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We use an atom interferometer to investigate the dynamics of matter waves in a periodically pulsed

optical standing wave: an atom optics realization of the quantum kicked rotor that exhibits chaotic

classical dynamics. We experimentally show that a measure of the coherence between the interferometer

diffraction orders can revive after a quick initial loss, and can approach a finite asymptote as the number of

kicks increases. This observation demonstrates that quantum fidelity of a classically chaotic system can

survive strong perturbations over long times without decay.

DOI: 10.1103/PhysRevLett.103.034101 PACS numbers: 05.45.Mt, 03.75.Dg, 37.25.+k

In a seminal paper [1], Asher Peres demonstrated that
quantum states of classically chaotic systems are more
fragile to perturbations than those with regular classical
motion. In the paper he also suggested using the decay of

fidelity, FðtÞ ¼ jhjc jÛ0ðtÞ�1ÛðtÞjc ij2 with ÛðtÞ ¼ e�iĤt,

Û0ðtÞ ¼ e�iðĤþ�V̂Þt, and Ĥ the Hamiltonian, to study the

stability of a quantum trajectory ÛðtÞjc i under a perturba-
tion �V̂. More recently, the Lyapunov exponents of clas-
sically chaotic systems have been found to determine a
perturbation-independent rate of fidelity decay [2]. These
discoveries shed light on the fundamental problem con-
cerning quantum irreversibility and classical chaos. From a
practical point of view, however, an exponential decay of
quantum fidelity requires exponentially high precision for
longtime quantum control. Thus an outstanding question is
whether precise quantum control could be practically im-
plemented in complex systems that exhibit classical chaos.
Fortunately, as fragile as quantum states are, classical
instabilities do not always represent the instability of
quantum systems: for certain types of perturbations, it
was shown that quantum trajectories of classically chaotic
systems maintain a constant overlap with their
perturbation-free copies for a very long time [3–5].
Related to wave localization phenomena, such ‘‘freeze’’
or ‘‘saturation’’ of fidelity decay is understandable only
when the system is treated fully quantum mechanically as
our semiclassical intuition breaks down.

Decay of quantum fidelity can be studied with an inter-
ferometer [5–8]. To see this, consider two quantum trajec-
tories in a 3-grating atom interferometer sequence [9] and a

potential V̂ applied during 0< t < T [Fig. 1(a)]. With the
‘‘mirror’’ diffraction at t ¼ T to reverse the relative mo-
mentum of the two trajectories, the overlap of the two
trajectories at t ¼ 2Tþ measures the fidelity for a quantum

trajectory evolving in the potential V̂ under a momentum

displacement perturbation, written as �V̂ðtÞ � V̂ �
D̂�1V̂ðtÞD̂. Here D̂ ¼ eiQx̂ is a momentum displacement
operator that corresponds to an atomic recoil due to a
grating diffraction, Q is the k vector of the grating, and
x̂, p̂ are the position and momentum operators. More

formally, with jc ðtÞi ¼ Û1ðtÞjc i and jc 0ðtÞi ¼
Û1ðtÞD̂jc i to label the ‘‘original’’ and the ‘‘displaced’’ tra-
jectories during 0< t < T, the overlap at t ¼ 2Tþ can be

written as a fidelity amplitude f ¼ hc jÛ2ðTÞ�1Û1ðTÞjc i,
with Û1;2ðTÞ ¼ T̂e�i

R
T

0
Ĥ1;2dt(T̂ the time-ordering opera-

tor). Here Ĥ1 ¼ V̂ðtÞ and Ĥ2 ¼ D̂�1V̂ðtÞD̂, with V̂ðtÞ writ-
ten in the interaction picture, i.e., x̂ðtÞ ¼ x̂þ p̂t=m. In

previous experimental studies or proposals [5–7] D̂ corre-
sponds to an internal-state population inversion.
In this Letter, we provide the first atom optical demon-

stration of persistent quantum fidelity in a classically cha-
otic potential in the presence of strong perturbations [5].

We choose the classically chaotic potential V̂ðtÞ to be an
atom optics realization of quantum �-kicked rotor potential
(AQKR) [10,11], which is delivered by a periodically
pulsed optical standing wave (SW) to laser-cooled atoms.
Inspired by a recent theoretical work [4], we use an atom
interferometer [9] to investigate the stability of matter
wave dynamics in AQKR, by measuring the coherence
loss between the interfering paths or, equivalently, the
fidelity decay due to a momentum displacement perturba-
tion (Fig. 1). The kicked rotor system is a standard para-
digm for studying quantum and classical chaos [11]. In our
previous work [12], matter wave coherence was found

intact if AQKR is timed to nullify the perturbation �V̂ðtÞ.

FIG. 1 (color online). (a) Schematic principle of measuring
fidelity with an interferometer. Vertical dash lines represent three
diffraction gratings. (b) Recoil diagram [24] of a matter wave
grating echo interferometer perturbed by the AQKR potential V̂.
A representative interfering loop is marked with thick lines. The
effect of diffractions due to V̂ is not shown.
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This Letter instead investigates the coherence loss over a
wide range of perturbation strengths. When the repetition
rate of AQKR matches the atomic recoil frequency (quan-
tum resonance [13]), we find the matter wave coherence
always saturates to a nonzero value, observable after as
many as 150 kicks, after reviving from an initial loss. This
effect (referred to as fidelity saturation) was predicted in
the context of an internal-state atom interferometer setup
[5]. It is worth noting that semiclassically the perturbation
would lead to an exponential decay of fidelity to zero [4],
since almost all classical trajectories of atoms are unstable
under our typical experimental conditions [10,11].

We use the grating echo interferometer technique based
on multipath interference effects [14,15]. The interference
paths in Fig. 1(b) become easy to understand if we no-
tice the multiple paths contributing to the interferometer
signals form the same type of ‘‘loops.’’ Specifically, an
off-resonant SW diffraction at t ¼ 0 produces matter
waves in multiple orders weighted by inJnð�Þ (� is the
interferometer SW pulse area [14] and Jn is the nth order
Bessel function). Adjacent diffraction orders, with their
relative momentum reversed by the 2nd SW diffraction at
t ¼ T, form the smallest-area loops to interfere at t ¼ 2T.
We group loops of this type and plot the relative spatial
displacement between the two paths with a �x-t ‘‘displace-
ment diagram’’ in Fig. 2(a). The �x ¼ �xðtÞ lines in
Fig. 2(a) will be referred to as ‘‘displacement lines,’’ which
guide peaks of the matter wave correlation function

WðP; X; tÞ ¼ Tr½�̂ðtÞd̂ðP; XÞ� at P ¼ �@Q and X ¼
�xðtÞ ¼ R

t
0
P
m dt during free evolutions. Here �̂ is the single

atom density matrix operator, and d̂ðP; XÞ ¼ ei=@ðP�x̂�X�p̂Þ
[16]. Spatially periodic matter wave density modulation
appears whenever a displacement line crosses the �x ¼ 0
axis. In particular, the interferometer output ��Q ¼
Wð�@Q;X ¼ 0Þ is the Fourier component of the density
modulation at around t ¼ 2T, which can be measured with
a ‘‘grating echo’’ technique [14] by monitoring a Bragg-
reflected light from one traveling mode of the SW, Ea, into
the other (Eb).

The AQKR potential V̂ [Figs. 1(b) and 2(b)] is generated
with a pulsed SW similar to that used to make the inter-
ferometer. Pulsed at t ¼ fTi; i ¼ 1 . . .Ngwith Ti ¼ Tstart þ
ði� 1ÞTkick, the AQKR potential can be written in the
interaction picture as

V̂ðtÞ ¼ @� cos½Q0x̂ðtÞ�XN
i¼1

�ðt� TiÞ: (1)

Here the pulse area � specifies the strength of each AQKR
kick. The AQKR potential generally leads to an interfer-
ometer output ~��Q with reduced amplitude [Fig. 2(b)]. The

normalized amplitude f � ~��Q=��Q corresponds to a

fidelity amplitude averaged over all the adjacent interfer-

ometer diffraction paths [Fig. 1(b)] in V̂ðtÞ under the

perturbation �V̂ðtÞ ¼ V̂ðtÞ � D̂�1V̂ðtÞD̂. The strength of
this perturbation can be characterized by a parameter�i ¼
2� sin½Q0�x0ðTiÞ=2� at each kick, with �x0ðtÞ � @Qt=m
[Fig. 2(b)] to be the displacement between pairs of inter-
ferometer paths. In particular, if Q0�x0ðTiÞ ¼ 2n�, i.e., if
AQKR is pulsed only when the displacement is an integer
multiple of the grating constant, the perturbation is nulli-
fied (�i ¼ 0) and no coherence loss is expected [12].
Here we use the displacement diagram in Fig. 2(b) to

generally examine the interferometer coherence loss: The
matter wave coherence that contributes to the interferome-
ter signal is given by WðP;X; tÞ along the original dis-
placement line �x0ðtÞ. Thus f is equal to the fraction of the
surviving coherence along �x0ðtÞ after the AQKR interac-
tion. It is easy to show that a SW impulse at t generally
leads to [16]

WðP;X; tþÞ ¼ X
n

Jn

�
2� sin

Q0X
2

�
WðP� n@Q0; X; t�Þ;

(2)

i.e., each SW kick corresponds to a ‘‘diffraction’’ of
WðP; X; tÞ by multiples of @Q0 along its P axis, graphically
leading to multiple displacement lines with different slopes
on the �x� t diagram. We iteratively apply Eq. (2) for
each kick of AQKR at t ¼ Ti to obtain the fraction of the
coherence surviving the AQKR interaction as

f ¼ X
fnig

YN
i¼1

Jni½2� sinðQ0Xfnig
i =2Þ�: (3)

Here Xfnig
i ¼ �x0ðTiÞ þ s @Q0

m Tkick (with integer s) gives the

displacement between a pair of diffraction orders during
AQKR kicks. The sum is restricted to fnig satisfyingP

ini ¼ rN ¼ 0,
P

iði� 1Þni ¼ sN ¼ 0, which specifies
the paths in the network of displacement lines [Fig. 2(b)]
that begin and end with �x0ðtÞ ¼ @Qt=m.
Equation (3) can be significantly simplified when Tkick is

chosen equal to an integer multiple of the half-Talbot time

T1=2 ¼ �=!Q0 (quantum resonance), so that Xfnig
i ¼

�x0ðTiÞ, up to an integer multiple of kicked rotor SW
grating constant. The parameter �i can then be used to
characterize the perturbation strength for all pairs of paths
represented by the displacement lines in Fig. 2(b) gener-
ated by AQKR, apart from the original displacement line
�x0ðtÞ generated by the first interferometer SW pulse. We
rewrite the Bessel functions in integral form and perform

FIG. 2 (color online). (a) Diagram for the relative displace-
ment between pairs of wave packets along the interfering loops
of interest in Fig. 1(b). (b) Displacement diagram of the inter-
ferometer in the presence of AQKR potential V̂.
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the summation. If Q � Q0 so that �i � � ¼
2� sinð!QTstartÞ [17], Eq. (3) at quantum resonances can

be written as

fQRð�;NÞ ¼ 1

2�

Z �

��
J0

�
�
sinðNy=2Þ
sinðy=2Þ

�
dy: (4)

Equation (4) is remarkable: as suggested in Ref. [5], at the

large N limit fQR ¼ R�=2
��=2 J0½� secð�Þ=2�2d�=�> 0;

i.e., matter wave fidelity always saturates to a nonzero
value, in the presence of the perturbation with arbitrary
strength � and regardless of whether or not the AQKR
dynamics are classically chaotic [18].

Below we will show that our experimental results are
consistent with this theoretical prediction. The experimen-
tal setup is similar to that in Refs. [12,19,20].
Approximately 107 laser-cooled 87Rb atoms in their
ground state F ¼ 1 hyperfine level are loaded into a mag-
netic guide oriented along ex, resulting in a cylindrically
shaped atom sample 1 cm long and 170 �m wide at a
temperature of 25 �K. The interferometer SW, with k
vector precisely aligned along ex, is formed by counter-
propagating light Ea and Eb, detuned 120 MHz to the blue
side of the F ¼ 1 ! F0 ¼ 2 D2 transition. The inte-
rferometer SW is pulsed for 300 ns at t ¼ 0 and t ¼ T
[Fig. 1(b)], with typical pulse area� � 1:5 at less than 3%
spontaneous scattering probability. The total interrogation
time 2T is chosen to be 6.066 ms or 12.165 ms.

The AQKR pulses are delivered by a different standing
wave that is formed by retroreflecting a traveling laser
beam that is 6.8 GHz detuned to the red side of the F ¼
1 ! F0 ¼ 2 D2 transition, and is 40 mrad misaligned from
the ex direction. The projection of AQKR k vector along
the interferometer SW direction ex gives ð!Q �
!Q0 Þ=!Q � 1:6� 10�3 that will be ignored in this Letter

[17]. The SW field is pulsed at t ¼ Ti according to Eq. (1)
[Fig. 1(b)], with 500 ns duration and has a typical pulse
area �� 0:1–1:3. Our previous work has shown that the
magnetic confinement introduces negligible perturbation
to the matter wave interference along ex [19,20]. Here we
take advantage of the confinement to maintain the 170 �m
transverse atomic sample distribution within the 2-mm-
diameter of the AQKR laser beam, allowing very consis-
tent AQKR interactions for time longer than 6 ms. The
‘‘grating echo’’ signal amplitude is retrieved at around t ¼
2T using a heterodyne technique [14,19], and recorded in
repeated experiments as chosen parameters of AQKR are
scanned. To obtain f ¼ fð�; fTigÞ, we normalize the grat-
ing echo amplitude with the amplitude when no AQKR
pulse is applied. The half-Talbot time T1=2 � 33:2 �s and
the pulse area � are estimated by comparing experimental
data with Eq. (3). Since � is proportional to the SW
intensity, we determine the relative magnitudes of � at
different SW intensities with a photodiode.

To verify the fidelity saturation predicted by Eq. (4), we
fix the pulse separation at T1=2 ¼ 33:2 �s (normalized

kicking period � ¼ !QTkick ¼ �), the perturbation

strength � ¼ 2� sinð!QTstartÞ, and collect the normalized

interferometer output f as a function of the number of
kicked rotor pulses N. Figure 3(a) shows four scatter plots
for � ¼ 0:6, 1.1, 1.5, 2.1 and 1 	 N 	 60. Here each �
corresponds to a different Tstart at a fixed � ¼ 1:22ð10Þ,
which was determined by comparing the photodiode read-
outs with those from other experiments, as will be de-
scribed below. The solid curves are derived from Eq. (4)
in the absence of free parameters. From Fig. 3(a) we see a
partial loss, revival, and saturation of f with increasing N
for all strengths�. One can see from the figure that the loss
and revival of coherence at small N happens more rapidly
as� increases. For� ¼ 2:1, the normalized interferometer
output f at N ¼ 3 is almost equal to the saturation value.
Having confirmed that the coherence of the interferome-

ter as a function of the number of applied kicks N shows a
revival and approach to a finite asymptote, we study this
asymptotic coherence as a function of the perturbation
strength � by varying Tstart at a fixed large number of
kicks. Typical results are shown in Fig. 3(b) again for the
case where � ¼ 1:22, together with a solid curve by Eq. (4)
evaluated at N ! 1. The data for N ¼ 20 kicks [circles,
Fig. 3(b)] match the asymptotic theoretical curve very well
(see Fig. 2 in Ref. [5]) over the achieved range of 0<�<
2:44ð20Þ. For as many as N ¼ 150 kicks [triangles,
Fig. 3(b)], we only observe a 40%, Tstart-independent de-
crease of the interferometer signal. This additional coher-
ence loss is likely related to our experimental imperfec-
tions, including losses and transverse excitations of guided
atoms induced by the large number of kicks. We also plot
the same data directly vs Tstart in the inset of Fig. 3(b),
which exhibits recoil frequency oscillations as expected
from Eq. (4).
To illustrate the periodic dependence of the saturation

effect on Tkick, we plot the normalized interferometer out-
put, f, as a function of both � and N in Fig. 4. The density
plot in Fig. 4(a) composes 40� 80 data points, which scan
0:42� 	 � 	 2:6�, and 1 	 N 	 40. [The value of f vsN
at � ¼ �, 2� in Fig. 4(a) provides the type of plots in
Fig. 3(a)]. At a fixed �, Fig. 4 shows that f generally

FIG. 3 (color online). Normalized interferometer output f at
�=� ¼ 1. Scatter plots give experimental data. Solid lines are
calculated according to Eq. (4). (a) f vs N. (b) f vs �. The inset
gives the same experimental data plotted vs 	=�; here 	 ¼
!QTstart.
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reduces from unity at N ¼ 0 to zero as N increases.
However, we see multiple bright fringes of high f value
that, with increasing N, become more narrowly confined
around the quantum resonances � ¼ �, 2� without sig-
nificant decay. Here the SW pulse area is estimated to be
� ¼ 0:7 by comparing the measured f with Eq. (3), with
which we obtain the simulation results in Fig. 4(b). The
two figures show good agreement both for small N, and for
� around �, 2�. Details of the features in the plot near the
quantum resonances vary with Tstart [12]. The origin of the
discrepancies at � far away from �, 2� is not yet clear, but
may be related to the increased energy transfer between the
guided atoms and the pulsed SW when the quantum reso-
nance condition is not met [10].

By relating atom interferometer coherence loss with
fidelity decay of matter waves under a momentum dis-
placement perturbation, we have presented the first experi-
mental study of matter wave fidelity decay in a �-kicked
rotor potential [4]. Because of the momentum displace-
ment and the resulting spatial displacement between the
interferometer paths, a loss of matter wave coherence in
the spatially varying AQKR potential could be expected.
However, the revival and saturation of the coherence to a
nonzero asymptote, as predicted by Ref. [5] in a similar
context, is very counterintuitive semiclassically [4] if the
corresponding classical motion is chaotic [18] and the
perturbation is nonzero. We have shown, with a full quan-
tum treatment, that the saturation of the fidelity is due to
the localization of wave coherence scattered by AQKR
kicks in a network [Fig. 2(b)]. The effect is also related
to the stability of a ‘‘pseudoclassical standard map’’ [5,21],
as seen by evaluating Eq. (3) near quantum resonances.

Previous experimental investigations on AQKR have
mostly addressed the evolution of the atomic momentum
distribution [10]. It can be shown that the fidelity saturation
effect observed in this Letter is accompanied with a certain
distribution of the matter wave correlation function
WðP; XÞ, which is invariant under the iteration given in
Eq. (2) induced by each AQKR kick [22]. This invariant
distribution of matter wave coherence complements the
stable momentum distribution near quantum resonances
[10,21,23], and may be further explored for applications
in interferometric measurements.
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