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ON ESTIMATION OF NON-SMOOTH FUNCTIONALS 1

ABSTRACT. Let a function f be observed with noise. In the present paper we
concern the problem of nonparametric estimation of some non-smooth functionals
of f, more precisely, L,-norm [|f|| of f. Existing in the literature results on
estimation of functionals deal mostly with two extreme cases: estimation of a
smooth (differentiable in L, ) functional or estimation of a singular functional
like the value of f at a certain point or the maximum of f. In the first case, the
rate of estimation is typically n=/2 | n being the number of observations. In the
second case, the rate of functional estimation coincides with the nonparametric
rate of estimation of the whole function f in the corresponding norm.

We show that the case of estimation of ||f||, is in some sense intermediate
between the above extreme two. The optimal rate of estimation is worse than
n~1/? but better than the usual nonparametric rate. The results depend on the
value of 7. For r even integer, the rate occurs to be n=P/(2F+1=1/7) where § is
the degree of smoothness. If r is not even integer, then the nonparametric rate
n=P/(20+1) can be improved only by some logarithmic factor.

1. Introduction

The problem of estimation of a functional is one of the basic problems in statistical
inference. Below we consider this problem in the nonparametric set-up. Let a
function f be observed with noise. The goal is to estimate by observed data
some real functional F(f). Clearly the quality of estimation depends heavily
on smoothness properties of the functional F'. The theory for estimating linear
functionals is in some sense the most developed. Hardest one dimensional subfamily
arguments yield both linear estimators with smallest maximum risk among linear
estimators and also show that this maximum risk is only a small multiple of the
minimax risk, see Levit (1974, 1975), Koshevnik and Levit (1976), Ibragimov and
Khasminski (1981, 1987) and Donoho and Liu (1991).

Another well studied situation concerns the case of “smooth” functionals. This
is typically understood in the sense that F' is differentiable in L, . It was shown in
Levit (1978), Hasminski and Ibragimov (1979), Ibragimov, Nemirovski and Khas-
minski (1986) that if F' is smooth and the underlying function f is also smooth

enough then F(f) can be estimated with the parametric rate n='/?, see also

Ibragimov and Khasminski (1991), Birgé and Massart (1995). The problem of es-
timation of quadratic functionals is studied in details in Hall and Marron (1987),
Bickel and Ritov (1988), Donoho and Nussbaum (1990), Fan (1991), Efroimovich
and Low (1996), Laurent (1996) among others. Estimation of functionals of the
type [ f? is discussed in Kerkyacharian and Picard (1996).

The problem of estimation of non-smooth functionals is not well developed so far
and there are very few results of this sort in the literature. Ibragimov and Khas-
minski (1980) established the rate of estimation of the maximum of f, Korostelev
(1990) studied the problem of estimating L; -norm of f. Korostelev and Tsybakov
(1994) considered some functional estimation problems relying on the image model
like estimation of the length of the image boundary or estimation of the size of
image.

In the present paper we are focusing on the problem of estimating L, -norm || f||,
with some r > 1. It is worth to mention that at least three cases with r = 1,2
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and oo have very natural interpretation. The case with r = oo corresponds to
estimation of the maximum of f. Ibragimov and Khasminski (1980) shown that
the rate of estimation of F/(f) = ||f||oc coincides with the rate of global estimation
of the function f and one may therefore use plug-in estimator F = HfHOO where
f is a rate-optimal estimator of f.

Korostelev (1990) Claimed the similar qualitative result for estimating of ;-

norm ||f|ls = [|f(¢)|]: plug-in estimator [ |f | provides with the optimal rate

n~f/2F+1)  However, the inspection of the proof shown a gap in establishing the
lower bound. By more detailed analysis it was found out that the result itself is not
correct: some improvement of the nonparametric rate is possible. Note meanwhile
that this improvement is only by some log-factor and it is therefore unessential for
practical application.

Another interesting phenomenon is met in estimating L, -norm for r > 1. It
turns out that both the results and the methods differ essentially between the
cases with r even integer and the remaining cases. In the first case the rate of
estimation can be substantially improved compared with the nonparametric one, it
is about n~f/(6+1=1/7) for the remaining situations the result is not better than
for L,-norm.

The final remark concerns the question of correspondence between the problems
of estimating L, -norm and the nonparametric hypothesis testing problem when
the distance between the null hypothesis and the alternative set is measured in L, -
norm, see Ingster (1982, 1993), Lepski and Spokoiny (1995) or Spokoiny (1996).
The origin of this question is very natural. When considering the testing problem,
one may first estimate the corresponding L, -norm and then use the estimate as
test statistic. Particularly, this recipe is correct for » = 2. However, by comparison
the above mentioned results one can see that the case with r = 2 is the only one
when this recipe “works”. For other cases, the rates in testing and estimation
problems are different.

The paper is organized as follows. In Section 2 we state the results separately
for r even integer and for the remaining cases. The estimation procedures for
r = 1 and for even integer r are presented in Section 3. The proofs are deferred
to Section 4.

2. Problem and main results

We begin by formulating the problem. Throughout the paper we consider the
idealized “signal + white noise” model. Suppose we are given data X(¢), t € [0,1]
obeying the stochastic differential equation

dX(t) = f(t)dt +n~2dW (1) (2.1)
where f is the unknown function, W = (W (¢),t € [0,1]) is the standard Wiener

process, and the parameter n is taken by analogy with more realistic statistical
models like regression or distribution density models where n is the number of
observations. We consider further the asymptotic set-up when the parameter n
tends to infinity. The function f is assumed to possess some smoothness proper-
ties. Namely, we suppose that f belongs to the Holder class (3, L) with known
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parameters 3, L. Define m as the maximal integer number less than (3. Then

Y(8, L) is the set of functions f such that
|F™ (1) — F ()| < L|t — s]P7, t,s € R".

Here £ means the m-th derivative of f. For technical reason, we assume also
that our function f is uniformly bounded by some constant o < 1,

FeX (B, L) ={f €X(B,L): [|fllse < o}

Given r > 1, we are interested to estimate L,-norm of f,

i1 = | [ vora] "

For an estimate f, of IIfll, let
R(f)= s £1(f=1/))

feEQ(ﬁ7L)
where [(-) is a loss function. For our results, it is enough to require that [ is a
homogeneous function satisfying the standard conditions, see e.g. Ibragimov and
Khasminski (1981, Section 2.3). However, to simplify our exposition, we prefer to
be more definitive and suppose that [(z) = |z|. Therefore,

R(fn) = sup E fn - HfHT’
fEX(B,L)

Set also

R'(n)=inf sup E|f—|f].

Jn fEX(B,L)

where inf is taken over the class of all measurable functions of the observation X .
We are about to state our results starting from the case with r = 1.

Theorem 2.1. Let » = 1. There exist estimators fn and a positive constant
C > 0 which depend on [ only such that for all large enough values of n, one has
R(f,) < CLYCFH(p log n) =P/ 25+ (2.2)

This result shows that [L;-norm can be estimated with a better rate than the
nonparametric rate n~%/ 2%+ but the improvement is only by some log-factor.
The next result claims that more substantial improvement is impossible. This
lower bound is valid for an arbitrary norm [, when r is not even integer.

Theorem 2.2. Let r #2k, k=1,2,.... Then for n large enough
L—l/(2ﬁ+1)(n10g n)ﬁ/(2ﬁ+1)7g2 > ¢/logn
with some positive ¢ > 0 depending only on 3.

Finally we present the result concerning the estimation of the norm L, when r
an is even integer.

Theorem 2.3. Let r =2k, k=1,2,.... Then there are positive constants ¢,
depending possibly on 3 and such that for n large enough,
¢ < L7U=1D/COH1=1/r) BICEH1=1/) () < (.,
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3. Estimation procedures

In this section we present two estimation procedures: one for estimation of L; and
another one for estimation of L, -norm with r even integer.

We begin with the case of » = 1. First we explain the idea behind the construc-
tion. The function |¢| is not smooth because of the irregularity at the point ¢ = 0.
However, this function can be approximated by Fourier series Eivzl i cos(mkt)
with the accuracy about N~!'. Therefore, our functional [ |f(¢)|dt can be ap-
proximated by the sum

; ch /0 cos(mk f(1))dt

and each term in this sum is already a smooth functional estimated with the rate
n~='/2 . To do this, one may use the method proposed in Ibragimov, Nemirovski and
Khasminski (1986). Let f(t) be a proper nonparametric estimator of f(t), e.g. a
kernel estimator, with the variance A. Then the estimator I of fol cos(mk f(t))dt
can be taken in the form

Fy = Eg/o cos(wk(f(t) +1AE))dt = /0 cos(wkf(t))exp{wzkz)\z/Z}dt.

Here ¢ means a standard normal random variable independent of our observation
X and E¢ is the expectation w.r.t. ¢. It remains to select the number N in the
Fourier expansion in an optimal way to balance the error of approximation and the
stochastic error.

Our estimation procedure just follows this program. Let m = || and let K be
a compactly supported kernel of order m i.e. K isa continuous function satisfying
the conditions

(K.1) K(t)=0 for [t| > 1;
(K.2) [ K(t)dt =1;
(K.3) JUK({#)=0for i=1,...,m.

By ||K|| we denote Ls-norm of K,

K2 = /K?(t)dt. (3.1)

Let also h be a bandwidth, h € (0,1). We make more precise the choice of i a
bit later. Define a standard kernel estimation f; of f by

Fult) = %/01 K (t . “) dX (u).

As usual in kernel estimation, the kernel K is to be corrected near edge-points 0, 1.
With the aim to make our exposition more readable, we use the same notation for
the original kernel A" and for the boundary corrected one. The necessary changes
in the exposition are obvious and we omit them everywhere.

Due to (2.1), the estimate fh(t) admits the standard decomposition into deter-
ministic and stochastic components,

Fu(t) = fult) + X&), (3.2)
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where

]
ult) = HK; — K (t - ) AW ()

Obviously &,(t) is standard normal and hence
E fu(t) = falt),
Var fu(t) = B (Ju(t) = Ju(D) " = X},

Let now
h = (L*nlog n)_l/(wﬂ) ,
N = gL—l/(2ﬁ+1)(n10g n)ﬁ/(2ﬁ+1)

where

1
0 = )
AR V2F+1

Without loss of generality we will suppose that N is an integer number.

Forall £=1,2,...,N and A > 0, define functions 14 ,(-) by
ve(t) = cos(mkt) exp{mk?\?/2}.

Set now
N
Qna(t) = co + Z kv (t)
k=1

where ¢; are the Fourier coefficients of the function wu(t) = |t],

) 1 k=0,
cr = 2/ tcos(mkt)dt =< 0 k=24,6,...,
0 A(rk)™? k=1,3,5,....

Finally we define the estimator F' of | fllx as follows.

A 1 ~ 1 N [
Fo= [ Quatnit = o+ |30 e, oyt
0 0 k=1

3.1. Estimation of ||f||, for an even integer r

The difference between this case and the above considered is based on the trivial
observation that the function [¢|" is analytical only for even integer r. This fact

will be essentially used in the construction.
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Let us consider first the functional ®,.(f) = F(f):

=111 —/ I

This functional is smooth and it can be estimated (under some mild conditions)
by observations X with the rate n=1/2.

Let fh(t) be the kernel estimator of f from the above. Applying the method
from Ibragimov, Nemirovski and Khasminski (1986), we arrive at the following

estimator ®, of Q.(f):

b, = Eg/o1 <fh(t) —|—z’)\h§>rdt - /Olgszxzqfh(t)r—%dt. (3.8)

Here 1 = \/—1, ¢ means a standard Gaussian random variable independent of
observations X , and FE; is the expectation w.r.t. ¢, so that

by = (—1) B (3.9)
We specify

h = (L) 507 (3.10)
and define the estimator £, of IIfll- by

F, = (max{0, &, })'/".

4. Proofs

Below we present detailed proofs of Theorem 2.1 through 2.3. Everywhere s with
indices and not denote appropriate positive quantities depending on r only.

4.1. Proof of the upper bound in Theorem 2.1

We begin with some technical lemmas. Let the functions v, be defined by (3.5),
vpa(t) = cos(mkt) exp{m?k* \?/2}, k> 1.

Lemma 4.1. Let z € [—1,1], A > 0 and let £ be a standard Gaussian random
variable. Then for all k> 1,

Evpa(z 4 \E) = cos(mkz). (4.1)
If oy () is defined by
o (1) = Vary, = B lvpa(z + M) — cos(mk2) [,
then
ora(t) < mhXexp{m?k?\?/2}.
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Proof. Let p(x) = (2r)""/?exp{—22/2} be the standard normal density. Then

Evga(z 4+ AE) /I/;M(Z + Ax)p(x)de
= exp{wsz)\Z/Z}/cos(wk(z + Ax))p(x)dx
= (27)"Y?Re (/ exp{m?k* /2 + imk(z + Az) — $2/2}d1}>

= Re <exp{i7rkz} (2m)~1/? / exp{—(z — iwk)\)z/Z}d:z;>

= cos(mkz)

and (4.1) follows.

Next, proceeding as above we obtain

or(t) = /(I/k(Z + Ax) — cos(mkz))’p(x)dz
= /z/z(z + Ax)p(z)de — cos®(mkz)

= exp{n’k?)\?} / 0.5{1 + cos(2mkz + 2mkAz) }p(x)dx — cos®(mkz)

0.5exp{m*k*X*} [1 + cos(2mkz) exp{—2m2k*N*}] — 0.5[1 + cos(2mkz)]
0.5 [exp{m?k*N*} — cos(2mkz)] - [I — exp{—mk*\?}]
< kAN exp{mikiA),

as required. O

Lemma 4.2. Let A >0 be fired and let Qn . be defined by (3.6). Then for every
S [_17 1]

N
EQna(z+ X)) =co+ Z e cos(mkz),
k=1
Var Qu (2 + AE) < 22\ exp{n? N\ } log*(N + 1).
with s < 2/m.
Proof. The first statement follows directly from the definition of (), and Lemma4.1.
Next, clearly

N
[Var Qn (2 + AE)] 1/2 Z [Var vy, Z—I—)\f)]l/2
k=1
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and we get by application of Lemma 4.1
N
[Var Qn (2 + )\5)]1/2 < Z cxmhlexp{m?k*\? 2}

k=1

N
< W)\eXp{WzNz)\z/Q}chk
k=1
< 2 texp{n?N?)\*/2} log(N + 1)

and the assertion follows. O

Lemma 4.3. Let ¢,k =0,1,... be due to (3.7). Then, for each N > 1 and all
Z € [_171];
N

|z| — co — Z g cos(mkz)

k=1

S %QN_l

with sy = 2772

Proof. One has by definition of ¢

|2| = o + Z g cos(mkz)

k=1
and therefore
N

|z| — co — Z g cos(mkz)
k=1

- I & 4
< < - <27 *N7!
<3 ashy e
as required. O

Now we turn directly to the proof of the result. We use the decomposition (3.2)
of the kernel estimate f;(¢). Note first that the Holder constraint f € X(3, L)
implies in a usual way, see e.g. Ibragimov and Khasminski (1981), that

|[fu(t) = F()] < s Lh” (4.2)

where 375 depends on [ and the kernel K only. Along with the constraint || f]|e <
0, this provides for n large enough and hence h small enough that |f,(¢)| < 1.
This allows to apply Lemmas 4.1 and 4.2 with z = f,(¢) and A = A, .

Denote

Yol(t) = Qu i (Fa(1))

so that F, = fol Yo(t)dt. Then, in view of the decomposition (3.2) and by
Lemma 4.2

Ev,(t)=co+ Z e cos(mk fi(1)).

Using also Lemma 4.3 and (4.2), we get
[Bya(t) = FO S TE3a(t) = O]+ 1fult) = f(1)] < saNT" 4 50 L7
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and hence

E/ (bt

Next we estimate the variance of our estimator f,, . N N
The definition of f,(¢) and the condition (K.1) yield that f,(¢f) and fu(t')
are independent random variables when |t —¢'| > 2h. Let Cov €' means the

covariance F(§ — E&)(¢ — EE') between two random variables £, ¢ . Using the
Cauchy-Schwarz inequality and Lemma 4.2 and we have

Cov(7(1),7l(t)) < [Var(t) Varya (¢ 1(jt — /| < 2h)
< 0.5 (Var,(¢) + Varv,(t") 1(|t — ¢'| < 2h).

/|E’yn f)| <3N~ Uy s LRP.

A

This gives

Var [, = Var ( /0 1~yn(t)dt> — /0 1 /0 1cov(%(t),%(t'))dtdt'

11
< 0.5/ / (Var~,(t) + Varv,(t") 1(Jt = t'| < 2h)dt dt’
o Jo

1
< 4h/ Var v, (t)dt.
0
Using Lemma 4.2 we get
Var I, < 24| K ||>n~ " exp{m®N?||K||*/(nh)} log®(N + 1).
Now

E

@E—

. L 11/2
gﬂEm— +xmm}

2nh
By substituting h, N from (3.3), (3.4) respectively, we find out that

ON! = LhP = Ll/(25+1)(n log n)—ﬁ/(w-l-l)

2N2 [ 2
< s N7V s LAP + 2%1”[(”71_1/2 log(N + 1)exp {w} . (4.3)

and
exp{m? N?||K||*/(2nh)} = exp{0.57°|| K||*0* logn} = nl/(46+2),

Summing up all these estimates we arrive at (2.2).

4.2. Proof of the upper bound in Theorem 2.3

First we study the behavior of the estimator ®, of Q.(f), see (3.8).
Lemma 4.4. Let f;,(t) be due to (3.3). Then

1
E%z/ﬂﬁﬁﬂmm
0

Var &, < s4n”" max{ A} 7%, || fallar 3
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where 24 depends only on v and the kernel K .

Proof. We begin by observing that for every two independent standard normal
random variables ¢ and ¢ and for all 7 > 0, one has

E(¢+ig') =0,
(Here ¢ = /—1.) This implies also for each numbers z, A
E(z+ X+ Mf’)j = 7,

Now using the decomposition (3.2) of the kernel estimator ft(t) , we have clearly

Ed, = E/O1 Ee (fu(l) + M€ (t) + iXn€) dt = /01 Fr(t)dt.
Set
a(t) = Ee(fu(t) + M)
Then Ev,(t) = | fu(t)]. Using again the decomposition (3.2) we may write
Yalt) = Eva(t) = Ee(fu(t) + M&u(t) +iM8)" — [ fu(t)]"

= Y CHRT N B (1) + M)’

This yields

r

Var v, (1) <A a7 (b))

i=1

with some positive numbers a; depending only on r. Now using (4.3) and Jensen’s
inequality we obtain

1
Var ®,, < 4h/ Var v, (t)dt
0
r 1
< 4hAzZ/ a; N (O] dt
j=1"0

< AP Y @ Nl 52

j=1
and the assertion follows in an obvious way. O

Lemma 4.5. There exists a constant 5 depending only on r and the kernel K
such that

1322 < oesh™ A A
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Proof. By application of Minkovski’s inequality one get

O = ‘/f ()

r—1

(r=1)/r] "
< [( [1sra)” (wen [ ace—wmriena) ]
= sh™ T
where 5 = [ |K(u )"/ =Ydu . Now with the help of Jensen’s inequality we derive
1
11153 = [ 1P
0
1
< %Sh—l-l—l/erH:—l/ |fh(t)|r_1dt
0
< sshTHY A
as required. O
Now we are ready to complete the proof of the theorem. Denote
1—1/r _ J&i
0, = LFFFI-1]7 " BB (4.4)

Then p, is exactly the rate shown in the theorem and it is easy to check that
0, = Lh? for h from (3.10).

First we recall that the Holder smoothness constraint implies the bound
If = fulls < sesLh” = 3230, (4.5)

and particularly ||full. < ||fIl- + s30n . Below we separate between two cases with
17l < 200 and |7, > 20. T | f] < 20n, then

E|E,| + 20,

(B @2V + 20,
[Var &, + (E &)%)/ 4 20,
(Var &)@ 4 (E®,)Y" + 20,.

EIE, =711

IAIAIA A

It is easily seen that g, < A7 = ||K||?/(nh) at least for n large enough and using
the results of Lemma 4.4 we may bound

EE, = [If1l:] < Gean™ A7) 1 full + 200

By substituting A, = (nh)~"/2 and A from (3.10) and using the bound (4.5), we
get the assertion of the theorem for the considered case.
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For the case with ||f]|, > 20, , one has also || fu||; > || fll- — 0n > 0 and
ElE = fIe] < Bl = (1 fille] + 200

E|Er = | fll7)
< n T ‘I’% »
= T o
_ E|®, — E®,| N
- % ’]’L
VAT o
(Varé)n)l/2
< ——— + 30,
Ihlt

The result of Lemma 4.4 and (4.5) allow to bound
Var &,)/% < sgn™ (X7 4 70| g |77
and we end up with
EIEy = |[Fe] < sean™ P 074 4 70700 4,

and the theorem follows by straightforward calculation.

4.3. Proof of the lower bound in Theorem 2.3

To get the lower bound announced in Theorem 2.3, we change the original non-
parametric set by a high-dimensional parametric subset. Let g be a function from
the set Y,(8,1) vanishing outside the interval [0,1] and with [|g|* = [¢* > 0.
Let some positive number h < 1 be fixed such that N = k™! is an integer. We
make more precise the choice of h later on. Note that by standard renormalization
argument, each function of the form g, ,(¢) = b=°g(a+bt) also belongs to ¥,(3, L)
for all a and all positive b.

Let now Z = {[;,,7 = 1,... N} be the partition of the interval [0,1] into
N = h~! subintervals of length h. By ¢; we denote the left end-point of each
subinterval [;. For every point 6 = (64,...,60y) from N-dimensional cube By =
[—1,1]", introduce a function fs(-) by

Fot) =Y 0:hPg((t — 1)/ R)L(t € L).

=1

Then obviously fs € ¥,(3, L) for N large enough and

al =1\ ]
s = e Soior [ o (S50
=1 @

dt = (gl h° B 0) (1.6)

where

Denote also for 2 =1,...
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Using the model equation (2.1) one can write for f = f; from above
Yi=a(N)b, + &, 1=1,...,N, (4.8)

where

o(N) = [lghn*h2 = |lg|n* 2 N0,

1 t—1;

= v o () e
Clearly £ = (&1,...,€én) is a collection of independent standard normal random
variables. It is also straightforward to see that the set of statistics Y;,i =1,... /n

is sufficient for the parametric submodel (with f € {fs, § € By}). Therefore,
when denoting s; = a(N)0;, ¢ = 1,..., N, the original “signal + white noise”
model (2.1) is transferred into the “sequence space” model

K:SZ’—I-&, izl,...,N, (49)

with s = (s1,...,sn) from the cube Sy = B]%(N) = [~a(N),a(N)]¥. By this
transformation, the original estimation problem is reduced to estimating the quan-
tity F.(s) due to (4.7) by observations Y. Let R,;(NN) be the corresponding
minimax risk:

Ro(N) = inf sup E,|F' — F,(s)|,

F SESN

the infimum being taken over all Borel functions F= F(y) on RN and E, being
the expectation under s. Then one gets from (4.6) and (4.8)

R*(n) > |lgll h*a™ (N)RL(N) = 52,/ K]0 Ru(N) (1.10)

where 3¢, = |lg]-/llg] -
Now we are going to establish the following

Proposition 4.1. Let o(N) = N~V Then, for all large enough values of N,
Rs(N) > seza(N), (4.11)
where 7 > 0 depends on r only.

The proof of this assertion will be given below. Before doing this, we show how
it implies the statement of the theorem. We set

N = (LZn)zﬁHl—l/r,
Then (4.10) and (4.11) give

1—-1/r

R*(n) 2 P N/n]\/'—l/(zr) — %8L25+1—1/r n_2,6+?/il/r

as required.

Proof of Proposition 4.1 is based on the following idea. We introduce two prior
measures fiyo and gy on the parameter set Sy and denote by Py and Py,
the corresponding Bayes measures on R |

Pnj = pn;* L(E), j=0,1.
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Let also K(Pyno, Py1) be the Kullback information between Pygo and Py

dP
K(Pno, Pn1) = /log (dPNJ) dPy .
N,0

We will estimate the minimax risk from below by the maximum of two risks under
Pno and Py;. For this we use the following technical assertion which can be
deduced from more general Fano’s lemma. However, we prefer to give a direct
proof.

Lemma 4.6. Let prior measures pno and pyy be such that the Kullback infor-
mation K(Pno, Pn1) satisfies the condition

IC(PN@,PNJ) S » (412)

with some positive s . Let now ® be some function on the parametric set Sy and
let

2 —
dN,J' -

UNJ‘ = /(I)(S)/,LNJ(C[S), (413)
/ (D(s) — ox s (ds), (4.14)

for 7 =0,1, then

R(N) = inf sup E5|<i) — ®(s)| > 0.5loyo —vnale”” — max{dno, dn}-
® seSy

Proof. First we note that, for an arbitrary prior measure p and each estimator )

of ®(s), one has
sup Ey|® — &(s)| > En,|® — &(s)|
SESN
EN7M|(1) — Enyu®(s)| — Enu|®(s) — Enu®(s)]

>
> EN7M|(i) — En ,®(s)| — dn -

Here Ey, means the expectation w.r.t. the Bayes measure Py, corresponding
to prior p and dy,, is due to (4.14). This clearly implies

R(N) 2 igfmax {EN70|(1) - UN70| - d]V’O7 EN71|(1) — UN71| — dNJ}

> infmax {EN70|<1) —unol, EN71|<1) — UN71|}
é

—max{dno,dn}- (4.15)

Next we use the fact that the maximum likelihood test Ty = 1(dPn1/dPno > 1)
is optimal for testing the hypothesis Hy : L(Y) = Pno versus the alternative
Hy: L(Y) = Pn, see Lehmann (1959): for an arbitrary test T,

max { Pxo(Ty = 1), Py1(Ty = 0)} > max {PN,O(TN = 1), Pya(Ty = 0)} .
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Set Zn = dPngo/dPn;1. Then Ty = 1(Zny < 1) and, since the function log(z) is

concave, using Jensen’s inequality we get
2

10g maX{PNp(TN = 1),PN71(TN = 0)} 2 10g PN70(ZN S 1)
= 10g/ZN1(ZN S 1)dPN71

> /10g(ZN)1(log(ZN) < 0)dPn 1
> —K(Pno,dPyq) > —5.
Let now & be an estimator of ®(s). Consider the following test
Ty =1(® —v,0 > Ay)
where
An = (vn1 — vno)/2.

(Here we assume that vy; > vno.) By application of the above inequalities we
obtain

maX{PNp(TN == 1), PNJ(TN == 0)} 2 e ”
or

max {PND((i) —ono > An), PNJ((i) —ong < —AN)} > e
We end up by use of (4.15) and of Chebyshev’s inequality. O

We will apply this lemma with ®(s) = N7'(s]+...+s}) to two prior measures
pno and gy with product structure,
= Mo
N
HN1 = [y

We construct these measures in such a way that (4.12) holds with some fixed
and the difference |vn 1 — vyl will be as large as possible.
First we note that, for y =0,1,

N

1 T T

ﬁ/z |sil"penv,(ds) = / |s]"p;(ds) = v;
=1

HN,0

and similarly

where
o = [ blnis <)

2 = /|5|27’/,L]4(d3) —v? < o¥(N).
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In the same way we can estimate the Kullback distance between the Bayes mea-
sures Pno and Py;. The product structure of the model (4.9) and of the priors
KN, v 1mplies that

K(Pxo, Pry) = N / Log(Pyo (4)/ Py (4))Puo () dy (4.16)

where, for each measure p on [0,1]

puly) = / oy — Dyu(de),

o(y) = (2m) ' exp{—y*/2} be the standard Gaussian density on the axis.
Now the application of Lemma 4.6 gives under condition (4.12) the following
bound of the risk of an arbitrary estimate ¢ of ®(s)

si ESCi)—CI)S >0.5v1—voe_”—ofNN_1/2. 4.17
p Ly (s)| = 0.5 | (N)

SESN

Next we observe what follows from this bound for the risk R () in estimating
F.(s). If F is an estimate of F.(s), then ® = F" can be viewed as an estimate

of ®(s) = F"(s). We may assume that |F| < o(N) and hence
B — 0(s)] = BB — F(9)] < ra (NYEJF — Fy(5)].
Now the bound (4.17) yields
RuN) > (ra (V) (05]0 — vole™ — a (N)N-12)
= 7 La(N)(0.5a7" (N)|vy — vole™™ — N713), (4.18)

Next we specify the choice of measures g, 11 mentioned above.

Let ¢ be the distance (in the uniform norm on [—1,1]) from the function " to
the space of polynomials of degree < r — 2. By the standard separation arguments,
there exists a measure g with variation 2 on [—1, 1] such that

/t’/,e(dt) = 0, [=0,1,...,1r—2,

/ fu(dt) = 2.

Note that if g possesses the indicated properties, so is the “reflected” measure p*
(u*(A) = pu(—A)) and hence the measure (p + p*)/2; therefore y may be assumed
to be symmetric. Let py, —pu_ be the positive and the negative components of .,
respectively. Then py and p_ are symmetric probability distributions on [—1,1]
such that = py — p_ and

/t’/,ur(dt) = /tl/,c_(dt), [=0,1,....r—2; (4.19)
/tr/,c_|_(dt) = /tr/,c_(dt) + 26.

We assign o, g1 by rescaling the measures pq, i respectively into the interval

[—a(N), a(N)],
polla, b)) = pi(la/a(N),b/a(N)]),  a,be [-a(N),a(N)],
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and similarly for gy . Obviously

vo — vy = o’ (N) / [t|"pe(dt) = 26a”(N)
and now the bound (4.18) looks like
Ro(N) > rta(N)(de™> — N~V/2), (4.20)

To complete the proof, we have only to verify (4.12).
Let us associate with a symmetric probability distribution v on [—1, 1] and a real
a the distribution /) on the axis with the density

po(a,y) = /c,o(y —at)v(dt) = ¢(y) /Ch(oztx) exp{—a’t*/2}v(dt).

Note that this relation defines a function p,(a,y) for an arbitrary (not necessarily
nonnegative) symmetric measure v on [—1, 1].
Set

K(a) = / Log(Pys (0, 9)/ P (0 9}y ()

for the Kullback distance from p,,, (e, -) to p,_(c, ).

Lemma 4.7. The function K(«) is infinitely differentiable and it has zero of order
at least 2r at the point o = 0.

Proof. 1t is clearly seen that one may differentiate K(«a) arbitrarily many times and
that

! o
0o = | g s (Gt o0 o
for all [. Note that
Puy (Oz, y) = Pu_ (av y) + pM(Oé, y)'
To begin by, we show that for all
alpﬂ(oz, y)
dat

=0, [=0,1,...,r—1. (4.21)

Indeed, one clearly has

Opular) e {attf2)) (-
’ : . dt
ool |._, / Z G of Jal— p(dt) .
= /tl(ao—l—aly—l— ...—|—a1yl)/,c(t) = 0.
Here ag,...,a; are some numbers and we have used (4.19). This yields (4.21).

According to (4.21), pu(e,y) can be represented in the form
pulasy) = a"wla,y)

with smooth function w(-,-) (which, as it is easily seen, is a summable function of
y). Since [ pu(a,y)dy =0 for all e, so is also for w(a,y),

/w(a, y)dy =0, Ya.
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Now we have
r q
10g (pu_(oz,y)> — 10g (1 _ o w(avy)> — _a w(avy) o a2rv(a7y)7
pu+ (Oé,y) pu+ (Oé,y) p#— (avy)
v being a smooth function of y, . Hence

Kla) = = [1on (220 5, o

Puy (Oz, y)

= o//w(a,y)dy+a2r/v(a,y)pu+(a,y)dy

= azr/v(avy)pma,y)dy

and the assertion follows. O
The result of this lemma means that, for a small, the following bound holds true
K(a) < #a®.

Particularly, by letting a(N) = N~V we get
K(a) < N, Va<a(V) (4.22)
and the assertion (4.12) follows in view of (4.16).

4.4. Proof of the lower bound in Theorem 2.2

Now we establish the lower bound from the Theorem 2.2 for the case when r is
not an even integer.

We follow the line of the proof of the similar result in Theorem 2.3. The only
difference is in construction of two priors po and g .

We begin by translation of the problem into the “sequence space” model (4.9).
We apply now

N — L2/(25+1)(n log n)ﬁ/(2ﬁ+1)_

The bound (4.10) for R*(n) is still valid and the statement of the theorem fol-
lows from this bound and the next proposition which delivers some information
about accuracy of estimation of the functional F,.(s) = (N7*(s] +...+ STN)I/T by
observation Y from the sequence space model (4.9).

Proposition 4.2. Let o(N) = (100log N)™' and Sy = [—a(N),a(N)]¥ . Then
for all large enough values of N,

Ro(N) = inf sup E,|F — F.(s)| > s9(log N)™"~1/2 (4.23)
F SESN

where 9 > 0 depends on r only.

Proof. The most important step in the proof deals with constructing two mea-
sures py and p_. Denote by P, the space of polynomials of degree &, and let
d(k) be the distance (in the uniform norm on [—1,1]) from the function [{|" to
the space Pa. It is known (see, e.g., Timan A.F., Theory of approximation of
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functions of real variable, Moscow, 1960, p.430) that if k is a nonnegative integer,
then

(S(k) 2 %10]{—7"
Given a positive integer N > 3, let us set
E(N) = |log N]|.

By the standard separation arguments, for a given N there exists a measure py
with variation 2 on [—1,1] such that

/t’,w(dt) = 0,1=0,1,....,2k(N), (4.24)

/ 7w (dt) = 26(k(N)) > 25210k~ (N).

Arguing as in the proof of Proposition 4.1 we may assume from the beginning that
the measure py is symmetric and so are its positive and negative components g

and p_ (ie. pun =y —p-).

We define now measures o and py by rescaling puy and p— into the inter-
val [—a(N),a(N)]. Also we set uno = pd, puyi = i and Bayes measures
Pn o, Py correspond to these priors. Following the arguments from the proof of
Theorem 2.3 we arrive at the bound (4.20)

Ro(N) > rLa(N)(§(N)e ™™ — N7Y2), (4.25)
under the condition
IC(PN@,PNJ) S . (426)

If this condition holds true with some positive s depending only on r, then the
bound (4.25) yields the desirable assertion. Therefore, it remains to check (4.26).
Recall that the Kullback distance K(Pn,, Py 1) satisfies

K(Pyo, Pxi) = NK(a(N)) (4.27)

where by definition, for « € [—1,1] and a measure v

K(a) = /10g(pu+(oay)/pu_(a,y))pu+(aay)dy,

polayy) = /c,o(y —at)v(dt) = c,o(y)/ch(ozt:z;) exp{—a’t*/2}v(dt).

Set for T"'> 0

Kr(a) = /|| Tlog(zm (s )/ pu_(ay))puy (e, y)dy. (4.28)
y|<
Lemma 4.8. For every T > 0
dl]'J
dhrlo)l 0, ..., 2k(N).
dal | _,

Proof basing on (4.24) repeats the first part of the proof of Lemma 4.7.
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Remark 4.1. Lemma4.7 claims more strong assertion: if (4.24) holds for all | < 2k,
then K(«a) has zero of order 2-2k at zero. For this we use except (4.24) also the
property [ p.(a,y)dy =0 which is not available when dealing with Kr ().

The next lemma delivers more information about behavior of the function Kr(«).
Lemma 4.9. For every T' > 20 and all o € [—1,1], one has
K(a) <exp{—(T —1)*/2} + Kz(a). (4.29)

The function K7(a) can be extended analytically onto the circle o] < (10T)™!, and
in this circle

|Kr(a)] < 2/3.
Proof. We clearly have
IC(O() = I(T(Oé) + RT,

Ry = / Log(Pys (0 )/ Pr_ (0, 4))pes (00, )y
ly|>T

Now, Rr is a convex functional of the distributions py, pi_; therefore its supremum,
over all (even non-symmetric) probability distributions on [—1, 1] is the same as
its supremum over distributions on the same segment with singleton supports.
For a distribution of this latter type, with py concentrated at a point ¢ and p_
concentrated at a point 7 (¢,7 € [—1,1]), we have

s /|y|>T {_ ool o arl) - =0

2
1
d
9 9 9 }«/QW 4

/{ <-T—atu{y>T—at} [a(t N T)y * az(t N T>2/2] SO(y)dy

a(t — T)(27T)_1/2 [exp{—(T —at)?/2} — exp{—(T + ozt)z/Z}]
+202m) Y2 (t — )T — 1) Lexp{—(T — 1)%/2}

< (2m)7VRH2 4 8(T — 1) Y exp{—(T —1)%/2}

< exp{—(T—1)*/2}

(we have taken into account that 7" > 20). Consequently, Ry < exp{—(T —1)?/2},
and (4.29) follows.

Now let us look at the function Kp. Let y be a real with |y| < T, and let
t be a real with [t| < 1. The absolute value of the derivative of the function
g(a) = exp{—a?t?/2}ch(aty) in the circle |a| < z < 1 clearly does not exceed (T +
1) exp{zT+2?/2}, and therefore |g(a)—1| = |g(a)—g(0)]| < (zT+z)exp{zT+2*/2}
in this circle. It follows that in the circle |a| < z = (107)~" we have

‘/exp{—a2t2/2}ch(0zty)l/(dt) — 1‘

< (2T 4 2)exp{zT + 22/2} < 1/5exp{0.105} < 1/4,

both for v = ;. and for v = p_. Consequently, for the indicated z and |o| < z we
have

Puy (Oz, y)
Pu_(a,y)

—1‘ <1/3.
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We see that if y is real with |y| < 7', then the function log(p,, (o, v)/p._(c,y)),
regarded as a function of «, can be extended as an analytic function from the
segment |a] < z = (107)7! of the real axis onto the circle || < z in the complex
plane, and the absolute value of the extended function does not exceed in this circle
the quantity

— 1 [1\"

> = (-) = log(3/2).

“—m \3

By the same reasons, for real y with |y| <T" and « from the circle || < z we have
Ipus (0, y)| < 5/4¢(y), and we see that indeed K7 is an analytic function in the
circle |a] < sy with absolute value in the circle not exceeding 5/41log3/2 < 2/3. O

According to results of Lemmas 4.7 and 4.8, K'r(«) is an analytic function of « in
the circle |a| < z = (107)~! which is bounded in absolute value in this circle by 2/3
and has zero of order at least 2k(/N) at the origin; since this function is even, the
order of zero is at least 2k(N)+1. Applying to the function K7 (a)z2F(N)+2q=2kN)=2
the Maximum Principle, we come to

9 a2k(N)+2

Kr(a) < 3 22

Now let us look what (4.30) implies for a(N) = (100y/log N)~*. We have
a(N) - 1++v2
- 10

z

—z<a<z. (4.30)

< eXp{—l},
and (4.30) implies that
Kr(a(N)) < exp{—2k(N) —2} < N2 (4.31)

From this inequality using also (4.29) and (4.27) we conclude that the Kullback
distance K(Py o, Pn,1) does not exceed N™!' + Nexp{—(T(N)—1)?/2} = N~ +1.
This yields (4.26) and the assertion follows by (4.25).
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