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Theory of Excitation Broadening using Time-Dependent Density Functional Theory for Open
Quantum Systems

David G. Tempel1 and Alán Aspuru-Guzik2

1Department of Physics, Harvard University, 17 Oxford Street, 02138, Cambridge, MA
2Department of Chemistry and Chemical Biology, Harvard University, 12 Oxford Street, 02138, Cambridge, MA∗

The Casida equations of linear response TDDFT are extended to calculate linear spectra of open quantum
systems evolving according to a Markovian master equation.By mapping a many-body open quantum system
onto an open, non-interacting Kohn-Sham system, extrinsicline broadening due to electron-bath coupling can
be described exactly within TDDFT. The structure of the resulting matrix equations are analyzed for the generic
case of electrons linearly coupled to a harmonic bath withinRedfield theory. An approximate form of the
exchange-correlation kernel based on first-order Görling-Levy perturbation theory is derived.

PACS numbers:

Due to its attractive balance between accuracy and effi-
ciency, time-dependent density functional theory (TDDFT)
has seen a tremendous growth of applications in recent years.
These range from optical properties of molecules, clustersand
solids, to optimal control theory and real time dynamics of
species in intense laser fields [1–5]. A majority of appli-
cations concern molecular excitation energies and oscillator
strengths extracted from Casida’s matrix formulation of linear
response TDDFT [4]. In the usual formulation, one considers
the density response of an isolated molecule without coupling
to its environment. The resulting excitations are infinitely
long lived, which unrealistically correspond to perfectlysharp
peaks in the frequency spectrum. In reality, excited statesof
molecular systems decay due to relaxation and dephasing in-
duced by the surrounding environment. Information about the
environment is contained in the experimental shape and width
of the excitation peaks in addition to their location.

In contrast to usual TDDFT methods, the theory of open
quantum systems (OQS) provides a systematic way to de-
scribe spectral line broadening due to environmental effects.
Accurate models exist to describe diverse phenomena ranging
from pressure broadening due to intermolecular collisionsin
the gas phase, to vibrational relaxation of molecules in solid
matrices and liquids in the condensed phase [14–17]. How-
ever, a majority of the OQS models require knowledge of
the molecular many-body eigenstates which are in general too
complex to explicitly calculate. This precludes a strictlyab
initio treatment of spectral lineshapes using OQS, since with-
out knowledge of the molecular eigenstates, the broadening
must be semi-emperically modeled .

In the present letter, we use a recent extension of TDDFT
for OQS (OQS-TDDFT) [6–8] to formulate matrix response
equations yielding the exact spectral lineshapes of a Marko-
vian many-body OQS model without requiring explicit a pri-
ori knowledge of the many-body eigenstates. We focus on
electronic systems whose density operator in the absence of
an external driving field evolves toward equilibrium accord-
ing to a general memoryless (Markovian) master equation

d
dt

ρ̂(t) =−ı[Ĥel, ρ̂(t)]+ D̆[ρ̂(t)], (1)

which is more conveniently expressed in a basis of eigen-
states ofĤel:

d
dt

ρab(t) =−ıωabρab(t)+∑
cd

Rab,cdρcd(t). (2)

With appropriate choice of the tetratic matrix,Rab,cd, Eq.
(2) encompases master equations of the Lindblad form or
those derived from Redfield theory. We consider an N-
electron system having an electronic HamiltonianĤel =
− 1

2 ∑N
i=1 ∇2

i + ∑N
i< j=1

1
|r i−r j |

+ ∑N
i=1Vext(r i), whereVext(r) is

the static external potential of the nuclei.̂Hel has a com-
plete set of eigenstates satisfyingĤel|Ψa〉=Ea|Ψa〉 andωab=
Ea−Eb are the system transition frequencies. Hereρab(t) =
〈Ψa|ρ̂(t)|Ψb〉 and∑cd Rab,cdρcd(t) = 〈Ψa|D̆[ρ̂(t)]|Ψb〉 are re-
spectively matrix elements of the corse-grained reduced sys-
tem density operator and the dissipative superoperator be-
tween eigenstates of the full many-body electronic Hamilto-
nian.

We assume the system to be initially in thermal equilibrium
with it’s environment at temperature T such thatω01≫KBT is
satisfied and hence all excited-state populations are negligible.
The initial equilibrium density matrix is thenρab(0) = δa0δb0

i.e. we start the system in the ground-state. This restriction is
not necessary as one could start from the Kohn-Sham-Mermin
density matrix when formulating the OQS-TDDFT response
equations. However, for molecular electronic excitations, as-
suming a ground-state density is usually a very reasonable ap-
proximation. Applying a weak time-dependent external po-
tential δVappl(r , t), adiabatically switched on att = −∞, we
expand the density response to first order in the perturbing
potential:

δn(r , t) =
∫

d3r ′
∫ ∞

−∞
dt′χnn(r , r ′, t − t ′)δVappl(r

′
, t ′). (3)

Here, δn(r , t) = ∑abnab(r)δρba(t) where nab(r) =
〈Ψa|∑N

i=1 δ (r − r̂ i)|Ψb〉 are the matrix elements of the density
operator andδρba(t) is the deviation of the system density
matrix from it’s equilibrium value to first order in the applied

http://arxiv.org/abs/1004.0189v1
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field. χnn(r , r ′,τ) is the OQS density-density response
function whose Fourier transform to the frequency domain is:

χn,n(r , r ′,ω)= ∑
a6=0

[

n0a(r)na0(r ′)
ω − (ωa0− ıRa0,a0)

−
na0(r)n0a(r ′)

ω − (ω0a− ıR0a,0a)

]

.

(4)
In Eq. (4), transition frequencies lie at the poles of the

density-density response function, while oscillator strengths
are obtained from the residues. In the vicinity of a transition,
the imaginary part

ℑmχn,n(r , r ′,ω)≈
n0a(r)na0(r ′)ℜeRa0,a0

(ω −ωa0−ℑm[Ra0,a0])2+(ℜeRa0,a0)2

(5)
shows that each isolated transition acquires a Lorentzian

lineshape. The presence of the bath shifts the excitation
frequencies of the isolated molecule byℑm[Ra0,a0] while
broadening the peak to a width at half maximum given by
ℜe[Ra0,a0]. The dephasing ratesRa0,a0 depend on the specific
bath model, but in general are proportional to the correlation
time of the bath and the second power of the strength of the
system-bath coupling. The Lorentzian lineshape is a generic
feature of Markovian systems and is expected to hold for real-
istic systems in the long-time limit. Experimentally, thiscor-
responds to frequencies near the center of a given spectral line
in Fourier space [15]. Corrections to the Lorentzian shape can
be obtained by including non-Markovian effects and will be
discussed in future work.

As discussed in [6–8], one can define a unique non-
interacting, but open Kohn-Sham system with an effec-
tive one-particle local potentialVopen

s (r , t) and Hamiltonian
Ĥ(t)ks= ∑N

i=1−
1
2∇2

i +Vopen
s (r i , t) such that when it’s density

operatorρ̂ksevolves under the master equation,

d
dt

ρ̂(t)ks=−ı[Ĥ(t)ks
, ρ̂(t)ks]+ D̆ks[ρ̂ks(t)] (6)

the density of the correlated OQS is reproduced for all
times. This implies thatTr[ρ̂(t)ksn̂(r)] = Tr[ρ̂(t)n̂(r)] is al-
ways satisfied, where Tr denotes a trace over the 3N system
degrees of freedom. In Eq. (6), the dissipative superoper-
ator D̆ks is derived using the same approximations to derive
D̆ in the original master equation (Eq. (1)), but evaluated
using Kohn-Sham eigenvalues and determinants in place of
many-body states. This is the procedure employed in [7]. We
now exploit the fact that the linear density response of the
open Kohn-Sham system matches that of the interacting open
system and develop a set of matrix equations whose solution
yields the correct spectrum.

With the system initially in it’s ground-state, we begin by
performing a self-consistent ground-state DFT calculation,
yielding a static Kohn-Sham Hamiltonian̂Hks

gs=∑N
i=1−

1
2∇2

i +
Vs(r i) whereVs(r) is the ground-state Kohn-Sham potential
corresponding to the density of the initial many-body state

ρab(0) = δa0δb0. Denoting the spectrum of slater determi-
nants ofĤks

gs by {|Φα〉}, the initial non-interacting density
matrix is ρks

αβ (0) = δα0δβ 0. Here greek indices will be used
for Kohn-Sham determinants and latin indices for many-body
states. We have assumedω01 ≫ KBT is also satisfied for the
first Kohn-Sham excited-state. ApplyingδVappl(r , t) to the
open Kohn-Sham system yields the linear density response:

δn(r , t) =
∫

d3r ′
∫ ∞

−∞
χs

nn(r , r
′
, t − t ′)δVopen

s (r ′, t) (7)

Where δVopen
s (r , t) = δVappl(r , t) +

∫

d3r ′ δn(r ′,t)
|r−r ′| +

δVopen
xc (r , t) andδVopen

xc (r , t) is the response of the unknown
OQS exchange-correlation potential. Here,χs

nn(r , r
′
,τ) is the

Kohn-Sham density-density response function whose Fourier
transform has the same form as Eq. (4), but the matrix
elements and energies are taken with respect to Kohn-Sham
determinants while replacing the many-body dephasing rates
Ra0,a0 are the Kohn-Sham dephasing ratesRks

α0,α0. In general,
the system-bath interaction will only involve one-body sys-
tem operators and therefore couple Kohn-Sham determinants
differing by a single orbital. In this case,Rks

α0,α0 = γi j , where
the Kohn-Sham singly-excited determinantΦα is obtained
from the ground-stateΦ0 by replacing an occupied orbital
φi by an unoccupied orbitalφ j . Additionally, γi j represents
the dephasing rate between the two orbitals involved. This
procedure is discussed in more detail below for a sepcific
system-bath model.

By matching the response of the interacting and Kohn-
Sham systems and following a similar procedure to the for-
mulation used by Casida [4], one finds the squares of the exci-
tation energies as solutions to the psuedo-eigenvalue equation

Ω̃(ω)F = ω2F. (8)

The operator on the left hand side is written as a matrix in
a basis of ground-state Kohn-Sham molecular orbitals:

Ω̃i j ,kl(ω) = δikδ jl (ω2
lk −

1
4
(γkl − γlk)

2)

+2

√

( fi − f j)(ω jk +
ı
2
(γi j − γ ji )Ki j ,kl(ω)×

√

( fk− fl )(ωlk +
ı
2
(γkl − γlk)

− ıωδikδ jl (γkl + γlk)+
1
4

δikδ jl (γkl + γlk)
2
. (9)

Equations (8) and (9) are the first central result of the
paper. The Kohn-Sham eigenvaluesωi j and dephasing
rates γi j are mixed by the (in general, imaginary and
frequency-dependent) exchange-correlation kernel to yield
the real and imaginary parts of the energies of the inter-
acting OQS. For each eigenvalue solution in Eq. (8), the
real part gives the center of the excitation peak while its
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imaginary part gives the width at half maximum. The
{ fi} are orbital occupation numbers, which will be 0
or 1 in the groundstate, but may be fractional if higher
temperatures are involved and Kohn-Sham-Mermin the-
ory becomes necessary. The coupling matrix is given by
Ki j ,kl(ω) =

∫

d3r
∫

d3r ′φi(r)φ j (r) f open
hxc (r , r ′,ω)φk(r ′)φl (r ′)

with f open
hxc (r , r ′,ω) = 1

|r−r ′ | +
δVopen

xc (r ,ω)
δn(r ′,ω) the Hartree kernel

plus open system exchange-correlation kernel.
Sinceγi j = γ∗ji , one notices that all terms in the operator

Ω̃(ω) are real except for the coupling matrix and the term
−2ıωδikδ jl ℜe(γkl). The structure of Eq. (8) is most eas-
ily analyzed within a single-pole approximation, in which we
zoom into a subspace spanned by a single Kohn-Sham transi-
tion from an occupied orbitalφ1 to an unoccupied orbitalφ2

and further assumeω12 ≫ K12,12(ω) i.e. the correction from
the kernel is small relative to the bare Kohn-Sham transition.
In this case, one finds a single solution to Eq. (8):

ω ≈−ıℜeγ12+
√

ω2
12+(ℑmγ12)2+(ω12+ℑmγ12)K12,12.

(10)
If one uses a standard adiabatic approximation forf open

hxc ,
the elements of the coupling matrix in Eq. (10),K12,12 are
real and independent ofω . In this case, we get a TDDFT
correction to the location of the peak given byℜe(ω), but the
width is given byℑm(ω) and the peak still has its bare Kohn-
Sham value ofℜeγ12. This simple analysis suggests that an
adiabatic functional may be sufficient if the bare Kohn-Sham
linewidth is close to that of the interacting system. For more
accuracy, a frequency-dependent and imaginary functionalis
required. In the remainder of the paper, we propose such a
functional, which starting from the bare Kohn-Sham linewidth
at zeroth-order, systematically provides corrections through
perturbation theory.

However, before discussing approximations to
f open
xc (r , r ′,ω), we generalize the adiabatic connection

perturbation theory of [9–13] to OQS. Following a general-
ization of the theorems proven in [6–8] and detailed in the
appendix, it is possible to consider an entire class of master
equations:

d
dt

ρ̂(t,α) =−ı[Ĥ(t,α), ρ̂(t,α)]+ D̆α [ρ̂(t,α)] (11)

where 06 α 6 1 is the electron-electron adiabatic coupling
constant and where the Hamiltonian is

Ĥ(t,α) =−
1
2

N

∑
i=1

∇2
i +

N

∑
i< j=1

α
|r i − r j |

+
N

∑
i=1

V(r i , t,α). (12)

Here,V(r , t,α) is a unique, local, one-body potential cho-
sen such thatTr[ρ̂(t,α)n̂(r)] = n(r , t,α) = n(r , t) yields the
physical open system density for all times independent of
α. Considering linear response only,V(r , t,α) = V(r ,α) +
δV(r , t,α), whereV(r ,α) is the potential lying on the static

adiabatic connection at coupling constantα andδV(r , t,α)
is the linear response of this potential to the applied field.
Here,V(r , t,α = 1) =Vext(r)+ δVappl(r , t) while V(r , t,α =
0) = Vs(r)+ δVopen

s (r , t). We further specify the initial con-
dition ρ̂(t =−∞,α) = |Ψ0(α)〉〈Ψ0(α)| where|Ψ0(α)〉 is the
ground-state that lies on the stationary adiabatic connection
between the Kohn-Sham groundstate determinant|Ψ0(α =
0)〉 = |Φ0〉 and the interacting groundstate ofĤel, |Ψ0(α =
1)〉= |Ψ0〉. As detailed in [13], one can also consider excited
states{|Ψi(α)〉} with corresponding energy{Ei(α)} lying on
the adiabatic connection between the ith Kohn-Sham excited
determinant and the ith many-body excited state. The density
response at coupling constantα can be formally written in
terms of these states as

δn(r ,ω ,α) =
∞

∑
a6=0

2ω0a(α)

ω0a(α)2+R0a0a(α)2−ω2−2ıωR0a0a(α)
×

〈ψ0(α)|n̂(r)|ψa(α)〉〈ψa(α)|δV̂(α,ω)|ψ0(α)〉, (13)

where the quantitiesR0a0a(α) are obtained from matrix el-
ements of the dissipative superoperator at coupling constant
α, ∑cdRab,cd(α)ρcd(t,α) = 〈Ψa(α)|D̆α [ρ̂(t,α)]|Ψb(α)〉 and
δV̂(α,ω) is the operator that generatesδV(r ,ω ,α). As in the
Kohn-Sham case,̆Dα is obtained by making the same approxi-
mations used in obtaininğD, but with eigenstates and energies
of the stationary adiabatic connection Hamiltonian at coupling
constantα. We now expand all functions ofα appearing in
Eq. (13) in a Taylor series inα. The expansions of quanti-
ties in Eq. (13) are given by Görling-Levy perturbation theory
as in [9–13], but we now also expand the elements of the re-
laxation matrix asR0a0a(α) = ∑∞

i=0 α iRi
0a0a. This is justified,

since for a given superoperatorD̆α , the elementsR0a0a(α) will
depend on eigenstates and energies of the stationary adiabatic
connection Hamiltonian at coupling constantα, which can be
systematically expanded order by order to construct the setof
coefficients{Ri

0a0a}.
Taylor expanding both sides of Eq. (13) and equating terms

of equal-order in alpha, at zeroth-order recovers Eq. (7). At
first-order inα one obtains,

∫

d3r2χs
nn(ω , r1, r2)V

1(ω , r2)=−

∫

d3r2hopen
1 (ω , r1, r2)δVopen

s (ω , r2).

(14)
The exact form ofhopen

1 (ω , r1, r2) together with a de-
tailed derivation of Eq. (14) is given in the appendix.

V1(ω , r2) = −
∫

d3r ′ δn(r ′,ω)
|r−r ′| − δVopen

x (r ,ω) is the first-order
potential in the Görling-Levy perturbation theory expan-
sion of the OQS response potential andδVopen

x (r ,ω) gen-
eralizes the time-dependent exact-exchange response poten-
tial of TDDFT to OQS-TDDFT. Defining the OQS exact-

exchange kernel byf open
x (r , r ′,ω) = δVopen

x (r ,ω)
δn(r ′,ω) and inserting

V1(ω , r) = −
∫

d3r ′[ 1
|r−r ′| + f open

x (r , r ′,ω)]δn(r ′,ω) together

with δVopen
s (ω , r) =

∫

d3r ′(χs
nn)

−1(ω , r , r ′)δn(r ′,ω) into Eq.
(14), one finds:
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f open
x (ω , r , r ′)+

1
|r − r ′|

=
∫

d3r ′′d3r ′′′(χs
nn)

−1(ω , r , r ′′)hopen
1 (ω , r ′′, r ′′′)(χs

nn)
−1(ω , r ′′′, r ′).

(15)

This is the second main result of the paper. The func-
tional f open

x (ω , r , r ′) provides an approximate imaginary and
frequency-dependent OQS kernel to be implemented in solv-
ing Eq. (8). All quantities are computed in terms of ground-
state Kohn-Sham orbitals and eigenvalues together with a
specified bath model.(χs

nn)
−1(ω , r , r ′) is the inverse Kohn-

Sham density-density response function. Appearing in the fi-
nal expression forf open

x (ω , r , r ′) (see appendix) areR0
0a0a and

R1
0a0a which are respectively the zeroth and first-order coeffi-

cients of the Görling-Levy expansion of the relaxation matrix.
To be more concrete, we now proceed to construct these co-
efficients for a generic system-bath model: electrons linearly
coupled to a bath of linear harmonic oscillators treated within
Redfield theory.

The full hamiltonian before tracing over bath degrees of
freedom for this model is:

Ĥ = Ĥel + ξ ∑
i

r i ·∑
ζ

Rζ +∑
ζ

ωζ (c
†
ζ cζ +

1
2
). (16)

In Eq. (16),r i andRζ are respectively the position operator
of the ith electron in the system andζ th oscillator of frequency
ωζ in the bath andξ is a coupling constant characterizing the

strength of the system-bath interaction.c†
ζ andcζ are raising

and lowering operators for each bath mode. Performing the
standard reduction to the multilevel Redfield equations [18],
one arrives at Eq. (2), with:

Rab,ab=−
π

2ωab
f (

ωab

KBT
)(ξ̃ ab)2D(ωab), (17)

whereξ̃ ab=Nξ 〈Ψa|r|Ψb〉, D(ω) is the harmonic oscillator
bath density of states andf (x) = 1+e−x

1−ex . Applying the same
dissipative superoperator for this model, but at intermediate
coupling constant as in Eq. (11), one finds

Rab,ab(α) =−
π

2ωab(α)
f (

ωab(α)

KBT
)ξ̃ ab(α)2D(ωab(α)) (18)

with ξ̃ ab(α) = Nξ 〈Ψa(α)|r|Ψb(α)〉. Expanding to first or-
der in the coupling constant,Rab,ab(α)≈R0

ab,ab+αR1
ab,ab, one

finds

R0
ab,ab=−

π
2ωab(0)

f (
ωab(0)
KBT

)ξ̃ ab(0)2D(ωab(0)) (19)

as the dephasing rate between Kohn-Sham determinantsΦa

andΦb. ξ̃ ab
ζ (0) is zero unless these two determinants differ by

a single occupied-unoccupied orbital transition and soR0
ab,ab

reduces to the dephasing rate between these two orbitals as
discussed earlier. Eq. (19) is analogous to Eq. (12) in [7], but
for a different system-bath model. The first order coefficient
is:

R1
ab,ab=

πω1
ab

2ωab(0)2 f (
ωab(0)
KBT

)ξ̃ ab(0)2D(ωab(0))

−
π

2ωab(0)
f ′

ω1
ab

KBT
ξ̃ ab(0)2D(ωab(0))

−
π

ωab(0)
f (

ωab(0)
KBT

)ξ̃ ab(0)ξ̃ ab,1D(ωab(0))

−
π

ωab(0)
f (

ωab(0)
KBT

)ξ̃ ab(0)2ω1
abD

′
. (20)

Primes denote derivatives of the respective functions and
the quantitiesω1

ab andξ̃ ab,1 are obtained from Görling-Levy
first order perturbation theory and given explicitly in the Ap-
pendix for completeness.

The density functional formalism we have presented allows
one to calculate spectra starting from a many-body Marko-
vian OQS model, without requiring the many-body molec-
ular eigenstates as input. By explicitly coupling a system
of non-interacting electrons with the same Markovian bath
model used for the interacting system, the dissipation is ex-
plicitly accounted for in the response equations to zeroth-
order in Görling-Levy perturbation theory. Since the Kohn-
Sham eigenvalues and wavefunctions are different from those
of the interacting system, the Kohn-Sham dissipation will in
general be different as well. The task of the open-system
exchange-correlation kernel is to correct the Kohn-Sham dis-
sipation to that of the interacting system. We have presented
a frequency dependent and imaginary functional that explic-
itly incorporates the first order correction to the Kohn-Sham
dissipation.

A.A.G and D.G.T wish to thank NSF CDI PHY - 0835713
for financial support. We thank Dmitrij Rappoport and Joel
Yuen-Zhou for helpful discussions.

APPENDIX - DERIVATION OF OQS EXACT-EXCHAGE
FUNCTIONAL

The functional we present in Eq. (15) is based on a general-
ization of perturbation theory along the adiabatic connection
[9–13]. This was originally formulated for time-dependent
closed systems in [12]. The generalization to non-unitary evo-
lution follows directly once a one-to-one mapping between
densities and potentials is established for an open system at
any electron-electron interaction strength. Although this is
not the main point of [8], such a mapping follows directly
from the theorems proven therein.

The main point of the perturbation theory employed in [9–
13] is to use the Kohn-Sham Hamiltonians as solutions to
the unperturbed problem. This meansĤ(t)ks= ∑N

i=1−
1
2∇2

i +
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Vopen
s (r i , t) is the zeroth-order Hamiltonian for the evolution

and Ĥks
gs = ∑N

i=1−
1
2∇2

i +Vs(r i) is the zeroth-order Hamilto-
nian for the initial state. We wish to include corrections due to
finite coupling constantα in the exchange -correlation kernel
perturbatively. In the context of OQS-TDDFT, these correc-
tions will also include corrections to the Kohn-Sham dissipa-
tion which plays the role of a zeroth-order dissipation in the
theory. The starting point of the derivation of the functional is
Eq. (13) for the linear density response of an OQS at coupling
constantα:

δn(r ,ω ,α) =
∞

∑
a6=0

2ω0a(α)

ω0a(α)2+R0a0a(α)2−ω2−2ıωR0a0a(α)
×

〈ψ0(α)|n̂(r)|ψa(α)〉〈ψa(α)|δV̂(α,ω)|ψ0(α)〉. (21)

All quantities are then expanded in a Taylor series inα. For
the density response this yields:

δn(r ,ω ,α) =
∞

∑
i=0

α iδni(r ,ω). (22)

By construction, the density response is invariant with re-
spect toα. This implies thatδn0(r ,ω) = δn(r ,ω), is the
physical density response whileδni(r ,ω) = 0 for i > 1. Con-
sider now the Taylor series expansion of the response potential
operator:

δV̂(α,ω) =
∞

∑
i=0

α iδV̂ i(ω). (23)

The potential operator at zero coupling constant,δV̂(α =
0,ω) = δV̂0(ω), generates the Kohn-Sham response poten-
tial δVopen

s (r , t), while δV̂(α = 1,ω) = ∑∞
i=0 δV̂ i(ω) gen-

erates the true applied fieldδVappl(r , t). Of particular in-
terest, is the first order coefficientδV̂1(ω) which gener-
ates the negative of the Hartree and exchange potential re-

sponse−
∫

d3r ′ δn(r ′,ω)
|r−r ′ | − δVopen

x (r ,ω). The higher-order

terms∑∞
i=2 δV̂ i(ω) give the response of the negative of the

correlation potential and will be neglected here.
At t = −∞, the system is in the groundstate ofĤel with

ground-state densityn0(r). There exists an entire set of
Hamiltonians with ground-state densityn0(r) at different in-
teraction strengthsα:

Ĥ(α) =−
1
2

N

∑
i=1

∇2
i +

N

∑
i< j=1

α
|r i − r j |

+
N

∑
i=1

V(r i ,α). (24)

The HamiltonianĤ(α = 1) = Ĥel is the many-body Hamil-
tonian whileĤ(α = 0) = Ĥks

gs is the Kohn-Sham ground-state
Hamiltonian. Assuming the eigenstates ofĤ(α), {|Ψi(α)〉},
do not cross asα is varied between 0 and 1, there is a con-
tinuous one-to-one adiabatic connection between the many-
body eigenstates and the Kohn-Sham determinants. Ex-
panding the ith excited state of̂H(α) in a Taylor series

|Ψi(α)〉=∑∞
k=0 αk|Ψk

i 〉, we find|Ψi(α = 0)〉= |Ψ0
i 〉= |Φi〉 is

the ith Kohn-Sham excited determinant while|Ψi(α = 1)〉 =
∑∞

k=0 |Ψk
i 〉= |Ψi〉 is the ith many-body excited state. The first

order coefficient in the expansion|Ψ1
i 〉 is obtained from per-

turbation theory according to:

|ψ1
i 〉=

∞

∑
j=1, j 6=i

〈ψ j (0)|v̂ee− v̂H − v̂x|ψi(0)〉
ωi j (0)

|ψ j(0)〉. (25)

In Eq. (25), v̂ee generates the electron-electron repulsion
∑N

i< j=1
1

|r i−r j |
while v̂H generates the ground-state Hartree

potential
∫

d3r ′ n0(r)
|r−r ′| and v̂x the local exchange potential of

ground-state DFT. The sum is over all excited Kohn-Sham
determinants differing from the ith determinant andωi j (0) is
the energy difference between these two determinants. Eq.
(25) follows from expanding the Hamiltonian in Eq. (24)
in a Taylor series inα and treating the term linear inα,
v̂ee− v̂H − v̂x within usual Rayliegh-Schrodinger perturbation
theory [9, 10].

Similarly, the energies are expanded asEi(α) =∑∞
k=0 αkEk

i .
The first-order correction to the energies are obtained from
first order perturbation theory as well:

E1
i = 〈ψi(0)|v̂ee− v̂H − v̂x|ψi(0)〉. (26)

Since the relaxation matrixRab,ab(α) depends on the ener-
gies and wavefunctions,{Ei(α)} and{|Ψi(α)〉}, it can also
be systematically expanded in a Taylor series inα. The result
of such an expansion to first order is Eq. (20), for the specific
system-bath model considered. In Eq. (20),ω1

ab = E1
a −E1

b

andξ̃ ab,1 = Nξ 〈Ψa(0)|r|Ψ1
b〉.

Now, with the expansions of the energies, wavefunctions
and relaxation matrix elements, we can systematically expand
both sides of Eq. (13) and equate coefficients of equal powers
in α. If we keep only the terms of first-order inα, the right
hand side of Eq. (13) contains only Kohn-Sham determinants
and eigenvalues as well as the first-order correctionsE1

i and
|ψ1

i 〉. As a result, all quantities in Eq. (13) are expressed
in terms of ground-state Kohn-Sham orbitals and eigenvalues.
The result of the first-order expansion is Eq. (14), where:

χs
nn(ω , r , r ′)=

∞

∑
s=N

N

∑
a=1

2ωas

ω2
as+ γ2

as−ω2−2ıωγas
φa(r)φs(r)φa(r ′)φs(r ′)

(27)
is the Kohn-Sham response function and:

hopen
1 (ω , r , r ′) =

∞

∑
i jkl=1

φi(r)φ j(r)g(ω , i, j,k, l)φk(r
′)φl (r

′)

(28)
The non-zero elements of the matrixg(ω , i, j,k, l) are given

as follows:
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g(ω ,a,s,a,b) =
2ωas

(ω2
as+ γ2

as−ω2−2ıωγas)ωbs
×

[−
N

∑
c=1

〈bc|cs〉− 〈s|v̂x|b〉] (29)

g(ω ,a,s, t,s) =
2ωas

(ω2
as+ γ2

as−ω2−2ıωγas)ωat
×

[−
N

∑
c=1

〈ac|ct〉− 〈t|v̂x|a〉] (30)

g(ω ,a,s,a,a) = g(ω ,a,s,s,s) =
1

(ω2
as+ γ2

as−ω2−2ıωγas)
×

[−
N

∑
c=1

〈ac|cs〉− 〈s|v̂x|a〉] (31)

g(ω ,a,s,b,s) =
2ωas

(ω2
as+ γ2

as−ω2−2ıωγas)ωba
×

[−
N

∑
c=1

〈ab|cc〉− 〈a|v̂x|b〉] (32)

g(ω ,a,s,a, t) =
2ωas

(ω2
as+ γ2

as−ω2−2ıωγas)ωst
×

[−
N

∑
c=1

〈ts|cc〉− 〈t|v̂x|s〉] (33)

g(ω ,a,s,b, t) =
2ωas

(ω2
as+ γ2

as−ω2−2ıωγas)(ωsa−ωtb)
×

[〈as|bt〉− 〈at|bs〉] (34)

g(ω ,a,s,a,s) = [−
1
2

N

∑
cb=1

(〈cc|bb〉+ 〈cb|bc〉)

−
N

∑
c=1

〈c|v̂x|c〉−
1
2
(〈aa|ss〉− 〈as|sa〉+

N

∑
c=1

〈as|cc〉+ 〈a|v̂x|s〉]
1

ω2
as+ γ2

as−ω2−2ıωγas

− [−
1
2

N

∑
cb=1

(〈cc|bb〉+ 〈cb|bc〉)−
N

∑
c=1

〈c|v̂x|c〉

−
1
2
(〈aa|ss〉− 〈as|sa〉)+

N

∑
c=1

〈as|cc〉+ 〈a|v̂x|s〉]×

[

4ω2
as

ω2
as+ γ2

as−ω2−2ıωγas
−

4ωasγ1
as(γas− ıω)

(ω2
as+ γ2

as−ω2−2ıωγas)2

]

(35)

In the above, we use the notation of [11] where indices
a,b and c are used to represent occupied Kohn-Sham orbitals
while s and t are for unoccupied orbitals. As in [11], all matrix
elements ofg(ω , i, j,k, l) not specified above are zero. In the
above notation, matrix elements of the Coulomb and non-local
exachnge operators are defined as (and assuming real molec-

ular orbitals)〈i j |k j〉 =
∫

d3r
∫

d3r ′ φi(r)φ j (r)φk(r ′)φl (r ′)
|r−r ′| . In the

above expression,γas is the dephasing rate between two de-
terminants differing by a transition from an occupied orbital
φa to an unoccupied orbitalφs as discussed in Eq. (19) for a
specific system-bath model.γ1

as represents the first order cor-
rection to this dephasing rate as shown in Eq. (20). Thus, we
obtain the generalization of the exact-exchange functional of
TDDFT derived in [11] to the OQS-TDDFT case. In the limit
thatγas= γ1

as= 0, we recover the result of [11] as expected.
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