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Abstract
We make connections between studies in the condensed matter literature on quantum phase

transitions in square lattice antiferromagnets, and results in the particle theory literature on

abelian supersymmetric gauge theories in 2+1 dimensions. In particular, we point out that

supersymmetric U(1) gauge theories (with particle content similar, but not identical, to those of

theories of doped antiferromagnets) provide rigorous examples of quantum phase transitions which

do not obey the Landau-Ginzburg-Wilson paradigm (often referred to as transitions realizing

“deconfined criticality”). We also make connections between supersymmetric mirror symmetries

and condensed matter particle-vortex dualities.
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I. INTRODUCTION

The condensed matter literature has seen much discussion [1–9] on quantum phase tran-

sitions that violate the Landau-Ginzburg-Wilson (LGW) paradigm. In such transitions,

conventional phases with distinct broken symmetries are generically separated by a second-

order quantum critical point e.g. a theory with a global symmetry group G1 × G2 has a

transition from a phase where G1 is broken while G2 is preserved, to a phase where G1 is

preserved and G2 is broken. The theory for the critical point is usually not expressed in

terms of order parameters which measure G1 or G2 symmetry breaking, but in terms of

‘fractionalized’ degrees of freedom, and hence the terminology ‘deconfined’.

Non-LGW transitions have been known in 1+1 dimensions for some time [10], and our

interest in this paper is exclusively in 2+1 dimensions. Examples have been established

[1, 2, 11–13] for SU(Nf ) square lattice antiferromagnets for large, but finite, Nf , as we shall

review below. The situation for the physically most interesting case of Nf = 2 remains

unsettled: while there is convincing evidence for the emergent degrees of freedom of the

deconfined field theory, there are open questions on the nature of the critical point, with

some results favoring a first-order transition. [4–9]

Although this does not appear to have been recognized in the condensed matter literature,

examples of non-LGW transitions have also appeared in the particle theory literature: they

are present in supersymmetric field theories in 2+1 dimensions studied in the early work

of Seiberg and collaborators [14–16]. The purpose of our paper is to review the condensed

matter and particle theory results in a unified manner. Our aim is to make our discussion

intelligible across the boundaries of these fields. We hope to convince the reader that there is

a remarkably close analogy between supersymmetric ‘deconfined criticality’ and the models

arising in the study of quantum antiferromagnets. A close connection will also be drawn

between the ‘mirror symmetry’ of the supersymmetric field theories and particle-vortex

duality arguments.

An important field theory arising [1, 2, 13] in the study of the loss of Néel order in SU(Nf)

antiferromagnets on the square lattice is the Abelian Higgs model with Nf complex scalar

fields, qi, i = 1 . . . Nf , with the Euclidean Lagrangian

LH(qi, Aµ) = |(∂µ − iAµ)qi|
2 + r|qi|

2 + u(|qi|
2)2 +

1

g2
F 2
µν (1.1)

where Aµ is a U(1) gauge field, and Fµν = ∂µAν − ∂νAµ is the ‘electromagnetic’ field.

Here, and henceforth, all Lagrangians are assumed to be integrated over 2+1 dimensional

spacetime to obtain the associated actions. For some purposes, it is useful consider a ‘strong-

coupling’ limit of LH in which the quartic potential is replaced by a hard constraint
∑

i |qi|
2 =

1: in this case LH describes the so-called NCCPNf−1 model [9] (for non-compact U(1) gauge

field CPNf−1 model). The universal properties of these two cases are expected to be identical.

For r sufficiently negative, LH is in the Higgs phase, and the global SU(Nf ) symmetry

is broken because of the condensation of the qi (for Nf > 1). The gauge-invariant ‘meson’
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operators q∗i qj are the order parameters for this symmetry breaking: these constitute the

Néel order parameters of the SU(Nf ) antiferromagnet.

For r sufficiently positive, SU(Nf ) symmetry is restored, and qi are massive scalar parti-

cles which interact by exchanging Aµ photons. The electric potential between these scalars

has the ‘Coulomb’ form of ln(r), and so this is referred to as the Coulomb phase.

There is a great deal of interest on the nature of the transition between the Higgs and

Coulomb phases as a function of increasing r. For Nf = 1 the transition can be either first

or second order depending upon parameters; for large Nf it is second order; and for Nf = 2

the question is the focus of the recent debate.[4–9]

Crucial to our purposes here is the fact that LH enjoys an additional global symme-

try, distinct from the SU(Nf ) flavor symmetry. This global symmetry is special to 2+1

dimensions, and is linked to the presence of the ‘topological’ current

J̃µ =
1

4π
ǫµνλFνλ (1.2)

which is conserved, ∂µJ̃µ = 0, reflecting the conservation of total magnetic flux. We can

associate this conservation law with a dual Ũ(1) global symmetry, and consequently a field

operator which changes the magnetic flux will carry Ũ(1) charge. Because of the presence

of the fields qi with unit electrical charge, the Dirac quantization condition implies that

the magnetic flux can only change in integer multiples of 2π. We can therefore introduce

the elementary monopole creation operator q̂ which carries unit Ũ(1) charge; these are

‘topological disorder operators’ for the U(1) gauge theory [17–20]. As written, the continuum

theory LH does not allow for the creation of any monopoles, and this is equivalent to the

existence of the global Ũ(1) symmetry. We can now ask for the fate of this Ũ(1) symmetry

by examining the two-point monopole correlator in both phases. It is not difficult to show

that as |r| → ∞

〈q̂(r)q̂†(0)〉 ∼

{
exp(−m|r|) , Higgs phase

const , Coulomb phase
(1.3)

where m is an energy scale characterizing the Higgs phase, of order the Higgs mass. From

this it is clear that there are long-range correlations in monopole operator in the Coulomb

phase, and consequently the Ũ(1) symmetry is broken.

To summarize, the Abelian Higgs model has a global SU(Nf ) ×Ũ(1) symmetry. In the

Higgs phase, the SU(Nf ) symmetry is broken and the Ũ(1) symmetry is preserved, while in

the Coulomb phase the SU(Nf ) symmetry is preserved and the Ũ(1) symmetry is broken.

These conclusions appear to satisfy the requirements of a non-LGW transition, as de-

fined above. However, an objection might be raised that the Ũ(1) symmetry is ‘topological’,

involves highly non-local transformations of the field operators in LH , and so is not directly

observable. A remarkable fact of the mapping between LH and the SU(Nf ) quantum antifer-

romagnets is that the non-local monopole operator can be related to simple local observables

expressed in terms of the underlying lattice SU(Nf ) spins [2, 13]. In particular, for a class
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of SU(Nf ) antiferromagnets (with fundamental matter on the square lattice sites), q̂ is pro-

portional to the ‘valence bond solid’ (VBS) operator. Further, the ‘hidden’ Ũ(1) symmetry

is not hidden at all, but an enlargement of the spatial Z4 rotation symmetry of the square

lattice. These connections have been reviewed in other recent articles [21, 22], and so we

will not describe them further here. All we need for our purposes is the conclusion that

the Ũ(1) symmetry is physical and experimentally measureable, and so the Abelian Higgs

model does indeed satisfy the conditions for a non-LGW transition.

For completeness, another significant feature of the connection between LH and quantum

antiferromagnets should be mentioned. While the theory LH does not permit any monopoles

in the strict continuum limit, the fate of the monopoles can only be correctly addressed by

the actual short distance physics, which is that of the lattice antiferromagnet. Here it is

found that Berry phases [23] lead to large short-distance cancellations between monopoles,

and so an additive contribution to the Lagrangian, Lm ∼ q̂ + q̂† does not appear in the

continuum theory [13]. By a careful symmetry analysis of the Berry phases, it was shown

[13] that the simplest allowed monopole term was Lm ∼ q̂4+ q̂†4. Recalling that the q̂ carries

Ũ(1) charge, we see that the actual magnetic symmetry of the full theory LH + Lm is not

Ũ(1), but Z4 (with is identified with the square lattice rotation symmetry). It is this Z4

symmetry which is broken in the ‘Coulomb’ phase. However, it has been argued that such a

q̂4 term is likely irrelevant near the critical point [1, 2], and this is supported by numerical

studies [4, 6, 21]. So Lm can be neglected in the immediate vicinity of the critical point,

and we will not consider it further here.

The remainder of this paper will describe the analogy between the properties of the

above Abelian Higgs model with Nf scalars, and the corresponding model with N = 4

supersymmetry. Briefly, we simply promote the fields of LH to the corresponding N = 4

multiplets: we promote the scalars qi to hypermultiplets Qi, and the U(1) gauge field Aµ to

a U(1) vector multiplet V. With N = 4 supersymmetry, the resulting theory is unique and

has only a single dimensionful gauge coupling constant g; a complete and explicit form of

the Lagrangian appears in Section V. We will explore its phase diagram (i.e. moduli space)

and find remarkable analogies with the non-supersymmetric LH .

This generalization to supersymmetric models necessarily involves introduction of Dirac

fermions, both in the matter and gauge multiplets. While precisely this field content is not

known to be present in any models of interest in condensed matter, recent work [24–26] has

considered a theory in which Dirac fermions, ψj (j = 1 . . .Nd = 4) with a U(1) charge are

added to LH to obtain

LHψ(qi, ψj, Aµ) = |(∂µ − iAµ)qi|
2 + r|qi|

2 + u(|qi|
2)2 +

1

g2
F 2
µν + ψ̄jσ

µ(∂µ − iAµ)ψj , (1.4)

where σµ are the Pauli matrices; these Dirac fermions represent the Bogoliubov quasiparticle

excitations of a d-wave superconductor. Note the number of scalars (Nf ) and fermions (Nd)

are not equal in the physical case, although this will be the case in the supersymmetric
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models below. The model LHψ is also expected to exhibit a non-LGW transition, which will

then be even closer to the supersymmetric models.

We will begin in Section II by a review of the ‘particle-vortex’ or ‘Dasgupta-Halperin’

duality [27, 28] of the Abelian Higgs model with Nf = 1. Then, in Section III we will

consider the corresponding model with N = 4 supersymmetry and Nf = 1. We will show

that the formulation of mirror symmetry for this model by Kapustin and Strassler [16] is

precisely the same as the exact statement of Dasgupta-Halperin duality in Section II. The

analogy between these models also extends to the Nf > 1 case, and this is discussed in

Section IV. The subsequent sections will explore the structure of the phases of the N = 4

theory.

II. ABELIAN HIGGS MODEL FOR Nf = 1

Here we will present the exact statement of duality properties of the Abelian Higgs model.

We consider only the case Nf = 1, with comments about Nf > 1 in Section IV below.

We write the generating function for the fluxes of the Abelian Higgs model as

ZH [Âµ] =

∫
DqDAµ exp

(
−

∫ [
LH(q, Aµ) +

1

2π
ǫµνλÂµ∂νAλ

])
. (2.1)

In general, the functional ZH [Âµ] will depend upon all the couplings r, u, and g, and also on

the ultraviolet cutoff. However, in the vicinity of a second-order Higgs-Coulomb transition,

the functional is dominated by momenta much smaller than the cutoff, and depends only

upon universal correlations of the conformal field theory (CFT) describing this transition.

The renormalization group fixed point describing the CFT is expected to have only one

relevant perturbation, whose strength is characterized by a single mass scale m (which we

have to define separately in the Higgs and Coulomb phases). In the scaling limit of the fixed

point, the functional ZH [Âµ] is a universal dimensionless functional of Âµ, its momenta pµ,

and the mass m, all of which have unit scaling dimension. There are no known exact results

for this functional, but approximate results can be obtained using the (4−D) expansion (D

is the dimensionality of spacetime), the 1/Nf expansion, and by numerical simulations.

In the particle-vortex duality, the flux lines of LH are mapped onto the world lines of

dual particles (‘vortices’) which are created by the monopole operator q̂. Dasgupta and

Halperin argued that these dual particles only have short-range interactions, and so are

described by the XY model – in the continuum limit, this is the theory LH , but with the no

Aµ fluctuations. The generating functional of the dual particle currents in such a theory is

given by

ZXY [Âµ] =

∫
Dq̂ exp

(
−

∫
LH(q̂, Âµ)

)
(2.2)

Now we implicitly assume that the action LH has different couplings r̂, û, and ĝ. The XY

model is known to have a second-order critical point, and just as for Eq. (2.1), the functional
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ZXY [Âµ] becomes completely universal in the scaling limit near the fixed point, and depends

only upon a single mass scale m̂ measuring the deviation from the critical point.

We will now connect the generating functionals in Eqs. (2.1) and (2.2). In general, this

requires us to map the couplings r, u and g to r̂, û, and ĝ. The form of this mapping is

not known, and indeed, depends upon the specific ultraviolet cutoff. However, the central

hypothesis of Dasgupta and Halperin [28] was that the RG fixed points describing the

transitions in the Nf = 1 Abelian Higgs model and the XY model are the same. Thus, in

the scaling limit near this fixed point, to map the two theories to each other, we need only

connect the mass scales m and m̂. The latter is easily done, by identifying these with the

corresponding particles/vortices in the spectra. After this identification, we then have the

remarkable exact duality statement

ZH [Âµ] = ZXY [Âµ]. (2.3)

This is one of the very few exact statements about non-supersymmetric CFTs in 2+1 di-

mensions; it has not been rigorously established, but the arguments based upon dualities of

lattice models appear quite robust.

III. ABELIAN GAUGE THEORY FOR Nf = 1 WITH N = 4 SUPERSYMMETRY

The statements in Section II have a remarkably precise analog in U(1) gauge theories

with N = 4 supersymmetry, as stated by Kapustin and Strassler [16] (hereafter referred to

as KS).

As we discussed in Section I, we generalize the scalar q to a N = 4 hypermultiplet Q,

and the gauge field Aµ to a N = 4 vector multiplet V. The precise field content of these

hypermultiplets will be specified later in Section V.

Now we consider the N = 4 theory with one hypermultiplet Q and one vector multiplet

V. This theory has a unique Lagrangian, LS, with only one dimensionful gauge coupling

constant g. This Lagrangian is the analog of Eq. (1.1) and its explicit form of this will

appear in Section V. Next we define a generating functional for the ‘fluxes’ of V which is

the analog of Eq. (2.1) (as in Eq. (11) of KS):

ZSQED−1[V̂ ] =

∫
DVDQ exp

(
−

∫ [
LS(Q,V) + LBF (V̂,V)

])
(3.1)

where LBF is the analog of the Chern-Simons coupling in Eq. (2.1) between two vector

fields (see Eq. (8) of KS), and we have dropped the gauge-fixing term included by KS. An

advantage of the supersymmetric theory is that it is easy to take the scaling limit associated

with the CFT: we simply send the gauge coupling g → ∞. The subtle RG renormalizations

of couplings required for the non-supersymmetric case are not required here. Indeed, we may

view this ultraviolet insensitivity as the main crutch that is provided by supersymmetry;

the infrared physics otherwise remains similar to the non-supersymmetric case.
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Finally, the statement of duality is just as in Eqs. (2.2) and (2.3). We define (as in Eq.

(12) of KS) the generating function of currents of a dual monopole field Q by

ZQ̂[V̂ ] =

∫
DQ̂ exp

(
−

∫
LH(Q̂, V̂)

)
(3.2)

and then we have one of the main results of KS

ZSQED−1[V̂ ] = ZQ̂[V̂]. (3.3)

Here, the universal scaling limits of the two sides are taken simply by the limit g → ∞.

Unlike the non-supersymmetric case, the integrals over the hypermultiplets in ZSQED−1[V̂]

and ZQ̂[V̂] are Gaussian, and so can be expressed as superdeterminants—this leads to the

key identity in Eq. (13) of KS. We will present a detailed illustration of the result (3.3) in

Section VIIA.

IV. Nf > 1

Now we briefly introduce the dualities for Nf > 1. Further discussion of the supersym-

metric dualities appears in the sections below.

For the non-supersymmetric case, statements of dualities are only known for an ‘easy-

plane’ extension of LH [3, 29]. In this case, we add an additional quartic potential to the

Lagrangian, e.g.
∑

i |qi|
4, so that the continuous global symmetry SU(Nf ) symmetry is

reduced to U(1)Nf−1, along with additional discrete symmetries. The dual theory has Nf

scalar fields q̂i and Nf − 1 U(1) gauge fields, such that q̂i has charge +1 under the ith U(1)

gauge field and charge −1 under the (i−1)th U(1) gauge field (this is a quiver gauge theory).

The identity Eq. (2.3) has a straightforward generalization to this case.

Note that the particle content of the dual theory is identical to that of the direct theory

only for Nf = 2, and it was therefore conjectured that the CFT of the Higgs-Coulomb

transition is self-dual [3, 30].

These dualities generalize to N = 4 supersymmetry, as reviewed by KS. However, now

the dualities apply also when there is full SU(Nf ) flavor symmetry. A theory of Nf hyper-

multiplets Qi coupled to a vector multiplet V (this is the theory SQED-Nf) is dual to a

theory of Nf hypermultiplets Q̂i coupled to Nf − 1 vector multiplets, as proven in Section

III.C of KS. These results for N = 4 supersymmetry were initially obtained by Intrilligator

and Seiberg [15], and are described in their Sections 3.1 and 3.2 for Nf = 2 and Nf > 2

respectively. In addition to the global SU(Nf ) flavor symmetry, these theories have a certain

SU(2)L×SU(2)R symmetry required by N = 4 supersymmetry. Moreover, there is a global

Ũ(1) symmetry associated with the U(1) gauge invariance in the direct formulation, just as

discussed for LH in Section I. So the full symmetry is SU(Nf )× Ũ(1)× SU(2)L × SU(2)R.

We will see below that the SU(Nf ) symmetry is broken (preserved) and the Ũ(1) symmetry

is preserved (broken) in the Higgs (Coulomb) phase, as required for a non-LGW transition.
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Note again that the particle contents of the direct and dual theories are identical for

Nf = 2. In this case the self-duality of the CFT was established by Intrilligator and Seiberg

[15]. They also showed that the global symmetry of the CFT is enhanced to SU(2f) ×

S̃U(2)× SU(2)L × SU(2)R, with the first two SU(2) factors exchanging under duality.

V. LAGRANGIAN WITH N = 4 SUPERSYMMETRY

This section will review the matter content of the N = 4 multiplets, and the full form of

the Lagrangian LS.

First, let us reduce to N = 2 superfields. Each N = 4 hypermultiplet Qi consists of a

pair of N = 2 chiral superfields Qi = (Qi, Q̃
i). Each N = 4 vector multiplet, V, consists of

a N = 2 vector superfield V and a N = 2 chiral superfield Φ. The Euclidean Lagrangian in

N = 2 superspace (without the so-called Fayet-Illiopoulos (FI) term or masses) is

LS(Qi,V) =

∫
d4θ(

1

4g2
Σ2 +

1

g2
Φ̄Φ + Q̄ie

VQi +
¯̃Qie−V Q̃i) +

∫
d2θΦQiQ̃

i + c.c. (5.1)

where i = 1 . . .Nf , θ are superspace co-ordinates, Σ = ǫαβDαD̄βV , and Dα are superderiva-

tives. See Appendix A of Ref. 31 for a review of superspace notation in D = 3.

Turning finally to the explicit components, V consists of Aµ, a scalar σ, the auxiliary

field D (which is integrated out), and gaugino λ. Φ consists of a complex scalar φ and

its fermionic partner ψ, as well as the auxiliary field F . (Qi, Q̃
i) have components (qi, q̃

i)

complex scalars, (ψqi , ψq̃i) Dirac fermions, and auxiliary fields (Fqi, Fq̃i). The full spacetime

Lagrangian is then

LS =
1

g2

[
1

4
F 2
µν +

1

2
(∂µσ)

2 +
1

2
D2 + λ̄σµ∂µλ+ |∂µφ|

2 + |F |2 + ψ̄σµ∂µψ

]

+|∇µqi|
2 + |∇µq̃

i|2 + |σqi|
2 + |σq̃i|2 +D(|qi|

2 − |q̃i|
2) + |Fqi|

2 + |Fq̃i|
2

+ψ̄qiσ
µ∇µψqi + ψ̄q̃iσ

µ∇µψq̃i + ψ̄qiσψqi − ψ̄q̃iσψq̃i

+iq̄iλ̄ψq̃i − iψ̄q̃iλqi − i¯̃qiλ̄ψqi + iψ̄qiλq̃
i

+
(
Fqiq̃

i + φFqi q̃
i + φqiFq̃i + φψqiψq̃i + ψqiψq̃i + ψψqi q̃

i + c.c.
)

(5.2)

where ∇µ ≡ ∂µ − iAµ. Integrating out D, F , and Fqi, Fq̃i yields the potential terms

V =
1

2
(
∑

i

|qi|
2 −

∑

i

|q̃i|2)2 + |
∑

i

qiq̃i|
2 +

∑

i

(|φqi|
2 + |φq̃i|2) (5.3)

Let us write

qiA = (qi,−
¯̃iq), ψia = (ψqi ,−ψq̃i) (5.4)

where a, A = 1, 2 are SU(2)L × SU(2)R spinor indices.

We will denote the SU(2)L triplet (σ, φ = φ1+ iφ2) by the real symmetric field φ(ab). The

gauginos (λ, ψ) transform as (2, 2) under SU(2)L × SU(2)R, and will be denoted by χaA.

They satisfy the reality condition (χaA)
† = χaA = ǫabǫABχbB.
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Now the total scalar potential term can be written as

V =
1

2

3∑

I=1

[
qi
A(σI)A

B
qiB

]2
+ |φ(ab)qiA|

2 (5.5)

The fermion-boson coupling can be written as

ψ̄iaφ
(ab)ψib + qiAχ

aAψia + qiAχ
aAψia (5.6)

Finally, the full Lagrangian in manifestly SU(2)L×SU(2)R×SU(Nf ) invariant notation

is

LS =
1

g2

[
1

4
F 2
µν + |∂µφ

(ab)|2 + χaAσµ∂µχaA

]

+|∇µqiA|
2 +

1

2

∑

I

[
qi
A(σI)A

B
qiB

]2
+ |φ(ab)qiA|

2

+ψi
a
σµ∇µψia + ψiaφ

(ab)ψib + qiAχ
aAψia + qiAχ

aAψia. (5.7)

The complete field content, along with their transfromations under SU(2)L × SU(2)R ×

SU(Nf ), is

• the gauge field Aµ, transforming as (1, 1, 1) (as we will see in Section VII it is

convenient to represent this by a dual scalar Σ, and the monopole operator q̂ ∼ e2πiΣ),

• the matter complex scalars qiA, transforming as (1, 2, Nf),

• the matter two-component Dirac fermions ψia, transforming as (2, 1, Nf),

• the gauginos (also two-component Dirac fermions) χaA, transforming as (2, 2, 1), and

• the real scalars φ(ab), transforming as (3, 1, 1).

The first 3 fields above, are direct analogs of the fields present in theories of deconfined

critical points in doped antiferromagnets as described by Eq. (1.4).

VI. SUPERSYMMETRIC PHASE DIAGRAM

The exact phase diagram (moduli space) for the N = 4 theory is obtained by minimizing

the effective potential in Eq. (5.3) or (5.5) — this potential is protected by supersymmetry.

Note that the minimum energy is always V = 0, and this equation then specifies the structure

of the moduli space. The low energy excitations above the vacuum are described by a “sigma

model” on this moduli space, and the gradient terms of this sigma model specify the “metric”

on moduli space. Because of the special nature of the effective potential (5.5), the moduli

space is not simply determined by the structure of the broken symmetry (as it is in non-

supersymmetric sigma models). Rather, the target space (moduli space) is a measure of the
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space along which the effective potential remains flat, and this has additional constraints

imposed by supersymmetry.

For Nf > 1, the solution of V = 0 defines a space with two distinct branches, which will

be the Coulomb and Higgs branches. These meet at a singular point (the “origin”), which

specifies a CFT separating these branches. For Nf = 1, there is only branch, which will

be identified as the Coulomb branch, and so no phase transition. Nevertheless, as we will

see below in Section VII, there is a dual representation of the theory on this branch which

matches closely with the Dasgupta-Halperin duality of the Abelian Higgs model, as already

indicated in Eq. (3.3).

The “Coulomb” branch of the theory has φ(ab) 6= 0 and so we must have qi = q̃i = 0 to

reach V = 0. This branch breaks the dual symmetry Ũ(1), and also SU(2)L, while SU(Nf)

and SU(2)R are preserved. It is easily seen that the matter fields are massive in fluctuations

about any point on this branch. As will be explained in Section VII, classically, the Coulomb

branch moduli space is R3 × S1, parameterized by φ(ab) together with the dual photon Σ.

We will explore the structure of the quantum fluctuation corrections to the moduli space

in Section VII: the Coulomb branch moduli space is deformed to a Taub-NUT space [32]

of NUT charge Nf , in which the circle is nontrivially fibered over the R
3. On any sphere

surrounding the origin of the R3, the circle bundle over the sphere has degree Nf , and its

total space is S3/ZNf
. Near the origin, the quantum corrected Coulomb branch moduli

space looks like R4/ZNf
rather than R3 × S1.

The “Higgs” branch has qiA 6= 0 and φab = 0, and is present only for Nf > 1. Now

the SU(Nf ) and SU(2)R symmetries are broken, while Ũ(1) and SU(2)R are preserved.

Comparing with the broken symmetries in the Coulomb branch, we observe that the broken

and preserved symmetries are exactly interchanged, and so a direct transition between them

is a non-LGW transition. The moduli space of the Higgs branch will be described in Sec-

tion VIII; in this case a classical (i.e. tree-level) analysis of LS yields the correct structure,

and quantum corrections are not as important as in the Coulomb branch.

The two branches meet at the CFT at the origin of the moduli space φ(ab) = 0 and

qiA = 0. For Nf = 2, we will see in Sections VII and VIII that the moduli metrics of the

Coulomb and Higgs branches are identical to each other near the origin, demonstrating the

self-duality of this case.

VII. THE COULOMB BRANCH

Because φ(ab) 6= 0, the matter fields qiA and ψia are massive. So let us integrate these

fields out examine the structure of the effective action at low momenta. The discussion

below is an elaborated version of arguments by Seiberg and Witten [14].

We first examine the terms induced in the effective action for the gapless bosonic modes

on moduli space: these are the real scalars φ(ab), and the gauge field Aµ. It is convenient
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to write the scalars in vector notation as φατ
(ab)
α , where τα are the Pauli matrices with

α = x, y, z. Then the induced effective action for the scalars and the gauge field Aµ is

δSφ,A = NfTrA ln
[
−∇2

µ + φα2
]
−NfTra ln [σ

µ∇µ + φατα] (7.1)

For constant φα, independent of spacetime co-ordinate x, it is now evident that δSφ,A = 0,

because the spectra of the two operators co-incide. Therefore, there is no renormalization

of the φα superpotential.

To allow for x dependence, we write

φα(x) = |φ|nα + δφα(x) (7.2)

where |φ| is a constant, nα is a constant unit vector, and δφα(x) is a spacetime dependent

fluctuation. Now we can expand in powers of δφα and Aµ. The lowest order terms are of

the form

δSφ,A = Nf

∫
d3p

8π3

[
1

2
Kαβ(p)δφ

α(−p)δφβ(p) +
1

2
Gµν(p)Aµ(−p)Aν(p) + . . .

]
(7.3)

The linear coupling between δφα and Aµ is easily shown to vanish. We now list the expres-

sions for the kernels, initially writing down the contributions of the bosonic and fermionic

loops separately

Kαβ(p) =

∫
d3q

8π3

[
−8nαnβ|φ|2

(q2 + |φ|2)((q + p)2 + |φ|2)
+

4δαβ
(q2 + |φ|2)

]

+

∫
d3q

8π3

[
−4q.(q + p)δαβ + 4|φ|2(2nαnβ − δαβ)

(q2 + |φ|2)((q + p)2 + |φ|2)

]

= 2p2δαβ

∫
d3q

8π3

1

((q + p/2)2 + |φ|2)((q − p/2)2 + |φ|2)

= δαβ
p2

4π|φ|
for |p| ≪ |φ| (7.4)

Note that Kαβ(0) = 0, as expected from the vanishing of the renormalization of the super-

potential. For the kernel of the gauge field, we obtain

Gµν(p) =

∫
d3q

8π3

[
−2(2qµ + pµ)(2qν + pν)

(q2 + |φ|2)((q + p)2 + |φ|2)
+

4δµν
(q2 + |φ|2)

]

+ 4

∫
d3q

8π3

[
2qµqν + pµqν + pνqµ − δµν(q.(q + p) + |φ|2)

(q2 + |φ|2)((q + p)2 + |φ|2)

]

=
(p2δµν − pµpν)

12π|φ|
+

(p2δµν − pµpν)

6π|φ|
for |p| ≪ |φ|

=
(p2δµν − pµpν)

4π|φ|
for |p| ≪ |φ| (7.5)
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At higher order, there is a triangle diagram which leads to a cubic term between the Aµ and

δφα. This arises only from the fermion loop and leads to a contribution of the form

Aµ(−p1 − p2)δφ
α(p1)δφ

β(p2)×

[
4iǫµνλp1νp2λǫαβγn

γ |φ|

∫
d3q

8π3

1

(q2 + |φ|2)3

]

=
i

8π|φ|2
ǫµνλp1νp2λǫαβγn

γAµ(−p1 − p2)δφ
α(p1)δφ

β(p2) (7.6)

Putting all these terms together, we have the effective action in the Coulomb branch

Sφ,A =

∫
d3x

[
1

2g̃2
[
(∂µφ

α)2 + (ǫµνλ∂νAλ)
2
]
+

iNf

8π|φ|3
ǫµνλǫαβγAµφ

α∂νφ
β∂λφ

γ

]

=

∫
d3x

[
1

2g̃2
((∂µφ

α)2 + (F̃ µ)2) +
iNf

4π
F̃ µ∂µφ

αAα

] (7.7)

where the renormalized coupling is

1

g̃2(x)
=

1

g2
+

Nf

4π
√
φα(x)φα(x)

(7.8)

and F̃ µ ≡ ǫµνρ∂νAρ. Here, and henceforth, we will consider the coupling g̃ and |φ| =√
φα(x)φα(x) to be arbitrary functions of the spacetime co-ordinate x. We have also intro-

duced the Dirac monopole function Aα on φα space which obeys

∂Aα

∂φβ
−
∂Aβ

∂φα
=
ǫαβγφ

γ

|φ|3
(7.9)

Then we can verify that

ǫµνλ∂ν [Aα∂λφ
α] =

1

2|φ|3
ǫµνλǫαβγφ

α∂νφ
β∂λφ

γ (7.10)

Eq. (7.7) defines the bosonic sector of the sigma model on the Coulomb branch of moduli

space, expressed in terms of the real scalar φα and the gauge field Aµ. We can also use

similar techniques to obtain the fermionic sector, which would be an effective action for χaA.

Rather than working this out from the Feynman graph expansion, we choose to determined

the fermion Lagrangian from the bosonic sector by supersymmetry. It is of the form

SF =

∫
d3x

{
1

2g̃2
χσµ∂µχ+

1

2
χσµταVµα(φ, F̃ )χ+O(χ4)

}
(7.11)

where the contraction of spinor and SU(2)× SU(2) indices are understood. The supersym-

metry transformations are

δφα = εaA(τα)a
bχbA = εταχ,

δAµ = iεaAσµχaA = iεσµχ,

δχaA =
[
−(τα)a

bσµ∂µφ
α + δa

bσµF̃µ

]
εbA =

[
(−τασ

µ∂µφ
α + σµF̃µ)ε

]
aA
.

(7.12)
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The supersymmetry variation of the bosonic part of the action is

δSφ,A =

∫
d3x

{(
1

g̃2
∂µφα +

iNf

4π
AαF̃

µ

)
ετα∂µχ

+

[
−
∂αg̃

g̃3
((∂φ)2 + F̃ 2) +

iNf

4π
∂αAβF̃

µ∂µφ
β

]
εταχ

−iǫµνρ
(

1

g̃2
F̃ρ +

iNf

4π
Aα∂ρφ

α

)
εσµ∂νχ

}

= −

∫
d3x

{
χταε

[
−∂µ

(
1

g̃2
∂µφα +

iNf

4π
AαF̃

µ

)

−
∂αg̃

g̃3
((∂φ)2 + F̃ 2) +

iNf

4π
∂αAβF̃

µ∂µφ
β

]

+χσµε iǫ
µνρ∂ν

(
1

g̃2
F̃ρ +

iNf

4π
Aα∂ρφ

α

)}

(7.13)

The supersymmetry variation of the fermion action is

δSF =

∫
d3x

{
1

2g̃2
χσµ∂µ(−τασ

ν∂νφ
α + σνF̃ν)ε+

1

2
χσµ∂µ

[
1

g̃2
(−τασ

ν∂νφ
α + σνF̃ν)

]
ε

+Vµα(φ, F̃ )χσ
µτα(−τβσ

ν∂νφ
β + σνF̃ν)ε+O(χ3)

}

(7.14)

By the canceling the term proportional to χε and χσµταε, we find

Vµα =
1

2
∂α(

1

g̃2
)F̃µ −

i

2
ǫαβγ∂β(

1

g̃2
)∂µφ

γ

=
Nf

8π|φ|3

(
−φαF̃µ + iǫαβγφ

β∂µφ
γ
) (7.15)

One can check that the terms proportional to χσµε and χταε cancel the variation of the

bosonic part of the action.

In the g → ∞ limit, we can write the fermion action as

SF,g→∞ =
Nf

8π

∫
d3x

[
1

|φ|
χσµ∂µχ+

1

2|φ|3
χ(−φατασ

µF̃µ + φατασ
µ∂µφ

βτβ)χ+O(χ4)

]

(7.16)

In the remainder of this section, we will rewrite the sigma model in Eq. (7.7) and (7.16) in

a different set of ‘vortex’ variables, designed to highlight the duality properties. Decoupling

the gauge field kinetic energy by a Hubbard-Stratonovich field Âµ in Eq. (7.7), we obtain

Sφ,A =

∫
d3x

[
1

2g̃2
(∂µφ

α)2 +
g̃2

2
Â2
µ + iAµǫµνλ∂ν

(
Kλ +

Nf

4π
Aα∂λφ

α

)]
(7.17)

Together with the fermion Lagrangian, and performing the integral over Aµ, we obtain a
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constraint equation which is solved by a dual field Σ to yield the dual action

S̃ =

∫
d3x

[
1

2g̃2
(∂µφ

α)2 +
g̃2

2

(
∂µΣ−

Nf

4π
Aα∂µφ

α −
iNfφ

α

16π|φ|3
χτασµχ

)2

+
1

2g̃2
χσµ∂µχ+

iNf

16π
ǫαβγ

φα

|φ|3
(∂µφ

β)χτγσµχ+O(χ4)

] (7.18)

This is the new form of our sigma model on the Coulomb branch, now expressed in terms

of the real scalar φα, a new scalar Σ, and the Dirac fermions χ. Thus we have exchanged

the photon Aµ for a dual scalar Σ, and from the arguments in Section I we can anticipate

that e2πiΣ is the monopole operator. We will see this emerge in the analyses below.

A. Duality for Nf = 1

We have now assembled the ingredients to illustrate the origin of the key duality relation

in Eq. (3.3) for the N = 4 theory for Nf = 1.

The crucial and remarkable point is that in the limit where we can take g̃2 = 4π|φ|,

Eq. (7.18) is actually a free field theory. To see this, it is useful to introduce spherical polar

co-ordinates (ρ, θ, γ) in φα space so that φα = ρ(sin θ cos γ, sin θ sin γ, cos θ), where ρ, θ, and

γ are functions of x. Also, let us choose

Aα =
sin θ

ρ(1 + cos θ)
(sin γ,− cos γ, 0) (7.19)

so that Eq. (7.9) is obeyed. Then, we define, the two component complex field q̂a by

q̂a =

√
ρ

2π
e2πiΣ

(
cos(θ/2)

sin(θ/2)eiγ

)
, (7.20)

From this parameterization, we see that Σ lives on a circle with circumference 1; This is

consistent with Eq. (7.18) where the line integral of Aα∂µφ
α is defined modulo the area of

the unit sphere, which is 4π. The field q̂a is clearly the bosonic monopole operator. An

explicit computation shows easily that the bosonic part of the action S̃ in Eq. (7.18) is the

free field theory Sq̂ for Nf = 1 and g̃2 = 4π|φ|, where

Sq̂ =

∫
d3x|∂µq̂a|

2. (7.21)

Note that under SU(2)L × SU(2)R, q̂a transforms as a (2, 1). The q̂a also carry a charge

under a global Ũ(1)f symmetry which is the dual of the U(1) gauge field. Under this Ũ(1)f

symmetry Σ → Σ + c, where c is a constant.

A similar analysis can be carried out for the fermionic fields. These consist of χaA gauginos

which transform under SU(2)L × SU(2)R as a (2, 2), and obey a reality condition. After

integrating out the matter fields, for Nf = 1, these fermions should be transformed to the
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superpartners of the q̂a: i.e. they should become a complex doublet, ψ̂A which transforms

as a (1, 2) and carries a Ũ(1)f charge, and has a free Dirac Lagrangian. The resulting dual

description is therefore simply that of a free N = 4 hypermultiplet, Q̂. This is the content

of the duality relation in Eq. (3.3).

In the g → ∞ limit, the O(χ4) terms must vanish because the target space of the sigma

model is locally flat R4 (away from the origin). We can then write the fermionic terms in

the action S̃ in Eq. (7.18) as

S̃F,g→∞ =
Nf

8π

∫
d3x

[
1

|φ|
χσµ∂µχ+

1

2|φ|3
χφατασ

µ∂µφ
βτβχ

−
i

2|φ|2
χφβτβ

(
4π

Nf
σµ∂µΣ−Aασ

µ∂µφ
α

)
χ

] (7.22)

In terms of

q̂ =

√
ρ

2π
e2πiΣ/Nf

(
cos(θ/2)

sin(θ/2)eiγ

)
, (7.23)

we have
φα = 2πq̂†ταq̂, |φ| = 2π|q̂|2,

φατα = 2π(2q̂q̂† − |q̂|2),

i|φ|

(
4π

Nf
∂µΣ−Aα∂µφ

α

)
= q̂†∂µq̂ − ∂µq̂

†q̂.

(7.24)

Now we can rewrite (7.22) as

S̃F,g→∞ =
Nf

16π2

∫
d3x

1

|q̂|4
[
|q̂|2χσµ∂µχ− (χ∂µq̂)σ

µ(q̂†χ) + (χq̂)σµ(∂µq̂
†χ)
]

=
Nf

8π2

∫
d3x

(
χq̂

|q̂|2

)
σµ∂µ

(
q̂†χ

|q̂|2

) (7.25)

So we see that χaA can be mapped to an SU(2)R doublet of complex fermions ψA,

ψ̂ =

√
Nf

2

q̂†χ

2π|q̂|2
(7.26)

which are free away from the origin of the moduli space q̂ = 0 with action

Sψ̂ =

∫
d3x

¯̂
ψσµ∂µψ̂. (7.27)

Thus Eqs. (7.21) and (7.27) show that when Nf = 1, the moduli space is smooth and

reduces to flat R4. This establishes the equivalence of SQED-1 to the theory of a free N = 4

hypermultiplet.
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VIII. HIGGS BRANCH

We will now consider the sigma model on the Higgs branch of the moduli space. Here we

simply have to take the low energy limit of the Lagrangian LS in Eq. (5.7) about vacuum

point where φab = 0 but qiA 6= 0. (recall that there is no such vacuum for Nf = 1). The

analysis is simpler than on the Coulomb branch, because here we can simply set φab = 0, and

need not include the fluctuation contribution of the massive φab fields. The main analysis

needed is to project LS onto the low energy sector defined by V = 0.

We will explicit carry out such an analysis for Nf = 2. Our purpose here is to illustrate

that the resulting low energy sigma model on the Higgs branch is in fact identical to the dual

version of the sigma model obtained on the Coulomb branch in Eq. (7.18). This identity

then illustrates the self-duality of the Nf = 2 case, noted by Intrilligator and Seiberg [15].

A point on the Higgs branch for Nf = 2 has q1A 6= 0 and q2A 6= 0. The vanishing of the

superpotential implies that

q1
A(σI)A

B
q1B = −q2

A(σI)A
B
q2B (8.1)

for I = 1, 2, 3. Let us choose a parameterization of the solutions of this equation which if

formally similar to Eq. (7.20).

q1A =

√
ρ

4π
eπiΣ1

(
cos(θ/2)

sin(θ/2)eiγ

)
, q2A =

√
ρ

4π
eπiΣ2

(
sin(θ/2)e−iγ

− cos(θ/2)

)
, (8.2)

By inserting this parameterization into the Lagrangian LS in Eq. (5.7), we obtain the action

for the bosonic sector of the Higgs branch sigma model. The gauge field Aµ higgses out

the combination Σ1 + Σ2. So we can set Σ1 = −Σ2 ≡ Σ, and then ignore Aµ = 0. The

resulting action for Σ, θ and γ is then found to be identical to the bosonic sector of Eq. (7.18)

for Nf = 2, with the parameterization for Aα in Eq. (7.19). Thus, as claimed above, the

metric on the moduli spaces of the Higgs and Coulomb branches are identical in the limit

g → ∞. This identity also explains why the symmetry is enhanced from Ũ(1) to S̃U(2) as

we approach the singular CFT point on the moduli space.

For general Nf , the Higgs branch moduli space is a 4(Nf−1) real dimensional hyperkähler

manifold, which is described as a hyperkähler quotient C2Nf ////U(1). The latter is explicitly

given by
Nf∑

i=1

|qi|
2 −

Nf∑

i=1

|q̃i|2 = ζR,

Nf∑

i=1

qiq̃
i = ζC,

(8.3)

and modded out by the U(1) action on qi and q̃
i with charges (+1,−1). Here ~ζ = (ζR, ζC)

are the N = 4 Fayet-Illiopoulos parameters, which we have previously set to zero. In
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particular, when Nf = 2, the Higgs branch moduli space is known as the A1 asymptotically

locally Euclidean (ALE) space. For ~ζ = 0 it is C2/Z2, and when ~ζ 6= 0 the Z2 orbifold

singularity is replaced (resolved) by a CP
1. The Higgs branch moduli space does not receive

quantum corrections, and the classical moduli space is exact. This is because the gauge

coupling can be promoted to a vector multiplet, while the Higgs branch is parameterized by

hypermultiplets. The two decouple at the level of kinetic terms in the low energy effective

Lagrangian [34].

IX. CONCLUSIONS

This paper has attempted to straddle the boundaries of two fields, by connecting theories

of quantum phase transitions in square lattice antiferromagnets to dualities of supersymmet-

ric field theories in 2+1 dimensions. We highlighted to the common physical ideas behind

duality mappings in these fields, and so found explicit examples of quantum phase transitions

which do not obey the Landau-Ginzburg-Wilson paradiagm. Our analysis was restricted to

theories with N = 4 supersymmetry, where the correspondence was the simplest. Closely

related duality mappings are also available with smaller amounts of supersymmetry [33], at

the cost of some additional complexity.

We conclude by noting that another recent example of the parallel developments in the

theories of two-dimensional antiferromagnets and dualities in supersymmetric gauge theories

can be found in the close similarities of the theories and duality mappings described in

Refs. 35 and 36.
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