · , (4.4)

which is negative. Expanding around small λ, we see that the norm changes sign at around

ρ ∼ ρc ≡
2

λQ
(4.5)

which goes to infinity for small λ as expected. Hence the CTCs are associated to some funny
nonlocal UV behavior of the conformal field theory. Solutions of string theory with CTCs
have appeared in a number of contexts [44–49], perhaps this example can shed some light
on their meaning.

CTCs are present at infinity for generic, but not all, circle compactifications. An arbitrary
Killing vector ∂y ≡ v1∂t + v2∂x has norm

4

Q
|∂2y | = − (λπT−Q)

2(v1 + v2)
2

π2T 2
−(1 + (λπT−Q)2)

ρ2(ρ2 − 4π2T+T−)−
4(v21 − v22)

1 + (λπT−Q)2
ρ2 (4.6)

+
4π2 (T−(v1 − v2) + T+(v1 + v2))

2

1 + (λπT−Q)2

Near the horizon ρ2 → 4π2T+T−, it goes to

4

Q
|∂2y | ∼ 4π2 (T−(v1 − v2)− T+(v1 + v2))

2

1 + (λπT−Q)2
(4.7)

3Of course we retain the identification ψ ∼ ψ + 4πn required for for a smooth geometry at the poles of
the sphere



which is always positive. If v1 6= v2, the norm near the infinity ρ→ ∞ goes to

4

Q
|∂2y | ∼ − (λπT−Q)

2(v1 + v2)
2

π2T 2
−(1 + (λπT−Q)2)

ρ4 (4.8)

which is negative. For the vector with v1 = −v2, the norm is a positive constant,

4

Q
|∂2y | =

16π2T 2
−v

2
1

1 + (λπT−Q)2
(4.9)

Therefore we see that there is no everywhere timelike Killing vector. Furthermore if the
field theory is put on an arbitrary circle, there are almost always closed timelike curves near
infinity. The exception is the self-dual case when the circle is generated by

∂y = ∂− = 2πT−HL . (4.10)

Theory on the above circle and theory on (4.1) are related by an infinite boost [50].
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