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A LOWER BOUND ON THE GROUND STATE ENERGY OF DILUTE BOSE GAS

JI OON LEE AND JUN YIN

ABSTRACT. Consider an N-Boson system interacting via a two-body repulsive short-range potential V'

in a three dimensional box A of side length L. We take the limit N, L — oo while keeping the density

p = N/L3 fixed and small. We prove a new lower bound for its ground state energy per particle
E(N,A
EOR) > dmapl — 0o 1001,

as p — 0, where a is the scattering length of V.

1. INTRODUCTION

The properties of the Bose gas have been studied by many authors [6] 2, 8, [9], and since the first
experimental observation of Bose-Einstein Condensation in 1995 [I], interest in low temperature Bose
gases are renewed [13], 14} [TT], 12, [T0, 17, A8]. One of the most well-known properties of Bose gas is its
ground state energy in the dilute limit. In this low density limit, the leading term of the ground state
energy per particle is 4wap, where a is the scattering length of two-body interaction potential and p is
the density. The upper bound for it was first rigorously proved by Dyson [2], and the lower bound was
obtained by Lieb and Yngvason [I3]. It is also proved that the leading term is the same in some cases
where the interaction potential is not purely non-negative [5, 21].

Lee and Yang [, [§] first predicted the second order correction to this leading term, which is given by

Nj=

128 3

drap |1+ m(pa )
This calculation used pseudopotential method and binary collision expansion method [6]. Another deriva-
tion was later given by Lieb [9] using a self-consistent closure assumption for the hierarchy of correlation
functions.

The upper bound of this second order correction is recently obtained in Yau and Yin’s work [20].
The matching lower bound, however, has not been proved yet, and in fact, the best result so far is
4rap(1 — Cp'/17), which was first derived by Lieb and Yngvason [13]. (See also [I5] for details.) It also
should be mentioned that this second order correction is proved for the high density and weak coupling
regime recently by Giuliani and Seiringer [4].

Lieb and Yngvason [13] used the “cell method” to find the lower bound for the ground state energy.
In this method, they first converted the interaction potential into a soft potential with the expense of
kinetic energy. Unlike Dyson [2], however, they did not sacrifice all the kinetic energy but kept a small
portion of kinetic energy to apply Temple’s inequality [I9]. Then, after dividing a large box into smaller
cubic cells, perturbation theory was applied in each small cubic cell. In this way, the correct leading term
could be obtained.

We improve this approach with several new ideas including a new method called ‘box doubling method.’
Some notable advantages of our methods are as follows:

NI (1.1)

e We use a combination of perturbation theory and Temple inequality. Also, we are able to preserve
essentially the full kinetic energy after the replacement of the the singular potential by a smooth
one.

e Each small cell can be enlarged so that it contains enough number of particles in average.
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In this paper we show that the error term becomes —Cp'/3|log p|® with the new method. Our main
result is stated in Theorem

This paper is organized as follows: In Section 2, we state our main theorem, introduce key lemmas,
and prove the theorem. In section 3, we show new type of ‘cell method’, which is equivalent to proving
some of the key lemmas. In section 4, we introduce ‘box doubling method’;, which enlarges each cell,
hence makes it contain more particles in average. Some technical estimates can be found in section 5.

2. MAIN RESULT AND KEY LEMMAS

2.1. Definition of the system and main result. Let V' be a non-negative, smooth, spherically sym-
metric, and compactly supported potential, satisfying V(x) = 0 if || > Ry for z € R3. The zero energy
scattering solution ¢ satisfies

1
(—A + §V(x)> o(x) = 0. (2.1)
We normalize ¢ so that lim;|_,o ¢(2) = 1. The scattering length a of V' is defined by

= ul‘iinoo |z (1 = ¢(x)) (2.2)

as in [13].
Hamiltonian of the Bose gas system of N particles in a torus A of side length L is given by

ZA +ZV T — ;). (2.3)

1<j

We will consider the thermodynamic limit when N and L approach infinity with the density p = N/L?
fixed. Later, we will also let p — 0. We will use the notation o« <« S if o/ = O(p©) or /8 = O(|log p| )
for some ¢ > 0, and o ~ S if /8 = O(1). For simplicity, we will also use the notation

Xn:($1,$2,"' ,In), X =XN- (24)
Throughout the paper, C' denotes a constant independent of p.

Definition 2.1 (The ground state energy). For given Hamiltonian

ZA +ZV i — ;) (2.5)

i<j

in the three dimensional torus A, its ground state energy, F(n, A) is defined to be

B(nA) = int | Z/ V0 (x |2dx+z/ Via: — ;) |o(x)2dx]. (2.6)

1<J

The main result of this paper is the following theorem.

Theorem 2.2. Let V' be non-negative, smooth, spherically symmetric, and compactly supported potential,
satisfying V(x) = 0 if |z| > Ro, whose scattering length is a. Then, there exists a constant Cy > 0 such
that

E(N,A)

lim > drap(1 — Cop3 | log p|?) (2.7)
N,L—oc0
N/L3=p

as p— 0.
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2.2. Notations. Let eg(x) and (1 — 7(k,z)) be the lowest Neumann eigenvalue and eigenfunction of
(—A + 3V) on the ball of radius £ > Ry, i.e.,

(-A+ %V(x))(l —7(k,z)) = eo(k)(1 — 7(k,x)) (2.8)
with the boundary conditions
T(k,x) =0, O7(k,x)=0, ifl|z|=k. (2.9)

Note that 7 is spherically symmetric, since V is spherically symmetric. Some properties of 7 and ey are
collected in Section B most notably,

3a 3a C
5 <eo< i+ ). (2.10)
Using 7, we define a function W; that will be used for our proof, which will approximate the ground
state of —A; + 37, .., V(zi —z;) when x is fixed except z;. Let ¢;; be the half of the distance of z; to

its nearest particle other than z;, i.e.,

1 .
tij = 7 |x; — zk]. (2.11)

We introduce a particle triple cutoff function F;;(x) at a length scale ¢y defined by

1 if ¢,
Py =q L Hhi=fo (2.12)
0 otherwise

We also introduce a particle triple cutoff function at a length scale {_; < £y, G;j, which is defined to be

1 ift,; >0
Gii(x) = * ) 2.13
i(%) {O otherwise ( )
Here, ¢y and ¢_; are fixed and satisfy ¢op > ¢_; > Ry. Note that t;; # t;;, and in fact, ¢;; does not
depend on z;. The same holds for F;; and Gj;.
Let us extend the definition of 7 so that 7(k,x) = 0 if |z| > k. We define W; by

Wj(X) =1- Z [Fi‘(X)T(fo,JJi - LL’j) + (1 - Fl(X))GU (X)T(fij,,fi - JJ])] (214)
isit
Our interpretation of this wave function W; is as follows: When x; is the nearest particle of z;, W;
becomes 1 —7(€y, z; —x;) or 1 —7(t;;, x; —x;), depending on ¢;;. Physically, it corresponds to a situation
in which the particle z; is moving and all the other particles are fixed. Any particle ; other than z;
has its own ‘effect’ on z;, and the radius of this effect is given by ¢y or t;;, provided that ¢;; > £_;. z; is
affected only by its nearest particle.

The definition of W; shows how we can handle the case when three or more particles are close to each
other; when a particle x, is close to x; and x;, we do not ignore interaction between x; and x; but assume
that the range of interaction shrinks accordingly. Here, the range of interaction is ¢;;, the size of support
of 7.

We will use length scales from now on such that

0y~ p~F|logpl%, €y~ p F|logp|7F, f1~ p F|logplFT, Ly~ pTFllogp| T, €= pF|logp|®.

(2.15)
Here, 7 is a small positive number such that 0 < n < 1/15. We choose the parameters properly to satisfy
L ="ty 0y=2", (2.16)

where h, h' are integers.
We will prove in Section [f] that there exists a constant ¢y < 1 such that

Wj(X) >1—co>0. (217)
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Other properties of W; will be proved in Section [bl as well.

2.3. Basic strategy of the proof. To prove the main theorem, we use a strategy that consists of four

steps:

(1)

For a given Bosonic wave function ¥ € L?(AN), we let ®; := W]fl\I/ for j=1,2,---,N. Here,
®; is well defined, since W; > 0. Using W;, we convert the hard potential V' into a soft potential
q with the expense of a portion of local kinetic energy:

Lemma 2.3. Let

q(k,x) == eg(r)1(|z] < K) (2.18)
and
qij := Fijq(lo, vi — x5) + (1 — Fij)Gijq(tij, vi — ;). (2.19)
Let € = (z1,x2,+ - ,zn). Then, for any ¥(x) € L*(AYN),
N N
(0, Hy¥) > >~ /A WP () P+ /A _aij(@)[ V(@) Pda, (2.20)
=1 i#]

where ®;(x) .= Wi U(z) for j =1,2,--- N

Note that, though ¢;; is the soft potential we want to use throughout the paper, it is not
symmetric, i.e., ¢;; # ¢j;- The kinetic energy term here contains |W;|?|V;®;(x)[?, which is
associated with an operator T; = —Wj_lijfijj_l. To use this operator T}, we need to
impose boundary condition. Noting that Neumann boundary condition gives the lowest energy
for a Laplacian operator —A;, we introduce the following condition on 7} that corresponds to
the Neumann boundary conditions on —A;:

Definition 2.4. Let U C A be a box.

(a) Assume that x1,---,Z;, - ,xn are fixed. We say that ¢(z;) satisfies ‘W;-Neumann bound-
ary condition’ in U when ¢(z;) € L*(U) and W;lz/J(xj) satisfies Neumann boundary con-
dition in U.

(b) Let j = 1,2,---,n. Assume that 2,41, ---,zn are fixed. We say that ¥(x,) satis-
fies ‘W;-Neumann boundary condition’ in U when (x,) € L*(U") and, for any fixed
Tis T T

Vj(5) =¥ (xn) (2.21)

satisfies W;-Neumann boundary condition in U as defined above.

When we prove lemmas containing |W;|?|V,;®;(x)|* such as Lemma 2.6 by using 7}, we will
only consider cases where ®;(x) satisfies W;-Neumann boundary condition, which can be justified
as follows: For a given t(x,) € L2(U™), we can find ¢ (x,) € L2(U™) such that ¢ satisfies W;-
Neumann boundary condition in U for j = 1,2,--- n, and the difference between the kinetic
energies of ¥ and zz is negligible. To see this, we first change 1 into 1[ so that V (ijlw(acj)) =0
at the boundary and 1 differs from {/)V only near the boundary. If this change was small enough
and made sufficiently near the boundary, then, even though V ;1 might have been changed a lot,
the difference between V ;1 and Vj{/)v could be arbitrarily small after integration. This results in
the negligible difference between the kinetic energies of ¢ and {/)V
To use perturbation theory, we divide the torus A into small cubic cells. We need to replace
the soft potential g;; by another soft potential g;; so that particles in different boxes do not
interact via this soft potential. If we just ignore interactions beyond the boundaries of cubic
cells, however, it will lower the energy significantly. To resolve this problem, we shift the origin
of division, u, continuously and take an average of energy with respect to u. More precisely, we
will consider the following;:
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Let u € [—¢1/2,01/2)% and let G := £;Z3> N A. For A € G, we let A, be a cubic box of side
length ¢; centered at (u + \). Here, u corresponds to the origin of the grid that divides A into
small boxes A,. This technique leads us to the following lemma;:

Lemma 2.5. Consider a three dimensional grid with the origin u € A. Assume that this grid
divides A into small cubic cells of side length 01 ~ p~3|log p|3+1, 0 < 1 < 1/15 such that

A= UAu)\v Au)\i mAu)\j = @ Zf )\1 # Ajv (222)

where Ay 18 a cubic cell of side length £1 and A is an index for those cubic cells.
For given w, let OAyux be the boundary of Ayx and d(xz;,0M,)) the distance between x; and
OAyx in A. Define

o= (2.23)

—  Jay if d(xi, 0Aun) > 2Ly for any A
0 otherwise

Then, for any V(x) = ¥(z1,22, - ,ZN) € L2(AN)

2 2
Z/ ¢i;(z)| ¥ (x |d:c>1nf 51 450 ZZ/ ¢i; ()| ¥ ()| “de. (2.24)

i#j

In each small cubic cell of side length ¢, we use perturbation theory with half of kinetic energy
to estimate the energy in the small cell in terms of the number of particles in it. When the small
cell contains too many particles, however, perturbation loses its validity. In this case, a very
small portion of energy from the main Hamiltonian Hy will contribute the energy we need and
it is sufficient in order to estimate the lower bound for the ground state energy. More precisely,
we can prove the following lemma:

Lemma 2.6. Let x1,x92,--- ,ony € A. Let B C A be a boz of side length {1. Define E(n,B) as
the ground state energy of n particle system in B with interaction V, i.e.,

E(n, B) := inf spec {— ZA + ZV —z)} (2.25)

i<j

with the Neumann boundary conditions. Let

n(n — ifn 3

. 2.26
(408 — D — (2pF)2  if n > 2063 (2:26)

Let e = p%|10gp|3 as in 2I0). Fix xpi1, Tpyo, -, 2N outside B and let ®, = (x1,x2, - ,Zy).
Then, for any ¢(x,) € L*(B™) with ¢; := W<_11/) for =1,2,--- n, we have

2 b 3n —~ 2
eE(n B)|0] + Z/”WW%@Mmz]_%);AﬁW%ﬂm

> fn)(1- CG)WWH%- (2.27)

In the cell method in step (3), the number of pairs in a small cubic cell is not n?/2 but n(n—1)/2.
This gives an additional factor (1—p~¢;®), which is the ratio between n(n—1) and n2. This error
factor becomes quite problematic because p_lﬁfg ~ |log p| 173" > €. To handle this problem,
we merge 23" adjacent small cubic cells of side length £; into a larger cubic box of side length /5.
(Recall that we chose fo = 2"/¢;.) For a technical reason, we only merge two cells at a time, and
we apply perturbation theory to achieve a similar result to Lemma for this ‘doubled box.’
When we get to the cell of side length £5, we can obtain the following lemma:
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Lemma 2.7. Letx1,xa, - ,on € A. Let Ay, C A be a cubic box of side length ly ~ po [logp|~5
Divide Ay, into 23" smaller cubic cells of side length {1 such that {1 = 2=h¢y. Call those small
cubic cells By, Ba, -, Bysn. Define f as in (2.28) and let

Y t(t—1 ’Lft < p€3
f) = ( 5 ) s :. (2.28)
(2pl3 — 1)t = (pl3)*  if t > pl3
Fix Tpi1, Tnya, -, TN outside Ny, and let x, = (z1,72, -+ ,x,). Define N(By) as
Zl r; € By). (2.29)
j=1
Then, for any V¥ (x,) € LQ(A?2) with ¢; = Wj_lz/; forj=1,2,---,n
1 n 4 23}1
7Ta
G920 [ WPV @ Pde, + / FN (B (@) P,
9 V2. 7
7j=1 lo k=1
ry 1 4ma
> f(n)(l—OP3|10gP|)€—3H1/)||§- (2.30)
2

Proofs of the key lemmas above are given in Section Bl and Section @l

2.4. Proof of main theorem.

Proof of Theorem [22. Assume that p is sufficiently small. Lemma B3 shows that, for any ¥ € L2(AYN),

(U, HNU) > e(U, Hy D) + (1 — €) Z/ (x)[2|V;®; (x)| dx+Z/ i |9 (x)| dx) (2.31)

i#£]

where ®; = ijlq; and € = pz|log p|3.
Recall that in Lemma we divided A into small cubic cells A,y of side length ¢;, where u is the
origin of division and A € G is an index for those cells. From Lemma 2.5 we get

(U, Hy V)
> (U, HyU) 4 (1 —¢ Z/ x)[2|V,;®;(x)[2dx (2.32)
) / By (3 [, IV
1— f coodxy e dxs - | drs).
+(1—¢) in (gl —‘MO) ; s dxidxs - - dxy - - - dx; da:N(; " 3i; |V (x) [P da;da )

The next step is to divide the kinetic energy into the small cubic cells. Let P be the set of functions
that assign particles to the small cubic cells, i.e.,

P={p|p:{1,2,--- N} = G}. (2.33)
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Let p~Y(\) = {i: p(i) = \,1 <i < N}. Then,

Z [ WO 0
N N
= ZZ/ H (@1 € Nupr )dwk)lW( )P1V;@;(x) [ (2.34)
j=1peP =1
- ZZ/ . 1($k S Aup(k:))d'rk)
= 5 AN ol k (k#/\
X(/Auw)j:p%_ki PP T de)

Here, the last integral of the right hand side of (2:34)) represents the kinetic energy in A, . Likewise, we
also have

Z/AN ] daydws - - dz; dx; ---dgc]\;(;/A?M 0ij |V (x)|*da;da; )

i#£]
ZZ/N ‘pil(/\)‘ H 1(:Ek S Aup(k))dxk> (2.35)
pEP A k:p(k)#A
X(/Awlw Z G| (x H dwk)
uX i,5:9#£5,p(1)=p(j)=A k:p(k)=A

For a given box B, Let AV/(B) be the function that indicates the number of particles in B, i.e.,

N
= 1(x; € B). (2.36)
1=1

Then, applying Lemma 26, from (232)) (Z34), and ([Z.33) we get

(W Hy W) + Z/ )7 V5 () P
21 -~ —
+(1—6)(€1 —460)3;AN2 d$1d$2d$zd$]d$1\](;/j\i>\ qij|\If(x)|2dxidxj>

> 4”“/ Zf M) (%) 2, (2.37)

where f is defined as in ([2.26)). Note that in (Z3T) we only used half of kinetic energy. Combining (2.31]),
232), and (231), we get

(U, HyW) > ( ——e Z/ x)|2|V;®;(x)|2dx + (1 — Ce) 4”/ Zf Aun)) W (x)[Pdx. (2.38)

Now we consider larger cubic boxes of side length ¢5. We let A/, be a cubic box of side length /s,
which is a union of 23" A,\’s, where 6 is an index for those larger cubic boxes. With a shorthand notation
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x = (x1,x2, - ,xnN), we obtain from Lemma 2.7] that
4 a
Z/ )PV, ®;(x)2dx + (1 — C ”/Zf Aux))[(x)[dx
47m 9
> [ ST oo a (2.39)

where f is a convex function such that f(n) = n(n — 1) if n < pf3. So far we have proved that
4
(@, Hy W) > inf (1 - a / Z FNV T (x)|2dx. (2.40)

We are left to minimize ), f(N(A;G)) Since f is convex and Yo N(Al,) = N, we can use Jensen’s
inequality to get, for any x1,xs2, -,z N,

3

. I3~ L \
" TN (M) 2 5 Flot) = Fotd(ots — 1) = (1 - Cpllog )Nt (2.41)
P) 2 2

Note that this lower bound is independent of u. Hence

<\I]7 HN\I}>

dma
>(1- Npl3 = drapN (1 — 2.42
a2 (1= OO Npl = dmapN(1 — Ce). (2.42)
This shows that, when p is small enough, there exists a constant Cy such that
E(N,A
lim E(N.A) > 4mwap(1l — Coe), (2.43)
N,L—oc0
N/L3=p
which was to be proved.
(|

3. LOWER BOUND ESTIMATES

In this section, we prove Lemma 2.3 Lemma 25 and Lemma 2.6l which were used in the proof of
main theorem.

1. Conversion into a soft potential.

Proof of Lemma(2.3. Fix j and consider x1,z2, - ,Z;, -+, =N to be fixed. From that ®; = ijllll, we
get
JAZIEEEED S RCEEM IO .)
H#J
= [ IWePIV,@ 60k dr + X [ [Wi60(= A, + 5Via = )W) 19,60,
(]

For each i # j, we have either F;; =1 or F;; = 0. Note that Fj; is independent of z;.

(1) When Fj; = 1, consider B(x;, %), a ball of radius £y centered at x;. When z; € B(z;, /),
W;(x) =1—7(ly, z; — x;), thus

( — Aj + %V(Il — Ij))Wj(X) = eo(go)Wj (X) (32)
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When z; ¢ B(z;,4), (—Aj + 2V (2 — x;))W;(x) = 0. Thus,
/A [Wj (x)(—4;+ %V(%‘ - wj))Wj(X)} |©;(x)[*da;
= [ ottt = ;| < Q)W) ()19, P = [ Fiyhatlo, s — ) W) Py, (33

(2) When Fj; = 0,G;; = 1, consider B(z;,t;;), a ball of radius t;; centered at z;. When z; €
B(,Ti,tij), Wl(X) =1- T(tij,,fi — J,'j), thus

(-4 + %V(xi — ;) ) W(x) = eo(ti;)W;(x). (3.4)
When ; & B(zs,ti;), Wj(x)(— Aj + 3V (zi — 2;))W;(x) = 0. Thus,
[ W60~ 85+ 5V @ = )W 0] 2000 P, (3.5)
A

= [ eolti) o ] < )W IPIR, (0P = [ (1= Py (0)Gu (0t = ) V(0.
(3) When Fy; = G;; = 0, we have that W;(x) = 1, thus we get
J W60 (= 8+ 5V = )Wy 0] 0,60l > 0, (3.6)
From cases (1)-(3), @) 1Inphes

/(|v () + Z V(s —a;)| 9 (x;)|?)dz,

A
[ W G019, (o), @)
+y / 3 ()q(lo, i — 25) + (1 = Fi (%)) Gij (x)q(tij, wi — 25)] W (x)[*da;.
(]
To get back to the N particle problem, we first integrate (3.1) and summing it over j gives the desired
lemma. O

3.2. Decomposition of A.

Proof of Lemma[Z3. Recall that we let u € [—¢1/2,£1/2)3 =T, G = (1Z> N A, and for A € G, A,y be a
cubic box of side length ¢ centered at (u+ A). Here, u corresponds to the origin of the grid that divides
A into small boxes A,x. Note that the positions of those boxes depend on w.

Define X, by

. 61 él 3
0 otherwise

and Yux := X(x —u — ). If Xur(z;) = 1, then x; € A,y and z; is not within distance 2{y from the

boundary of A,y. Note that
— 44y 5
d E “ 3.9
IFI/ u ) Xuale) = (5= (3.9)

for any # € A. This means that the probability of having z € A to satisfy xux = 1 for a Xis (/1 —440)3/63.
From the definitions of ¢;; and Y., we have

ng Z Xu)\ Ty qU (310)
A€G
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(¢i; depends on u, but we omit it.) Thus, for any ¥(x) € L%(AYN),

1 — 1 ~
m/du/2 37|V (%) Pdzidr; = T /. / duz Nux ()i |V (%)) ? dsda
r A aJr (55

by — 44
( : 0)3/ 45|V (%) |2 dz;da;.
él A2

Integrating ([B.I1) with respect to dzidxs - - d/x\l e E:E -~ dry and summing over i, j gives
N 1 , N
1 ~
> [ asleedax = o [ du P> [ @wepax
Py AN |F| T fl —4[0 oy AN

N
% ~
> inf 3 U (%) [2dx.
> () ;/Am () Px

This proves the lemma.

3.3. Lower bound estimate - Small cubic cell.

Proof of Lemma[2Z.8l. We consider the following cases:
(1) When n < 9pf3:

(3.11)

(3.12)

When n <1, f(n) =0 and the lemma is trivial. Suppose that n > 2. Define an operator

Ty = W, 'V,Wiv,w; !

(3.13)

on the functions in L?(B™) with W;-Neumann boundary conditions in B in the sense that, for a

function ¢ € L?(B™),
Ty = =W 'V (WEV; (W H).
For i,j € {1,2,--- ,n}, i # j, we want to consider an operator
T, T 0 g
-0 tamon TG

+

(3.14)

(3.15)

which is defined on functions in L?(B™) satisfying W;-Neumann boundary conditions and W;-

Neumann boundary conditions.
We first estimate a lower bound for
T; 2 3~
4(7’L — 1) + (fl — 4@0) 4ij

(3.16)

by Temple’s inequality [19], with [4(n — 1)]7'T} as the unperturbed part in the first order per-

turbation theory.

To find the gap of T}, we first notice that W;, which is defined in ([2.I4), is the ground state

of T;. For a function ¢(x;) with W;-Neumann boundary condition in B with
/ WJU)(IJ)d.IJ = O,
B
we apply Poincare’s inequality to obtain
[ 10tas) = oz < 1Bl [ [VotePd,
B B

where

1
¢—E/B¢(%‘)dfcg‘~

(3.17)

(3.18)

(3.19)
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We also have

N dPds = 2 e — 2\ da)?
[ 106 = dde, = [ ute)as, |B|(/w< )
e, — L - x;)dx T x zj)lax
[ WtePas; = o ( [ - Wiwtean)? 2 [ wepPas - S [ o)’
(1—0(2))/ [ (x;) 2. (3.20)
B

Thus, we can see that, in a box of side length /1,

(gap of T;) > Cly 2. (3.21)

Y]

In order to use Temple’s inequality, we first need to check that

T, 0
> 22
o T g % 20 (3:22)

which is obvious since T; > 0 and ¢;; > 0. Let (F)yw, denotes

(F)w, :/ d$iF|Wi|2// da; |[Wi]?. (3.23)
B B
We also need to have
4 ~
f 3(qi\w, 3.24
(g0 of o 33) > (g0 i, (3:24)
which can be easily seen from that
T;
f— _)> 2> 1
(gap o T 1)) Cn~ty? > Cp’llogp|~F
2 _ l ~
> Cpillogp| 2 > Cllaijlloe > (——)*(@i5)w, - (3.25)
l — 44

Thus, we can indeed use Temple’s inequality to obtain that

9 —~\2
T; TN 0 g, (@i Yy — (@),

ig 2> () (i) w; — - 2
- P ) w2 gy (@aiws —C n—16,2 (3:26)

We want to estimate (g;;)w, and <‘Ju )w; - It follows from Lemma[5.T]that, for all £_; < & < £,

( ) < C
T\R, T; — X5 _
T e —

(3.27)

Hence,
C

a W2 > a7(1 —
qz]| J| _qU( |xi_xj|

2> g1 — ) 3.28
|xi_xj|) _QJ( ) ( )
Let S_; and Sp be sets of all points in B that are not within distance 2¢_; and 2y, respectively,

from any of 1,29, ,%;,- -+ , %5, -, TN, e,

S_1={x€B:Vk#i,j|v—xK >20_1}, (3.29)
So={x € B:Vk #1,j,|x— x| > 20y} (3.30)

Let B be a set of all points in B that are not within distance 2¢y to the boundary of B, i.e.,
B={z € B:d(z,0B) > 2(,}. (3.31)

By definition, ¢;; = 0 if z; € B\S_; or x; € B\E, and ¢;; = qi; f 2, € S_1 N B.
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When z; € So N E,

C C
G |W; |2 dx; > /71—7d$'26€ / 11— ——)dx;
[t = [ @G- gtz e [0 g
> (1- %)60(60)/ ldx; > 4mwa(l — gg> (3.32)
0 lzi—z;]|<lo 0
When z; € (5_1\50) n E,
C C
G| W;2dx; > /71—7d$‘26 ti-/ 11— —)dz;
[t = [ @0 zawy) [0
t” s —x 5| <t t”
For (qw )w,, when z; € SoN B,
A@2|Wj|2dxj < [ @ < ct5?, (3.34)

and, when z; € (S_;\So) N B,
/ G |W; 2da; < / @i da; < Ct°. (3.35)
B B

Since we know from Lemma [5.2] that

U Cn— —ct / |W;|2dx; < 63, (3.36)
from (3.32)) and (B.33), we get
O iy = (0 3/ oW 12da s / 2
(El - 4[0) (Gis)w; = (51 _ 4g0) @3 |Wj|da; / . [W;|"dz;
l 4 C C _
(7 (1= ) 1@ e Son B)+ (1= =) - 1w € (S-1\So) N B) ), (337)
b —4ly” b lo ti;

and, from (B34) and B35, we get

—2 — —
%WQ?%%WQ@— & [ @wipds/ [ 1wk,
< c"él 073 1(z; € Son B) + c"fl 078 12 € (S_1\So) N B). (3.38)
Inserting (337) and B38) into (B24), we ojbtain that
4(nTi 5 G ?460)3‘373‘
(el f14€0)34;_; ((1 - % - CZ—?) Az € SoNB) + (1 — % - ng) “1(x; € (S-1\So) N E))
(o 61%)34;—; ((1 - c’%?) A(wicSonB)+(1— c%) (i € (S_1\So) N E)) . (339)

Here, for the last inequality, we used nf3 > % > (% and, when x; € (S_1\So) N B, nf?> 02>
02> tf
= iy



A LOWER BOUND ON THE GROUND STATE ENERGY OF DILUTE BOSE GAS 13

Let

dma 2 ~ ntl? ~

&i(xy) = v 1-C—) - 1(z;€SoNB)+(1-C 3 ) 1(x; € (S—1\So) N B) | . (3.40)
1 ij

Note that Sy and S_; are independent of z; and z;, and §; is independent of z;. We apply

Temple’s inequality to
T; 4

i A1
4(7’L — 1) + (fl 4(0) 5 (3 )
with [4(n — 1)]7'7; as the unperturbed part. Then, we get
T; 2 4 <§'2>W-
i i . 3.42
We now estimate (§;)w,. By definition,
(&w: = 31_3/ _&GWilPda;
S_1NB
4 2 2
> Tra-oh [ et - [ L, (3.43)
14 & Js_inB 14 1\So)NB Ly

To estimate the last term in the right hand side, we note that (1) ¢;; = 5|;vi — x| for some 1z,
other than z; and (2) the union of annuli {z : 20_; < |z — x| < 24y} for all x;, € B other than
x; and x; covers (S_1\Sp). Thus,

/ ti:2dw; <
(S-1\So)nB

To estimate the first term in the right hand side of ([B.43]), we use

/ |Wi|2d3:i2/ d:z:i—/(l—|Wi|2)dxi > |S_1 N B| - CnitZ, (3.45)
S 1ﬁ§ S 1ﬁ§ B

feikti Y 2-1<|zi—mk| <260

where the last inequality follows from Lemma Since |S_1| > 3 — Cn(¢{_1)® and |B| =

(61 - 460)37 from (m)a M)7 and M)7 we get

(&)w
|S_1 N B| 4ma nl? 2 / . 4
> —————(1-C—)(1-Cn—3)—-Cn 0% @y — x| day
o3 o ( I S F’) k%. 20 <|zi—a1| <260 ol g
0 — 4y 54ma (0_1)3 nl? 0 5| log pl
> 1— G e 4
> 7 )3 Ef( Cn @ OgB 063 Cn 7 )- (3.46)
Since (&7)w, < [I&]1% < COT°,
(Ew, Cntyt (3.47)
n=ly? T
Thus, combining [3.39), 3:42), B.46]), and ([B.47), we obtain that
Ti T] gl 3~
=) "I TG
(0_1)3 nt? 2 5| log p|. 4ma
> (1-C —-c—Lt-cnl—-Cn 3.48
= (=Onp Iz ] n (3.48)
> (1- CP§|10gp|3)£—3~

1
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This implies, when x,, 11, -- ,xy are outside of B, for any 9(x,) € L*(B") with ¢; = Wflzb for

1=1,2,--,n
1 1210 ()2 219 (2 b 5[ ~ 2
m/ (|W1| |Vidi (%) +|WJ| |VJ¢J(X71)| )dxn+(€1_4£0) /B" ng|¢(xn)| dxy,
4
> (1= 0o vl (3.49)

This shows how we can get the lower bound for the ground state energy in a soft potential
regime. g;; depends on particles other than x; and x;, but overall effect from them is insignificant
and becomes a small error.

We apply this argument to all 1 < ,j < n, i # j. After summing over all indices ¢ and j, we
get

1 S 2 2 ﬂl 3 - —~ 2
52 | WY 60 P+ () D [, @t P,

z nn-1)1-C )gg 13- (3.50)

(2) When 9pf3 < n < 9¢~1pf3:
Let p := 9pf3. Here, n satisfies that
(6-1)? |log p| i
—— L 1l,n—= <1 3.51
n @ 0 < ,n€?<< (3.51)
We form particle groups in B, each of which contains at most p particles, such that G; =
{w, 20, 2}, Go = {xpr1,- @2}, 5 Glasp) = {Z(In/p)—1)pt1s " 1 Tnsplpts Glnsple1 =
{Z|n/p|p+1, -+, n}. Note that the number of groups with p particles is [n/p] and [n/p] > n/2p.
For i,j € G, we consider
-1 ap-1 7= 460) @
which is defined on functions in L?(B™) satisfying W;-Neumann boundary conditions and W;-

Neumann boundary conditions. We then use the Temple’s inequality as in case (1) to get, for
any ¥(x,) € L}(B") with ¢, = W, ' for [ = 1,2,--- ,n

<1, np

(3.52)

1 21V ()2 o W 21V b ()2 b 3/ Tl (x)[2
Ap—1) /B” (|W1| (Vi (xn) | + W7V 05 (x0)] )dxn+(€1_4£0) i Gij v (%) | dxr
0_41)3 0 02 log p|, 4ma
> (1-cnl ﬁf) e g—g—cng—g—Cnp' 80, dna Il (3.53)
1 1

We apply this inequality to all particles in the part1cle group G1, then to all particle groups
in B. Using &1, we obtain

1 = 2 2 ﬂl 3 - —~ 2
5 | WY 60 P+ () D [, @it P

n (0_1)3 0 0 |log p| . 4ma
> [ Zplp—1)(1 - —Opt —cn0 - .
> st - 10— onlE - o - ongd - cnploBEh By g (3.54)
n 8\ 4ma
> Bo-1)(3) 18 2 (408 - a1 - o T w13

We note that, while in Lemma 2.6 the two cases n < 2pf3 and n > 2pf3 are distinguished, we
choose the size of p to be 9pf3. If we would choose the size of p to be 2pf3, we would get a lower
bound that is not convex at n = 2pf3, since the lower bound would increase proportionally to
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n. We need a space to connect two different formulas so that the resulting lower bound becomes
convex, thus the distinction is between n < 9pf3 and n > 9pf3.
(3) When n > 9¢~1pf3:
In this case, we only use the term eE(n, B) to prove the lemma and ignore the other terms,
since they are non-negative. It is known that the ground state energy of n particle system in a
box of side length ¢;,

E(n, B) > 4#@(%)n(1 - 0(%)%) (3.55)
1 1
when the density (n/¢3) is sufficiently small and
n.—-5
fn=C(z) " (3.56)

1

(See Theorem 2.4 in [15].)
In our case, if the box B contains m := 9¢~1pf3 particles, then

t = Cp¥|log pl¥ > Cp™ 1| log | = C(35) ™1, (3.57)
1
and the density in this case
% = 9¢71p = 9p3|logp| =% = 0 (3.58)
as p — 0. Thus we can indeed use ([B.55]) to obtain that
E(m, B) > 4mm—;(1 — o2y (3.59)

5 &
To find a lower bound of E(n,B), we form particle groups in B, each of which contains m
particles. Since we have |n/m] groups of size m, by superadditivity,

4
E(n,B) > | 2| E(m, B) > (4p63)n(1 — ce)éif. (3.60)
m 1
Since, n falls into one of the above categories, we get the desired lemma. O

4. BOX DOUBLING METHOD

In this section, we prove Lemma 2.7]

4.1. Lower bound estimate - Large cubic cell. In order to show Lemma 2.7 we need to prove a
result analogous to Lemma when Ay,, a box of side length ¢ is given. We note:

0, < by~ p~9|logp| 3 (4.1)

More specifically, for a box B with a side length between ¢; and ¢3, we will show that the energy in B
with n particles (n ~ p|B|) retains the form,

4ra(l — Ce)|B| *n(n —1). (4.2)

We can see that the error factor 1/n that comes from the ratio between n(n — 1) and n? becomes smaller
as n increases, and eventually it becomes 1/n ~ p% |log p|?> < € when the side length of B becomes /s,
i.e, n~ pl3.

To demonstrate how to enlarge the size of box while retaining the form (£2), we first consider a simple
case where we have only two adjacent boxes A4 and Ap with the same size. Suppose that there are n
particles in Ay UAp. Let ng and np denote the number of the particles in A4 and Ag. We assume the
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potential energy in Ag and Ap as na(na —1)/|Aa| and np(np — 1)/|Ap|, which has the form in ([{@2]).
For a € R, we define the Hamiltonian as

n

Ho=aY (~A) +na(na - 1)/|Aa| +np(ng — 1)/|Ag| (4.3)
=1

When « = 0(no kinetic energy), the ground state energy of this Hamiltonian is n(n — 2)/|Aa U Ap|.
But when a = oo(particles are uniformly distributed in A4 U Ap), the ground state energy is equal to
n(n —1)/|Aa U Ap|, which gives the desired form (£2)).

We will show that instead of —aA;, a small potion of T; can also guarantee the almost-uniform
distribution and the desired form (2.

This heuristic argument shows our basic strategy in this section, which we call ‘box doubling method.’
Recall that ¢5 = 2"¢,. In this method, we begin from the first step where we have 23" small cubic cells
of side length ¢;. We consider (23" /2) pairs of adjacent boxes, and for each pair that consists of two
adjacent boxes of same size A4 and Ap. As explained above, we can get a lower bound for the energy
of n particle system in Ay U Ap at expense of small potion of T;’s. In this way, we can effectively make
the size of each box doubled, since the new ‘potential energy term’ in A4 U Ap also has the form in
(#2) (when the density in Ay U Ap is about p).

At the end of the first step, or the beginning of the 2nd step, we have 23»~1 boxes whose dimensions
are {1 x {1 x 2¢1. In the 2nd step, we consider 2°"~2 pairs of those boxes and perform the above process
again for all the pairs. Keep using this method. At the beginning of the s-th step, we have 23"~ boxes,
and after applying the above method to 23#~~1 pairs of boxes, the number of boxes gets halved and
the size of each box doubled. And the new ‘potential energy terms’ in new boxes also have the form in
([#2) (when the density in new boxes is about p)

We keep repeating it until the side length of a box becomes 5, which is when s = 3h, and we only
have one box left. The form of the potential term, (£2]) remains the same throughout this procedure,
and it can lead us to the desired result, Lemma 2771 We will make this argument rigorous in this section.

Before we begin the proof, we introduce definitions that will be used throughout this section.

e s is a non-negative integer that satisfies 1 < s < 3h, where {5 = 2k, . We let
0(s) =255 gy, (4.4)

((s) satisfies p~3|log p| 317 ~ £y < £(s) < by ~ p~5|log p|~ 3, where 0 < n < 1/15.

This s is a label keeping track of which step we are at. We begin from s = 1 and our method ends
when s = 3h.

e A4 and Ap are boxes such that the volume of each box |[A4| = |[Ag| = 257143 and the dimensions
of Aa, A, and Ay U Ap are either
(1) Aa=Ap =4(s) x £(s) x £(s), AaUAp = £(s) x £(s) x 2{(s),
(2) Aa=Ap =14(s) x £(s) x 2£(s), AaUAp = £(s) x 2£(s) x 2{(s), or
(3) Aa=Ap ={(s) x 20(s) x 20(s), AaUAp = 2£(s) x 2£(s) x 2{(s).

e M(A) and M(B) are the functions that indicate how many particles among x1,xo,- -, z, are
in As and Ap, respectively, when x,, 11, Tpt2, -+ , 2N are outside (A4 U Ap), ie.,
M(A) = 1(zi € Aa), M(B):= 1(x; € Ap) (4.5)

i=1 i=1
Note that M(A) and M(B) depend on n though we omitted it.

A4 are Ap are a pair of boxes at the s-th step. Though we consider only two boxes at a time, note
that we have 23%=5=1 such pairs of boxes in s-th step.
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Note that the potential term in Lemma [2.6] i.e., the right hand side of (2.27) is 47a|B|~! f(n), which
is different from [@Z). f(n) changes from quadratic to linear at n = 2pf3. At the s-th step, we use fs
instead of f, and fs(n) becomes linear when n > Kj, i.e.,

e Define (1 <s<3h+1)

-1 ift < K
folt) := {(21(5 ~t- K2 ift>K,' (46)

The definition of fs ensures that fs is continuous and convex. And we define the parameters K as
follows,

o Let
Ky :=2pl3 (4.7)
and we choose K such that
2Ky — Kop1 > |10gp|%\/m and K, > 257 1pf3. (4.8)
For example,
K= (2= (= ==)llog | ) -2 ot (49)

We note that fs with a suitable coefficient is our actual potential energy term in ([@2)). When s = 1,
fs is equal to f in ([Z.28), and fs(t) = t(t — 1) when t < p- 2°pf3, i.e., the density is no more than p.
(Note that 2571 pf3 is the volume of each box in the s-th step.)

Our proof of Lemma [2.7] requires the following proposition only, where we consider s to be fixed:

Proposition 4.1. Let n be an integer and 1 < n < N. Assume that Tp41,Tpi2, -+, TN are fized
outside (Ay UAg). Then, for any ¢(z,) € L*((Aa U Ap)™) with ¢; = Wj711/1 forj=1,2,--- ,n (Here
Ty = (.’L’l,.’[]g, e ,(En)),

(4ma)- FAM(A)) + f.(M(B))
W12V () |2 day, )2 dx,
el Z/AAUAB)J IV 565 () 2d +/(AAUAB)n - (@) [2de
- 1 fs+1(”) 2
> (1-Cpt) /(AMB et (e, P, (4.10)

Here, the constant C' does not depend on s.

Note that the factor (47a)~! can be a general constant C in this proposition and subsequent lemmas.
We keep this factor, however, in order to use it in the proof of Lemma 2.7

Proposition £l shows the outcome of box doubling method when it is applied to A4 and Ag at the
s-th step. We can prove Lemma [2.7] from this proposition.

Proof of Lemma[2.7 Recall that we defined h as o = 2"¢;. Recall also that we have a cubic box Ay,

whose side length is 5 and By, B, - - , Bgsn are small cubic cells of side length ¢; such that Uiihl By =
Ay,. We have that ©p,41, Tpio, -, 2N are fixed outside Ay, and we let x,, = (z1, 2, -+ ,z,). We want
to prove that, for a given ¢(x,) € L*(A},) with ¢; = WJflq/; for j =1,2,---,n,

4
——eZ/ W19, (x0) B + ”"Z TN ) P

1k1

> f(n)(1 —CpgllogpI)@lelg- (4.11)
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Here,
~ tt—1 if t < pl3
f(t) = ( X ) U 5. (4.12)
(2pl; — 1)t = (pl3)*  if t > ply
Since /e
log (05 /03 1
h=—=="22 < (= —¢)ll 4.1
3h = “H I < (5 — o)l logl. (4.13)

we can keep using Proposition ] until we have only one box and its side length is £5. Then, we get

——6 E / W51V 5 (%) |2an+47Ta§ ))W)( n)Pdxn
A'Vl
fang1(n)

> (1-Cp3|logpl)dma B
2

An
£2

[0 (%0) P dxs. (4.14)

Note that we used an idea similar to (Z34) in order to convert the sum of kinetic energies over small
cubic cells into the kinetic energy in a larger cubic cell.

By definition [@8), K3n1 > 237pl3 = pl3. Together with the definition of f in ([2.26)), it can be easily
checked that f3p41 > f. This proves the desired result, 230). O

4.2. Proof of Proposition 4.3l To prove Proposition [£] we consider large n case and small n case
separately. When n is large, we use the following lemma to prove Proposition [£.1]

Lemma 4.2. Suppose that n > K11 + 2/ Ksy1. Let ma,mp =20,1,2,--- ,n. Then,

) fs(ma) + fs(mp) [s+1(n)
matme=n ™ ZTAaUAS (4.15)

We note this inequality implies (£I0) directly, since the kinetic energy part is always non-negative. A
proof of Lemma will be given in the next subsection.

On the other hand, for small n case, i.e., when n < Ksi1 + 24/K,41, we are going to prove the
following inequality:

(47TCL Z/A e |W| |VJ¢J(Xn)| an /(A fS(M(A))+fS(M(B))|1/)(Xn)|2an

| log p| AUAg)" |Aal
> (1 Cp#)F,(0,0,n)]|3 (4.16)
fs+1( ) 2
> (1-Cp )WW’H?

Here, F is a function defined as follows:

Definition 4.3. For non-negative integers n4,npg, define

_ [s(na) | fs(np)
Fs(na,np,0):= Al + Anl (4.17)

To define F(na,np,k), we use the following process: For a fixed k, consider k particles, y1, 42, - , Yk,
which are uniformly distributed in Ay U Ap, i.e.,

P(yiEAA):P(yiEAB):Q.

Let ma(k) and mp(k) be the number of y;’s in A4 and Ap, respectively, ie.,

(4.18)

k
ma(k) =Y 1(yi € Aa), mp(k Z 1(yi € Ap) (4.19)
=1 =1
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Extend the definition of F' so that

Fs(na,np, k) = (Fs(na +ma(k),ng + mp(k),0))s, (4.20)
where (-}, denotes expectation with respect to the distribution of y1,y2,- -+ ,yx. (We call those imaginary
particles y1,y2, - -+ ,yr ‘Tandomized.’)

To prove ([I6), we need the following lemmas that will be proved in subsection 4.3:
Lemma 4.4. Suppose that n < K11 + 21/ Ksy1. Then,

fs+1 (n)

F0,0,) 2 (1= p) =

(4.21)

We note this lemma implies the second inequality of (£I6). For the first one we have:

Lemma 4.5. Suppose that n < K1 + 21/ Key1. Fiz Tpi1,Tny2, - 2N outside (Aa U Ap) and let
Tpn = ('Ilvx?a o ;In)' Then: fOT any 1/}(:1117.) € L2((AA U AB)n) with ¢J = Wjilq/} f07’j = 15 27 N,

(4ma)~ T ) o
Z/AAUB W6zt [ RO, M) O ) P

| ]‘Og pl AUAB)n
> (1= Cp3)Fu(0,0,n)][4]13. (4.22)
Now we are ready to prove Proposition 11

Proof of Proposition [{.1, When n > K i1+ 24/Ks41, the desired result (4.10) follows from Lemma [4.2]
When n < Kgy1+21/Ks41, we obtain (£16) from Lemma .5 and Lemma .4, which implies (ZI0). O

4.3. Proof of Lemma and Lemma (4.4l
Proof of Lemma[{.2 Since fs is convex,
. n
min  fs(ma) + fs(mp) > 2fs(§). (4.23)

ma+mp=n
Thus, it suffices to prove
n 1
2fs(§) z 5fs+1(”)- (4.24)
(1) When K1 + 24/Ks11 < n < 2K, we have

4fs(5) = fenr(n) = (07 = 2n) = [(2Kop1 — o — K2,
1 1

2
— 5) — Koyq — 1 (4.25)

With n — Ksy1 > 24/Ks41, we have it is above zero.
(2) When n > 2K,: we compare the derivatives of both sides of ([@24),

= (n - Ks+1

d n 1 1d
2— (fs(=)) =2Ks—1>Kegy1 — = == s 4.2
dn(f(2)) 175 2dn(f+1( n)). (4.26)
Since we also have )
2fs(Ks) > §fs+1(2Ks); (4.27)
We can see that, for any n > 2K,
n 1
2fs(35) 2 5fsra(n). (4.28)

Hence, we can get the desired lemma from cases (1) and (2). (]
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Proof of Lemma[{.4} Suppose that we have n randomized particles y1,y2, - ,¥yn. Each particle is uni-
formly distributed in Ay U Ap so that, fori=1,2,--- . n,

1
P(yiEAA):P(yiEAB):E. (429)
Let
n k
mA:ZI(yiEAA), m3221(y1‘€/\3), (4.30)
i=1 i=1
and () denote expectation with respect to the distribution of y1,y2, -, yn. Then,
F,(0,0,n) = <fs(mA?; {S(mB». (4.31)
A

To compute (fs(ma)), we first calculate (m?% —m4) and estimate the difference (m?% —ma — fs(ma)).
The former is
2 2
2 _ - 2 2y _ 2y _ _r,r_r_n_n
To estimate the latter, we use the Chernoff bound (See Corollary 4.9 in [16].) for binomial distribution,

which becomes, in this case,

2
Plma>n/2+() <e n. (4.33)
where we used the mean and variance of my4 are n/2 and n/4. Since
(t—K,)? ift> K,
2 —t— = , 4.34
(@) {0 B (1.31)
#33) implies
(m% —ma— fo(ma)) = Y Pma=¢)-((—K)>< Y P(ma>¢)-(¢—K,)?
(=Ks (=K
& 22 00 22 /)2
< Y e T (C-K)? < / e~ T (¢ - K,)2C < On2e U (4.35)
(=K. K

To estimate the last term in the inequality above, we use n < K11 + 21/K,41 and ([L8) and obtain

n K, 1
Ko=5 2 K= =50 = VKo > [logpl* VKoo, (4.36)
Hence,
(Ks—n/2)? _ (Ks—n/2)?

> 1 4.37
- > g > [log p, (4.37)

which gives

s —m 2

n2e— TS < on, (4.38)

Together with (Z35) we get
(m% —ma — fs(ma)) < pn?, (4.39)

thus,

7’L2

(fstma)) 2 (L= p) (7 = 7)- (4.40)

~13

Therefore, from that

(fs(ma) + fs(mp)) = 2(fs(ma)), (4.41)
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we obtain, when n < K1 + 21/ Kst1,

1 n?—n n?—n fst1(n)
F0,0n)> ~(1—p) "2 —1—p " 5 (q—p LW 4.42
( )2 5(1=p) Al ( p)|AAUAB| ( p)|AAUAB| (4.42)

which was to be proved. (Il
4.4. Proof of Lemma In this subsection, we consider s to be fixed and let ¢ = {(s), F = F, and
n < Ksy1 + 24/ Ks41. We will see that the ground state energy is equal to the expectation with respect

to the uniform distribution of particles up to a small error. And this is guaranteed by the small portion
of the kinetic energies Y T;. The following lemmas show the idea:

Lemma 4.6. When n < Kgy1 + 2/ K11, for any fized xo,x3, -+ , &N with Tpi1, Tpio, -+, TN outside

(AaUAB), assume na particles among xa, -+ , &, are in Aa and npg particles in Ap(na+ng=n—1).
So, when x1 is in Ay the total energy is F(na + 1,np,0), otherwise it is F(na,ng + 1,0). Let
T =W, 'V wiv,wt (4.43)

defined on functions in L?>(AaUAp) with the W1-Neumann boundary conditions in AaUAg. Then, there
exists a constant C' such that, we have the following operator inequality:

4 —1
Gm9) e F(na + 1np.0) - 1ay € Ax) + F(naing +1,0) - 1(z; € Ap)
| log p
2
> F oAz nE)” o ks, 4.44
= (nA7n37 ) €4|10gp|_1 nps ( )

We note that the LHS of ([@44]) depends on z;, but the RHS of ([@44]) does not. Instead, the function
F in the right hand side has 1 instead of 0 in its third argument, which means that, when we compute F,
we need to consider one imaginary particle whose distribution is uniform in A4 U Ap as in the definition
of F. Thus, we can say that the particle x; got randomized.

We note that the right hand side has a term —C’(na — np)?¢~*|log p|. When we apply perturbation
theory with xx, 2 < k < n, we also need to take this term into consideration. The following lemma shows
an outcome of perturbation theory for general k:

Lemma 4.7. With the assumption as above, except that na particles among 11, -+ , T, are in Ay and
np particles in Ag (na +np =n —k), we have
(4ma)~! < , (nA—|—1—nB)2)
~—— T+ Fna+1,ng,k—1)—C'(k—1)—————— | - 1(zp € Ap
| log p| ( )=k -1) 4] log p| ! ( )
— — 1)2
F k1) —Ce—na—re = D7) A 4.45
+ (Pl 1k -0 - 0@ - )22 2 e dp) (9
> F(na,np, k) — orplma—nm)” Cnpit=3.
- T 4| log p|~*
Here, C' does not depend on k and Ty, is defined as
Ty = W 'V W2V, W1 (4.46)

We can prove Lemma using the above lemma n times.

Proof of Lemma[{.3 Let

MBI (A) = 3" 1 € An), MP(B)= > 1(z; € Ap). (4.47)
i=k+1 i=k+1

Note that M(A) = M(O)(A) and M(B) = MO (B).
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From Lemma [£.6 we get

4 —1
- WPIT 101G P+ [ M) M), 0 P (445)
[logp| Ja,uag)n (AaUAR)™
W(A) — MD (B2 }
> / [F(M(l)(A),M(l)(B), 1) —C (M (‘:U M_l (B>) _ Onpgéig} |1/}(Xn)|2dxn
(AaUAB)™ 4] log pl

As a next step, we apply Lemma [£7] with the right hand side of the above equation. Then we get,
(47a)~t

|1ng| (AAUAB)n

[Wa|?| Va2 (xn)[2dxn

(MD(4) — MY (B))?
Tlog p| 1

+f [FMO(4), MO (B),1) - ' Joee)fdx,  (4.49)
(AaUAB)

(M®(4) - MP(B))?

> / [F(M®) (A), M) (B),2) - C' — Cnpb 73] b () P
(AAUAB)"

log 11
Thus,
Z W90 ) P+ [ FM(A), M(B), 0)[t(x) [2dx,
=1,2 |]‘ng| AAUAB)" (AAUAB)n

(2) - M@ 2
> [ RO MR @), - o T )
(AaUAB)" €4 log p|~

We keep applying Lemma 7. Since M*)(A) = M*)(B) = 0, when k = n, we get

— Cnp3 73] |9 (%) [Pdxn.

n 4 —1
y- W96 ) P + [ FM(A), M(B), 0)[4(3c,) P,
i=1 |]‘ng| (AAUAB)" (AAUAB)"
N N M@ (4) — M™)(B))2 .
> [ EMO ) MO B — BB b8, ) P,
(AAUAR)" 4] log pl
= [F(0,0,n) — Cn?p3¢=2] |[0|I3. (4.50)
Since F' is convex, from Jensen’s inequality,
F(0,0,n) > F(g, g,o) > On20~3. (4.51)

Thus, we have

(4ma)~ / 9
W%V idi(xn) | “dxp, + / F(M(A), M(B),0)|v(xy,)|*dx,
oo Z o, W0t [ M) M), 000
> (1—Cp3) (O,O,TL)H’QZJ(.’L'n)HQan, (4'52)
which was to be proved. ([l

Since Lemma is a special case of Lemma [£.7] we only prove Lemma .71

Proof of Lemma[{.7 Let

F Lng,k—1)—F k—1) ifa €A
gi(an) = (na+1,np, ) (na,ng, ) %Ike A (4.53)
F(na,ng+1,k—1)— F(na,ng,k—1) ifx, € Ap
and
na+1—ng)2—(ng—ng)?® ifz,eA
Mi(ay) = { AL mms) = (na=ns) b€ A (454)
(na—np—1)°—(na—ng) if z, € Ap
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Consider
(4ma)~? M,

| log p| 4 log p|
with (47a|log p|) =17} as the unperturbed part. We want to use Temple’s inequality to get a lower bound,
ie.,

Ty +gr — C'(k— 1) (4.55)

(47ra)~t
| log p|

> F(na,np,k)— F(na,np, k—1)

_ M
log p| 1

Ty +gr — C'(k — 1) (4.56)

!

2 1,)-3
——————(na—np)*—Cnp3L™~,
Plog 1A e = v
which implies Lemma 7l So to prove Lemma 7] it only remains to prove (£L50).

In order to use Temple’s inequality on (@53, we first check if the perturbation part is non-negative.
This is trivial when k& = 1, so we assume that &k > 2. Without loss of generality, assume xz; € A 4. From
definition,

gr(zk) = F(na + 1,np,k—1)— F(na,np,k—1)
= (Fna+1+malk—1),ng+mplk—1),0)— F(na+mak—1),ng+mp(k—1),0))r_1
fsna+1+ma(k—1))  fs(na+ma(k—1))

( Al Al Yk—1 (4.57)
It can be easily checked that
fs(ma+14+malk—1))— fs(na+ma(k—1)) > C(na+malk—1)). (4.58)
Thus,
gr(xr) > Cl 3 (g +ma(k —1))p_1 > Ckl3. (4.59)

We can prove similarly that gi(xy) > Ckf~3 when 2, € Ap. Since n < Cpl® < {|logp|~! and My < Cn,
we have

kMj,

kn
>Ckt3>C > 4.60
9= > g T = Tlogp[ T (4.60)
which shows that the perturbation part of (£55) is non-negative, i.e.,
M
>0, (4.61)

_C’ki
Ik (Tlogp]* =

We also know the gap of (47a|log p|) 1Tk is much larger than the expectation value of g, in the ground
state Wy, since

(?|log p| 7! > Cnl™ > I gklloo > (gr)w- (4.62)
Hence, we can apply Temple’s inequality on ([@5H) and obtain
(471’(1)_1 , Mjy,
Te+go— C'(k—1)———k
| log pl ( )€4| log p|~*
M, (9w, — (g0)iy,
> —C'(k - 1){(—~—"— - =k 4.63
= <gk>Wk ( )<£4|10gp|_1>Wk €_2|10gp|_1 ( )
(MP)w, = (Mi)3y, -
—Ok2 k Y 2 1 1
€8|10gp|_2 /( | ng| )
where (gr)w, denotes
<gk>m/,C = (/ gk(xk)|Wk|2d$k)/(/ |Wk|2d$k) (4.64)
AaAUAB AAUAB

and other expectations are defined similarly.
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We want to estimate terms in the right hand side of (£.G3). In each estimate, we want to compare the
expectation (-)y, with an expectation with respect to a uniform distribution. Let (g)1, denote

(gk>1k = (/ gk(xk) -1 dl‘k)/(/ 1 d.’L‘k) (4.65)
AaUAB AaUAB
and other expectations (-)7, are denoted similarly. It can be easily checked from the definitions that
F(na,ng,k—1)+ {(gk)1, = F(na,np, k). (4.66)

We have the following estimates for the terms in the right hand side of (L.G3).
(1) Using Lemma [5.3] we get

[{gr)wi = (gr)1,| < Cnplge™. (4.67)
Together with (A.66]), we have
(gk)w, = F(na,np,k)— F(na,ng,k—1) — Cnp3t3. (4.68)
(2) Using Lemma [5.3] we get
Mk Mk ’erf2 3
k{{(———— — (e < Chk—"t 0 — 02073, 4.69
|<f4|10gp|_1>wk <€4|10gp|_1>1k‘ = €4|1 | 1 < npky ( )
On the other hand, we simply follow the definitions to see
(Mp)1, = 1. (4.70)
Hence, we get
C'(k — 1)<L> < Cnpst—3 (4.71)
(g 1" = | |
(3) Using Lemma [5.3] we get
[{gRdwi — (gR)1.] < Cn?plee=", (4.72)
[{g)i, — (gr)1, | < On®pl3e=". (4.73)
Thus, since n < Cpl® < £|logp|~t,
(gi)wi = {gp)iv, _ {gida, — ()i
< £+ Cnplgl—?. 4.74
llogp[ T = (2[logpt 0 (4.74)
To estimate (g7)1, — (gx)3,, we again follow the definition and get
1 2
(g1, — (gw)3, = 1 [F(na+1,np,k—1)— F(na,ng+1,k—1)]". (4.75)
Suppose that we have (k — 1) particles randomized, namely y1,y2, -+ ,yr—1 as in the definition
of F, (£I10)-@20). Then,
[F(na+1,np,k—1)— F(na,ng+1, k—l)] (4.76)

= [(F(na+1+ma(k—1),n5+mp(k—1),0)= F(na+ma(k—1),np+1+mp(k—1),0)) 1]
< <[F(nA+1—|—mA(k—1) ng +mp(k—1),0) — (nA—|—mA(k—1),n3—|—1—|—m3(k—1),0)]2>k71

It can be easily checked that, for any non-negative integers m; and ma,

[F(my 4+ 1,mz,0) — F(my, mg + 1,0)]? (4.77)

Thus,
[F(na+1,np,k—1) — F(na,ng + 1,k — 1)]°
< AT ([(na+malk — 1)) = (np +mp(k—1))%]),_,- (4.78)
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From the definition,

([(na +ma(k —1)) = (np +mp(k — 1))2}>k_1 = (na—np)*+ (k—1). (4.79)
Thus, from (@74), (A73), @T78), and [@.79), we obtain
(9w — (9r)3y, (na —ng)? +k (na —ng)? .
Rk Ve <Ay Cnp3l2. 4.80
¢=2logp|~t 144l llogp T = ilogp 1 T (4:80)
4) Using Lemma [5.3] from that n < Cpl3 < ¢|logp|~! we get
(4) Using p gp g
(MP2Yw,, — (Mi)wz  (M2)1, — (My)3 n?pl3
ke ko kTh Le| < Of?— 0 303, 4.81
1o oI WTioga® | = OF Biggps <00 (4.81)
From the definition of My, it can be easily checked that
(M), — (M), =4(na —np)*. (4.82)
Thus,
M2 — (M 2 4 _ 2 C 4
2 ’“Zl’“ <7§>1k % (?A ”iZ, < < nphl, (4.83)
%] log p £|log p| %] log p
Here, the last inequality follows from
n?0=3|log p|* < Cp*e8|log p|* < p3. (4.84)
Hence,
M? — (My,)?
9]log p| 3
Applying estimates (£.68), (£.71)), (@80), and (L85 to (A63), we obtain (£50). This proves the desired
lemma. (]

5. PROPERTIES OF TWO BODY PROBLEM AND THE APPROXIMATION TO THE GROUND STATE

Lemma 5.1. Let ey and ¢ be the lowest Neumann eigenvalue and eigenfunction on the ball of radius k,
i.e.,

1
(-A+ §V)¢ =€) (5.1)
with the boundary condition
o(x) =1 and 0p(x) =0 if |z| = k. (5.2)
Suppose that V(x) = 0 when |x| > Rg. Then, if k > Ry, there exist constants co and ¢ such that
0= 0() ST, 1-6() < [ (5.3)
Moreover, we have
3a 3a C
5 <eo< 51+, (5.4)
Proof. For a proof of the first part of the lemma,
<o) <1, 1-¢)< |C—1| (5.5)
T

see Lemma A.1 in [3]. To prove the second part, we extend the definition of ¢ so that ¢(z) = 1 if |z| > k.
It is well known that

/R o) (—A + %V(x)) b(x)dz > 4ra. (5.6)
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Thus, ¢(z) < 1 implies that
1. 3a

eo > 47m(/ p(x)?dr) > =. (5.7)
lz|<r K
Upper bound for eg is also proved in Lemma A.1 in [3]. O

Lemma 5.2. Define W; as in (Z14) and = (21,22, -+ ,xn). Suppose that x; is in Ay, a box of side
length ¢ and x1,--- ,Zj,--- ,xN are fived.

(1) There exists a constant ¢y < 1 such that
(2) Let £>> ly. If Ay contains n particles including x;, then

631 - Cni—g —-cihH< / \W;|2dz; < 03 (5.9)
Ay

Proof. From Lemma [5.1] we can see that there exists a constant ¢y that does not depend on s such that
T(k,x; — xj) < co whenever {_1 < k < {y. It is clear that

Ej (X)T(éo,xi — Ij) >0 or (1 — EJ(X))G” (X)T(tij,.Ii — .Ij) >0 (510)
implies that z; is the nearest particle of ;. Thus, there exists an index k such that
Wi(x) = 1 = [Fij (x)7(Co, x — ;) + (1 = Fij (%)) Gy (%) 7 (Erj 2 — 25)] (5.11)

hence, we obtain the first part of the lemma.
To prove the second part of the lemma, we note that W; = 1 unless there exists a particle z; such that
|z — x| < min{fo,tr;}. Assume that there exists such k. Consider first a case where z; € Ay. When

tr; > Lo,
2 ¢ 2 2
|WJ| dxj Z (1 — 7) diEj Z d:Ej — Cﬁo, (512)
|xk7x]‘|<fo ‘1k*1j|<e0 |"E]C - $J| |kamj‘<lo

and, when t5; < £y,

C 4
/ (W;|*dz; Z/ (1- ———) da; z/ da; — Ct3, > —mtd, — Cl3. (5.13)
‘:Ekfil?j‘<ti]‘ |Ik7I]‘|<tij |$k - x]' |Ik7I]‘|<tij 3

Now consider the other case where 2, ¢ Ay. Note that d(zy, A¢) < fo in this case, where d(zy, Ay)
denotes the distance from xj, to the box Ay, When t; > {o, let By, be a ball of radius ¢y centered at zy.
By, N OAy, the intersection of By and the boundary of Ay, is a disk, and we let r; be the radius of the

disk. Since )

1
/ —da; g/ — dzj = 2w, (5.14)
BiNA, |$j - ‘rk| \/fz—rk<|;ﬂj—wk\<€0 |Ij - Ik|
we can see that
C
/ |Wj|2d$j 2 / (1 — f)dej 2 / dl‘j — C'f‘]% (515)
BrNAg BrNAg |xk x]| BrNAy

We can get the same estimate when ¢; < {o, in this case, By becomes a ball of radius ¢j; centered at
xk. Note that all these By’s are disjoint. If we sum over all such k, we get

\W;|2dx; > / r2. (5.16)
Z w/BkﬂAg J Bkﬂ/\g Z b

kixy g Ag,d(zy,Ae) <lo k: mk¢1\z (zr,Ae)<lo kixy @ Ag,d(zy,Ae) <lo

Since By N OAy lies on OAy, > rk cannot exceed the area of dAy, thus,

> / \W;[*d; >
BrNAg

/ dr; — CL2. (5.17)
kixp @Mg,d(zr,Ae)<lo BrNA,

k: 1k¢/\e (z1,Me)<
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Altogether, we get

N \W;|*dx; > /Ae dz; — Cndf — C0* = (3(1 — C’ni—z —ceh. (5.18)

Finally, W; <1 implies that
/Ae \W;|2dz; < 03 (5.19)
This proves the second part of the lemma. ([l

Lemma 5.3. Let Ay and Ap be as in Section[fl Suppose 1, @2, T € AaUAB and n = O(p|Aal).

Let1 < j <n and let W; be defined in (Z14)). Fiz x1,22, -+ ,&j, -+ , TN With Tny1, Tnyo, -, TN outside
(AaUABg). For a given function h(x;) with
h if x; € A
hzj) =4 Vg €ha (5.20)
hp Zf Tj € Ap
let
Ghw, = [ W)Wy [ WP, (5:21)
AaUAB AAUAB
AaAUAB AaAUAB
Then,
[(R)w, — (h)1,| < Cplgmax{ha,hp}. (5.23)
Proof. Let
pa= ([ W) /([ W) (5:24)
Aa AaUAB
PR = (/ |Wj|2d11?j)/(/ (W;[2da;). (5.25)
Ap AsAUAB
Then,
(hyw,; = paha +pBhp. (5.26)
From Lemma [(.2]
1 ntg -1 1 2 -1
=c + O(—- 7 )J+O0U ) = 3 + O(ply) +O(L™7), (5.27)
and the same estimate holds for pp. Since
1 1
(h)1, = sha + 5hs, (5.28)
2 2
and (~1 < pl2, we get
[(Ryw, — (h)1,| < Cpliha + Cplihp < Cplymax{ha, hp}, (5.29)
which was to be proved. ([
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