View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Harvard University - DASH

"W DIGITAL ACCESS TO
SN SCHOLARSHIP AT HARVARD

Theory of Excitation Broadening Using Time-Dependent Density
Functional Theory for Open Quantum Systems

The Harvard community has made this article openly available.
Please share how this access benefits you. Your story matters.

Tempel, David G., and Alan Aspuru-Guzik. Forthcoming. Theory
of excitation broadening using time-dependent density functional
theory for open quantum systems.

Published Version  http://arxiv.org/abs/1004.0189v1

Accessed February 19, 2015 4:33:21 AM EST

Citable Link http://nrs.harvard.edu/urn-3:HUL .InstRepos. 4657437

Terms of Use This article was downloaded from Harvard University's DASH
repository, and is made available under the terms and conditions
applicable to Open Access Policy Articles, as set forth at
http://nrs.harvard.edu/urn-3:HUL .l nstRepos:dash.current.terms-of -
userOAP

(Article begins on next page)


https://core.ac.uk/display/28935107?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=1/4657437&title=Theory+of+Excitation+Broadening+Using+Time-Dependent+Density+Functional+Theory+for+Open+Quantum+Systems
http://arxiv.org/abs/1004.0189v1
http://nrs.harvard.edu/urn-3:HUL.InstRepos:4657437
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#OAP
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#OAP

arxXiv:1004.0189v1 [physics.chem-ph] 1 Apr 2010

Theory of Excitation Broadening using Time-Dependent Densy Functional Theory for Open
Quantum Systems

David G. Tempél and Alan Aspuru-Guzk

IDepartment of Physics, Harvard University, 17 Oxford Str@2138, Cambridge, MA
2Department of Chemistry and Chemical Biology, Harvard @nsity, 12 Oxford Street, 02138, Cambridge,[MA

The Casida equations of linear response TDDFT are extermdedl¢ulate linear spectra of open quantum
systems evolving according to a Markovian master equaBynmapping a many-body open quantum system
onto an open, non-interacting Kohn-Sham system, extriirgécbroadening due to electron-bath coupling can
be described exactly within TDDFT. The structure of the ltasgimatrix equations are analyzed for the generic
case of electrons linearly coupled to a harmonic bath withédfield theory. An approximate form of the
exchange-correlation kernel based on first-order Géiliegy perturbation theory is derived.

PACS numbers:

Due to its attractive balance between accuracy and effi- which is more conveniently expressed in a basis of eigen-
ciency, time-dependent density functional theory (TDDFT)states oHe;:
has seen a tremendous growth of applications in recent.years
These range from optical properties of molecules, clusteds d
solids, to optimal control theory and real time dynamics of d—pab(t) = —1WspPab(t) +Z,Rab,cdpcd(t)- 2
species in intense laser fielos [1-5]. A majority of appli-
cations concern molecular excitation energies and oguilla
strengths extracted from Casida’s matrix formulation oéar . .

encompases master equations of the Lindblad form or

response TDDFILI4]. Inthg usual formulauon,pne ConSId?r4hZ)ose derived from Redfield theory. We consider an N-
the density response of an isolated molecule without cogpli : . oo~
electron system havmg an electronic Hamiltonielg, =

to its environment. The resulting excitations are infinitel ~{

long lived, which unrealistically correspond to perfectharp 2 4i= e OF + 2'<J 1Tri=rjl r 7t Si1Vex(r1), WhereVeq(r) is

peaks in the frequency spectrum. In reality, excited states the static external potent|al of the nucleHe has a com-

molecular systems decay due to relaxation and dephasing iflete set of eigenstates satisfyig|Wa) = Ea|Wa) andawap =

duced by the surrounding environment. Information aboait th Ea — Ep are the system transition frequencies. Hegt) =

environmentis contained in the experimental shape andwidt(¥ald(t)|Wb) andy cqRancaPea(t) = (Wa|D[(t)]|Wp) are re-

of the excitation peaks in addition to their location. spectively matrix elements of the corse-grained reduced sy
In contrast to usual TDDFT methods, the theory of opentem density operator and the dissipative superoperator be-

quantum systems (OQS) provides a systematic way to dév_veen eigenstates of the full many-body electronic Hamilto

scribe spectral line broadening due to environmental effec nian.

Accurate models exist to describe diverse phenomenamgngin Ve assume the system to be initially in thermal equilibrium

from pressure broadening due to intermolecular collisions With it's environment at temperature T such thag > KgT is

the gas phase, to vibrational relaxation of molecules ifdsol satisfied and hence all excited-state populations aregielgli

matrices and liquids in the condensed phasel[14-17]. HowIhe initial equilibrium density matrix is thepan(0) = da0dno

ever, a majority of the OQS models require know|edge Ofi.e. we start the system in the ground—state. This resinds

the molecular many-body eigenstates which are in genesal tonOt necessary as one could start from the Kohn-Sham-Mermin

complex to explicitly calculate. This precludes a strictly ~ density matrix when formulating the OQS-TDDFT response

initio treatment of spectral lineshapes using OQS, since withequations. However, for molecular electronic excitatjass

out knowledge of the molecular eigenstates, the broadeningming a ground-state density is usually a very reasonable a

must be semi-emperically modeled . proximation. Applying a weak time-dependent external po-
In the present letter, we use a recent extension of TDDFtential 8Vapp(r.t), adiabatically switched on at= —, we

for OQS (OQS-TDDFT)[[628] to formulate matrix response €xpand the density response to first order in the perturbing

equations yielding the exact spectral lineshapes of a MarkdPotential:

vian many-body OQS model without requiring explicit a pri-

ori knowledge of the many-body eigenstates. We focus on

electronic systems whose density operator in the absence of n(r,t) /d3 // dt’Xnn(r, 1t —t") Vappi(r',t').  (3)

an external driving field evolves toward equilibrium accord

ing to a general memoryless (Markovian) master equation Here, on(r,t) = SapNan(r)0popa(t) where ng(r) =

(Wa| TN 8(r —T7i)|Wp) are the matrix elements of the density
d. . . operator an®dpp,(t) is the deviation of the system density
ap(t) = —I[Hei, p(t)] + D[p(t)], (D matrix from it's equilibrium value to first order in the appd

With appropriate choice of the tetratic matriapcq, EQ.
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field.  xnn(r,r’,7) is the OQS density-density response pap(0) = %0000 Denoting the spectrum of slater determi-
function whose Fourier transform to the frequency domain isnants ongg by {|®q)}, the initial non-interacting density
matrix is pﬁ;(O) = da00p0. Here greek indices will be used
/ / for Kohn-Sham determinants and latin indices for many-body
Xon(r,r' ) =Y Noa(NNao(r’)  Nao(r)Noa(r’) . states. We have assumes; > KgT is also satisfied for the
aFo W— (a0 — IRa0.20) @ — (&Wba — 1R0a 0a) first Kohn-Sham excited-state. Applyin®/appi(r,t) to the

N o open Kohn-Sham system yields the linear density response:
In Eq. (4), transition frequencies lie at the poles of the

density-density response function, while oscillator rirtes "
are obtained from the residues. In the vicinity of a traositi an(r,t) = /d3r’/ XSA(r, 1 t—t) VPN 1) (7)
the imaginary part —o

Where SVePNr t) = Vapp(r,t) + [dr ’6‘? r/‘) +
Noa (" )Nao(r’) J€Reo,20 Pe(r t) and 6V°pe"(r t) is the response of the unknown
(@ — wao — OM[Ra0.a0])? + (D €Ru0,20)? OQS exchange-correlation potential. Hexg,(r,r’, 1) is the
(5)  Kohn-Sham density-density response function whose Fourie
shows that each isolated transition acquires a Lorentziaftansform has the same form as Eq.] (4), but the matrix
lineshape. The presence of the bath shifts the excitatioBlements and energies are taken with respect to Kohn-Sham
frequencies of the isolated molecule BYM[Ra0q0] While  determinants while replacing the many-body dephasing rate
broadening the peak to a width at half maximum given bYRaan are the Kohn-Sham dephasing raﬁkn% «0- In general,
Ue[Rao0.20]- The dephasing ratéo a0 depend on the specific the system-bath interaction will only involve one-body-sys
bath model, but in general are proportional to the corrafati tem operators and therefore couple Kohn-Sham determinants
time of the bath and the second power of the strength of thgiffering by a single orbital. In this casB< ,, = yj, where
system-bath coupling. The Lorentzian lineshape is a generithe Kohn-Sham singly-excited determinahy is obtained
feature of Markovian systems and is expected to hold for realfrom the ground-stat&, by replacing an occupied orbital
istic systems in the long-time limit. Experimentally, tiisr- ¢ by an unoccupied orbitap;. Additionally, y;j represents
responds to frequencies near the center of a given spental | the dephasing rate between the two orbitals involved. This
in Fourier space [15]. Corrections to the Lorentzian shape ¢ procedure is discussed in more detail below for a sepcific
be obtained by including non-Markovian effects and will be system-bath model.
discussed in future work. By matching the response of the interacting and Kohn-
As discussed inl[6--8], one can define a unique nonSham systems and following a similar procedure to the for-
interacting, but open Kohn-Sham system with an effecmulation used by Casida [4], one finds the squares of the exci-
tive one- part|cle Iocal potentla!s OP¥(r,t) and Hamiltonian  tation energies as solutions to the psuedo-eigenvaludiequa
Ht)ks= 3N, — 202+ VgP*ri,t) such that when it's density

operatorpksevolves under the master equation,

Omxnn(r,r', w) ~

Q(w)F = w?F. (8)
d. ks - 0] 4 Bks[pks The operator on the left hand side is written as a matrix in
ﬁp(t) [H( ) +D )] (6) a basis of ground-state Kohn-Sham molecular orbitals:
the density of the correlated OQS is reproduced for all 1

times. This implies thalr[p(t)*A(r)] = Tr[p(t)A(r)] is al- O () = 31 (Wl — = (Vi — V)2

ways satisfied, where Tr denotes a trace over the 3N system i4(@) <O (e 404(' )

degrees of freedom. In Eq[](6), the dissipative superoper- N Y7L N

ator D is derived using the same approximations to derive 2/ (i = T (o + Z(V Vi) Kij o () x

D in the original master equation (Eq[] (1)), but evaluated

using Kohn-Sham eigenvalues and determinants in place of \/(fk— fi)(wk+ 5 (Md Yik)

many-body states. This is the procedure employed in [7]. We

now exploit the fact that the linear density response of the — 1K Oj1 (Vi + Vi) + deé“ (W + Mk)z. 9)

open Kohn-Sham system matches that of the interacting open
system and develop a set of matrix equations whose solution Equations [(B) and[{9) are the first central result of the
yields the correct spectrum. paper. The Kohn-Sham eigenvalues; and dephasing
With the system initially in it's ground-state, we begin by rates y; are mixed by the (in general, imaginary and
performing a self-consistent ground-state DFT calcuhgtio frequency-dependent) exchange-correlation kernel tdd yie
yielding a static Kohn-Sham Hamiltoniaflggzzi'\':l—%Diz—i— the real and imaginary parts of the energies of the inter-
Vs(ri) whereVy(r) is the ground-state Kohn-Sham potential acting OQS. For each eigenvalue solution in Eq] (8), the
corresponding to the density of the initial many-body statereal part gives the center of the excitation peak while its



imaginary part gives the width at half maximum. The
{fi} are orbital occupation numbers, which will be 0

or 1 in the groundstate, but may be fractional if higherHere,V(r,t,a =1)
temperatures are involved and Kohn-Sham-Mermin the9) =
ory becomes necessary. The coupling matrix is given byition p(t = —c0,a) =

Kia(@) = & g ) et r o a)a(r)
with foetr.r, w) = o + % the Hartree kernel

plus open system exchange-correlation kernel.
Since yij = y;i, one notices that all terms in the operator

fz(w) are real except for the coupling matrix and the term

—21wd 0 Je(yq). The structure of Eq. [{8) is most eas-
ily analyzed within a single-pole approximation, in whicle w

zoom into a subspace spanned by a single Kohn-Sham trang

tion from an occupied orbitap, to an unoccupied orbitag,
and further assumen, > Ki212(w) i.e. the correction from
the kernel is small relative to the bare Kohn-Sham transitio
In this case, one finds a single solution to Eq. (8):

~ —10eyi2+ \/ @iy + (Omy12)2 + (w124 Omyi2)Kiz 12,

(10)

If one uses a standard adiabatic approximationfﬁ{jf”,
the elements of the coupling matrix in EJ._{18)21> are
real and independent ab. In this case, we get a TDDFT
correction to the location of the peak givenBg(w), but the
width is given byldm(w) and the peak still has its bare Kohn-
Sham value ofley;,. This simple analysis suggests that an
adiabatic functional may be sulfficient if the bare Kohn-Sha
linewidth is close to that of the interacting system. For enor
accuracy, a frequency-dependent and imaginary functisnal
required. In the remainder of the paper, we propose such
functional, which starting from the bare Kohn-Sham linethid
at zeroth-order, systematically provides correctionsugh
perturbation theory.

However, before discussing approximations to

<Nr,r’,w), we generalize the adiabatic connection
perturbation theory of [9-13] to OQS. Following a general-

3

adiabatic connection at coupling constantind oV (r,t, a)

is the linear response of this potential to the applied field.
= Vext(r') + OVappI(r,t) while V(r.t,a =
Vs(r) + &Vs Pe\r t). We further specify the initial con-
[Wo(a))(Wo(a)| where|Wo(ar)) is the
ground-state that lies on the stationary adiabatic coirect
between the Kohn-Sham groundstate determindgta =

0)) = |®g) and the interacting groundstate ldf;, |Wo(a =

1)) = |Wo). As detailed inl[13], one can also consider excited
states{|¥;(a))} with corresponding energyE;(a)} lying on

the adiabatic connection between the ith Kohn-Sham excited
determinant and the ith many-body excited state. The densit
response at coupling constamtcan be formally written in
Erms of these states as

e 20a(a)
on(r, @, a) = a;o oa ()2 + Roaoa(a)? — w? — 21WR0a0a(Q) .
(Wo((a)[A(r)|Ya(@)) (Wa(a) |V (a, w) [ go(ar)), (13)

where the quantitieRpsa(0) are obtained from matrix el-
ements of the dissipative superoperator at coupling cohsta
a, 3 cdRapcd(a)pea(t, o) = (Wa(a)|DY[p(t, a)]|Wp(a)) and
OV (a, w) is the operator that genera@®é(r, w, a). Asin the
Kohn-Sham cas®)? is obtained by making the same approxi-
mations used in obtaining, but with eigenstates and energies
of the stationary adiabatic connection Hamiltonian at diogp
constantor. We now expand all functions af appearing in

nEq. (I3) in a Taylor series io. The expansions of quanti-

ties in Eq. [(IB) are given by Gorling-Levy perturbation theo

as in [9+13], but we now also expand the elements of the re-
Rxation matrix aRoa0a(d) = 370 A'Ryqpq- This is justified,
since for a given superoperatb‘ﬁ’ the elementRya0a(a) will
depend on eigenstates and energies of the stationary tidiaba
connection Hamiltonian at coupling constantwhich can be
systematically expanded order by order to construct thefset

coefficients{R o, -
Taylor expanding both sides of E@._{13) and equating terms

ization of the theorems proven in [6—8] and detailed in the of equal-order in alpha, at zeroth-order recovers E§j. (7). A

appendix, it is possible to consider an enti
equations:

d. N « Cora
giPta)=—1H(t.a),p(t,a)] +Dp(t,a)]  (11)
where 0< a < 1is the electron-electron adiabatic coupling

constant and where the Hamiltonian is

02 4 N
Z\ i<]= 1|'

Here,V(r,t,a) is a unique, local, one-body potential cho-
sen such thaTr[p(t,a)A(r)] = n(r,t,a) = n(r,t) yields the

+ ZV ri,t,a). (12)

physical open system density for all times independent oV (w,r) =
with V5P,

a. Considering linear response onW(r.t,a) =V(r,a) +
oV (r,t,a), whereV(r,a) is the potential lying on the static

Vi(w,rp) =

re class of masu?wst order ina one obtains,

/d3f2Xnn(w r1,r2)Vi(w,rp) =
(14)
The exact form ofh]"*Yw,rq,rp) together with a de-
tailed derivation of Eq. [{14) is given in the appendix.

— [d3r ’i?rr“") SV Pe(r, w) is the first-order
potential in the Gorling-Levy perturbation theory expan-
sion of the OQS response potential add"°'(r,w) gen-
eralizes the time-dependent exact-exchange response-pote

tial of TDDFT to OQS-TDDFT. Defining the OQS exact-
ope

exchange kernel by **\r,r’, w) = %T?(;)‘") and inserting

= — [ &' [ + KPr ', w)]on(r', w) together

r=

fds (Xnn) 1(w,r,r/)5n(|’/,w) into Eq.

(@4), one fmds.

/d3r2h°p Nw,rq,r2) VP w,ry).



4

a single occupied-unoccupied orbital transition andRgg,,
1 reduces to the dephasing rate between these two orbitals as
= discussed earlier. EJ.{119) is analogous to Eq. (12)in [T, b
_ for a different system-bath model. The first order coefficien
= / A (x5 M@, 1, )P o, 1 1) (xS et 1) is:

PN oo, r,r) +

(15)
1
This is the second main result of the paper. The func- L ab= M 5 f(%b(o))fab(O)zD(wab(O))
tional f¢"*(w,r,r’) provides an approximate imaginary and 7 20m(0)2 KT
frequency-dependent OQS kernel to be implemented in solv- I , w&b fab(O)ZD( (0))
ing Eq. [8). All quantities are computed in terms of ground- 200,(0)  KgT “ab
state Kohn-Sham orbitals and eigenvalues together with a m @Wab(0) | zab,  Fab1
specified bath model(x3,)~*(w,r,r’) is the inverse Kohn- ~ @n(0) f(KB—T)E (0)$*>"D(wan(0))
Sham density-density response function. Appearing in the fi
nal expression fofP*(w,r,r’) (see appendix) am,,, and __n f(M)Eab(o)zang’. (20)
R.0a Which are respectively the zeroth and first-order coeffi- @ap(0) * KeT

cients of the Gorling-Levy expansion of the relaxation matr  primes denote derivatives of the respective functions and

To be more concrete, we now proceed to construct these cere quantiiesol, and&2b2 are obtained from Gorling-Levy

efficients for a generic system-bath model: electrons figea st order perturbation theory and given explicitly in thp-A
coupled to a bath of linear harmonic oscillators treatethivvit pendix for completeness.
Redfield theory. . The density functional formalism we have presented allows
The full har_mltonlan _before tracing over bath degrees ofyne to calculate spectra starting from a many-body Marko-
freedom for this model is: vian OQS model, without requiring the many-body molec-
ular eigenstates as input. By explicitly coupling a system
A a 1 of non-interacting electrons with the same Markovian bath
H=He+{ Z Mi- Z Re+ Z y (CECZ + 5)' (16)  model used for the interacting system, the dissipation is ex
' ¢ ¢ plicitly accounted for in the response equations to zeroth-
In Eq. (16).r; andR; are respectively the position operator order in Gorling-Levy perturbation theory. Since the Kohn-
of the ith electron in the system aijth oscillator of frequency Sham eigenvalues and wavefunctions are different fromethos
wy in the bath and is a coupling constant characterizing the of the interacting system, the Kohn-Sham dissipation will i

strength of the system-bath interactia}.andc; are raising ~9eneral be different as well. The task of the open-system

and lowering operators for each bath mode. Performing thEXchange-correlation kernel is to correct the Kohn-Shas di
standard reduction to the multilevel Redfield equation3,[18 SiPation to that of the interacting system. \We have presente
one arrives at EqLT2), with: a frequency dependent and imaginary functional that explic

itly incorporates the first order correction to the Kohn-@ha

T g dissipation.

—f(—b)(Eab)zD(wab), a7) A.A.G and D.G.T wish to thank NSF CDI PHY - 0835713
20 KT for financial support. We thank Dmitrij Rappoport and Joel

whereé 3 = N& (W,|r|W,), D(w) is the harmonic oscillator ~ Yuen-Zhou for helpful discussions.
bath density of states anfdx) = 11t—e;xx. Applying the same

dissipative superoperator for this model, but at intermedi  \ppENDIX - DERIVATION OF 0QS EXACT-EXCHAGE
coupling constant as in E4._{11), one finds FUNCTIONAL

Rabab = —

The functional we presentin Eq. (15) is based on a general-
ization of perturbation theory along the adiabatic conioact
- [9-13]. This was originally formulated for time-dependent
with £3°(ar) = N& (Wa(a)|r|Wp(a)). Expanding to firstor-  closed systems if [12]. The generalization to non-unitaoy e
der in the coupling constarRan an(a) ~ Ry, 4+ ARy, 4y 0N ution follows directly once a one-to-one mapping between
finds densities and potentials is established for an open system a
any electron-electron interaction strength. Although this is
T 0) -~ not the main point of/[8], such a mapping follows directly
Robab= — 20(0) f(wé;(-r ) )€%°(0)°D(wap(0))  (19)  from the theorems proven therein.
The main point of the perturbation theory employed_in [9—
as the dephasing rate between Kohn-Sham determifiants |13] is to use the Kohn-Sham Hamiltonians as solutions to
and®y,. E?b(O) is zero unless these two determinants differ bythe unperturbed problem. This meag)<s=yN, - 102 +

LY GWap(ar)
20ap(a) © KgT

Rabab(Q) = )E%(a)2D(wap(a)) (18)




5

Ve Pri t) is the zeroth-order Hamiltonian for the evolution |W;(a)) = S, aX|WkK), we find|W;(a = 0)) = |W°) = |&;) is
and HkS sN, ——Dz +Vs(ri) is the zeroth-order Hamilto- the ith Kohn-Sham excited determinant whi (o = 1)) =

nian for the |n|t|al state We wish to include correctioneda S5 o |WK) = |W;) is the ith many-body excited state. The first
finite coupling constantr in the exchange -correlation kernel order coefficient in the expansidW?!) is obtained from per-
perturbatively. In the context of OQS-TDDFT, these correc-turbation theory according to:

tions will also include corrections to the Kohn-Sham diasip

tion which plays the role of a zeroth-order dissipation ia th

theory. The starting point of the derivation of the functibis i 0) Vee— Y — %|¢4(0)) i(0).  (25)
Eq. (I3) for the linear density response of an OQS at coupling ' =T wj(0) .
constant:

In Eq. (25),Vee generates the electron-electron repulsion

50t co.ct) — B 2600a (1) ) P 1ﬁ while Vi generates the ground-state Hartree
U a;) woa(a)? + Roaga(0)? — w? — 21wR0a0a(0) ~ potential [ d3r "”0 7 and v the local exchange potential of
o A(r o a8V (o o)) 21 ground-state DFT. The sum is over all excited Kohn-Sham
(Wo(@)IA(r)[a(a)) (Ya(@)|OV (a; w)lo(a)) (21) determinants differing from the ith determinant asagl(0) is
All quantities are then expanded in a Taylor seriegiffor ~ the energy difference between these two determinants. Eq.
the density response this yields: (28) follows from expanding the Hamiltonian in Eq[{24)
in a Taylor series ind and treating the term linear i,
w Vee— V4 — Vy Within usual Rayliegh-Schrodinger perturbation
on(r,w,a) = Z}a'én'(r,w). (22)  theory[9,10].

= Similarly, the energies are expandeda@r) = S, a¥EX.
By construction, the density response is invariant with re-The first-order correction to the energies are obtained from
spect toa. This implies thatdn®(r,w) = on(r,w), is the first order perturbation theory as well:
physical density response whida' (r, w) = 0 fori > 1. Con-
sider now the Taylor series expansion of the response paitent

operator: El = (04 (0)|Vee— In — U/ 44(0)). (26)
. 0 Since the relaxation matriRa, an(0) depends on the ener-
oV(a,w) = Z}a'éV'(w). (23)  gies and wavefunctiongEi(a)} and {|Wi(a))}, it can also
i= be systematically expanded in a Taylor serieg ifThe result
The potential operator at zero coupling constavt(a = of such an expansion to first order is E[q.1(20), for the specific

w) = 8V°(w), generates the Kohn-Sham response poten2YStém- -bath model considered. In EQ.1(20f, = E; - E;

t|aI SVEPEr 1), while 8V (o = 1,w) = 58V (w) gen-  and&?t = NE(W,(0)[r|Wp).
erates the true applied fieldVapp(r,t). Of particular in- Now, with the expansions of the energies, wavefunctions
terest, is the first order coeff|c|erﬁ\/1( w) which gener- and relaxation matrix elements, we can systematically eetpa
ates the negative of the Hartree and exchange potential r&oth sides of EqL(13) and equate coefficients of equal powers
sponse— [ d3 /6nr rrw SVPYr.w). The higher-order ina. If_ we keep only the tgrms of first-order im, the right
¢ o &ilw Ir=r'l th  th i f th hand side of Eq[(13) contains only Kohn-Sham determinants
ermsz_:z (@ )_g|ve € response ot the negative ot the 5, eigenvalues as well as the first-order correctihand
correlation potential and W'." t_Je neglected here. . |@l). As a result, all quantities in Eq.[{[L3) are expressed

At t = —co, the system is in the groundstate laf, with in terms of ground-state Kohn-Sham orbitals and eigengalue

ground-state densityip(r). There exists an entire set of Th It of the first-ord S 14) where:
Hamiltonians with ground-state density(r) at different in- € result of the first-order expansion is BQ.I(14), where:

teraction strengtha:
© N

S ! 20')&5 ! !
. N Xl @10 =3 3 = o — gy AORIAT)
ZD + ZV ri,o (24) 27)
i<j= 1| e . .
is the Kohn-Sham response function and:
The HamiltoniarH (a = 1) = Hg, is the many-body Hamil-
tonian whileH (a = 0) = Hks is the Kohn-Sham ground-state .
Hamiltonian. Assuming the eigenstatestofar), {|Wi(a))}, 2P o, r,1') = Z a(r)@(ngwi,j, ke )ar’)
do not cross a# is varied between 0 and 1, there is a con- K=
tinuous one-to-one adiabatic connection between the many- (28)

body eigenstates and the Kohn-Sham determinants. Ex- The non-zero elements of the matgw, i, j, k1) are given
panding the ith excited state di(a) in a Taylor series as follows:



20)as
g(w,a;s,a,b) = (W2 y2o— 2 — 2|cuyas)wos><
N
[— ;(bc|cs> — (s)%(b)] (29)
2Was
g(&) a,st, S a§s+ yas— w2 — ZIOJYas)Q)at
N
[— ;(ac|ct> — (t[%a)] (30)
g(w,a,s,a,a) =g(w,a,5SS) = 2 2 : %
(WEs+ Vis— W? — 21WVas)
N
- 3 (ades — (0] (31
20as
g(w.a,5b.s) ("gs‘f' Vas_ w? — 2|wyas)woax
N
[~ S (ablcg) — (alixb)] (32)
&
2Was
g(w,a,sat) T (W2t Y2 — W2 — 2100Yas) Wyt
N
EXERE) ¢
&
20)as
g(w,a,s,b,t) w§s+ Y2s— W2 — 210Yas) (Wsa — Wip) )
(asbt) — (atjbs)] 54
1 N
9(w.a,sa,8) =[~3 > ((cclbb)+(cbjbc))
of=1
N 1
- Zl<C|\7x|C> — 5 ((adsy —(agsa)+
N ) 1
C;(ajm) + (a|W(s)] W2+ Y2 W2 — 21Wyas
LS (fedlbty + {cbibey) — 3 (cl9
=[5 3 ((eclob) + (cbiba) — 5 (/o

~ 2 ((adiss ~ (asisa) Czl<as4cc> (i)
4055

{ _ 40syas( Yas — 10)
Wis+ Vas— W2 — 21Was

(wgs"' Vgs_ - 2|wyas)2
(35)

In the above, we use the notation 0f [[11] where indices
a,b and c are used to represent occupied Kohn-Sham orbitals
while s and t are for unoccupied orbitals. As|inl[11], all nratr
elements ofy(w, i, j,k, 1) not specified above are zero. In the
above notation, matrix elements of the Coulomb and nontloca
exachnge operators are defined as (and assuming real molec-

ular orbitals)(ij|kj) = [d3 [d°r ANGOKNAT) 5 the

r—r
above expressionys is the dephasing ‘rate‘ between two de-
terminants differing by a transition from an occupied abit
@, to an unoccupied orbitags as discussed in EqL_(1L9) for a
specific system-bath modeli, represents the first order cor-
rection to this dephasing rate as shown in Eql (20). Thus, we
obtain the generalization of the exact-exchange functioha
TDDFT derived in[[11] to the OQS-TDDFT case. In the limit
thatyss = yi, = 0, we recover the result of [11] as expected.
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