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Abstract

We demonstrate that flavor symmetries in warped geometry can provide a natural explanation for large mixing
angles and economically explain the distinction between the quark and lepton flavor sectors. We show how to naturally
generate Majorana neutrino masses assuming a gauged a U(1)B−L symmetry broken in the UV that generates see-saw
masses of the right size. This model requires lepton minimal flavor violation (LMFV) in which only Yukawa matrices
(present on the IR brane) break the flavor symmetries. The symmetry-breaking is transmitted to charged lepton bulk
mass parameters as well to generate the hierarchy of charged lepton masses. With LMFV, a GIM-like mechanism
prevents dangerous flavor-changing processes for charged leptons and permits flavor-changing processes only in the
presence of the neutrino Yukawa interaction and are therefore suppressed when the overall scale for the neutrino
Yukawa matrix is slightly smaller than one in units of the curvature. In this case the theory can be consistent with a
cutoff of 10 TeV and 3 TeV Kaluza-Klein masses.

I. INTRODUCTION

Understanding the flavor structure of the Standard Model (SM) presents one of the most daunting challenges to
particle physicists. The masses range from the top quark at 170 GeV to the up quark of about 5 MeV to the electron
mass of 500 KeV to neutrinos with masses fractions of an eV. If that is not bad enough, the mixing angles vary from
a fraction of a percent in the quark sector to order unity in the lepton sector, posing another major challenge to
model-builders.

Clearly this spectrum is a great mystery. But viewed from another perspective, we have a large number of clues in
the quark and lepton spectrum that might help us ultimately understand what lies beyond the Standard Model. This
is the attitude that has been taken toward the hierarchy problem that it is a clue to physics beyond the Standard
Model. It is worth noting that any theory that has been designed to address this problem has implications for flavor,
unfortunately, usually bad ones that seriously constrain the model.

Neutrino masses and mixings should not be treated as separate problems from the hierarchy problem and quark
masses and mixings. Ultimately we want a single framework where all of these parameters are as natural as possible.
Even without a specific new mechanism it is of interest to see if it all fits together.

In this paper we show how flavor might actually be explained in the context of warped geometry models that
address the hierarchy problem [1] and furthermore flavor violation can be suppressed to an acceptable level. We now
know [2, 3] that in extra-dimensional models with bulk fermions one can readily obtain flavor hierarchies due to the
exponential dependence of the IR wavefunction value on the bulk fermion mass. Furthermore in models with an
anarchic Yukawa structure–that is, all Yukawa entries are of the same order–mixing angles naturally align with quark
masses since the IR fermion wavefunction values determine both. Such models do surprisingly well with respect to
flavor violations, given the assumed anarchic mixing structure and the light KK masses.

In Ref. [4] we showed how to align the flavor structure of the bulk masses and Yukawas in models where only the
Yukawa violates the flavor symmetry and prevent dangerous flavor changing effects. We now call this pseudo-minimal
flavor violation 5D Quark Minimal Flavor Violation (QMFV).

We show how to generate charged lepton and neutrino mass matrices in the context of warped extra dimensional
models. We identify several novel features and insights into flavor associated with these models. We show that one
can account for both the range of masses and the range of mixing angles quite readily in the context of a warped
extra-dimensional flavor model with a pseudo-minimal flavor violation mechanism built in. The QMFV structure
is applied to the lepton sector where 5D Lepton Minimal Flavor Violation (LMFV) is imposed. 5D LMFV implies
that the lepton flavor group is only broken by the 5D leptonic Yukawa matrices. Not only are the stringent flavor
constraints satisfied but masses and mixing angles are explained.

The first key point is that Yukawas are anarchic in these models, where anarchic means that all entries are of order
unity and no small are large numbers in fundamental Yukawas are assumed. Small mixing angles arise from ratios
of wavefunctions in the IR so small mixing angles arise when wavefunctions are nondegenerate. That is precisely the
problem of the split fermions mechanism when dealing with the neutrino flavor parameters which show an anarchical
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structure. With sufficiently degenerate bulk masses, wavefunctions are degenerate and mixing angles are big of the
order of the size in the original anarchic Yukawa.

The second key point is that a gauged lepton number is required to prevent overly-large Majorana masses for the
neutrinos generated in the IR. Without restrictive assumptions about lepton-symmetry-breaking in the UV this implies
a see-saw generation for the light neutrinos where the Majorana mass for the right-handed neutrinos is generated in
the UV and are therefore large.

Given the size of charged lepton masses, the only way to suppress neutrino masses in a Dirac scenario is to have
the neutrino wavefunction be small in the IR and big in the UV. However, one needs to gauge lepton number and
break this gauged lepton number (gauged due to AdS/CFT correspondence) in the UV (the UV to sequester from
the IR and not generate overly large Majorana mass there). So to have a Dirac scenario one needs to break lepton
number in such a way that it is not transferred to the right-handed neutrinos. This is possible, but generally requires
a careful choice of charge for the lepton number breaking field and leaves a residual discrete symmetry. Furthermore
such a scenario would not necessarily explain large mixing angles and the necessary flavor suppression that must be
present.

We consider the alternative more generic possibility (from the point of view of lepton-number symmetry breaking).
In this case, we are forced to have a Majorana mass for the right-handed neutrinos and a see-saw mechanism. The
advantage of placing this see-saw in a warped scenario (or any extra-dimensional geometry) that one can naturally
explain the discrepancy between the Majorana and Planck or GUT scales as well as the hierarchy of masses through
exponential suppressions of bulk wavefunctions.

The remaining question is then to understand simultaneously the small mixing angles in the quark sector vs the big
mixing angles in the lepton sector. We explain how in our warped context this naturally translates into a difference
of mass splittings of order 10 percent vs of order 1 percent. The latter we say can alternatively be understood as the
consequence of a flavor symmetry.

We mention the idea of see-saw and exponentials is not in and of itself new. What is new is the understanding
of how to get large mixing angles. We generically take 5d Yukawas to be anarchic and then understand in terms of
degenerate wavefunctions why these angles are carried over the the 4d Yukawas.

The remaining issue is then how to simultaneously allow for large mixing angles and small flavor-changing effects.
This is truly new in our paper and is a consequence in our models of the LMFV flavor symmetry. Note that this
symmetry only allows for moderate additional flavor suppression, so is natural to use only in the warped RS context.
Otherwise flavor violations would be too big with a low KK scale.

Our final point is that flavor considerations in this context imply a pseudo-GIM-like structure that we call LMFV
(lepton minimal flavor violation) as with the quarks in which only Yukawas break the flavor symmetry. We will
investigate this structure in more detail in the following section.

We find that large mixing angles, such as those in the neutrino sector, can be readily accounted for in this framework,
which assumes the most natural form for Yukawa matrices namely completely anarchical. We then show that with
the LMFV assumption and the neutrino Yukawa of order 0.1 that lepton flavor is conserved to the desired degree of
accuracy.

We also can understand why quarks and leptons have such different mixing structure in this framework. The differ-
ence between small mixing angles correlated with masses as in the quark sector and large mixing angles independent
of masses as with neutrinos is entirely attributable to a number of order 0.1, namely the degree of breaking of the
SU(3) flavor by the bulk masses, as encoded in the Yukawa-dependent piece of the bulk mass terms in the quark and
lepton sector. Furthermore the range of masses is readily accounted for if we assume SU(3) degenerate bulk masses
broken perturbatively (except maybe for the top quark) by Yukawas. If this model is right there are a few flavor
diagonal parameters that vary between about one one-hundredth and order unity that account for the mysterious
spectrum of quark and lepton masses without generating overly-large flavor-changing effects.

Other models in the literature have also discussed the neutrino masses in the context of warped geometry. It was
shown that the small neutrino masses can be naturally obtained both in the case of Dirac [3, 5] and Majorana [6]
neutrino masses. attempted to explain lepton flavor structure in warped geometry. This is possible but in this case
the gauged lepton symmetry that must be present must be broken in a nongeneric way. However there is generally
no natural explanation for large mixing angles, and still getting a large enough tau mass (although see Ref. [7] for
a possible explanation). Even in this case, without LMFV, there is a fairly strong constraint on the KK scale. We
elaborate on these points in the following section where we explain the role of gauged flavor symmetry.

II. GAUGED FLAVOR SYMMETRY

Here we focus on warped extra dimension models that address the hierarchy problem [1]. In extra dimension mod-
els [2, 3] with bulk fermions, hierarchies in the flavor parameters are easily obtained. Thus one can straightforwardly
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construct a model which naturally explain the hierarchical structure of the SM quark flavor sector [2, 8]. However,
one is not guaranteed that the resulting model would be consistent with flavor constraints and in general this is not
the case.

In some respects the status of flavor precision tests in Randall-Sundrum (RS) models is similar to the one related to
precision electroweak tests of the models, in particular the T parameter. In the SM the T parameter is protected by a
custodial global symmetry of the Higgs sector which is broken only weakly by the hypercharge interaction and by the
third generation Yukawa coupling (which is of order unity even for the top and therefore can be consider as weak).
The RS1 dual theory contains strongly coupled dynamics that need not respect those symmetries and therefore can
induce large uncontrollable contributions to the T parameter, especially due to the fact that the third generation
quarks are composite states [9, 10]. If, however, the strong dynamics (or the composite sector) is invariant under a
custodial symmetry, the corrections to the T parameter are suppressed [10].

Now let us discuss the flavor sector of the theory and the status of flavor precision tests. Within the SM the
global flavor symmetries are weakly broken, mainly by the the third generation Yukawa couplings and by the neutrino
masses. This implies highly suppressed contributions to processes involve flavor changing neutral currents (FCNCs),
lepton family conversion and lepton number violation. However, generically, the RS1 strong dynamics violates these
symmetries [11]. For instance, the Yukawa interactions between the fermion KK states and the fermion couplings to
the gauge states are anarchic and misaligned [11]. Interestingly, there is extra protection (compare to split fermion
models in flat extra dimension [12]) against flavor violation due to the fact that the light generations are mostly
elementary and therefore have suppressed couplings to the flavor violating strong dynamics sector [11, 13], as well as
due to the flat KK gluon wave function in the UV. However, even the presence of third generation flavor violation
(NMFV or next-to-minimal-flavor-violation) is enough to induce dangerous contributions to various flavor violating
processes [8, 11, 14, 15, 16].

This need not be the case if the strong dynamics possess the same global symmetries as the SM. Precisely as in the
case of the custodial symmetry, one can gauge the SM flavor symmetry in the bulk in a way that the strong dynamics
is flavor preserving. One can then have exact alignment between the sources of flavor violation and also have the
flavor breaking realized in a controllable manner.

In Ref. [4] we showed how this can work for quarks with QMFV. According to this assumption the bulk masses
are a linear combination of the identity matrix and the Yukawa times its Hermitian conjugate (or vice versa), which
is the only spurion with appropriate quantum numbers. The novel feature is that even if the Yukawa matrices are
anarchical, the flavor hierarchy is obtained at low energies with protection from flavor violating processes due to
partial alignment.

We now show that this same mechanism can be applied to the lepton sector to suppress flavor violation, despite the
anarchic Yukawas and the low KK scale. We will assume the bulk masses are linear combinations of the identity and
appropriate combinations of Yukawas consistent with the assumed SU(3)L × SU(3)E × SU(3)N flavor symmetries,
where the first group acts on lepton doublets, the second on charged lepton singlets, and the third on right-handed
neutrinos.

We also assume a gauged lepton number symmetry. Since there are no massless gauge bosons that correspond
to U(1)L the lepton number symmetry has to be broken. Furthermore, to prevent overly large neutrino masses we
must have the lepton gauge symmetry preserved in the IR or broken only by a very small parameter (which would
render a light gauge boson). This suggests that within our framework, probably the only consistent way to get
small neutrino masses is when lepton number symmetry is broken on (or near) the UV brane so that lepton-number
violation is sequestered from the IR. This argument rules out models with Dirac neutrino masses (see e.g [3]) unless
the RH neutrinos are localized towards the IR brane [5] if the symmetry breaking couples directly to the right-handed
neutrinos. However, in such a case the LH doublets would have to be localized sharply near the UV brane to suppress
their coupling to the Higgs and ensure that the resulting Dirac masses are small enough. This would also imply that
the charged lepton masses are at least equally suppressed and is in conflict with data, given a full RS volume, since
that tau mass is only two order of magnitude below the electroweak scale and τR cannot be too composite because
of electroweak precision constraints. One possible alternative is to choose charges such the lepton breaking does not
couple directly to the right-handed neutrinos. We choose instead to focus on see-saw models with Majorana neutrinos
in which lepton number symmetry is gauged in the bulk and broken on the UV inducing RH Majorana neutrino
masses [6].

III. THE MODEL

Lepton flavor can be explained via wavefunction overlaps only when the Standard Model fields L, E (weak doublet
and charged singlet respectively) and neutrinos N reside in the bulk. We will assume this is the case and consider
scenarios either with the Higgs field H in the bulk or localized on the IR brane. We extend the mechanism suggested
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in [4] of anarchical QMFV to show how to construct a viable model of anarchic neutrino masses and mixing via a
similar concept of lepton minimal flavor violation (LMFV). Under this assumption, the only flavor-violating structure
is that of the Yukawa couplings. Bulk masses do not contain independent flavor violation and contain only Yukawa-
dependent flavor violation determined by their flavor transformation. This means that

CE = 1 + ak2Y †
EYE . (1)

CN = 1 + bk2Y †
NYN . (2)

CL = 1 + aEk2YEY †
E + bNYNY †

N . (3)

LMFV leads to sufficiently suppressed lepton flavor violation, even with large Yukawa mixing entries, and also
helps explain the relatively small hierarchy of neutrino masses. Furthermore we will see that with this assumption
the difference between small mixing angles and nondegenerate wavefunctions vs degenerate wavefunctions and large
mixing angles corresponds to a ratio of parameters in lepton vs. quark sector (that is as and bs characterizing SU(3)
symmetry-breaking) of about 0.1.

We assume neutrino masses arise from a see-saw mechanism involving heavy right-handed zero modes of N . Without
a lepton number symmetry, masses would in general also arise from a higher-dimensional Majorana mass term involving
L and the Higgs field (but no right-handed neutrino) on the IR brane. However, since the bulk physics includes a
quantum gravity sector we cannot impose a global lepton number symmetry in the bulk. Gauging such a symmetry
without breaking it or breaking only at a low scale would imply a massless gauge field which is in conflict with
constraints. We therefore assume lepton number symmetry broken only on the UV brane, permitting Majorana
masses involving heavy right-handed neutrinos but sequestering lepton-number breaking from the IR. Notice that in
the absence of tuning this implies a large Majorana mass for the right-handed neutrino and hence a see-saw mechanism.

We assume that the bulk respects U(3)E×U(3)L×U(3)N symmetries (which includes the gauged lepton symmetry),
where E stands for charged lepton singlets, L for lepton doublets, and N for singlet neutrinos. Any flavor gauge
anomalies can be cancelled by Chern-Simons terms or spectators on the UV brane [17]. In fact in the CFT dual
theory the flavor gauge symmetries correspond to global symmetries and therefore it is not surprising that the 5D
anomalies can be straight forwardly cancelled.

The measured largeness of neutrino mixing angles seems to imply comparable entries for all Yukawa matrix entries.
Mixing between the 1st and 3rd generations might in fact be measured to contradict this assumption, but for now
the value is consistent with random large entries [18] which we refer to as anarchic. This anarchical nature of the
neutrino parameters suggests that to leading order the U(3)E flavor symmetry is broken in the bulk whereas the
U(3)L symmetry is not broken or broken only by a small amount in the bulk and therefore broken primarily in the
IR by the 5D Yukawa coupling. For this reason, left-handed neutrino wavefunctions are fairly degenerate and dont
induce small mixing angles as they do in the quark sector where small angles are correlated with mass ratios through
left-handed wavefunctions. We furthermore assume that the UV lepton breaking is flavor blind.

As in Ref. [4], which discussed quark flavor, we assume anarchic Yukawa matrices (that is, all entries of the same
order) for both the charged leptons and the neutrinos. In the case of quarks, we found mixing angles that naturally
aligned with masses since both arose from the quark wavefunctions. In this case we assume sufficient degeneracy
among left-handed leptons that the mixing angles remain order unity as is the case in the five-dimensional Yukawa
matrix we start off with.

The relevant gauge-invariant 5D Lagrangian is:

L = Lkin +
(

kcLL̄L − kCN N̄N − kCEĒE
)

+
(

LHYEE + LH̃YNN
)

IR
+
(

MNNT N
)

UV
+ h.c , (4)

where capital Cx, YE,N , MN are general matrices and the small ci are universal. Assuming for simplicity that any
brane-localized kinetic terms are negligible, we can explicitly KK reduce. We shall treat the UV and IR flavor and
lepton number breaking perturbatively (we shall discuss this in more detail below). For simplicity we assume that
the Higgs is localized on the IR brane although in general we expect that the resulting constraints are more stringent
in that case [14] even though this depends on the details of the model (recently [15] showed that in certain models
with a bulk Higgs the constraints in the quark sector are comparable to models with an IR brane Higgs).

The charged lepton mass matrix is

mE ≃ 2vk fLYEFE , (5)
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where Fx correspond to the values of the lepton zero-modes on the TeV brane. More explicitly, the eigenvalues fxi of
the Fx matrices are given by [11] f2

xi = (1/2 − cxi)/(1 − ǫ1−2c
xi ) , where cxi are the eigenvalues of the Cx matrices,

ǫ = exp[−kπrc], kπrc = log[MP̄l/TeV], MP̄l is the reduced Planck mass and v ≃ 174GeV. (we follow here the
convention where 0 < fi < 1 where according to their CFT interpretation fi corresponds to the amount of partial
compositeness. For KK states then we simply have the corresponding f equal to unity. This is the reason for the
factor of 2 in the Yukawa interactions) The light neutrino mass matrix depends on the size of the wavefunctions of
the RH neutrinos on the UV brane. We shall denote them as fUV

N with (fUV
N )2 = (1/2 − cN )/(ǫ2cN−1 − 1) .

mℓ ≃ mT
ν (MMaj

N )−1mν ≈ 4v2k2fL Y T
N FT

N

(

2FUV
N MNFUV

N

)−1
FNYNfL , (6)

where to have a perturbative KK reduction we assume that MN ∼ MPl/10 where MN is due to lepton breaking on
the UV brane. Since both fUV

N and fN are a function of the same C we can solve this equation to find C, assuming
that YN and MN are non-hierarchical, where if CN is universal this amount to solving only a single equation.

We see that the mixing angles are determined entirely by fLYN . If fL is very nondegenerate, we would have mixing
angles aligned with masses as with the quark case. However, if fL is very degenerate as we assume, mixing angles are
determined by the Yukawas and will be anarchic.

A. Degenerate vs. Nondegenerate Right-Handed Neutrino Masses

We have seen that large mixing angles requires fairly degenerate cLs whereas charged lepton masses require some
hierarchy in the cEs. It is of interest to note that neutrino masses are fairly degenerate and furthermore depend
on Y 2

N/MN . The small hierarchy in the neutrino masses might be attributable to either nondegenerate right-handed
neutrinos or to a small hierarchy in the Yukawa matrix that is nonetheless consistent with a fairly anarchical structure.

If the right-handed neutrinos are degenerate, it raises the interesting possibility that flavor-symmetry in the right-
handed neutrino sector is violated only in the IR and only through the neutrino Yukawa. The smallness of flavor-
changing processes in the charged lepton sector seems to support such a possibility, since as we will see in the following
sections, flavor-changing processes for charged leptons (with LMFV assumed) arise only through the YN s. Without
the symmetric neutrino assumption, constraints from flavor violation (discussed below) typically require YNk of order
0.1. But an even more natural explanation for suppression of flavor-violation arising from cL at tree level would be
the suppression of all bulk YN -dependent terms, so that cN s are degenerate and cL nondegeneracy arises only from
YE .

Both cases are possibilities and we discuss flavor predictions in both cases. However for numerical simplicity we
present an example only with degenerate right-handed neutrinos below.

B. Example

To give a concrete example we focus on the case where only the U(3)E flavor symmetry is broken in the bulk
whereas flavor symmetry for the RH neutrino and LH leptons is broken only in the IR. That is, flavor for the latter
two is broken by the Yukawas but not by the bulk masses. This is for convenience in the case of the bulk right-handed
neutrino matrix but is necessary for order unity mixing angles in the case of the left-handed leptons. In the following
subsection we determine the necessary degree of degeneracy of the cLs consistent with O(1) mixing.

We present an example for the normal hierarchy using the best fit values from [19]

mν1 ≤ 0.002 eV, mν2 ≃ 0.009 eV, mν3 ≃ 0.05 eV . (7)

where for concreteness we have set the lightest neutrino mass to its maximal value. For the mixing angles we use the
following values

θ12,23,13 = 35o , 42o , 8o , (8)

where we have set θ13 to its maximal possible size at 1 σ confidence level. We are working in the convention where
the MNS matrix is (setting the possible Majorana phases to zero for simplicity)

VMNS =





1 0 0
0 C23 S23

0 −S23 C23









C13 0 S13e
−iδCP

0 1 0
−S13e

iδCP 0 C13









C12 S12 0
−S12 C12 0

0 0 1



 , (9)
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where Sij ≡ sin θij , Cij ≡ cos θij . In the following we give a concrete example for a viable model.
The value of the 5D Yukawa matrices are given by

diag(YE k) ≃ i(1.1, 2.2, 2.7) ,

diag(YN k) ≃ −(0.02, 0.03, 0.07) . (10)

and the Majorana mass on the UV brane is MUV
N = MPl/10 . We can express cE as a function of YE :

CE = 0.81 × 13 − 0.044× |diag(YEk)|2 , cL = 0.58 , fL = 0.016 , cN = 0.27 , fN = 0.48 , fUV
N = 0.00016 . (11)

Finally in the basis where YE (and CE) are diagonal then YN is

YN → VMNS diag(YN ) . (12)

These values were chosen to be consistent with the constraints from precision electroweak tests and also from lepton
flavor violation that we discuss below.

Flavor cE fE

I 0.75 4.5 10−5

II 0.60 0.0094

III 0.50 0.15

TABLE I: The eigenvalues, of Cx, Fx which yield the right masses and MNS elements at the TeV scale [8]. Note that cL, fL =
0.58, 0.016, cN , fN , fUV

N = 0.27, 0.48, 0.00016 and MUV
N = Mpl/10 are universal. Since in this example we assume that the

U(3)L,N flavor group is only broken on the IR brane.

C. Large Mixing Angle Constraint on cLs

As we are going to see bulk SU(3) symmetry which is exact or which is broken only by Yukawas (LMFV) leads
to models which are much safer from the point of view of CP and flavor violation observables than the generic case
considered in Ref.[14]. We require that the wavefunctions for the left-handed fields, and hence their bulk masses, are
sufficiently degenerate to reproduce the neutrino anarchical mixing without tuning.

We now calculate how degenerate the bulk mass parameters should be. Suppose that the bulk theory is not exactly
SU(3)L symmetric. Let us estimate the maximal allowed deviation from that limit such that the MNS matrix is still
anarchic. The MNS mixing angles are controlled by the ratio of the f i

Ls. For concreteness let us demand that the
corresponding ratio between the f i

Ls never deviates from 1 by more than 10% so that the angles are related to the 5d
Yukawa matrices and not the ratio of wavefunctions as it would be when they are very nondegenerate as they were
in the quark case considered in Ref. [4]. We have already pointed out that in order to avoid tension with precision
electroweak constraints we need left-handed and charged lepton wavefunctions localized in the UV. One can compute
the corresponding deviation from degeneracy allowed in the ci

L . We find that δcL/cL ∼ 0.8% . This constrains the
flavor-breaking contribution to the cLs from the Yukawas to be of this size.

The rough size of this restriction is easy to understand, as it is comparable to the inverse of the volume of the space.
The point is once the cLs are degenerate within this amount, the strong exponential dependence of the wavefunctions
disappears and the wavefunctions are more degenerate. We note that this restriction on the Yukawa contribution
to the left-handed bulk mass suppresses flavor violation, since the YN -dependent terms in CL induce flavor-changing
processes, this is further explored below.

D. Electroweak Constraints

In general the size of the IR wavefunctions is constrained by precision electroweak measurements since observed
branching fractions of the Z agree very well with Standard Model predictions. By choosing c > 1/2 the wavefunctions
on the IR brane are guaranteed to be small and the constraints determine how small they need to be. Since the mea-
surement of Z → µµ̄ is slightly better than the corresponding branching fraction measurement for τs, the constraint
on the left-handed wavefunctions (which we are assuming are essentially degenerate) is slightly stronger than that on
the wavefunction for the right-handed τ .
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Non universal coupling of the Z to the fermions is highly constrained by LEP and other experiments [20]

Rµ = 20.785± 0.033 , Rτ = 20.764± 0.045 , (13)

note that the above constraints related to Z → ττ, µµ are roughly 50%,100% more stringent than the corresponding
constraint from Z → bb̄, Rb = 0.21629 ± 0.00066, respectively. In our model the hierarchy in the charged lepton
masses would be explained by localization of the charged lepton singlets in different points in the bulk. This implies
that the coupling to KK Z is generation-dependent, which in turn results in a non-universal shift in its coupling to

the SM Z via mixing of KK Z with zero-mode Z: δgli

Z ∼ gli

Zf2
li
kπrc

m2
Z

m2
KK

where kπrc = log (MPl/ TeV ), li stands

for a LH or RH lepton of ith generation. The constraint from the Z branching fractions to µ and τ imply that the
maximal value allowed for , fL, fE3 are

fL . 0.13 , fE3 . 0.15 . (14)

Setting both to their maximal values we find that to get the right tau mass we require

(ȲE)33 ≡ 2k diag(YE)33 & 0.5 . (15)

Saying it differently in the case where we set the average value of ȲE to its maximal perturbative value (allowing for
at least three KK modes in the effective theory), ȲE ∼ 4 [11, 14], we find the correlated ranges for fL and f3

E :

0.016 < fL < 0.13 , 0.019 < fE3 < 0.15 . (16)

where we have put together the two precision constraints with the τ mass to determine the allowed range of left-handed
wavefunctions and right-handed charged lepton wavefunctions.

In cases where the gauge symmetry is enhanced to ensure that the model passes the constraints from oblique
parameters [10] and Z → bb̄ [21] other contributions are expected. These would be from the exchange of KK modes of
the extra U(1) arising from the extended 5D gauge symmetry. A second type of correction to Z → ll̄ is due to O(1)
mixing between the lepton zero modes and the KK modes. This contribution is of order (2kvYNfli/mKK)2. We will
see that constraints from lepton flavor violation require rather small values for YN such that the contributions of the
second type are subdominant.

We also need to consider potential constraints from the invisible Z decay width due to mixing of the active neutrino
with sterile states. To see why the light neutrino mixes with the KK sterile ones let us focus on the corresponding
3×3 mass matrix for the third generation only treating the UV Majorana term as a perturbation where for simplicity
we discuss the mixing within a single generation,

(

L N N (1) N c(1)
)













0 ȲNvfLfN ȲNvfL 0

ȲNvfLfN MMaj

N(0) MMaj

N(01) 0

ȲNvfL

(

MMaj

N(01)

)T

MMaj

N(1) MKK

0 0 MKK 0























L

N

N (1)

N c(1)











, (17)

where MMaj
N0 = 2(FUV

N )T MNFUV
N ∼ 3 × 1012GeV, MMaj

N(1) = 2(FUV
N(1))

T MNFUV
N(1) , MMaj

N(01) = 2(FUV
N(1))

T MNFUV
N , FUV

N(1)

is the UV value for the WF of the first KK RH neutrino and mD ≡ ȲNvfLfN ∼ 1 GeV and also the 31 entry

is m
(1)
D ≡ ȲNvfL is of a similar size. To analyze the constraints on our model we describe how to approximately

diagonalize the neutrino mass matrix. We first focus on the block that contains the largest entries related to the RH
zero modes and excited modes which is induced via the UV term, neglecting EWSB. To bring it to a diagonal form
a 2x2 rotation matrix is required where the mixing angles, θN , is sizable of O(FUV

N(1)/FUV
N ) ∼ 0.5. After this rotation

applied the mass matrix is:











0 ȲNvfL(cNfN − sN ) ȲNvfL(sNfN + cN ) 0

ȲNvfL(cNfN − sN ) MMaj
N 0 sNMKK

ȲNvfL(sNfN + cN ) 0 0 cNMKK

0 sNMKK cNMKK 0











, (18)

where sN , cN ≡ sin θN , cos θN . The 3x3 block related to N, N1 and N c(1) now has one big eigenvalue and two of a
TeV (KK mass) size.
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We see from this matrix that we have a see-saw mechanism between L and the heavy eigenstate (the linear

combination of N and N c(1)) and furthermore that the light weakly charged state (that is mostly L) mixes with a

linear combination of the singlets N and N c(1).

Defining m̄D ≡ ȲNvfL(cNfN − sN ) and m̃D ≡ ȲNvfL(sNfN + cN ) we find a light eigenstate of mass m̄2
D/MMaj

N

and a mixing of the light eigenstate with the singlet eigenstate of order O(m̃D/MKK) which must be less than 1%.
This value is constrained by precision Z invisible width measurements neff = 3 −

∑

n sin2 θn with δn . 5 × 10−3.
In our model the sum over the three generation yields δn . 7 × 10−4 over the whole range given in Eqs. (14,16),
so we are already below the exprerimental bound. In our concrete example and numerical calculations we have, for
simplicity, set sN to zero.

IV. LEPTON FLAVOR VIOLATION

Having considered precision electroweak constraints, we now turn to potential lepton flavor violation in our model.
It should be borne in mind that we are in a situation that superficially appears extremely dangerous. Our model
contains anarchic Yukawas as well as KK modes as light as a few TeV. One would naively expect large flavor-violating
effects. In fact Ref. [14] demonstrated that without LMFV and our SU(3) flavor assumptions that the KK scale would
need to be raised to roughly 7 TeV with a bulk higgs 1. An even worse bound applies with an IR brane localized
Higgs, in which case the contribution to µ → eγ is UV sensitive and without flavor symmetries would require a cutoff
scale as high as 80 TeV.

We now demonstrate that our assumed LMFV and a slightly smaller value for the neutrino Yukawa than the
maximal allowed value, in combination with the relatively small wavefunctions for the charged leptons, implies that
lepton flavor violation is sufficiently suppressed. We will also consider future directions for flavor-changing processes
and CP-violating observables.

The most severe constraints involve charged lepton flavor violating processes. Contributions to charged lepton
flavor violation arise due to misalignment between the couplings to the physical Z, W and photon and the masses and
arise through mixing with KK fermion and gauge bosons. Without LMFV, the most severe constraint would be due
to the mixing of the LH charge leptons with the KK RH charge leptons. This mixing is proportional to the Higgs

Yukawa coupling on the IR brane. Recall that the mass matrix square is proportional to YEFEF †
EY †

E . On the other

hand the above mixing is controlled only by the Yukawa, YEY †
E . In the general case we do not expect YE and FE

(which is a function of CE , the bulk masses) to commute. Hence the two contributions will in general be misaligned
and far too large. However, this contribution is highly suppressed with our LMFV assumption, since YE and CE are
simultaneously diagonalized.

Let us explore this in slightly more detail. A suppression for this contribution could arise be due to hierarchies in
the values of the LH fields on the IR, fL. Such a suppression is absent in our case since the value of wave functions
of the LH leptons as well as the eigenvalues of the Yukawa matrices are of the same order, due to the anarchical
nature of the neutrino parameters. Thus, the resulting Z flavor violating coupling, say µ → e which is most severely
constrained, is of order

(gZ)12 ≈
(

2fLkYEv

MKK

)2

ij

(UL)1i(UL)∗2j . (19)

where UL is the rotation matrix between the basis in which the bulk masses are diagonal and the basis in which the
Yukawa matrices are diagonalized (from the left). Without LMFV, this would be too large. But with LMFV, which
ensures that cE (and hence fE) is a function only of YE , the above contribution vanishes since the both the Yukawa
couplings and bulk masses can be simultaneously diagonalized.

There can also be a tree-level flavor-changing contribution when cL is not entirely proportional to the identity but

has a piece consistent with LMFV proportional to Y †
NYN . This term is suppressed in order to get large mixing angles,

but in principle might still be present. Recall that due to LMFV we expect cL = 1 + aE k2YEY †
E + bN k2YNY †

N .

Clearly, only a term proportional to YNY †
N induces flavor violation.

This term could contributes to flavor-violation at tree level through the exchange of a KK Z. Relative to the loop
level effects we consider below, the constraint is roughly 16π2(2πkrc) times as strong (both share the suppression

1 The bound quoted in [14], 15.8 TeV, is obtained by adding coherently five independent contributions. If we switch on each of these
separately the resulting bound is reduced by a factor of

√

5, we thank Kaustubh Agashe for pointing this to us



9

factors of (mZ/mKK)2f2
L). Even with a constraint on bN of order 0.01 as we found from considering large mixing

angles, this would be too big unless YNk itself is small. We will see below that loop effects constrain YNk to be order
order 0.1, which would be acceptable.

Note that this tree-level constraint from CL is relevant only when neutrino-flavor symmetry is broken in the bulk.
In the more symmetric case in which neutrino-flavor-symmetry is broken only in the IR, the tree-level constraint just
considered is automatically satisfied. There is no tree-level constraint on aE from flavor-changing effects since YE and
the charged leptons masses are aligned.

A. µ→ eγ

Because in the absence of YN , the charged lepton mass matrix and interactions can be simultaneously diagonalized,
the leading contributions to charged lepton flavor-changing processes must involve YN . The process µ → eγ can occur
only at loop level. The most dangerous contributions are due to µ → eγ [14]. The relevant one loop diagram is shown
in figure 1. 2 The contribution is conventionally written as

A(µ → eγ) =
−iCL,R

2mµ

uL,R(p
′

)σµνu(p)Fµν , (20)

Following [14, 22] we can write the current bound on the BR as [20]

BR(µ → eγ) =
12π2

(GF m2
µ)2

∑

i=L,R

|Ci|2 ≤ 1.2 × 10−11, (21)

As pointed out in [11, 14] with a brane higgs the contributions are logarithmically divergent and in term of spurions
proportional to

CL ∝ 8vk3fLYNY †
NYEFE = 4k2 mµ

(

YNY †
N

)

12
, (22)

where in the RHS of the equality we have included only the dominant contribution proportional to the muon mass

and
(

YNY †
N

)

12
is evaluated in the charged lepton mass basis, where YE is diagonal. Note that in our model we expect

the operator with RH chirality to be suppressed by O(me/mµ) according to the assumption that only right-handed
fields account for masses. Due to the fact that the contribution is diverging the precise value of Ci is not physical
since it would be matched to a counter term in the form of a higher dimensional operator. We compute the amplitude
in order to establish that it is log divergent and also since it would be useful for the case of a bulk Higgs where the
contribution is finite. For simplicity we assume that the RH and LH KK masses are of same size. Furthermore in the
limit of large NKK (or equivalently large (Λ/k), the log term would be the dominant contribution. When NKK is not
large, the loop log should nonetheless give a reasonable estimate of the net contribution, as we discuss further in the
following section.

A(µ → eγ) = B
∑

i,j

∫

d4k

(2π)4
(2kµ − qµ)AµuL(p

′

)

[

i
6k− 6p + M

(i)
KK

(k − p)2 − M
(j),2
KK

]2

u(p) · i

k2 − m2
W

i

(k − q)2 − m2
W

, (23)

where B = 8emµvk3 fLYNY †
NYEFE , q = p

′ − p and we have used the mass insertion approximation for the internal
neutrino KK line. After integrating over the 4D momenta, the leading order contribution (setting subleading external
momenta to zero) is

A(µ → eγ) =
B

2
uL(p

′

)σµνFµνu(p)
∑

i,j

∫ 1

0

dx1

∫ 1−x1

0

dx2

∫ 1−x1−x2

0

dx3 (−1 + x1 + x2 + x3)

48π2(m2
W (−1 + x1 + x2) − M i,j,2

KK (x1 + x2))

=
∑

i,j

em2
µ

(24π)2(M i,2
KK + M j,2

KK)
(ȲN Ȳ †

N )12 uL(p
′

)σµνFµνu(p) + O(m2
W /M2

KK) , (24)

2 Note that this diagram is different from the one calculated in [14] since in our case LFV is due only to the neutrino Yukawa matrix so
the photon has to be attached to the charged Higgs internal line.
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where ȲN ≡ 2k (Yx) . For simplicity we had set the two KK masses to be equal. Notice that, since Mn,2
KK ∼

(

nM
(1)
KK

)2

,

the double independent summation of the two KK masses induces a logarithmic divergence ∼ log NKK as was
anticipated by [14]. Interestingly, unlike the diagram considered in [14] which vanished for zero Higgs mass, the loop
diagram we consider here does not vanish in the limit mH,W → 0 which was taken in the last step. Generically both
diagrams are present but in our model due to LMFV only the above contribution induces lepton flavor violation. As
anticipated, the contribution is UV sensitive and we can estimate its size by simply considering the higher dimensional
operator on the TeV brane.

1. UV Sensitivity With and Without Flavor Symmetry

Let us consider the forms of the relevant higher-dimensional operators that are necessary for matching to the 5D
theory in order to understand the forms and magnitudes of the expected counterterms (for similar considerations
see also the analysis of [23]). The leading operator is of the form OIR

dipole ∝ HFµνL̄σµνE . Since we are interested
in an electromagnetic dipole operator it should be proportional to ge

5. Furthermore, since the operator requires a
Higgs interaction between a SM SU(2) doublet and singlet field it is proportional to YE (the spurion that breaks the
corresponding flavor symmetry)3.

We first note that the Yukawa and gauge couplings are dimensionful parameters, indicative of the nonrenormalizable
nature of the five-dimensional theory. The 5D Yukawa interactions are of the form HYEL̄E, say for the charged
leptons. Note that since E and L are bulk fields YE is of mass dimension −1. The 5D gauge interaction are given by
g5ĒγMEAM (M = 0, , 4) where in the case since all the particles involved in the interaction are bulk fields g5 have
mass dimension −1/2. Since the couplings are dimensionful, to ascertain the degree of divergence, it is not enough to
consider only the dimension of the fields in an operator, but we must also consider operators with different numbers
of insertions of couplings independently since they have differing degrees of divergence.

Let us first consider the operator with a brane-localized Higgs field, which takes the form

g5

(

1

Λ2
IR

)

ik

(YE)kj HFµνLiσµνEj , (25)

where the brane-localized Higgs has dimension 1, the 5d gauge coupling has dimension −1/2, the Yukawa has dimension
−1, and we have treated the cut-off as a flavor-dependent matrix according to where each Yukawa gets strongly coupled
so that i, j, k are flavor indices. LMFV tells us that these Λs must be cutoffs for the YN s or else the flavor structure
could be rotated away. Naively it would seem as if the bounds with universal doublet bulk masses and anarchical
neutrino 5D Yukawa matrices, YN , would be quite severe. (Note that there is no extra suppression from the ratio
of wave functions on the IR of O(me/mµ) that would apply in the generic case without LMFV that we will briefly
review below) However, recall that in our case the gauge flavor symmetries in the limit where YN → 0 eliminate the
flavor conversion altogether, so suppression by small YN will suffice.

We determine ΛIR as follows: We require that the one loop correction to the Higgs-KK-fermions Yukawa couplings
do not exceed the tree level one (see also e.g. [9, 23, 24]), which implies that

(NY
KK)2Ȳ 2

x /16π2 . 1 , (26)

where NY
KK is the number of KK modes that is allowed before the Yukawa becomes strongly coupled, and as before,

Ȳx ≡ 2k (Yx) where x = E, N . 4 This corresponds to a cutoff of the effective theory, ΛY

ΛY ∼ NY
KK k . 4πk/Ȳx , (27)

where note that here and below, we do not distinguish between the KK mass scale and k (the former is slightly bigger).
The precise relation clearly depends on the regularization scheme [23] so we simply take MKK ∼ k. Substituting into
our above estimate, we find an operator of the form

OIR
dipole = ge

5

(

ȲN Ȳ †
NYE

)

ij
HFµνL̄iσµνEj/16π2k2 + h.c , (28)

3 When we discuss the generic case the flavor symmetries are assumed to be badly broken. This amounts to setting the 5D Yukawa to
at or near its largest possible value. This is done below demanding at least three KK state before the Yukawa couplings hits a Landau
pole

4 Note that N
Y
KK

is not necessarily a physical parameter as some other coupling could in principle become strongly coupled at lower
energy, thereby providing the true cut-off for the low-energy theory.
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where the above fields aside from H are 5D fields, and for µ → eγ we have i, j = 1, 2 or i, j = 2, 1. We can convert
to the normalized four-dimensional fields (see e.g [3]) use the relation between the 5D and 4D gauge coupling (see
e.g [9]), using the mass relation given in (5) mµ ≃ ȲEkvfL2fE2 to rewrite the above as

OIR
dipole ≈

e mµ

2 16π2k2
(ȲN Ȳ †

N )12 Fµν eL σµνµ . (29)

This operator has the same parametric dependence as the loop diagram. Notice that once we account for flavor
symmetry, it is clear there are two insertions of the neutrino Yukawa. Since these are dimensionful, the operator with
Yukawas inserted can depend at most logarithmically on the cutoff, which is what we found explicitly above.

Via Eqs. (20, 21) we find the following value for the BR(µ → eγ)

BR(µ → eγ)IR ∼ 4 × 10−8 ×
(

ȲN Ȳ †
N

)2

12
×
(

3 TeV

MKK

)4

. (30)

Assuming order one mixing angles this relation is translated to the following upper bound on the value of the neutrino
Yukawa coupling

(ȲN Ȳ †
N )12 . 0.02 ×

(

3 TeV

MKK

)2

. (31)

Since by assumption all the entries of YN are of the same order, we interpret this bound as YNk is less than or of order
0.1 for the most natural models. Note that the NDA estimate is bigger than the explicit loop contribution (which is
also enhanced by a log), so it is most likely a fairly conservative estimate.

Our result differ from the more generic case (without LMFV) considered in [14] (for a detailed description of the
structure see e.g [11, 14]) as follows. As before the IR-brane, higher dimension operator is given by

OIR
dipole = ge

5 ȲEHFµνL̄iσµνEj/Λ2
IR + h.c , (32)

We set ΛIR to the smallest of the cutoff values obtained in the via the perturbative limits on the various couplings,
given in Eq. (27). As before the above expression is simplified when when we switch from 5D fields to canonically
normalized 4D ones. We find that dipole cutoff operator can be rewritten (in terms of the zero modes and 4D
couplings) on the IR brane as

OIR
dipole ≈

e mµ

2Λ2
IR

max

(

fL1

fL2

,
fE1

fE2

)

Fµν µ̄ σµνe , (33)

where we have replaced the Higgs by its vev. It is clear that the case where fLi = fEi would minimize the RS
contributions that the above expression is reduced to

OIR
dipole ≈

e
√

mµme

2Λ2
IR

Fµν µ̄ σµνe , (34)

This is in agreement with the more generic case considered in Ref. [14] and their rough estimate.
We now return to the LMFV scenario with a bulk Higgs, in which case the contribution to the dipole operator

is actually finite and UV sensitivity [11, 14] appears only at higher-loop order as there is only one KK sum in the
one-loop diagram 5 and thus the resulting bound is weaker. The loop contribution is the same as the one discussed
above with a brane Higgs, with a single KK sum and therefore it is finite. We thus find the following bound on the
RH Yukawa coupling

(ȲN Ȳ †
N )12 . 0.3 ×

(

3 TeV

MKK

)2

, (35)

which is indeed weaker than the IR Higgs case found in Eq. (31).

5 One can verify that with a linear Higgs profile, say as in the case of gauge Higgs unification then the overlap integral between to KK
states of a different level is negligible.
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The higher-dimensional operator from the five-dimensional theory is smaller with a bulk Higgs because the Yukawa
coupling has dimension −1/2. We now have Y 2

Nk/16π2 ∼ 1 for strong coupling while we still have Λ ∼ Nk. Therefore
we can now write the higher dimension operator as

g5
1

ΛIR

(

1

ΛIR

)

ik

(YE)kj HFµνLiσµνEj ∼ g5(YNY †
NYE)ij

1

16π2ΛIR

HFµνLiσµνEj . (36)

Clearly this is smaller than any counterterm for a divergent contribution at this order. We also see that at higher
order, we would have divergent contributions (replacing the final ΛIR by Y 2/16π2) but these are suppressed by a loop
factor and yield a weaker bound.

B. Subleading Constraints and Predictions

Typically once the constraint from µ → eγ is satisfied, the rest of the constraints are also satisfied since they
are less severe. We will present bounds on YN with the understanding that they tell us how much the experimental
measurements need to be improve to be competitive. The next most stringent bound is from µ → e conversion [14] but
we also consider li → l̄klklm-type processes. We parameterize these effects in the following effective Lagrangian (we
follow the notation of [14, 22, 25]):

− Leff =
4GF√

2

[

gµe
4 (ēLγµµL)(ēLγµeL) + gµe

6 (ēLγµµL)(ēRγµeR) +
1

2
gµe

L (ēLγµµL)Jµ

]

+ h.c. , (37)

where we have neglected the RH flavor violating currents, which are flavor-conserving due to LMFV, GF is the Fermi
constant, Jµ is the current relevant for µ → e conversion.

The strongest constraint on µ − e conversion is obtained with 48
22Ti atoms, The rate is [20, 22, 25]

Bconv =
peEeG

2
F m3

µα3Z4
eff [vu(2Z + N) + vd(2N + Z)]2F 2

p

π2ZΓcapt

|gµe
L |2 < 6.1 × 10−13 , (38)

where α is the QED coupling strength, Γcapt ∼ 10−8 eV, pe ∼ Ee ∼ mµ, Zeff ≈ 17.6, Z = 22, Fp ∼ 0.55, N = 26 .

where vu,d = ±1/2− (4/3,−2/3) sin2 θW and sin2 θW ∼ 0.22 . The bound on µ → 3e is [20]:

BR(µ → 3e) = 2|gµe
4 |2 + |gµe

6 |2 < 10−12 . (39)

With LMFV and true cL universailty the dominant contributions to flavor-changing LH currents arise at loop level
(see discussion on possible tree level contributions below). In fig. 2 we show the diagram that induces the leading
contribution to the above processes, it does not involved helicity flipping and the KK sum is finite (unlike for µ → eγ).
The amplitude for the above processes is readily computed from the diagram (with external momenta in the loop set
to zero)

A(µ → e) ≃ gZf2
L(ȲN Ȳ †

N )12
∑

i

∫

d4k

(2π)4
Jµ2uL(p

′

)

[

i
kµ 6k

k2 − M
(i),2
KK

]

uL(p) · i2

(k2 − m2
W )2

, (40)

where Jµ corresponds to the two fermion current attached to the Z propagator and gZ = g2/2 cos θW is the Z coupling.
Subtracting the log divergent contributions (which corresponds to the renormalization of the gauge coupling) and
keeping the lowest KK contributions that dominate the sum we find

A(µ → e) ≃ gZf2
L(ȲN Ȳ †

N )12

(

MW

4πMKK

)2 [

1 + 2 ln

(

M2
W

M2
KK

)]

Jµ u(p)γµuL(p′) . (41)

We then match the above result to the leading contributions to the four fermion operators in Eq. (37)

gµe
L ≈ f2

L(ȲN Ȳ †
N )12

(

MW

4πMKK

)2 [

1 + 2 ln

(

M2
W

M2
KK

)]

gµe
4,6 ≈ ve

L,R gµe
L , (42)
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where ve
L,R = (−1/2, 0) + sin2 θW . Thus

BLMFV
conv ≈

(

9 × 10−20 , 1 × 10−13
)





(

ȲN Ȳ †
N

)

12

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

, (43)

where the numerical value is shown for the two extreme values of fL (see Eq. (16)) and the upper bound for the
neutrino Yukawa coupling from BR(µ → eγ) for the Higgs on the brane and Higgs in the bulk, see Eqs. (31, 35).
This can be translated to the following bound on the neutrino Yukawa coupling:

(

ȲN Ȳ †
N

)

12
. (0.7, 5 × 10)×

(

3 TeV

MKK

)2

×
(

fL

0.13, 0.016

)2

, (44)

significantly weaker than the bounds obtained via µ → eγ , in particular when fL is set to its minimal value the size
of YN exceeds its maximal perturbative allowed value. Similarly the predicted BR for µ → 3e in our case is

BR(µ → 3e)LMFV ≈
(

2 × 10−20 , 2 × 10−14
)





(

ȲN Ȳ †
N

)

12

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

, (45)

which is translated to the following bound on the Yukawa

(

ȲN Ȳ †
N

)

12
. (2, 102) ×

(

3 TeV

MKK

)2

×
(

fL

0.13, 0.016

)2

, (46)

which is at present weaker than the bound from µ → e conversion.

1. Chiral-preserving UV Sensitive Contributions

In this part we discuss additional one loop divergent contributions relevant to the above observables. For simplicity
we discuss only the Higgs on the IR brane case where the resulting constraints are more severe since the degree of
divergence is higher. There are two types of divergences: The first quadratic and it is due to the fact that the Yukawa
couplings are corrected at the one loop level. The second is linear and it is due to one loop divergent contribution to
the IR localized brane kinetic terms (BKTs). We start with the former, it is of the form:

Ȳ
(loop)
E ∼ Λ2

Y

k216π2
ȲN Ȳ †

NYE ≈ N2
KK

16π2
ȲN Ȳ †

NYE , (47)

where in the above we have kept only the leading flavor violating contributions which are quadratically divergent and
ΛY stands for the cutoff on the IR brane. The second contribution involves brane kinetic term for the LH fields

(

L̄D/L
)(loop)

IR
∼ L̄D/

ΛY

k16π2
ȲN Ȳ †

N L ., (48)

Note that by gauge invariance we can relate this contribution to the coupling of the KK Z to the LH leptons, which
mixes with the physical Z due to EWSB.

These corrections spoil the perfect alignment between the charge lepton couplings to the physical Z. Note that the
first contribution is relevant only when the couplings to the physical Z are non-universal. Therefore, only the singlet
charge leptons are affected by this misalignment. This implies that the the amplitude for transition between the ith
and jth generation is suppressed by fEi/fEj . The bound from the µ → e transition is obtained by replacing gµe

L with
gµe

R in Eq. (42) where

gµe
R ≈ f2

E3

memµ

m2
τ

(ȲN Ȳ †
N )12

N2
KK

16π2
kπrc

(

MZ

MKK

)2

. (49)

We find that

gµe
R /gµe

L ∼ f2
E3

f2
L

memµ

m2
τ

N2
KKkπrc

2 ln
(

M2
W

M2
KK

) , (50)
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which implies that this contribution is negligibly small over the all allowed parameter space (assuming NKK , MKK =
3, 3 TeV respectively). Clearly the corresponding contribution to other flavor violating processes are more suppressed.

The contribution of the second kind to µ → e conversion yield the following effective coupling

(gµe
L )

KK ≈ f2
L (ȲN Ȳ †

N )12
NKK

16π2
kπrc

(

MZ

MKK

)2

, (51)

we find that

(gµe
L )

KK
/gµe

L ∼ NKKkπrc

2 ln
(

M2
W

M2
KK

) ∼ 10 × NKK

3
. (52)

This can be translated to the following bound on the neutrino Yukawa coupling:

(

ȲN Ȳ †
N

)

12
. (0.07, 5)×

(

3 TeV

MKK

)2

× NKK

3
×
(

fL

0.13, 0.016

)2

, (53)

still weaker than the bounds obtained via µ → eγ , in particular when fL is set to its minimal value. The constraints
for the other processes are scaled precisely in the same way and are therefore weaker.

C. τ Decay Predictions

We next focus on the model prediction involving τ flavor violation. The Lagrangian for τ → µ decay is obtained
from Eq. (37) by replacing µ with τ and µ with e. We find the following prediction for the various leptonic final
states [20]:

BR(τ → µγ) ∼ 4.8 × 10−8 ×
(

ȲN Ȳ †
N

)2

23
×
(

3 TeV

MKK

)4

BR(τ → eνν) < 3.2 × 10−8, (54)

BR(τ → 3µ) ∼
(

2 × 10−20 , 2 × 10−14
)





(

ȲN Ȳ †
N

)

23

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

BR(τ → eνν) < 3.2 × 10−8,

BR(τ → 3e) ∼
(

2 × 10−20 , 2 × 10−14
)





(

ȲN Ȳ †
N

)

13

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

BR(τ → eνν) < 3.6 × 10−8,

BR(τ → µee) ∼
(

1 × 10−20 , 1 × 10−14
)





(

ȲN Ȳ †
N

)

23

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

BR(τ → eνν) < 2.7 × 10−8,

BR(τ → eµµ) ∼
(

1 × 10−20 , 1 × 10−14
)





(

ȲN Ȳ †
N

)

13

0.02, 0.3





2
(

fL

0.13, 0.016

)4(
3 TeV

MKK

)4

BR(τ → eνν) < 4.1 × 10−8.

where BR(τ → eνν) ≃ 0.18 [20].
In an anarchic setup where all the above coefficients are determined from YN s that all have comparable values, we

expect the rates to be comparable to those for the muon processes (up to a factor of BR(τ → eνν) ≃ 0.18). Given the
current strong muon decay bounds that constrain YN to be of order 0.1, we don’t expect these rates to be measurable
unless there is a sizable enhancement. Note that this is true even for the two-body decay since the operator coefficient
through which the decay occurs is proportional to mτ so the combination of phase space and squared amplitude has
the same τ mass dependence. We now discuss possibilities for tau decays consistent with our anarchy assumption.

In the more symmetric case when the U(3)L × U(3)N flavor symmetry is broken only on the IR brane and the
right-handed neutrinos are degenerate and the neutrino mass hierarchy is accounted for solely through the Yukawa the
model has extra predictive power. In this case the above contributions to flavor violation processes are proportional to

YNY †
N in the mass basis for the charged lepton. In this basis YNY †

N = VMNSYNY †
NV †

MNS , where the elements relevant
to flavor violation are approximately

(VMNSYNY †
NV †

MNS)normal
12,13,23 ∝

√

∆m2
sol C12C23S12 , −

√

∆m2
sol C12S12S23 ,

√

∆m2
atm C23S23 , (55)
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To get an idea of the size of these predictions we take for simplicity S2
12,23,13 ∼ 1/3, 1/2, 0. Here the ratio of tau

flavor-changing decays to muons to muon flavor-changing decays to electrons is of order

BR(τ → µ)

BR(µ → e)
∼
(

3

2

)2(
∆m2

atm

∆m2
sol

)

/BR(τ → eνν) . (56)

where Sij ≡ sin θij , Cij ≡ cos θij , and corrections of O(
√

∆m2
sol/∆m2

atm) have been neglected. The maximal value
for this ratio is about 10 and will be very difficult to measure in any tau decay process given the current constraints
on electron processes.

The only case that has a chance of being measurable is the somewhat less generic inverted hierarchy case

(VMNSYNY †
NV †

MNS)inverted
12,13,23 ∝ ∆m2

sol

2
√

∆m2
atm

S12C12C23 ,
∆m2

sol

2
√

∆m2
atm

S12C12S23 ,
√

∆m2
atm S23C23 ; (57)

where the above ratio is about

BR(τ → µ)

BR(µ → e)
∼ 9

(

∆m2
atm

∆m2
sol

)2

/BR(τ → eνν) , (58)

which can be about 1000 and might be measurable at future b-τ factories.
Note that in all cases the τ → e rates are comparable to the µ → e rates. Note these results are rather general and

do not necessarily distinguish our type of model in which flavor-changing in the charged lepton sector corresponds
to minimal flavor violation and the dominant contributions are through intermediate states related to neutrinos so
that it depends on the neutrino Yukawa matrix. Such a contribution is present in supersymmetric modesl as well for
example. Tau decay predictions will be larger only in models where some other contribution dominates in which the
µ → e processes are suppressed. Such examples include GUT models where mixing feeds in from the quarks and the
dominant contributions involve the third generation. In such a case the µ decay is smaller so that τ decays might be
visible even with constraints on the muon sector. However, in general, there is no reason for the neutrino Yukawa to
be suppressed.

D. Constraints from Flavor Diagonal Processes

We finish by discussion the model’s contribution to the anomalous magnetic moment of the muon, g − 2, and the
electron electric dipole moment (EDM), de. Both are UV sensitive with an IR brane Higgs. In our model the leading
contributions to g − 2 are due to the same diagram that induces µ → eγ . As we have discussed, due to anarchy in
general there is no extra suppression associated with lepton flavor conversion. It is rather easy to see why this is the
case: We can invert the relation in Eq. (21) to find that |C| . 10−14 . Where as ∆aµ, the contributions to g − 2,
is given by C/e . 10−13 which is more than four order of magnitudes smaller the SM EW contributions. Thus the
contributions to g − 2 should be beyond the reach of experiments and cannot account for the roughly 3 σ observed
deviation from the SM predictions [26].

This is roughly in agreement with naive dimensional analysis since the ratio between the SM EW contribution
and the ones from our model is roughly (MW /MKK)2 Ȳ 2

N ∼ 10−4 when setting MKK = 3 TeV and Ȳ 2
N ∼ (0.03, 0.2)

according to Eq. (31).
As in [4] the one loop contributions to the electron EDM vanishes since due to LMFV they have to be proportional

to the commutator between YE and YN (similar to the quark case, see e.g [27]). In fig. 3 we show one of the 2-
loop diagrams that yield the leading contributions for illustration. Here we do not aim towards providing the full
calculation of the corresponding contributions (which in the brane Higgs case are UV sensitive). However to get a
rough bound we can estimate the contribution due to the diagram in the figure. The KK masses square in the loop are

roughly (Mν,e
KK)2 = M2

KK + v2ȲN,EȲ †
N,E where MKK ∼ 3 TeV. Thus we estimate the electron EDM by the following

de ∼ (kπrc)
2 N2

KK e mev
6

(16π2MKK)8
× V 1i

MNSf(xN
i )V ij

MNSf(xE
j )V jk

MNSf(xN
k )V k1

MNS

∼ (1037, 10−31)

(

1,
∆m2

sol

∆m2
atm

)

JMNS

(

ȲN Ȳ †
N

0.02, 0.3

)2(

ȲE Ȳ †
E

0.2, 4 × 10

)

×
(

3 TeV

MKK

× NKK

3

)2

e cm, (59)

where xE,N
i = diag(ȲE,N )2 and f(xN,E

i ) is a function of differences of the xN,E
i s due to GIM. The factor

(

∆m2
sol

∆m2
atm

)

JMNS

on the RHS of the relation is due to GIM suppression and JMNS ∼ S13 < 0.1 is the VMNS Jarlskog invariant setting
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the possible Majorana phases to zero [28] As before we have used the extreme values for ȲN given in Eqs. (31,35)
to get the upper bound on de in the case of an IR Higgs and bulk Higgs respectively. To find the corresponding
extremes for YE we use the bound in Eq. (15) for its lowest possible value (corresponding to a brane Higgs) while
the maximal value is taken to saturate the strong coupling upper bound in the case of a bulk Higgs [4] and the

suppression proportional to
(

∆m2
sol

∆m2
atm

)

is for degenerate right-handed neutrinos. We see that the current experimental

bound, de = (7±7) 10−28 e cm [20] is far from the model range of prediction however near future proposed experiments
might probe the relevant parameter space [29].

V. CONCLUSION

We have shown how lepton masses and mixings fit in nicely into a warped geometry framework where wavefunctions
derived from bulk masses account for both. We have seen the range of masses and mixings can be accounted for with
no extremely large or small parameters and that furthermore the limited range of masses can be accounted for with
LMFV, in which the masses are SU(3) symmetric broken only by Yukawas. Furthermore, with QMFV and LMFV, the
difference between small quark mixing angles and large neutrino mixings is explained by more degenerate left-handed
lepton wavefunctions.

Our model has several predictions, though no true smoking gun. Soft imprecise predictions include the form of the
neutrino mass matrix. We expect that mixing angles to be of order unity but not a precise angle derived from group
theory or some underlying precisely predicted model consideration. If mixings are of order unity to within a percent,
we would expect our model to be less likely. Similarly, if θ13 turns out to be zero to within a percent (again this is a
loose consideration) we would expect our model is not correct. We predict generic order unity mixings but no precise
numerical values.

Predictions for flavor-changing processes depend on the right-handed neutrino masses, which, along with measured
masses and mixings, determine the Yukawas on which the mixing predictions depend. We have seen that in general
flavor-changing τ decays will not be observable unless neutrinos appear in an inverted hierarchy case which is less
favored in the most natural setting. Certainly observing tau flavor-changing decays in the absence of an inverted
hierarchy would rule out our model.

Our model makes sense in the context of Majorana neutrino masses. We predict standard neutrinoless beta decay
and CP violation in the neutrino sector. Furthermore, our model relies on matter and gauge bosons in the bulk.
Therefore it would predict the bulk KK gauge bosons considered in [4, 30, 31]. The phenomenology of this new sector
is very interesting and deserve a detailed study (which is beyond the scope of this work) [31]. However, the point is
that as long as the symmetry breaking is consistent with LMFV then we still expect, leading order, alignment between
the new sources of lepton flavor breaking and lepton masses which does not induce flavor violation. In terms of 4D
global symmetries of the lepton sector, SU(3)L × SU(3)E × U(1)L, our model utilizes the split fermion mechanism
to breaks SU(3)E × U(1)L in a conventional way. The breaking of SU(3)L is inspired by dynamical breaking (occur
dominantly in the IR) which can be understood via the AdS/CFT correspondence, and LMFV and RS-GIM provide
protection against the extra sources of lepton flavor violation. The fact that in our model the SM approximated global
currents are gauged [9, 10] is also motivated by the correspondence and we find it therefore appealing that following
the AdS/CFT prescription the model is become more consistent with the data.

Finally our model can be made to be consistent with unification (for a unification within the RS framework see
e.g [32] and Refs. therein). We find it remarkable that the large range of masses and mixings in the quark and
lepton sector can be explained with no unusually large or small parameters in an economical explanatory framework.
Hopefully experiments will test these ideas in the near future.
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Note added: while this work near completion Ref. [33] was published which also deals with the RS lepton flavor
problem via 5D MFV. However, the model presented requires introducing the neutrino anarchy by hand and also rely
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on bulk global U(1) lepton symmetry.
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