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TWISTING COMMUTATIVE ALGEBRAIC GROUPS

B. MAZUR, K. RUBIN, AND A. SILVERBERG

ABSTRACT. If V is a commutative algebraic group over a field k, O is a com-
mutative ring that acts on V', and 7 is a finitely generated free O-module with
a right action of the absolute Galois group of k, then there is a commutative
algebraic group Z ®» V over k, which is a twist of a power of V. These group
varieties have applications to cryptography (in the cases of abelian varieties
and algebraic tori over finite fields) and to the arithmetic of abelian varieties
over number fields. For purposes of such applications we devote this article to
making explicit this tensor product construction and its basic properties.

INTRODUCTION

In this paper we study twists of powers of commutative algebraic groups. We
have been using and proving special cases of these results elsewhere, and believe
that it would be useful to have a complete theory and complete proofs in the
literature in one place. Examples of applications of these twists that already appear
in the literature include: to polarizations on abelian varieties [H|, to cryptography
([E, [RST] in the case of abelian varieties over finite fields and [RS2] in the case of
algebraic tori over finite fields), to constructing abelian varieties over number fields
with Shafarevich-Tate groups of nonsquare order [Sf], and to bounding below the
Selmer rank of abelian varieties over dihedral extensions of number fields [MR].

Suppose V is a commutative algebraic group over a field k, O is a commutative
ring that acts on V', and 7 is a finitely generated free O-module with a right action
of the absolute Galois group Gy, of k. We will define a commutative algebraic group
over k that we will denote Z ® V', which is a twist of a power of V.

The general theory underlying the construction of Z®» V' is given in the standard
sources discussing the homological algebra of tensor products of sheaves for the étale
topology (see [GV], particularly Proposition 12.7 on p. 205). In that language,
7 ®p V is a tensor product in the category of sheaves on the big étale site over
Spec(k). This tensor product construction was introduced by Serre (§2 of [Sell)
in the case where V is an elliptic curve with complex multiplication by O and Z
is a projective O-module with trivial Galois action. It is discussed in detail by
Conrad (87 of [C]) in the case where V is a group scheme with O-action and 7 is
a projective O-module with trivial Galois action. Our main objective is to record,
in some detail and in a usable way, the basic features regarding the operation of
tensoring an abelian group scheme over k endowed with a ring O of operators
(viewing the group scheme as a sheaf for the big étale topology over Spec(k)) with
a locally constant sheaf over Spec(k) of free O-modules of finite rank, noting that
the new sheaf given by this tensor product construction is again representable as a
group scheme over k with an O-action. To effectively make use of this construction
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in our applications, we found that we must pin things down very explicitly. For
ease of reading we provide in this article a largely self-contained treatment.

In g1l and §2] following Milne [Mi] who dealt with the case of abelian varieties,
we give a concrete definition of Z ®» V', and we prove some important properties.
Some basic examples are given in Examples Our construction is functorial in
both Z and V' (Theorem[[]), and if Z decomposes (up to finite index) as ®;7;, then
T ®o V is isogenous to @;(J; @ V) (see Corollary 2.5]). Theorem 2.2] describes the
action of G on the torsion points of Z ®» V. We include a more general explicit
construction of Z ®» V, without the assumption that Z is a free O-module, in an
appendix.

If L is a finite Galois extension of k and G := Gal(L/k), then Z[G] ®z V is
the restriction of scalars Rest'V. Theorem shows that Resf'V is isogenous to
®,(Z, ®z V), where p runs through the irreducible rational representations of G
and Z,, is the intersection of Z[G] with the p-isotypic component of Q[G]. In 45l we
restrict to the case where L/k is abelian, which is the case of interest in many of the
applications. Similar results were obtained by Diem and Naumann [DN] in the case
of abelian varieties. In §6l we study cases where Gal(L/k) is a semi-direct product,
which are needed for the applications in [MR]. We study finite group actions on
7 ®0 V in {1t these results have cryptographic significance in the case of algebraic
tori.

We thank Dick Gross for drawing our attention to Conrad’s paper [C].

Notation. Let ZT denote the set of positive integers. If k is a field, k° will denote
a separable closure of k and G := Gal(k®/k). In this paper “ring” will always
mean ring with identity, and “commutative algebraic group” will always mean a
commutative algebraic group variety (not necessarily connected).

If n € Z*, let p,, denote the group of n-th roots of unity in Q. If G is a finite
group, then Z[G] will denote the group ring, except that Z[u,,] denotes the ring of
integers of the cyclotomic field Q(p,,).

Suppose k is a field and O is a commutative ring. We consider two categories:

e FModp (k) is the category whose objects are finitely generated free O-
modules with a continuous right action of Gy, and whose morphisms are
Gi-equivariant O-module homomorphisms (the modules are given the dis-
crete topology, so a continuous Gg-action is one that factors through a
finite extension of k).

e CAGo(k) is the category whose objects are commutative algebraic groups
V over k with an action of O, i.e., a ring homomorphism O — Endg(V),
and whose morphisms are O-equivariant homomorphisms defined over k.

If 7,7 € FModo(k) we will view Homp(Z,J) as a left Gg-module, where
for f € Homo(Z,J), v € Gk, and x € Z, we define (f7)(z) = f(zy)y~!. View
O € FModo (k) with trivial Gi-action.

1. TWISTING COMMUTATIVE ALGEBRAIC GROUPS

Fix a field k and a commutative ring O. In this section we construct a functor
FModop (k) x CAGo(k) — CAGo(k), which we will denote by (Z,V) — I Qe V.
This construction appears in §2 of [Mi] when V' is an abelian variety.

Definition 1.1. Suppose V € CAGp(k) and Z € FMode (k). Define the Z-twist
IT®pV of V as follows. Let d = rankp(Z), and fix an O-module isomorphism
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j: O = T. The homomorphism O — Endy (V) induces
H'(k,GL4(0)) — H'(k, Auty,(VY)) — H'(k, Autgs (V?)),

and we let ¢z € H'(k, Autys (V%)) be the image of the cocycle (y +— 5~ 037) under
this composition. Define Z ®p V to be the twist of V¢ by the cocycle c7. Namely,
by Corollaire to Proposition 5 on p. 131 in §III-1.3 of [Se3| (see also §3.1 of [V]),
there is a pair (Z ®o V, ¢) (unique up to isomorphism) where Z ®o V € CAGo (k)
and ¢ : V4> T®pV is an isomorphism defined over k* such that for every v € Gy,

cr(y)=¢ tog. (1.1)

Remark 1.2. Suppose L is a separable extension of k& and G acts trivially on
Z. Then j¥ = j for all v € G, so cz(y) = 1, so ¢¥ = ¢ by (). Thus the
isomorphism ¢ : V¢~ T ®@p V is defined over L.

If we choose a different O-module isomorphism j’ : O% 25 7 in Definition 1]
then j/ = j o a for some a € GL4(O). The cocycles v — j~'j7 and v —
()7G")Y = a7tj71j7a” represent the same class in H!(k,GL4(0)), so they
give rise to the same class ¢z € H'(k, Auty:(V?)). Thus T ®¢ V is independent of
the choice of j.

If L/k is a Galois extension, V is a commutative algebraic group over k, Z €
FModp(k), and A is a commutative k-algebra, let v € Gy, act on A®y L as 1 ® 7y
and on Z ®o (V(A®, L)) as 7' @ (1 ®@7).

Lemma 1.3. Suppose T € FModop(k), V € CAGo(k), and L is a Galois ex-
tension of k such that G acts trivially on Z. Fiz an O-module isomorphism
j:O0tST and let ¢ : VI T @0 V be as in Definition [L1. Then for every
commutative k-algebra A, the composition

ZRoV) (AR, L) ~=>T®o (V(A®, L))

of the sequence of O-module isomorphisms

(T V)(AcKL) 2 VHARRL) = 0% (V(A2R L)) 25 Too(V(AcL))

is a Gg-equivariant O-module isomorphism that is independent of j and is functorial

inA,V,T, and L.

Proof. Remark [[.2 shows that ¢ is defined over L, and therefore ¢(V¢(A ®y L)) =
(Z®o V)(A®y L). The Gi-equivariance of the composition and the independence
of j follow from (1)) and the definition of ¢z. The functoriality is clear. O

Theorem 1.4. Suppose T € FModp (k) and V € CAGp(k). Let L be a Galois
extension of k such that G acts trivially on Z. Then T ®o V represents the
functor on commutative k-algebras A — (@0 (V(A®1 L)) /%) - More precisely,
for every commutative k-algebra A, the isomorphism of Lemma [1.3 restricts to a
functorial group isomorphism

(ZTRoV)(A) =2 (Zeo (VAR L)))Gal(L/k).

Proof. This follows directly from Lemma [[3] since (A ®; L)®* = A and G, acts
trivially on Z and L. ([l

Examples 1.5. (i) Suppose 0 < d € Z, and T = O? with trivial Galois
action. Then Z ®p V = V<.
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(ii) Suppose x is a quadratic character of Gy, and Z is a free, rank-one Z-
module with G acting via x. Then Z ®z V is the quadratic twist of V' by
X. More generally, if O = Z[u,], x : Gx — n,, is a homomorphism, and
7 is a free, rank-one O-module with G acting via y, then Z ®» V is the
twist of V by x~! (in this case the cocycle cz is x 7).

(iii) Suppose V = G,,, the multiplicative group, and 7 is a free Z-module. Then
7 ®zV is the algebraic torus whose character module Hom(Z ®z V, G,,) is
Hom(Z,Z). See Corollary [L.T0 below, and Example 6 in §3.4 of [V].

(iv) If L/k is a finite Galois extension then O[Gal(L/k)] ®o V = RestV (see
Proposition A1] below).

Proposition 1.6. Suppose Z,J € FModp (k) and V,W € CAGo (k).
(i) There is a functorial Gy-equivariant O-module isomorphism

Homo (Z, J) ®o Homys (V, W) = Homys (Z @0 V, J @0 W).
(ii) The isomorphism of (i) restricts to an injective homomorphism

Homo(q,)(Z, J) @0 Homy(V, W) — Homi(Z ®o V,J ®o W).

~

Proof. Fix O-module isomorphisms O™ = 7 and O™ = J. These isomorphisms
induce (see Definition [[T]) isomorphisms V" =5 ZT®p V and W™ =% T@0 W defined
over k°, which induce isomorphisms

Home (I, j) ®o Homygs (V, W) = Man(O) ®o Homps (V, W)
2 Mopson (Homys (V, W) = Homys (V™, W™) = Homys (Z Qo V, T @0 W).
The proof of Gg-equivariance is similar to the proof of Gy-equivariance in Lemma
L3l This proves (i), and (ii) follows since G, acts trivially on Hompg, (Z, J) ®o
Homy (V, W). O
Corollary 1.7. Suppose Z,J € FModop (k) and V € CAGo (k).

(i) The isomorphism of Proposition [[.0(i) with W = V and the identity
map in Homg(V, W) gives a functorial Gy-equivariant O-module homo-
morphism

Home (Z,J) — Homys (Z @0 V,J @0 V).
(ii) The map of (i) restricts to a homomorphism
Homo(,)(Z,J) — Homy(Z ®0o V,J @0 V).
(iii) If the map O — Endy (V) is injective, then the maps in (i) and (i) are
injective.

Proof. Assertions (i) and (ii) follow directly from Proposition[I.6l For (iii), tensor-
ing the injection O — Endy (V) with the free O-module Homp(Z, J) shows that
Homep(Z,J) — Homp(Z,J) ®o Endi (V) is injective. Now (iii) follows from the
injectivity in Proposition O

If f € Homp(Z,J) we will often write fi for the image of f under the map of
Corollary [L(3).

Theorem 1.8. The map (Z,V) — I Qo V is a functor from FModp(k) x
CAGo(k) to CAGo(k).

Proof. This follows directly from Proposition [[6]ii). O



TWISTING COMMUTATIVE ALGEBRAIC GROUPS 5

Corollary 1.9. Suppose T, J € FModp(k), V € CAGo(k), and k C F C k. If
T and J are isomorphic as O[Gr|-modules, then the group varieties T @0 V' and
J R0V are isomorphic over F.

Proof. If f : T — J is a Gp-equivariant isomorphism, then the image of f under
the functorial map of Corollary [[L7(i) is an isomorphism over F from Z ®o V to

J R0 V. O
Corollary 1.10. If 7 € FMody(k), then Homys (Z ®z G, G,,) = Homy(Z,Z).
Proof. Apply Proposition [L6(i) with 7 =O =Z and V =W = G,,. O

2. PROPERTIES OF THE TWISTS 7 ®p V'

For this section, fix a field k, a commutative ring O, and a commutative algebraic
group V € CAGo (k).

Theorem 2.1. Suppose T € FModop (k). Then:
(i) Z®e V is a commutative algebraic group of dimension ranko(Z) dim(V),
(ii) Z®e V is connected if and only if V is connected.,
(iii) iof L is a separable extension of k and Gy, acts trivially on T, then T Q@0 V
is isomorphic over L to V' arko(Z),

Proof. Fix a separable extension L/k such that G acts trivially on Z. Since
7 is isomorphic as a Gr-module to O™ko(Z) T @, V is isomorphic over L to
Oranko(T) @, V = Vranko() by Corollary [LO] giving (iii). The remaining asser-
tions follow easily. (|

Suppose n € ZT. If B is an abelian group, let B[n] denote the subgroup of
elements of order dividing n in B. If W is a commutative algebraic group over k,
let Wn| denote the Gj-module W (k®*)[n], and if £ is a prime let

Ty(W) = lim W[,

m

the ¢-adic Tate module of W.

Theorem 2.2. Suppose T € FMode(k), n € Z*, and { is prime. Then there
are Gy-equivariant isomorphisms (with v € Gy, acting on the right-hand sides as
v~ Y ®4~), functorial in T and V,

(i) (Z®o V)(k*) =T wo (V(K)),

(it) (Z®o V)[n] =TI ®o (Vn]),

(ili) Te(Z ®o V) = I ®o (Te(V)).
Proof. (See Proposition 6(b) of [Mi].) The first assertion follows from Lemma
with A =k and L = k*. Since 7 is a free O-module,

(Z@o (V(E))n] =T ®o (VIn]),

so (ii) follows from (i), and (iii) follows by taking the inverse limit of (ii) with
n=140m. O
Lemma 2.3. Suppose Z,J € FModop (k) with T C J and J/T is free (as an
O-module). Then the induced sequence of commutative algebraic groups over k

0 —ZIR0V —-TQ0V —(J/I)Q0V —0

1s exact.



6 B. MAZUR, K. RUBIN, AND A. SILVERBERG

Proof. Since J/T is free, there is an O-module isomorphism J =27 @ (J/Z). It
follows by Corollary [ that 7 ®0 V 2 (Z @0 V) ® ((J/T) ®0 V') over k*, so the
sequence of the lemma is a (split) exact sequence over k°. But then the sequence
is exact over k. ]

Define a k-isogeny in CAGo(k) or in FMode (k) to be a k-morphism whose
kernel and cokernel are annihilated by some positive integer.

Lemma 2.4. If7,J € FModp (k) and s : T — J is a k-isogeny, then the induced
map sy : LRV — J Qo V is a k-isogeny.

Proof. Suppose n € Z7 is such that n - ker(s) = 0 and n - coker(s) = 0. Then there
is a k-isogeny t : J — T such that t o s and s o ¢ are both multiplication by n2, so
sy oty € Endi(J ®o V) and ty o sy € Endg(Z ®p V) are both multiplication by
n?. Therefore sy is a k-isogeny. O

Corollary 2.5. Suppose Z, T, ..., J: € FModo(k), and T®zQ = &!_,(J; @2 Q)
as O[Ggl-modules. Then I @o V is k-isogenous to ®!_ (T @0 V).

Proof. In this case 7 is k-isogenous to ®;7;, so by Lemma24 Z®o V is k-isogenous
to (i) @0V 2 di(Ji @0 V). [l

Proposition 2.6. Suppose Z,J € FModp(k). Then there is a natural isomor-
phism (Z @0 J) R0V 2T Q0 (J ®o V) over k.

Proof. Suppose A is a commutative k-algebra. Then applying Theorem [I.4] and
Lemma with L = k° (suppressing the subscripts O and k from the tensor
products)

(IR (ITRV)A)Z(ZTe(TQV)ARK)))Ck
T (T (V(A®E)))C*
(IT®J)® V(AR E)))C*
2 (ZeJ)eV)(A).

These isomorphisms are functorial in A, so the proposition follows from a variant
of the Yoneda Lemma (see for example Proposition VI-2 of [EH]). O

2

(
(
(

3. ANNIHILATOR MODULES

The results of this section will be used in §4 and {7l

Fix a finite Galois extension L/k, a commutative ring O, and a commutative
algebraic group V€ CAGo(k), and let G := Gal(L/k). Let FModo(L/k) de-
note the full subcategory of FMode (k) whose objects are the O[Gj]-modules in
FModp(k) on which G, acts trivially.

Definition 3.1. For 7 € FModp(L/k), define a left O[G]-module
j = Hom@[g] (I, O[G])

with O[G] acting by (a - f)(z) = a - f(z) for every a € O[G], f € 7, and z € T.
Also define an O-module homomorphism 7 : O[G] — O by 7(}_ 5 agg) = a1

Part (i) of the following lemma shows that 7 is independent of the choice of L.
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Lemma 3.2. (i) For each K € FModp(L/k), the map f+— mwo f defines an
isomorphism of left Gi-modules
K = Homp (K, O).
(ii) If Z,J € FModo(L/k), T CJ, and J/T is a projective O-module, then
the canonical sequence 0 — J /T — J — L — 0 is exact.
Proof. For (i), see for example Proposition V1.3.4 of [B]. Assertion (ii) follows from

(i), since the exact sequence of O-modules 0 — 7 — J — J/Z — 0 splits if J/Z
is projective. ([
Lemma 3.3. Suppose Z,J € FModo(L/k), T C J, and J/T is a free O-module.
Then
IooV = () ke(fv:J @0V — OG0 V),
feT/T
where fy is the image of f under the map
Homo()(T/Z, O[G]) — Hompg)(T, O[G]) — Homy(J ®o V,O[G] ®0 V)
coming from Corollary [1.7(ii).

Proof. Choose an O-basis {fi,..., fa} of Homo(J /Z, Q). For every i let ¢; € j\/I
be the inverse image of f; under the isomorphism of LemmaB.2(i) (with K = J/7),
so mog; = f;, with 7 defined in Definition[3.Jl Then there is a commutative diagram
of O-modules, with the top line an exact sequence of O[G]-modules

0 J|T O[G)¢ C 0.

o lﬂd (3.1)
Od

Then (D f;)~! on? gives a splitting of the top exact sequence, so C is isomorphic as
an O-module to the kernel of 7¢, which is free. Therefore we can apply Lemma 23]
both to the top line of B.I]) and to the exact sequence 0 -7 — J — J/Z — 0 to
obtain an exact sequence

0-T0oV —T0eV 22, (0[] 0o V) — C ooV — 0.

By Lemma [B2(i), ¢1,...,¢q generate j/\I, SO
I®eV =ker(®d(¢;)v) = Niei7z ker(fv).
(I

Definition 3.4. If 7 is a right ideal of O[G], let Z+ denote the left annihilator of
7, i.e., I+ is the left ideal of O[G] defined by
7t :={a € O[G] : aZ = 0}.
A (right or left) ideal Z of O[G] is saturated if O[G]/Z is a projective O-module.
A finitely generated Z-module is projective (or equivalently, free) if and only if it
is torsion-free. Thus when O = Z, intersecting with Z[G] (inversely, tensoring with

Q) gives a one-to-one correspondence between the ideals of Q[G] and the saturated
ideals of Z[G].



8 B. MAZUR, K. RUBIN, AND A. SILVERBERG

—

Lemma 3.5. Let A : O[G] — OI[G] be the ring isomorphism that sends o € O[G]
to left multiplication by «. Then:

(1) If T is a right ideal of O[G] then the restriction of X induces an isomor-
phism
7t =~ 0[G)/T.
(ii) IfZ is a saturated right ideal of O[G], then T = {a € O[G] : T+ - a = 0}.
(i) IfZ is a saturated two-sided ideal of O[G], then X induces an isomorphism
(Q[G]/Zl = Endo[G] (I) (and Endo[G] (Z) = I)

—

Proof. Suppose T is a right ideal of O[G]. The map O[G] — O|G] defined by
f— f(1) is a right and left inverse of A. Thus A is an isomorphism and there is a
commutative diagram with exact rows

0 Tt O[G] —= O[G]/T+ —=0

Al Al A£ (3.2)

0—=0lG)/1 —= 06 —1

1R

where the right-hand vertical map is injective by definition of Z-. The snake lemma
shows that the left-hand vertical map is an isomorphism, which proves (i).

Now suppose Z is saturated. If 8 € O[G] — Z, then there is an O-module
homomorphism from O[G]/Z to O that is nonzero on . Now (ii) follows from (i),
along with Lemma B2)(i) with £ = O[G]/Z.

Since 7 is saturated, by Lemma [B.2(ii) the bottom right-hand map of [B.2)) is
surjective, and hence the right-hand vertical map is an isomorphism. If 7 is a two-
sided ideal, then A(O[G]/Z*) C Endpjg(Z) C 7, so equality must hold and the
proof of (iii) is complete. O

4. DECOMPOSING THE RESTRICTION OF SCALARS

In this section we decompose the restriction of scalars of a commutative algebraic
group. Theorems 4.5 (.21 and were proved by Diem and Naumann in §3.4 and
§3.5 of [DN] in the case of abelian varieties.

Fix a finite Galois extension L/k, a commutative ring O, and a commutative
algebraic group V € CAGo(k), and let G := Gal(L/k). Let ResyV denote the
Weil restriction of scalars of V' from L to k (see for example §1.3 of [W] or §3.12 of
[V]). Then for every commutative k-algebra A there is an isomorphism, functorial
in A,

(RespV)(A) 2 V(A L). (4.1)

Proposition 4.1. O[G] @0 V = RestV over k.

Proof. Let OF := @,ec0, VE := @uecV, and for g € G let p, : V€ — V be the
projection onto the g component. Using the O-module isomorphism j : O¢ — O[G]
defined by j((z4)) = 3,249~ ", Definition [T gives a pair (O[G] ®o V, ¢) where
¢ : V¢ 2 O[G)®eV is an isomorphism over L. Let 1 := p1o¢~! : O[G]@oV — V.
The cocycle coig) € H'(k, Autys (V) of Definition [T satisfies p o cojg(g) =
pg-1p, for every g, h € G, so (using (L)),

n? =pro(d ") =procoiglg) tod t =pyoo .
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Therefore ®n9 : O[G] ®o V — V¢ is an isomorphism (it’s equal to ¢~1), so by the
definition of Res;'V in §1.3 of [W], O[G] ®o V = ResfV over k. O

For the rest of this section we will take O = 7Z and write simply “®” in place of
“®z”. The functorial map of Corollary[L(ii) (with Z = J = Z[G]) and Proposition
[41] give natural ring homomorphisms

Z[G] = Endy)(Z[G]) — Endy(Z[G] ® V) = Endi (Resj, V). (4.2)
If o € Z[G), then we denote its image under @2) by ay € Endg(RestV).

Proposition 4.2. If 7 is a saturated right ideal of Z|G|, then:
(i) Z®V =\, eze ker(ay : ResgV — Resg V).

(ii) For every commutative k-algebra A there is a functorial isomorphism
ZeoV)(A) =2{veV(Ae,L): Tt v=0}

(i) If further T is a two-sided ideal, then there is a natural injective ring
homomorphism

(Z]G)/T1) @ Endy (V) — Endix(Z @ V).
Proof. By Lemma B5(i), Z@I ~ 71, By Lemma (with J = Z|[G]) and
Proposition LT we have (i). Assertion (ii) follows from (i) and (@T]).
If 7 is a two-sided ideal, then Z[G]/Z* = Endz)(Z) by Lemma B.5(iii). Now
(iii) follows from Proposition [[L6{ii) (with 7 =Z and W = V). O

The group ring Q[G] is semisimple, and decomposes into a direct sum of minimal
two-sided ideals

alc = eldl, (4.3)

indexed by the irreducible rational representations p of G. Here Q[G], is the p-
isotypic component of Q[G], i.e., the sum of all left ideals of Q[G] isomorphic to

p.
Definition 4.3. If p is an irreducible finite-dimensional rational representation of

Gy, choose a finite Galois extension L/k such that p factors through G := Gal(L/k),
define

7, = Q[G], N Z|G] € FModo(k),
and define the p-twist of V' by
Voi=Z,0V.

Remark 4.4. Note that Z, is well-defined up to Z[G}]-isomorphism, independent
of the choice of L, and therefore V), is well-defined up to isomorphism over k. Since
Q[G], is a Q-vector space, Z, is a saturated ideal of Z[G].

Theorem 4.5. Suppose L/k is a finite Galois extension, V is a commutative alge-
braic group over k, and G := Gal(L/k). Then ResyV is isogenous over k to ®,V,,
direct sum over all irreducible rational representations of G.

Proof. This follows from Proposition @] (@3], and Corollary with Z = Z|[G]
and with {J1,...,J:} = {Z, : p an irreducible rational representation of G}. O
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5. ABELIAN TWISTS

Fix a finite abelian extension L/k and a commutative algebraic group V over k,
and let G = Gal(L/k) and O = Z.

The irreducible rational representations of G are in one-to-one correspondence
with the cyclic extensions of k in L. (See for example exercise 13.1 of [Se2].) Namely,
if p is an irreducible rational representation let F, be the fixed field of the kernel
of p, and if F' is a cyclic extension of k in L let pr (or pgy, if we need to specify
the field k) denote the unique irreducible rational representation of G with kernel
Gal(L/F). If [F : k] = d then dim pr = ¢(d), where ¢ is the Euler ¢-function.

Definition 5.1. Suppose F' is a cyclic extension of k in L, and pg is the corre-
sponding irreducible rational representation of G. Let Q[G]r denote the pp-isotypic
component of Q[G], and let

Ir = Q[G]FQZ[G], Ve =IrQV

(these were denoted Q[G],, Z,., and V,, in (£3) and Definition [£.3). When
necessary to specify the ground field k, we will write Zp/, and Vp/,. Let Rp
denote the maximal order of the field Q[G]F.

By Remark 4] Zr and Vy are well-defined up to isomorphism, independent of
the choice of field L containing F', and Zp is saturated in Z[G].
The following result is a special case of Theorem

Theorem 5.2. If L/k is a finite abelian extension and V is a commutative algebraic
group over k, then ReséV is isogenous over k to ®pVr, direct sum over all cyclic
extensions F' of k in L.

IfkCFCL,Ilet

NL/F = Z gEZ[G]
g€Gal(L/F)

Define

Qp:={fields F:kCFCL} 2 Qp:={F:kCFCL,|L:F]prime}.
Then every element of Q, is a subfield of some element of Q7 , and we define

Wp = () ker(Np/pv) = [ ker(Nz/rv) C RespV,
FeQr FeQ),

where Ny py € Endy(ResyV) is the image of Ny /p under @2). We will see in
Theorem [£.8(i) below that if L/k is cyclic, then W, = Vi,. In the non-cyclic case
we have the following.

Proposition 5.3. If L/k is abelian but not cyclic, then dim(Wr,) = 0.

Proof. Since L/k is not cyclic, there are a prime p and a field M such that k£ C
M C L and Gal(L/M) = (Z/pZ)?. Since there are exactly p+ 1 degree p extensions
of M in L, in Z[G] we have the identity

Z Npjp=p+Npjm-
MCFCL

Since W, is in the kernel of all the norm maps in this identity, it follows that W,
is contained in the kernel of multiplication by p, so dim(Wp) = 0. O
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Suppose for the rest of this section that L/k is cyclic. Theorems 5.5 B8 and
59 below are our main results about Vz in the cyclic case. Let r := |G| = [L : k],
and fix a generator 7 of G. For d € ZT let ®4 € Z[z] denote the d-th cyclotomic
polynomial, and let W4(z) := (24 — 1)/®q(x) € Z[x].

Lemma 5.4. (i) Ir = V,.(1)Z[G] and I} = ®,(7)Z[G].

(ii) Every isomorphism x : G == .. induces a ring isomorphism Ry == Z[w,].
This ring isomorphism is G-equivariant, with ¢ € G acting on Z[u,] as
multiplication by x(g).

(iii) The projection Q[G] — Q[G]L given by [@3) induces a G-module isomor-
phism Z|G)/I+ = Ry

(iv) Zo = [l rimes ¢ »(Ce — 1)Ri, where for each prime ¢ dividing r, C; is a
primitive £-th root of unity in Ry,.

Proof. Let S = Q[z]/(x" — 1)Q|x]. Since G is cyclic of order r, the homomorphism
n : Q[G] — S that takes 7 to z is a Q[G]-module isomorphism, where 7 acts
on S as multiplication by xz. Since Q[G]r = Q[z]/®,(2)Q[z] & ¥,.(x)S C S as
Q[G)-modules, and Q[G] (and hence S) has a unique Q[G]-submodule isomorphic
to Q[G]L, we have n(Q[G]Lr) = ¥, (z)S. It follows that the isomorphism 7 : Z[G] =
Z[z]/(z" — 1)Z[z] maps Z1, (resp., Zi) isomorphically onto the ideal generated by
U,.(z) (resp., by ®,(x)). Both assertions of (i) now follow.

If x : G=5 p, is an isomorphism, then 7 — = — x(7) induces isomorphisms
Q[G]L = Qz]/ P, (x)Q[x] = Q(p,.). The composition maps the maximal order Ry,
isomorphically to the maximal order Z[u, ], giving (ii).

Using (i) and (ii), there is a commutative diagram

0—= &, (2)Z[z]/ (2" = 1)Z[x] — Z[z]/ (2" = 1)Z[x] — Z[z]/ P\ (2)Z[x] — 0

:Tw :Tw :T

0 It G] A Ry 0

N

with vertical isomorphisms, where the map A is induced by Q[G] — Q[G]L. Since
the top row is exact, so is the bottom row, giving (iii).
Let 1 denote the Mobius function. Then

Up(2) = (2" = 1)/0r(x) = [] @7/4—1)7D. (5.1)

d|r,d#1

In Z[z]/®,(x)Z[z], = is a primitive r-th root of unity, so 2™/¢ has order d, so z"/% —1
is a unit in Z[z]/®, (z)Z[z] unless d is a prime power. When d # 1 is a prime power,
u(d) = —1if d is prime, and u(d) = 0 otherwise. By (i), n(Z1) is generated by
¥, (), so by (B1)), the ideal A(Zp) of Ry is generated by [],,(¢¢ — 1). Since
I, C Q[G]L, A is the identity map on Zy,. This proves (iv). O

Theorem 5.5. Suppose L/k is a cyclic extension of degree v, and V is a commu-
tative algebraic group over k. Then:
(i) VL is a commutative algebraic group of dimension p(r)dim(V).
(ii) IfV is connected then Vi, is connected.
(iii) V7, is isomorphic over L to V().
(iv) There is an injective ring homomorphism Ry, ® Endy (V) — Endg(VL).
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Proof. Parts (i), (ii), and (iii) follow from Theorem 2], since ranky Z;, = dim py, =
o(r). Part (iv) follows from Proposition L.2{(iii) and Lemma [B.4[(iii). O

Lemma 5.6. The ideal of Z[x]/(z" — 1)Z[z] generated by ®,.(x) is also generated
by each of the following sets

0 {(@" = 1)/(z = 1) 2 d | r,d#r},

(ii) {(z" = 1)/ ("¢ = 1) : |7, £ prime}.
Proof. The identity 2" —1 =[], ®a(z) shows that ¢, (z) divides (z" — 1)/(z?—-1)
for every divisor d < r of r. On the other hand, Theorem 1 of [dB] or [Re] shows
that ®,.(z) is a Z[x]-linear combination of {(z" —1)/(z? —1) : d | r,d # r}. This
proves (i). Every element in the set (i) is divisible by one of the elements in its
subset (ii), so this completes the proof. O

Lemma 5.7. Each of the sets {®,(1)}, {Npp : F € Qr}, {Nyyp : F € Q}}
generates the ideal I3 C Z[G].

Proof. If k C F C L and [F : k] = d, then Ny, goes to (z" —1)/(z% — 1) under

the isomorphism Z[G] = Z[z]/(z" — 1)Z]x]. Thus by Lemma [5.6] the three sets of
this lemma generate the same ideal of Z[G]. By Lemma[5.4(i), this ideal is Z3-. O

Recall that if « € Z[G], then oy € Endy(ReskV) denotes its image under (@2).

Theorem 5.8. Suppose L/k is a cyclic extension of degree r, and V is a commu-
tative algebraic group over k. Then:
(i) Vi = Nrea, ker(Np/py) = Nrea;, ker(N py) = ker(®,(7)y) € ResyV,
where T is any generator of Gal(L/k).
(ii) If A is a commutative k-algebra, then

Vi(A) 2 {a e V(A®y L) : Npjp(a) =0 for every F € Qp}.
In particular,
Vi(k) = {ae€V(L): N jp(a) =0 for every F' € Qr}.
Both assertions also hold with Qp, replaced by Q.

Proof. Assertion (i) (resp., (ii)) follows from Lemma [5.7 and Proposition F2(1)
(resp., (ii)). O

Theorem 5.9. Suppose L/k is a cyclic extension of degree v, and V is a commu-
tative algebraic group over k. Suppose that £ is prime and g € Gy. Let d be the
order of the restriction of g to G := Gal(L/k). If the characteristic polynomial of
g acting on Ty(V) is [[,(X — «;) with a; € Qu, then the characteristic polynomial

of g acting on Tp(Vy) is
H(X — q;()PM/e(d)

218
where ¢ runs through all primitive d-th roots of unity.

Proof. By Lemma[5.4(ii), the eigenvalues of the generator 7 € G acting on Z;, Q =
R ®Q are exactly the primitive -th roots of unity in Q, each with multiplicity one.
It follows that the eigenvalues of g acting on Zy, are the primitive d-th roots of unity,
each with multiplicity ¢(r)/¢(d). The result now follows from the isomorphism
To(VL) 2 I, @ Ty(V) of Theorem 22(iii). O
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Proposition 5.10. Suppose L/k is cyclic, F' and M are extensions of k in L,
FNM =k, and L = FM. If V is a commutative algebraic group over k, then
(Ve)Mm 2V over k.

Proof. Let d = [F : k] and e = [M : k]. Then de = r. Since L/k is cyclic, d
and e are relatively prime. By Lemma [54(ii,iv), there are isomorphisms of Z|G]-
modules T = Zlp,), T = Z{p,], and Iy, = Z]p, ], where the chosen generator 7
of GG acts on the right-hand sides as multiplication by (4, (., and (., respectively,
and where the roots of unity are chosen so that (3¢, = (. Then the natural map
Z{p g @z Z[w,.] == Z[w,] is an isomorphism of Z[G]-modules. Hence Ty, = 7Ty @77,
and the proposition follows from Proposition O

Remark 5.11. Suppose k C F' C L. Let Ny, : Z[G] — Z[G] denote multiplica-
tion by ZheGal(L/F) h. Then Ny, p factors as

Rp/r

Nyr: Z[G) Z[Gal(F/k)] —=~ ~ 7[G]

where Ry p is the natural projection map. Since ker(Ry,p) and coker(ir,p) are
torsion-free, Lemma shows that the induced maps Ry ry and t7/py in the
composition

Rp/rv LL/F,V

Ni/pv : ResfV ——== Resf V ———— RestV (5.2)
are surjective and injective, respectively. In [RS1l RS2l [RS3], the primitive sub-
group of ResﬁV corresponding to L was defined to be T, := Nkcrcr ker(Rr pv ).

By B2), ker(Rr/r,v) = ker(Ny p,v). So when L/k is cyclic, T, = Vi, = W (the
last equality by Theorem [£.8(i)).

6. SEMIDIRECT PRODUCTS

Suppose for this section that L/k is a finite Galois extension, and G := Gal(L/k)
is a semidirect product I x H of a normal cyclic subgroup I = Gal(L/K) of order
r by a subgroup H = Gal(L/M). There is a diagram

k

and we view Z[I'] and Z[H| as subrings of Z[G], so Z|G] = Z[T'|Z|H] = Z[H]Z|T].
Let pr/x be the (unique) irreducible faithful rational representation of I', and
Q'] k the pr,/k-isotypic component of Q[I']. Let Zr, = Ir,/x C Z[I'] be the ideal
Q') x NZI'] of Definition B.1] so Zr, € FModz(K).

In this section we will show (Theorem[6.3] below) that the commutative algebraic
group Vg = I, ® V€ CAGz(K) of Definition [5.1] has a model over k of the
form J, ® V € CAGgz(k) for a suitable right ideal [J1, of Z[G]. This is needed for
the applications in [MR], in the case where G is a dihedral group of order 2r.
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Define
Np =Y heZ[H]| CZG.
heH
Lemma 6.1. The abelian group Jr, := NpuZy, is a saturated right ideal of Z|G).

Proof. For h € H, the representation p’i/K of I defined by p}Ll/K(Fy) = pr/k(hyh™1)
is an irreducible faithful rational representation of I', so pii /K = PL/K- Hence
hZph~' =7y in Q[G], so for h € H and vy € T we have

NuZph = Nyhlp = N1y, Nglpy= Nglp,
so NyZ1Z|G] = NyZy,. Since Z;, C Z[I'] is saturated, J, C Z[G] is saturated. O

Definition 6.2. Define V /5, := J ®V where JL := NyZp asin Lemmal6.3] This
definition depends on the subgroup H of Gj if necessary we will denote V7 /5, by
Vi /k, - Theorem [6.3] below shows that if H' is another subgroup with G =T"x H’,
then Vi, g+ is isomorphic to Vi, i over K.

Theorem 6.3. Over K there is an isomorphism Vi, /i, = Vi /i, where Vi, i (resp.,
Vi) is given by Definition [Z1] (resp., Definition[6.3).

Proof. Left multiplication by N is an isomorphism Z;, — 77, of right G g-modules.
By Corollary LI with F' = K, Vi = V7, is isomorphic over K to Vi, = V7. O

7. FINITE GROUP ACTIONS ONZ ® V

In this section we study the action of symmetric groups on the group varieties
T®V. When V is an algebraic torus, these results provide insights into some known
cryptosystems (see [RS2], [RS3]).

Fix a finite Galois extension L/k and let G := Gal(L/k) (and O = Z). Fix
also a commutative algebraic group V' over k that is not isogenous to the trivial
group, i.e., so that the natural map Z — End (V) is injective. If o € Endz(Z[G]),
let oy € Endg(RestV) denote the endomorphism given by the functorial map of
Corollary [[7(i) (with Z = J = Z[G]). If T is a saturated right ideal of Z[G], view
T®V C ResfV via Lemma 23 (with 7 = Z[G]) and Proposition E1

Lemma 7.1. Suppose that T is a saturated right ideal of Z|G], and o € Endz(Z[G]).
Then the following are equivalent:

(i) o(Z) CZ.

(i) ov(Z®V)CZIQV.

Proof. If 0(Z) C T then o|z € Endz(Z). By the functoriality of Z — Z ® V, we
have oy |7y € Endrp(Z ® V). Thus (i) = (ii).

Conversely, suppose oy (Z ® V) CZ® V and let A : Z[G] — Endz(Z[G]) denote
the map that sends a € Z[G] to left multiplication by «. Suppose o € Z and
B € I+. Then oZ[G] C T, so ay € Endg(ResyV) factors through Z ® V, i.e.,
ay(Resg V) € Z ® V. Therefore

(A(B) 0 7 0 A(a))v (Res V) = By (ov (av (Resi V) C Bv(Z @ V) =0

by Proposition E2(i). By Corollary [7(iii), the map Endz(Z[G]) — Endys (Resf V)
is injective, so A(B) o o 0 A(a) = 0, and thus - o(a) = (A(F) oo 0o A())(1) = 0.
Therefore Zo(Z) = 0, so o(Z) C T by Proposition B.5(ii). Thus (ii) = (i). O
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Let Xy denote the group of permutations of a set H. If 0 € Y¢g, let 6 €
Autz(Z[G]) denote the automorphism induced by o, and let 6y € Auty(RespV)
denote the corresponding automorphism of Resé V.

Lemma 7.2. Suppose that L/k is cyclic and o € Xg. Then the restriction of &y
to Vi, is an automorphism of Vi, if and only if

(*) for every g € G and subgroup H C G of prime order, o(gH) = o(g)H.

Proof. Since o has finite order, the restriction of 6y to Vi is an automorphism if
and only if 6y (Vy) C Vi, which by Lemma [7.1] happens if and only if 6(Z.) C Zy,.
Write G = G x - - - X G where each G; is of prime power order, |G;| = p;’, ordered
so that p; < ... <ps For 1 <i <t let H; be the subgroup of G; of order p;, and
let Ng, =, cp, b € Z[G]. By Lemmal5.7]

I} = > Z[G]Nu,. (7.1)

If o satisfies (*) then 6 (Ng,a) = Npg, - 6(a) for every a € Z[G] and every i, so
I} -6(I) = Y Z|GINu, - 6(Ir) = Y _Z[G) - 6(Ng, - Ir) =0,

since Ny, - Zr, = 0 for all i. By Proposition B35\ii) we conclude that 6(Z1) C 7y,
so by Lemma [l 6v |y, € Aut(Vy).

Conversely, suppose (*) fails to hold for some H. Take j minimal so that there
is a v € G with o(yH;) # o(y)H;. Replacing o by 7,(,)-1 00 o7, (where 7, € X¢g
is left multiplication by ¢ € G) we may assume without loss of generality that
o(1) =1, o(H;) # Hj, and o(gH;) = o(g9)H; for all g € G and ¢ < j. It follows
that o= 1(gH;) = 0~ (g)H; for all g € G and i < j, so

J_l(gHHi) =0 '(g) HHl for every g € G. (7.2)
i<j 1<j
Let m; : G — G; be the projection map. For 1 <i <t fix 1 # §; € H; such that
mi (07 (H;)) ifi > j,
6 ¢ S o~ (H;) if i = 7,

Wi(Uil(Hj)ﬂ5jHi<jHi) 1f1<’L<_]
The first is possible since p; > p; if i > j; the second since o(H;) # H;; and the
third because it follows from (7.2)) that the elements of o ~!(H;) lie in distinct cosets
of Hi<j H;, and |H1| =p;, >3 if 7 > 1.

If S C{1,---,t}, let 65 = [[;c5 9i- Note that §5 = 1 if and only if S = . We
claim that if 0(dg) € Hj, then either S =0, or else S = {1, j} and j # 1 (in which
case dg = 019;). To prove the claim, suppose S # 0 (so ds # 1) and o(ds) € H;.
Then m;(ds) € m(c~'(H;)). Note that m;(ds) is &; if i € S and is 1 otherwise.
By our constraints on the d;, if ¢« > j then ¢ ¢ S. If j ¢ S, then applying (7.2
with g = 1 gives 0(ds) € ([[,; Hi) N H; = {1}, contradicting that o(1) = 1 and
ds # 1. Thus j € S, and again by our constraints, if 1 < ¢ < j then i ¢ S. Since
o(6;) ¢ H;, we cannot have S = {j}. We have thus proved the claim.

Let a == [[_,(1 &) = Y s(=1)I%16s € Z[|G], with S running over subsets
of {1,---,t}. By the claim above, 6(a) = > o(—1)I%lo(ds) = 1 + > g¢m, Ag9 O
1+ 0(6165) + > ggn, ag9 With ag € Z. 1t follows that Np, - 6() # 0, since the
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coefficient of the identity element is either 1 or 2, so 6(«) ¢ Zr by Lemmal[57l Since
§; € H;, we have Ny, (1—4;) = 0 for all i. Thus by (Z1]), Z o = 0, so by Proposition
Bii), a € Zy,. Therefore 6(Z1) € Zr,, so by Lemma[l 1] 6v (V) € Vi. O

If |G| is squarefree, and H is a subgroup of G, then there is a unique subgroup
J C G such that G = H x J, and this decomposition induces an inclusion ¥y C Yg.

Theorem 7.3. Suppose L/k is cyclic of squarefree degree, |G| = p1---pr with
distinct primes p;, H; is the subgroup of G of order p;, and 0 € Xi. Then 6v |y, €
Aut(Vy) if and only if o € [[._, 2u,(C Za).

Proof. Suppose o € [[, Eg,. It is easy to see that for every g € G and every i,
o(gH;) = o(9)H;. By Lemmall.2] 6v |y, € Aut(Vg).

Conversely, suppose &y |y, € Aut(Vy,). By Lemma [T o(gH;) = o(g)H; for all
g € Gand alli. Let w; : G — H,; denote the projection, and let o; = o|g, : H; — G.
Let 7;, = m;00; € Xp,. It follows easily that o = Hle riom€o €], Xu,. O

APPENDIX. MORE GENERAL CONSTRUCTION

Although in the above discussion we restrict to the case of free O-modules Z, the
tensor product construction (Z,V) — Z®e V in the appropriate category of sheaves
for the étale topology (as alluded to in the introduction) is quite general. Moreover,
this more general construction can also be formulated in fairly concrete terms. For
example, suppose that O is a commutative noetherian ring, V€ CAGo(k), and 7
is a finitely generated O-module with a continuous right action of Gy, but do not
assume that 7 is a free O-module. Let L be a finite Galois extension of k£ such that
G, acts trivially on Z, and let G := Gal(L/k). Since O is noetherian, there is an
O[G]-presentation of Z, i.e., an exact sequence

oG 4 0GP —1I—0

of right O[G]-modules. By basic properties of the functor V — Rest'V (or for
example, by Corollary [[7(ii) and Proposition [1]), ¢ induces a k-homomorphism

Yy (RespV)* — (Resy V),
and we can define
I®oV = coker(ypy) € CAGo (k).

One can show that this definition is independent of the choice of L and of the
presentation of Z, and it agrees with Definition [[LTlif Z is a free O-module. Further,
without the assumption that the O-modules are free, Theorem [[.8 Corollaries
[[9 10 and 25 and Lemma 2.4] all remain true verbatim, Proposition and
Corollary L7 hold if Z and J are projective O-modules, Theorem holds if 7 is
a projective O-module, and Lemma 23 holds if Z/J is a projective O-module.
This definition of Z ®p V is essentially the same as Conrad’s definition of his
T ®0(c ResfV in Theorem 7.2 of [C], using the action of O[G] on ResV given by

[#2) above.
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