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Abstract

In this paper we simplify and extend previous work on three-point functions
in Vasiliev’s higher spin gauge theory in AdS;. We work in a gauge in which the
space-time dependence of Vasiliev’s master fields is gauged away completely, leav-
ing only the internal twistor-like variables. The correlation functions of boundary
operators can be easily computed in this gauge. We find complete agreement of
the tree level three point functions of higher spin currents in Vasiliev’s theory
with the conjectured dual free O(N) vector theory.


http://arxiv.org/abs/1004.3736v3

1 Introduction

The conjectured duality between Vasiliev’s minimal bosonic higher spin gauge theory
in AdS, and the free/critical O(NN) vector model [5] (for earlier closely related work,
see [4]) is an example of AdS/CFT duality [I], 2, 3] which is remarkable for a number
of reasons. Firstly, the bulk higher spin gauge theory is analogous to the tensionless
limit of string field theories in AdS space, but has explicitly known classical equations
of motion. Secondly, the conjecture provides the first explicit holographic dual of a free
(gauge) theory. Thirdly, the conjecture provides the first precise holographic dual of a
CFT that can be realized in the real world, namely the critical O(N) vector model (for
small values of N). In a recent work by the authors [6], concrete evidence in support of
this conjecture was found by computing tree level three point functions of currents from
the bulk theory, specialized to the case where one of the currents is a scalar operator,
and comparing to the boundary CFT, for both A = 1 and A = 2 boundary conditions.
However, the method of computation in [6] was laborious and difficult to extend to
more complicated correlation functions. It was also difficult to recognize the rather
simple structures of the boundary CF'T in the messy details of the bulk computation.

In this paper, we will compute the holographic correlation functions in a different
gauge [11] (see also [12) 13| [15]), in which the spacetime dependence of Vasiliev’s
master fields are eliminated completely, and one only needs to work with the internal
twistor-like variables. We will refer to it as the “W = 0 gauge”. We will find drastic
simplification in the computation of three point functions. In fact, one no longer needs
to explicitly perform the integration over the bulk AdS,, which is entirely encoded
in the star product of the master fields in the new gauge. The boundary-to-bulk
propagators for the higher spin fields are essentially given by delta functions on the
twistor space, and the resulting correlation function is represented as a contour integral
on the twistor variables. We will find a completely explicit answer for the three point
functions of all higher spin currents, which precisely agrees with that of the free O(NV)
vector theory.

We would like to emphasize that this agreement is a highly nontrivial test of the
structure of higher derivative couplings of Vasiliev theory. For instance, the three point
function of the stress energy tensor (I'T'T') of a three dimensional CFT is constrained
by conformal symmetry up to a linear combination of two tensor structures [16], cor-
responding to that of a free massless scalar field and a free fermion, respectively. In
particular, the tree level contribution to (T'T'T) from Einstein-Hilbert Lagrangian in
the bulk is a linear combination of both [I7]. A holographic dual of free scalars there-
fore must involve higher derivative couplings in the graviton sector. Our result confirms
that Vasiliev theory has precisely the higher derivative couplings to produce the correct



three point functions.

2 The W =0 gauge

Vasiliev’s minimal bosonic higher spin gauge theory in AdSy [7, 8, [9] is formulated in
terms of the master fields W = W,dz*, S = S,dz“+ S4dz® and B, which are functions
of the spacetime coordinates x* and the internal variables (Y, Z) = (ya,yd,za,fd)
The classical equation of motion takes the form

d, W+ W xW =0,

dgW +d,S+W xS+ S %W =0,

dzS + S %S = Bx (Kd* + Kdz%), (2.1)

d;,B+WxB—Bx7(W) =0,

dzB+ S+ B—Bxm(S)=0.

Here K = €% and K = ¢*'% are Kleinians, and we define dz? = 1dz"dz,, dZ* =
1dz%dz,; 7 is the operation (y,7, 2, Z, dz, dz) — (y, =7, z, —%, dz, —dz). We shall refer
the reader to [6] and references therein for a review of Vasiliev’s theory and the detailed
conventions. Throughout most of this paper we will be working with the type A model
of [14], where the bulk scalar is chosen to be parity even, while commenting on the
type B model (with a parity odd scalar) briefly towards the end. The minimal bosonic
type A model can be defined by projecting the fields onto the components invariant
under the symmetry

Wizly, g, 2, 2) = =W (zl|iy, iy, —iz, —iz),
S(z|y, v, z, z,dz,dz) — =S (x|iy, iy, —iz, —iz, —idz, —idZ), (2.2)
B(zly, 7,z z) = Blaliy, —ifj, =iz, 12),
and consequently only the even integer spin fields are retained.
Because W is a flat connection in spacetime, at least locally we can always go to
a gauge in which W is set to zero. We will denote by S” and B’ the corresponding
master fields in this gauge. The equations of motion then states that S’ and B’ are

independent of the spacetime coordinates z*, and are functions of Y, Z only. Explicitly,
we can write

W(z|Y, Z) = g~ ' (2|Y, Z) % dug(2]Y, Z),
S(]Y,Z) = g7 (a|Y. Z) x dzg(a|Y, Z) + g7 2]V, Z) x S'(Y, Z) % g(=[Y. Z),  (2.3)
B(z|Y,Z) = g7'(a|Y, Z) x B'(Y. Z) x n(g(2[Y, Z)).

I'Sometimes we will use the notation 3, instead of z, for the internal variables to avoid confusion
with the Poincaré radial coordinate z.



Here ¢! stands for the *-inverse of g. The equations for S’ and B’

dzS' + 5 xS = B x (Kd2* + Kdz%),

! ! / ! / (24)
dzB"+ S« B"— B x7(S") =0,

are now much simpler to solve. In order to extract holographic correlation functions,
however, we must go back to the standard “physical” gauge in the end, and extract
boundary expectation of the fields.

As in [6], our strategy of computing the n-point correlation functions is to take
n — 1 higher spin currents (inserted at n — 1 points 7y, Zs, - - - , Z,_1 on the boundary)
as sources for the bulk fields, and solve for the (n — 1)-th order field in the bulk by
sewing together the boundary-to-bulk propagators using the equation of motion. The
tree-level correlation function of the higher spin currents will then be extracted from
the expectation value of B(Z|ya,Us = 2a = Z& = 0) near the boundary, say at a point
Tn

Working in perturbation theory, we start by writing the AdS, vacuum solution as

Wo(zly, §) = L™ (x]y, 7) = dL(z|y,7), (2.5)

for a gauge function L(z|Y). One begins with the linearized field BM(x,Y), and
transform it to the W = 0 gauge B’ (Y). We can then solve the linearized field S
from

dyS'D = B « (Kd2? + Kdz?). (2.6)

Explicitly, the solution is

1

S = —zadzo‘/ dtt(B'(l) x K)|, . + c.c.

0 (2.7)

= —zadzo‘/ dttB'Y(—tz, ) K (t) + c.c.
0

Here we have made the gauge choice S'|z—o = 0, following [8, 9]. Next, the quadratic
order fields B® and S"® can be solved from

dyB'® — 'V 5 B 4 B 4 (W),

_ 2.8
dzS"® = ='W 5 &' 4 B« (Kd2* + Kd7*). (28)

2Note that B contains the generalized Weyl curvatures of the higher spin gauge fields. Nevertheless,
to leading order in the Poincaré radial coordinate z near the boundary z = 0, the generalized Weyl
curvature is proportional to the gauge field itself (in the gauge of [6], see in particular eq. (3.60) of [0]),
and the correlation function of the current can be directly extracted from B(x|yu, Jo = 2a = Za = 0).



For tree-level three point functions it suffices to solve for B'® (Y, Z) only, which is
explicitly given in terms of the linearized fields by

1
B (y,7,2,2) = / dt [V« BD — BW «7(S V)] 4ee

:Z/ K /OldnnB’U nz,y)K(n))*B’(”(y,y)

B %y>*( LB wekm)| e

z—tz

z—tz

- / dt d???? [B'D(=nz,9) K (n) ¥ 9. B"V(y,9) — 0.B"V(y.9) * B (nz,9)K(n)]_,,, + c.c.

O

0

— / dt d /dudve“”“”@ B (y +v,9+ 0)
0 0

x [B'W (=n(tz +u), g+ a)e™=0t) — B'O(n(tz 4+ u), g — a)e"= 0] + e

= —2z°‘/ dt/ dnn/d4ud41)8aB’(1)(v,E)B’(l)(—nu,ﬂ)e(“_tz)(”_y)”(ﬁ_g)muy sinh (y0 + ntuz) + c.c.
0 0

1 1
= —220‘/ dt/ dnn! / d*ud*vB'™ (u, @) 0, B'D (v, 0)eln THWTITEEON W ging (55 — tuz) + c.c.
0 0

1 [e'¢)
= 2/ dt/ dn/d4ud4ve_“”+mB’(l)(u,H)B’(l)(v,@)(zu)e("””)(y VI sinh (G0 — tuz) + c.c.
0 0

= 2/d4ud4ve_“”+“”B'(1)(u, @) B'Y (v, 0)f(y, 7,2 U, V) + c.c.

(2.9)
In the steps above we have made several redefinitions on the variables u, u, v, v and 7.
In the last step we defined the function

f(y, 9,20, V) / dt / dn(zu)el™ DW= ginh (57 + tzu) . (2.10)

Finally, we will be able to recover the second order B field in the standard “physical”
gauge by

(2)(x‘Y*7 Z) _ L_I(I,Y) *B/(2)(Y7 Z) *W(L(SL’,Y))

2.11
W (e,Y, 2)« BV (2, V) + BO@, Y) 5 m(eV (2, Y, 7)), )

and then take z = (Z,2 — 0) while restricting to §y = 2 = z = 0 to extract the
three point function. Here ¢(!)(z,Y, Z) is a first order correction to the gauge function
L(z,Y). To understand its effect, let us consider the linearized fields

WU (z]Y, Z) = DoeM(z,Y, Z),

2.12
SW (Y, Z) = L2, Y) * SO(Y, Z) % L(2,Y) + dzeW (2]Y, Z). (2.12)

4



Near the boundary z — 0, the spin-s component of Q(Z, z|Y") falls off like 2°, whereas
the spin-s component of B(7,2|Y) falls off like 2*T1. It is then natural to impose the
z* fall-off condition on the spin-s component of the gauge function ¢ (z|Y; Z). So
generically we expect the “gauge correction” in (2.I1) to fall off like 2517521 which
does not affect the leading boundary behavior of the spin-s’ component of B®  if
s’ < s1 + sy. Given three spins sp, s2,s3 (not all zero), we can always choose two
sources, say Si, Sg, o that s3 < sy + s9. In this case, we can drop the linear gauge
function in (2.I1]), for the purpose of extracting the boundary correlation function.

Note that in going back to the physical gauge, ¢/ (z]Y, Z) should be chosen so that
the gauge condition S|z—q = 0 is preserved. There are additional gauge ambiguities
of the form éM(x|Y), under which Q(x|Y)) transforms by 6QM (z|Y) = Deé™M (z|Y).
For the purpose of extracting three point functions from the boundary expectation
value, it suffices to consider the second order B-field, restricted to 4 = 2o = Z4 = 0
(which contains the self-dual part of the higher spin Weyl curvature tensor). Its gauge
variation under éV(z|Y’) is given by

6B (zly,y=2=2=0)=—eD(2|Y)* BY(2]Y) + BO(z|Y) « 7€V (2]Y)) (2.13)

The spin s;-components of é1) consists of terms of the form é1—1+ksi=1=k) 1 _ 5 <
k < sy —1, where the superscripts indicate the degrees in y and ¥ respectively. The spin
So-components of BW consists of terms of the form B®s2tmn) and BM2s24n) n > (.
It is then easily seen that after contracting all the ¢’s under the % product on the
RHS of I3, dB® (z|y,y = z = z = 0) may be nonzero only for components of spin
s3 < 81+ So (i.e. terms of degree 2s3 in y). We have argued previously that the falloff
behavior of the gauge functions near the boundary of AdS is such that the leading
boundary behavior of B®@ is not affected when s;3 < s; + so. Therefore, there is no
ambiguity due to €1 in extracting the boundary correlators for all spins.

3 The gauge function and boundary-to-bulk prop-
agator

To carry out the computation in W = 0 gauge explicitly, first we shall write down the
gauge function

L(z,Y) = Pexp, <— / Wg(g:'mdx;) (3.1)

where the x-exponential is path ordered, from = = (Z, z) to a base point zq = (Zo, 2¢)-
The AdS, vacuum solution is given by Wy = e + wf, where ey and wl are the vielbein



and spin connection of AdS,, which in our conventions [6] take the form (in Poincaré
coordinates)

1 dx? ; ] — & =0
“0=5 [(U’Z)aﬁy‘“yﬁ +(0%)apy yﬁ] ! 3.2
1 dxﬂ B ( . )

_B
= o - .
€0 = gy Y

If we choose the straight contour x(t) = (1 — t)zo + tx, then the value of W, along
different points on the contour *-commute with one another, and we can write simply

L(z,Y) =exp, |(z — xo)u/O dtWH (1 — )z + t:c|y,gj)}

-l
(z — z0)# - -
= dt —————of
€xXP, _/0 (1 _ t)Z() + tzwo (y7y)
o o)y 5%~ X0)o"] + 205 x0D)
=exp, |—= | ——— (y(x—x X — X X —X
XD 80(1—t)zo—|—tzy 0)0YTY 0)0Y Yy 0)Y
! X — X
—exp, | —gtuCe/a) (= 30 S22 ) + 2005 )|
L Z— 20
(3.3)
Here we have introduced the notation x = x#0, = 2io; + zo”.
Generally, given a symmetric matrix M, one can calculate the x-exponential
t 1
exp, (§YMY) = exp [ﬁYQ(t)Y + f(t)} (3.4)
where the symmetric matrix 2(¢) and function f(t) satisfy
dQ(t
O _ (1 —amym +aw)
(3.5)
df (t) 1
——= = ——Tr(MQ(t)).
L )
The solution is
1
Q(t) = tanh(tM), f(t) = —§Tr In cosh(tM). (3.6)
So the result for the x-exponential is
1 1
exp*(§YMY) = [det(cosh M)]_% exp bY(tanh M)Y} . (3.7)
Applying this formula to L(z,Y"), working in the basis (y, ), we can write M as
M(z) = _lln(Z/ZO) (-0 =% 0)o B ﬁX —ﬂXo ) (3.8)
4 z— 2z X — Xg (Z-0—1y-0)o?



It is convenient to choose the base point to be ¥y = 0, 29 = 1, so that

B Inz T-do” -0+ (z—1)o7
M(z) = 4(z —1) <f G+ (z—1)o* - do? ) (3.9)
and then .
L(z,Y) = [det(cosh M)]_% exp [§Y(tanh M)Y} ,
(3.10)

L~ (2,Y) = [det(cosh M)] " exp [—%Y(tanh M)Y} .

Our goal will be to extract the correlation function from the expectation value of a
bulk field near a boundary point, given a number of boundary sources. By translation
invariance we can choose the boundary point to be at # = 0, near which the bulk field
will be evaluated. In other words, we are choosing the Z Poincaré coordinate of the
boundary point to coincide with that of the base point in the definition of L(x,Y"). At
Z = 0 and nonzero values of z, we have

1
cosh M = cosh(ln z/4) = M—%l, (3.11)
1 z
tanh M = 1_Zf (OZU)
1+22 \0” 0
So "
4 1—2z
g _ .
L (x—O,z,Y)—Z_%+2+Z% exp <:l:71+zl/2ya y) (3.12)

By definition, L(zo,Y) = 1, at the base point zfj = (%, 2),. So the linearized field
in the W = 0 gauge is simply

B'YO(Y) = BY(z0]Y). (3.13)

Explicitly, using the formulae derived in [6] (see eq. (3.31) and eq. (3.33) of [6]), the
boundary-to-bulk propagator for the spin-s component of B’ corresponding to a bound-
ary source located at £ = 0 with a null polarization vector £ is given by

B (y.5) =

Ty G+ 0%)do*(Zy - G+ 07)y)® —ylos—250T )y
= (S(Z2>f— 1)(2:11 ) e’ Y e (3.14)
0

Alternatively, if we fix the base point to be at (0,z = 1) and the source at Zy, then in
the W = 0 gauge we have

By ) = (y(To - & — 0°)fo* (T - G — 0°)y)* vl +273=00
(s) \ (x% + 1)23—1—1

+ c.c. (3.15)



It will be useful to express the null polarization vector as a spinor bilinear (¢0%),; =
AaAz. In our conventions, we can also write A = oA. We can then construct a
generating function for the boundary-to-bulk propagator associated with currents of
all spins as

_ 1 fO'E—UZ _ —_'0'0_"—0"2
By 7 — —y(or + 25T T T 9y
(v,9) 210 y(o® + poa )y 21 Y| tec 516
1 F—a - ‘
= —5——exp —yazgj—nyofia(?j—i-A) +c.c
:L’0+1 xo‘i‘l

Keep in mind that we should in fact only select the part of this generating function
which is even in A, because the theory describe all the integer spins

Once we solve the second order field in the W = 0 gauge, the expectation value of
B in the standard gauge at £ = 0, near z = 0, is recovered from

BH(#=0,2—=04,7,22) =LZ=0,2—0,y,7) « By, 7,2,2) « LE=0,2— 0,y, —7)
(3.17)
Given a function f(Y,Z), let us consider the twisted adjoint action by L, evaluated

near the boundary of AdSy,

F(2,Y,2) =L Z=0,2—=0,Y)* f(Y,Z)*n(L(Z = 0,2 = 0,Y))

1—212 o 1—242
~ 16z exp (—mya y) x f(y,7,2,Z) x exp (—mya y)
1— 1/2
=162 / d*ud*vd*u'd*v' exp (uv + a0 + u'v' + @'0') exp (—T;/z(y +u+u)of(§+u+ u’))
1 — 21/2

(y+v)o*(y+7)
(3.18)
In the second line we have dropped subleading terms in z in the overall factor, which do

ro= = N [ _/
><f(y+v+u,y+v+u,z—v+u,z—v+u)exp(—m

not affect the boundary expectation value of fields of various spins. For the purpose of
extracting the three-point functions of the currents, we may restrict toy=2=2=0

while keeping the dependence on y only. Denote by F(z,va) = F(2, Yo, Ys = 20 = Za =

3Equivalently, recall that consistency of the purely bosonic Vasiliev’s equations require the con-
straints W(z| =Y, —2Z) = W(x|Y, Z), Sa(z| = Y,—Z) = =Sa(2|Y, Z), Sa(z| =Y, —Z) = =Ss(z|Y, Z)
and B(z|Y,Z) = B(z| - Y,—2Z).



0), we have
F(z,ya) = 162/d4ud4vd4u’d4v’ exp (U(v - %) + uv + (v /

1— 21/2 y I 1 — 21/2 .
X exp (—m(i +u+ u,)O’ (U + u,)) exp (-72('3/ + 1)/)0' ’U’)

X flo+u, o+, —v+u,—0+a)

1— 1/2 1— 1/2
= 162 / drud*vd*v/d* exp {% (u - “(u+ 2U/)) - )}

Z55 !z

1+21/2U —m(ua U+ vov
X exp (uv + av + u'v' + 4’0 — v'v —u'v) flo+ v+ W, —v+u, -0+ @)
1— 21/ 1 — 2172

= z/d4ud4vd4pd4qexp [% <u— Z% —v— Tzlpaz(ujt%)) — T;/z(uazu—l—vazv)]

up—q)+up—q+p+gv+ P+ qv+pg+pg _

Xexp( =) +8p=4)+ 5 o+ (F+4) )f(p,p,q,Q)-

(3.19)
The functions f(Y, Z) that shows up in the computation of B®) depend either only on

Zo Or only on Z, (see eq. (2.9)). We will treat the two cases separately. First, consider
the case where f(y,y,z,2) = f(y, ¥, z) is independent of Z;. Then

A i

—W((u —v)o*u + vazp)} exp <(u —vp— (u +2v)q 2 +pq) f(p,D:q)

2 1 2 1
1+ 23 pq 1+ 22 yq 1+22 |
:z/d2pd2qexp 1+ (1 1) 5 + (1— N T B f{p— 074,49
— Z2 — Z2

1— z%
—z / d*pd*q eMTPIWEAL (p 57, q)

1— 1/2
F(z,ya) = 4Z/d4ud2vd4pd2q exp [% <u _pra c = )
1— /2

(3.20)
In the last step, we have taken the limit z — 0 while keeping \/zy fixed. € ~ /z is

understood as a small positive number that will be taken to zero at the end. For the

moment, we need to keep it nonzero to regularize integrals that appear in *-products.

Now consider the other case, where f(y,7, 2, 2) = f(y,7, 2) is independent of z,.



Then

1 — zb/2 1 S1/2
F(2,ya) = 42 / d'ud®vd"pd*gexp {% <2u —p- T;/zaz(a + v)) L (uot(a— ) + pazv)]
_l_

X ex
P 2

1 1 2 1
1+ 22 1+ 22 g | - 1+ 22
~Zz / d225d2§eXp ydzﬁ + |1+ ( ) ]E f <_y - O-Z(ja D, Q>

— 2 / d*pd*q eI f (0, g — 07y)

(2up—|— (u—v)p—

(3.21)
In the last step, we again take z — 0 while keeping +/zy fixed. It may seem that this
limit is not well defined, because of the y dependence in f (—07q,p,q — o*y). We will
see below that in fact this is not the case.

To be more precise, let us define

lim 2z ' F(z, z_%ya) = F(2y,) (3.22)

z—07F

whose order O(y?*) term contains the boundary expectation value of the spin-s com-
ponent of B field, with the power of z stripped off. F' is then computed from@

e—0t §—+o0

F(w,) = lim [/ Pyd?zeHWH f oy o7z 2) 4 lim | dPgdPzeTOVITV £t 7§ 7 — E0tw)

(3.23)
Although not obvious from this expression, the £ — +o00 limit of the second integral
is expected to be well defined, as shown below. Recall that

1 oo
fly,—0°z,2,U,V) = / dt/ dn(zu)emHHU=ITTEginh (2 (tu + 070)) . (3.24)
0 0
We can compute the integrals

lim | d*yd?zeMFOV=f(y —o%2 2 U, V)

e—0t
1 00
= 1i1r51+ d?z (zu) / dt/ dnd(nu+ (t — 1 — €)2)e*@= " Dginh (2(tu 4 070))
€—> 0 0
= 07
(3.25)

4The limit ¢ — oo arises from the y-dependence in f(—0?q,p, 7 — 0*y), when taking the z — 0
limit with /zy fixed. Alternatively, one may also denote £ = % and take a single limit € — 0.
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and

lim lim [ d*gd?ze MO0 f(_52 7 . 7 — Eotw; U, V)
e—=0t E—+o0

1 oo
= lim lim [ d*2((Z + fwo?)a) / dt/ dnd(nu+t(z — &ow) — (1 4+ €)z2 4+ o*w))
e—0t {—=+oc0 0 0
x e ((IFQz—wot)ot20™u ginh (1(Z + Ewo®) i + Zo™v)
wo*z (2 —wo?)u

= sgn(wazu)/dQ,zH( )6(

)62(—17+Uzu)+wazz7 sinh(i(ﬂ + O-ZU) — wO’Zﬂ)-

(3.26)
To obtain the last line, we have used the two-dimensional d-function to integrate over

wWo*u Wo*u

t,n. The step functions come from requiring that the value of t,n which solve the
d-function constraint lie inside the corresponding integration domains.

Writing z = — (7 + 1)0*w + mu, ay = (0 — 0*u) £ (a + 0*v), we can express the
above integral as

. E(U)O'Z?_L) /OO dT1 /OO de [e—(n+1)(wcrza+)—7—2(ﬂa+)+woz(ﬁ+6) . e—(n—l—l)(woza,)—Tz(ﬂa,)—wcrz(ﬁ—ﬁ)}
2 0 0
1 L e—wcrz(a+—ﬂ—6) e—wcrz(a,—l—ﬁ—ﬁ)
= 5D |y ~ fara )
(3.27)

From (2.9) and (B.17), we then obtain the result

12 _ W,

lim2z""BY(Z=0,zly=2"2—,y=2=0)

z—0 2

e—waz(a+—ﬁ—ﬂ) e—waz(a,-l—ﬁ—f))

4, 74, uv—uv R/(1 — /(1 —~ 2
= —/d ud ve B'Y(u,w)B'™ (v, v) (wo*u) {(wazaJr)(uaJr) ~ wora)@al)
(3.28)
The integration over (u,u,v,v) should be understood as a contour integral, and the
choice of contour is now important. The need for this choice of contour is possibly due
to the slightly singular nature of the W = 0 gauge. In the next section, we will see

that the three point function is essentially a twistor transform of

e—waz (a4 —u—7) —wo?(a—+u—70)

(&

uv—ﬁﬁ(wo.z,a)

e (3.29)

(woay)(way) — (wora_)(ua_)
Namely if we regard (u,@,v,v) as independent holomorphic variables, and Fourier
transform two of them, then we obtain (a generating function of) the three-point
functions in terms of polarization spinors (see eq. (A1) and the paragraph thereafter).
w = 2y will be identified with the polarization spinor of the third (outcoming) operator.
The question of contour prescription now amounts to choosing a 4-dimensional contour
(on two of (u, w,v,v)) for the twistor transform. We will demand that wo*ay and woy

11



encircle the origin in the complex plane with opposite orientation, so that

(wo*u)

(wozag ) (uog)

(3.30)

picks up residue F1 when integrated in aiﬁ Consequently, (3.28) can be replaced by
the residue contribution

im > 1B® (7 = _ Y g
ll_)f%z BY(Z=0,zly==2 250 Z=0)
:/d4ud4ve“”_“”B'(1)(u,u)B’(l)(v,v) (3.31)

x [e7 50— v+ 0% (u+v)) + €7 (T + 0 + o (—u+ )] .

4 Three point functions from twistor space

In this section we show that a drastic simplification occurs if we consider a twistor
transform of the correlation functions on the polarization spinors Ay, As of the boundary
sources (recall that these are related to the null polarization vectors by (¢07),; = Mg b
and A = g% \).

To see this, let us perform the Fourier transform of the boundary-to-bulk propagator
for B’ in the W = 0 gauge, with boundary source located at 7

1 — O'Z 250‘5’70'2 _ — . _,_ Z_ . ) _)_ .
BW(y, ;) = S )y{exp l_2y%;’7"4 +exp [‘%%A”,
Lo

3+ 1 3+ 1

whose Fourier transform is given by

= x%%l— [ eXP {—y (gz +2 _»Oxgﬁ_'_—laz) y] {5 (,U g fox%(? 102 y) volp- _»ox;_'_—la
_ (2)1+ -6 <M+ . %o ga _102y) ox {’Wz(ﬁo 7 — o%) <O_z 49 Yo (2)6+—10z g}

+ I%:- - ( B xozgﬁi‘_—lazy exp {_y oF + 250x85+—laz) (Zo- 5 — UZ),U}
=6y + (Ty-do* —Nu)e W(Fo-3-0")7 5 (5 — (Zo - — o)) o—v(o*Fo G+

(4.2)

®One might contemplate the alternative possibility of choosing the orientation of the contour so
that (3.30) picks up residue +1 (or —1) when integrated in a. In this case, however, one finds that

B31) vanishes identically, see eq. ().
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As remarked earlier, the fact that we only have integer spins in the spectrum implies
that we should actually take the contribution even in A in (&), or even in y in (E2).

We can also write it = —o*pu and
Bia (4,5 1) = 8y — (B & = o) p)e T 46 (5 = (T & = 07 ) e HE T,

Let us further define

so we end up with simply

By, 5%, %) = 6(y — )€ + 6 ( — X) . (4.5)

We could regard g,y as independent holomorphic variables, and interpret the two

(1)

terms in B,, as delta functions in the corresponding twistor space, where one of y and

y is Fourier transformed. This explains our earlier claim that the generating function
of three point functions can be viewed as a twistor transform of (8.29) over two of
(u, @, v, D).

Assuming the choice of contour as explained in the previous section, we can now
easily compute the rescaled expectation value of the outcoming higher spin fields near
the boundary (more precisely, the generalized Weyl curvature of the HS fields). De-
noting the position of the two boundary sources by #; and 3, with ;2 defined as in

(4.4), we have
lim 2 'B®(Z =0, 2]z 2y,5 = Z = 0; x1, x2)

z—0

= /d4Ud4U6M_MB£$)(Ua U, X1, X1)|x1 —even B;(j)(v, ¥, X25 X2) |x2—even
x [e727 0050 — 0 + 0% (u+v)) + e (@ + 0+ o7 (—u+v))] + (1 ¢ 2)

— /d4ud4ve“”_“” [0(u = x1)eX™ +6(t — X1)E"] || _aven [0(0 — X2)€¥2" +0(0 — X2)€**"] | _ven
x [e727 0050 — 0+ 0% (u+v)) + e (@ + 0+ 07 (—u+v))] + (1 4> 2)

= 2cosh (X1x2 + X1X2) [62y(X1+X2)5(X1 +x2+ 07 (X1 + X2)) + 00 + x2 + 07 (X1 + X2) + 29)]

+ (= —x1)+ (e = —x2) + (aa = —x1. x2 = —X2)-
(4.6)

In terms of puq, po, it is
lim SIBO(T = 0,222y, 5= Z = 0; 1, X2)
2—
1
= 5 cosh (2,&10'2X12,u2) [62y(u1+’u2)5(X1/J/1 + X2/J/2) + 5(x1,u1 + Xao 2 + O'Zy)} (47)
+ (1 = =) + (g2 = —p2) + (1 = =i, p2 = —pi2).
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Here and in what follows, we will use for convenience the notation x; o instead of 7 57,
which is equivalent since x5 are by definition three dimensional vectors.

Now let us Fourier transform back in the polarization spinors Aq, Ay. For example,
in the case when the outcoming field is a scalar, we can set y = 0 in (A7). The result
is then the (A1, A2)-even part of

4 / dzluldzuze%wzxuuz—wqm—2>\2u25(xlu1 + X2M2) + (1 o 2)

4 2
= - d? 111 exp [——ula X12XoXy g — 2(A\] — T3 )\2X2X1),U1:| +(1+2)
2
_ 2 exp [()\1 — 1’2 )\2X2X1)X1X2X120' ()\1 — Xy 2X1X2)\2):| I (1 o 2) (48)
|21 |z2|212] 2x7a3,
_ 4 COSh ()\1 — )\2)0’2(1’ Xo — 1’2X1)()\1 )\2)
|21 [ 72| 712 217,
where we redefined .
VR A RS (4.9)
o 5612’ Z_|$z'\' ’

In terms of the polarization vectors £, €9, or the corresponding hatted variables, it is
given by

4 {Tl"(l"%xz —23x1)(f, + 45)

————cosh cosh
|z1]|z2]|712] 27, }

2
T

\/Trél (zix2 — 23x1 )¢, (27x2 — x%xl)]

(4.10)

For general spin we need to keep the y dependence of the outcoming field in (4.7,
and hence the three point function receives two contributions, from the two terms in
the second line of (A7)). The Fourier transform of the first term into (A1, A2) is

b exp (5\1 — D — yXaz)o® (47x2 — 5172X1)(>\1 da + Xi29) +(1o2)
Az [|22]|712] 213y
1 ()\1;_% — Azﬁ—g + y(’;—% — );_g))alexlzx2(;_%)\l — ’;—g)\z + (’;—1 — ’;—g)y) L1
= ——————€exp | — >
Az [[zol[zra] 217,
_ o |:.CL’%)\10'ZX12X2X1)\1 + $%)\202X2X1X12)\2 + LE’%szZXlezXzy
A|z1||22||712] 2xiw3at,

"‘)\10’ 1’—)\2_'_)\10 —2y+)\20 —2y +(1H2)
12

(4.11)

where we defined Xqo = 5 — x— Now we replace y by Az, and replace the origin by
1

Z3 where the third operator is inserted. The resulting contribution to the (generating
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function of) three point functions is

2 2 2

1 exp T53A10°X12X23X13 A1 + T13A20°X23X31X21 A2 + T75A30°X31X12X32A3
2 2 2

4|z 12| T3 731 | 207515375

X X X
+ )\102¥A2 + )\10’2%)\3 + )\20’2%)\3 + (1 — 2)
12 L13 L33

(4.12)
On the other hand, the Fourier transform of the second term in the second line of (Z.1)
is given by

1 A — Ay — yXag)o® (a3xg — 23%1) (A — Ay + X
exp (A1 2 — yXi2)o® (21X _ z3x1) (M 2 + X129) _ 2>\2gzx_§y +(1+2)
4]x1]| 22| |212] 227, L3
5 1 ox |:LIZ'%3)\10'ZX12X23X13)\1 + $%3)\202X23X31X21)\2 + $%2)\302X31X12X32)\3
4]x1g|[ o3| 231 207523325

+ )\10’2X—;2)\2 + )\10’2X—;3)\3 — )\QO'ZX—§3)\3 + (1 < 2)

Lo I3 Lo3

(4.13)
where we have again made the substitution of y by A3 so that the crossing symmetry
in the three currents is manifest. Together with the terms related by flipping the sign
of Ay and A, respectively, the total contribution to the generating function of all three
point functions is

2 2 2
4 COSh <$23)\102X12X23X13)\1 -+ $13A202X23X31X21)\2 -+ $12)\302X31X12X32)\3
2 .2 .2
|7 12|[23] | 231] 20750553,
X12 X13 X23
x cosh <)\102—2)\2> cosh ()\102—2)\3 cosh | Aao®—5=A3 | . (4.14)
Lo T3 T3

A given three point function of higher spin currents (Jg, (1; A1) Js, (225 A2) sy (235 A3))
can be now obtained from this generating function by simply extracting the contribu-
tion which goes like A\7*' \3¥ \2%.

In the conjectured dual free scalar theory, using free field Wick contractions, one
may derive the following generating function of n-point functions [6] (here we assume
null polarization vectors as above)

N
% Z PJH {cos(\/él(ai . %Z)(gl ) 32)) 1 (4.15)

= i T — Tig1 + &+ it

where P, stands for the permutation on (¥;; ;) by o, and the product is understood
to be of cyclic order (9 and act on their neighboring propagators only). The n-
point function for given spins is obtained by extracting the appropriate powers of the
polarization vectors €;. Our bulk result (4.14]) in fact generates exactly the same set
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of three point functions as the n = 3 case of (IZ:IE)H A proof is given in the appendix.
Thus we have found complete agreement of the bulk tree-level three-point functions
with the three point functions of higher spin currents in the free O(N) scalar CFT. In
the following we describe some simple checks in special cases.

Without loss of generality, we can fix the positions x1, z2, x3 by conformal symmetry
to 1 = ey, 19 = —ey, x3 = 0, so that (£.I4]) reduces to

—Ai0%e1 1 — Aao”er Ay — 4dAg0”er A AoFer A
2cosh< 10 C1 7 20 C172 30 €1 3) cosh (IJTM) cosh (A107e1A3) cosh (A207e13)

4
(4.16)

As an example, let us extract the three point function of the stress energy tensor (TT'T),
from the O(AfAJA3) term. If we further use the remaining 1 conformal transformation
to set e; - €1 = 0, we end up with the following simple expression for (T'TT),

1 2 2 2
24 [(61 82) (81 : 83) + (61 . 83) (81 . 82) + 36(61 . 82)(61 . 83)(61 . 62)(61 . 63)

—12(e1 - €2) (€1 - €3)(€2 - €3)]

(4.17)

Let us compare this with the stress energy tensor of a free massless scalar in 3d,
contracted with a null polarization vector ¢,

= (=00 — (- 06" (4.18)

We have
(T, (1) T2y (22) T2y (05)) = (21 - (1)) (€2 - Op(x2))? (e3 - Dp(x3))?)

_ % [(e1-01)* (@(x1)* (g2 - O(x2))*(e5 - Dp(w3))?) + cyclic]
6_14 [(51 - 01) (g9 - Da)? <¢(5L°1)2 79)? (g3 - Op(x3) > + CyClZC}
1

512 (e1-01)*(e2 - B2)*(e3 - 05)* (P(21)?(2)  B(3)*)

=38 <€1 8152 a2 ) <51 . 8153 . 83L) (63 : 8362 : 82 L ) (419)
|712] |213] |z93]
1 1 1 )
{ [N 01 |i(€2 02 ) (83 03—) (Eg 8352 82 ):| +cyclzc}
\3612‘ |$13| \ 23\
—0—1{(8 -01)% (g9 - 0o)? {L <€ -0 L) (a - 0 L)} +c clic}
3 1°01 202 \3612\ 3 3|x13| 3 3‘3:23‘ Y

| 1
9 - 05)2 - 03)
64(81 1)*(e2 - 3a)*(e5 - 0s) |212||T13]| 223

6Note however that the two generating functions are defined with different normalizations on the

currents.

16



Of course, we could also extract this result directly from the generating function (A5,
but we have repeated the derivation for clarity. Without loss of generality, we can now
specialize to the case x1 = ey, 29 = —e1, 23 = 0 and ey - €1 = 0 using conformal symme-
try, and the result exactly matches (4.17)) (up to the overall normalization constant).

Another check of ([ATI4]) is in the limit ¥ = 5 — 0, T13 =~ To3 ~ Z. This can be
compared to the limit of “colliding sources” which was studied in [6]. We have

1 )\10’25)\1 + )\20’@3)\2 )\30’2X5X)\3 )\10’25)\2 ()\1 + )\Q)O'ZX)\;),
225 ( 242 * 24 cosh 92 * x?

(4.20)
There are two special cases that we studied before in the “physical gauge”: Ay = 0 and
A3 = 0. In the Ay = 0 case, the three point function in the 6 — 0 limit is

1 >\10'Z§)\1 >\3O'ZX§X)\3
—= 4.21
226 ( 242 * 2x4 (421)
whereas in the A3 = 0 case, it is given by
L ox )\10' yg)\l + )\20’ é)\g cosh )\10' é)\g
20 202 92
(4.22)

_ L ex ()\1 + )\2)O'zd(>\1 + )\2)
) 202 '

These indeed agree with the results we found in [6]. i

Finally, let us turn to the type B model of [14]. Instead of (4.H), the boundary-to-
bulk propagator for the B master field in the type B model, after the Fourier transform
in polarization spinors, is given b

Bt(i;);B(y7 U X, X) = i0(y — x)eX¥ —id (y — x) eXv. (4.23)

Note that the scalar field component has disappeared from (£23). The bulk scalar is
parity odd in the type B model, and the “standard” boundary condition assigns scaling
dimension 2 to its dual operator. Therefore the scalar has to be treated separately,
and we will only consider HS currents for now. The generating function for (JJJ) is
now the (A1, A2, Ag)-even part of

2 2 2
4 sinh (I23>\102X12X23X13)\1 + T3 A207X23X31X21 A2 + X1 A30°X31X12X323
|z 1223|231

x sinh (Alazx—;2>\2) sinh (Alazx—;?’Ag) sinh (A20—2X—§3'A3) .

1y T13 T3

2.2 .2
2075553,

(4.24)

"To see this, compare ([A21]) and ([Z22)) to respectively eq. (6.23) and eq. (4.88) of [6].
8In the type B model, the third equation of ([Z]) is modified to dzS+S*S = Bx(—iKdz?+iKdz?).
This leads to the extra factors of ¢ and —i in the boundary-to-bulk propagator for B.
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This is conjectured to be dual to the free O(N) fermion theory in three dimensions
[T4]. As a check let us consider (I'T'T). As before, by conformal symmetry we can fix
r1 = e1,r9 = —ep,x3 = 0 and ey - £ = 0, and the three point function of the stress
energy tensor from Vasiliev theory in this case is given by

1
~3 (€1-€361 €2+ €1 - 021 - 83)2 (4.25)
The stress energy tensor of the free fermion theory, with null polarization vector ¢, is

TF = g (& ). (4.26)

It is straightforward to check that that ([25) indeed produces exactly (T (x1)TL (22) T2 (23)),
up to the overall normalization constant.

5 Concluding remarks

In this paper we have shown that the tree level three point functions of Vasiliev’s
minimal bosonic higher spin gauge theory in AdS, exactly agree with the three point
functions of higher spin currents in the free theory of N massless scalars in the O(N)
singlet sector in 3 dimensions. The bulk computation is made possible by the remark-
able simplification in the W = 0 gauge, where the integration over the AdS} is replaced
by the #-product of twistor-like internal variables of Vasiliev’s master fields.

The agreement of the three point functions (JJJ) with the complete position and
polarization dependence included is a nontrivial check of the conjecture of Sezgin-
Sundell-Klebanov-Polyakov. As a special case, the three point function of the stress
energy tensor (1I'T'T) in a three dimensional CFT is constrained by conformal symmetry
up to a linear combination of two possible structures, one corresponding to that of a
free massless scalar, the other corresponding to that of a free massless fermion [16].
From the perspective of the bulk Lagrangian, the tree level (T'T'T) is sensitive to the
higher derivative terms in the graviton. Indeed, computing (TTT) from pure Einstein
gravity in AdSs would produce a linear combination of the two tensor structures [17].
The agreement we found is therefore a test of the precise higher derivative structure of
Vasiliev’s theory.

We have also seen that the three point functions in type B model matches that
of free fermions, verifying a conjecture of [I4]. In fact, our result also applies to the
nonminimal Vasiliev theory, without imposing the projection (22)) and so both even
and odd integer spins are included. The result then matches the free CF'T of N complex
scalars in the SU(N) singlet sector. In this theory, we may choose alternative boundary
conditions for the bulk scalar field as well as the vector gauge field [18| 19, 20], which
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would lead to conjectured dual critical scalar QED (with N flavors) or critical CPY
models in 2+1 dimensions. It would be very interesting if one can learn about these
CFTs from Vasiliev theory.

It is now technically feasible to generalize our computation to higher point functions
as well as to loop corrections in the bulk. An extremely interesting problem is to
understand the HS symmetry breaking in the critical O(N') model from corrections by
scalar loops with A = 2 boundary condition in the bulk. We hope to report on results
toward these directions in the near future.
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A The equivalence of two generating functions
In this appendix we will show that (£I4]) and (£I5]) generate the same three-point

functions of higher spin currents. In terms of the null polarization vectors &;, (4.14])
can be written as

4 Tz T Toy o3 T3y T3
——cosh || 5-——= |- a+| 5 -5 | et -] &
|$12||$23H$31‘ T3 T12 Ta1  Ta3 T3a  T31

1 (A.1)
X Hcosh [ ]

— — 2 — —
\/( i) (€1 Tigrr) = 50348 S
We can use the conformal group to fix &; = t;&, ¢« = 1,2,3, where t; is a scale factor

zz—l—l

and £ is a common polarization vector. The expression then simplifies to

g g7
Z COSh |: (tl 2 _'_ n3t2 ) _'_ 2 = (t2% + n1t3%)2 + 2 3 (t3% —'— n2t1%)2
2|$12H$23H$31| 1 T3, 22

(A.2)
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On the other hand, (I5) for n = 3 can be written as

- Z Hexp K\/ﬁw\/ & ) ] ] +(1+2)
St (A.3)
L1 WE%JI@@[ (Vf_§i+mw ,)] —Ltae

where in the second step we have restricted to the case &; = t;. Expanding the
exponential, we have

tilt 281 282 283 1. m2 _n n2 1
— n1,,n D)2t
(XX BEES ) () e

T
77 ==+1 51,52,53 n17n2,”3 | 12‘

;Ll[@~&fr?+?

+ (1< 2
\5623\ |$31|} ( )

1 Z tiltgzt? Z < 231 ) < 282 ) ( 253 ) 231—1—32—1—33

x[@.@yr?+?

$1,82,53 mi,m2,m3
y |:F(81 —my + mg + %) (6 . flg )51—m1+m2:| |:F(82 — Mg + M3 + %) (8 . 523)82—m2+m3}
F(%) 7 F(%) 33
[(s3 —mg+mq + % - T
(s3 3 i 1 2) (6 §31 )s3—m3+m1 +(142)
F(i) L31
(A.4)

Redefining s; — my + mo = ki, so — mg +mg = ko, s3 — m3 + my = ks, we can write it
as

1 Z t51t§2t53 Z ( 251 ) ( 289 ) ( 253 ) 2k1+k2+k3
212|223 | 231 s1189!55! 2mq ) \2msy ) \2ms

51,52,83 mi,mo,ms
U(ki+3) e Thap ] [Tka+3) e sy, ] [Dlks+3) e Ty,
X (1 <2) e (——) (1 (—)? | +(1<2)
(5) 5P (5) T3 (5) T31
- Z ti1t§2t§3A51782,83(fia5)
51,582,583

(A.5)
The term As, 5,5, (7, €) gives the three-point function of currents of spin (s1, s2, s3),
(Js, Js,Jss), up to a normalization factor. Now consider a sum with a different normal-

20



ization factor on the currents,

Z 281+S2+83$1ls2183
(281).(282) (283)

$1,52,83
1 1 1 1 1 1 1
- t{ + nsts 2k (42 + mt3 2k2 (42 + 1ot 2 2ks pk1+katks
8lziallwas |z mzzil kl%kg( s ) 113)7 (15 + ot )

" {§<(f;<;k%>)'(€%§m’le | [ a0 e

S S S
t11t22t33 AS1 52,53 ([L’Z, 5)

—

I
2
£ Ty 1 €-To3, 1 1 €31, 1 1
Z exp |: 5 tl + 773t22)2 + 5 (t22 + 771t32)2 + 5 (t32 + 772t12)2:|
— T12 L33 31

8|9312||3323||3331|

+(1<—>2)

£ T1o g1 g7
Z COSh[ 2 (t12 + msta?)? + 223 (ta? + mits?)? + 231 (ts2 "‘772751%)2}
Ti2

4|9512||5523||ZE31| = T3 T3

(A.6)
This indeed agrees with ([A.2)), thus proving the equivalence of the generating functions.
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