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Short-time near-the-money skew in rough fractional volatility
models

Christian Bayer, Peter K. Friz, Archil Gulisashvili, Blanka Horvath, Benjamin Stemper

ABSTRACT. We consider rough stochastic volatility models where the driving noise of volatility has
fractional scaling, in the "rough” regime of Hurst parameter H < 1/2. This regime recently attracted
a lot of attention both from the statistical and option pricing point of view. With focus on the latter, we
sharpen the large deviation results of Forde-Zhang (2017) in a way that allows us to zoom-in around
the money while maintaining full analytical tractability. More precisely, this amounts to proving higher
order moderate deviation estimates, only recently introduced in the option pricing context. This in turn
allows us to push the applicability range of known at-the-money skew approximation formulae from CLT
type log-moneyness deviations of order t1/2 (recent works of Alds, Ledn & Vives and Fukasawa) to the
wider moderate deviations regime.

1. INTRODUCTION

Since the groundbreaking work of Gatheral, Jaisson and Rosenbaum [GJR14a], the past two years
have brought about a gradual shift in volatility modeling, leading away from classical diffusive stochas-
tic volatility models towards so-called rough volatility models. The term was coined in [GJR14a] and
[BEG16], and it essentially describes a family of (continuous-path) stochastic volatility models where
the driving noise of the volatility process has Hélder regularity lower than Brownian motion, typically
achieved by modeling the fundamental noise innovations of the volatility process as a fractional Brow-
nian motion with Hurst exponent (and hence Hélder regularity) H < 1/2. Here, we would also like
to mention pioneering work on asymptotics for rough volatility models in J[ALVQ07] and [Fuk11]. A ma-
jor appeal of such rough volatility models lies in the fact that they effectively capture several stylized
facts of financial markets both from a statistical [GJR14a, [BLP16] and an option-pricing point of view
[BEG186]. In particular, with regards to the latter point of view, a widely observed empirical phenome-
non in equity markets is the “steepness of the smile on the short end” describing the fact that as time
to maturity becomes small the empirical implied volatility skew follows a power law with negative ex-
ponent, and thus becomes arbitrarily large near zero. While standard stochastic volatility models with
continuous paths struggle to capture this phenomenon, predicting instead a constant at-the-money
implied volatility behaviour on the short end [Gat11], models in the fractional stochastic volatility family
(and more specifically so-called rough volatility models) constitute a class, well-tailored to fit empirical
implied volatilities for short dated options.

Typically, the popularity of asset pricing models hinges on the availability of efficient numerical pricing
methods. In the case of diffusions, these include Monte Carlo estimators, PDE discretization schemes,
asymptotic expansions and transform methods. With fractional Brownian motion being the prime ex-
ample of a process beyond the semimartingale framework, most currently prevalent option pricing
methods — particularly the ones assuming semimartingality or Markovianity — may not easily carry
over to the rough setting. In fact, the memory property (aka non-Markovianity) of fractional Brownian
motion rules out PDE methods, heat kernel methods and all related methods involving a Feynman-
Kac-type Ansatz. Previous work has thus focused on finding efficient Monte Carlo simulation schemes
[BEG16, BLP15, BFG"17] or — in the special case of the Rough Heston model — on an explicit for-
mula for the characteristic function of the log-price (see [ER16]), thus in this particular model making
pricing amenable to Fourier based methods. In our work, we rely on small-maturity approximations of
option prices. This is a well-studied topic. See, e.g., [ALV07,/GVZ15] (the at-the-money (ATM) regime)
or [DEJV14al, IDFJV14b, |GJR14b, |(GHJ16, |GVZ15] (the out-of-the-money (OTM) regime, where large
deviations results are used). We also refer the reader to the papers [Fukiil, [Fuk17, [FZ17] concern-
ing large deviations, and to [MT16l |(Osa07, IMS03| IMSQ7] for related work. Based on the moderate
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deviations regime, Friz et al. [FGP17] have recently introduced another regime called Moderately-out-
of-the-money (MOTM), which, in a sense, effectively navigates between the two regimes mentioned
above, by rescaling the strike with respect to the time to maturity. This approach has various advan-
tages. On the one hand, it reflects the market reality that as time to maturity approaches zero, strikes
with acceptable bid-ask spreads tend to move closer to the money (see [FGP17] for more details). On
the other hand, it allows us to zoom in on the term structure of implied volatility around the money at a
high resolution scale. To be more specific, our paper adds to the existing literature in two ways. First,
we obtain a generalization of the Osajima energy expansion [Osa15] to a non-Markovian case, and us-
ing the new expansion, we extend the analysis of [FGP17] to the case, where the volatility is driven by
arough (H < 1/2) fractional Brownian motion. Indeed, Laplace approximation methods on Wiener
space in the spirit of Ben Arous [BA88] and Bismut [Bis84] remain valid in the present context, and our
analysis builds upon this framework in a fractional setting. Second, we use an asymptotic expansion
going back to Azencott [Aze85] to bypass the need for deriving an asymptotic expansion of the density
of the underlying process to obtain asymptotics for option prices. We display the potential prowess
of this approach by applying it to our specific model, and derive asymptotics for call prices directly,
irrespectively of corresponding density asymptotics. Finally, using a version of the "rough Bergomi
model"[BEG16], we demonstrate numerically that our implied volatility asymptotics capture very well
the geometry of the term structure of implied volatility over a wide array of maturities, extending up to
ayear.

The paper is organized as follows: In Section [2 we set the scene, describing the class of models in-
cluded in our framework ((2.1) and (2.2)) and recalling some known results ((2.4) and (2.8)), which
are the starting point of our analysis. Most importantly, we argue that for small-time considerations it
would suffice to restrict our attention to a class of stochastic volatility models of the form with
a volatility process driven by a Gaussian Volterra process such as in (2.2). We formulate general as-
sumptions on the Volterra kernel (Assumptions[2.1]and[2.5) and on the function o in (Assumption
under which our results are valid. In Section [3| we gather our main results, concerning a higher
order expansion of the energy (Theorem [3.1), and a general expansion formula for the corresponding
call prices. We derive the classical Black-Scholes expansion for the call price, using the latter result
mentioned above. In addition, in Section [3|we formulate moderate deviation expansions, which allow
us to derive the corresponding asymptotic formulae for implied volatilities and implied volatility skews.
Finally, Section [4] displays our simulation results. Sections [5] [6| and [7] are devoted to proofs of the
energy expansion, the price expansion and the moderate deviations expansion, respectively. In the
appendix, we have collected some auxiliary lemmas, which are used in different sections.

2. EXPOSITION AND ASSUMPTIONS

We consider a rough stochastic volatility model, normalized to » = 0 and Sy = 1, of the form
suggested by Forde-Zhang [FZ17]

(2.1) = o(By)d (W, + pBy) .

S

Here (W, B) are two independent standard Brownian motions, p € (—1, 1) a correlation parameter,
we use the by now standard notation that p> = 1 — p?. Then pIV + pB is another standard Brownian
motion which has constant correlation p with the factor B, which drives stochastic volatility

~

Tstoch (t,w) 1= (B, (w)) = o(B).
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Here o0 : R — (0,00) is some real-valued function and we will denote by oy := ¢(0) the spot

~

volatility. Furthermore, B is a Gaussian (Volterra) process of the form
t
(2.2) B, = / K (t,s)dBs, t>0,
0

for some kernel K, which shall be further specified in Assumptions [2.1]and 2.5 below. The log-price
X = log (S;) satisfies

~ 1 -~ ~
dXt = —50'2(Bt)dt + O'(Bt)d (ﬁW + pB) s

but for the subsequent short-time considerations, it is enough (cf. [FZ17, Proof of Theorem 4.1] and
[DZQ9, Definition 4.2.10]) to study its driftless version

(2.3) dX, = o(B,))d (pW, + pB,), Xo=0.
Recall that by Brownian scaling, for fixed £ > 0,
(Bts, Wis)s>0 faw e(Bs, Wy)s>0, Where e =¢(t) = /2,

As a direct consequence, classical short-time SDE problems can be analyzed as small-noise problems
on a unit time horizon. For our analysis, it will also be crucial to impose such a scaling property on
the Gaussian process B (more precisely on the kernel K in (2.2) driving the volatility process in our
model:

Assumption 2.1 (Small time self-similarity). There exists a number ¢ty with 0 < £ < 1 and a function
t— E=¢2(t),0 <t <ty such that

law , ~

(EtszOgsgto) = (5§S:O§s§to).

In fact, we will always have

E=et) =t =&,
which covers the examples of interest, in particular standard fractional Brownian motion B\ = BH or
Riemann-Liouville fBM with explicit kernel K (¢, s) = v2H |t — s|/”'/?. (This is very natural, even
from a general perspective of self-similar processes, see [Lam62].)

We insist that no (global) self-similarity of Bis required, as only B\’[O,t} for arbitrarily small ¢, matters.

Remark 2.2. In all likelihood, it should be possible to replace the fractional Brownian motion by a
certain fractional Ornstein-Uhlenbeck process in the results obtained in this paper. Intuitively, this
replacement creates a negligible perturbation (for ¢ << 1) of the fBm environment. A similar situation
was in fact encountered in [CFE10], where fractional scaling at times near zero was important. To
quantify the perturbation, the authors of [CF10] introduced an easy to verify coupling condition (see
Corollary 2 in [CE10]). In our opinion, a version of this condition can be employed in the present paper
to justify the replacement mentioned above. We will however not pursue this point further here.

Remark 2.3. Throughout this article, one can consider a classical (Markovian, diffusion) stochastic
volatility setting by taking K = 1, or equivalently H = 1/2, by simply ignoring all hats (~) in the
sequel. In particular then, § = 1 in all subsequent formulae.

General facts on large deviations of Gaussian measures on Banach spaces [DS89] such as the path
space C([0, 1], R?) imply that a large deviation principle holds for the triple {£(WW, B, B) : € > 0},
with speed £2 and rate function

2 2 - .
(2.4) %HhHHé—i_%HfHH(}a f,he Hjand f = Kf,
| +00, else,
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- /OtK(t, s) f(s)ds

I = [ | ds < o 50 =0}

This enables us to derive a large deviations principle for the X in (2.3): The (local) small-time self
similarity property of B (Assumptlon implies that Xt X where

dXta = O'(gBt)gd (ﬁWt + th) s XS =0.

where

for f € H}, and

(2.5) H) = {f 00,1 - R

For what follows, it will be convenient to consider a rescaled version of (2.3)
—~ g o~ ~
dX; = (—Xf) = 0(EBy)ed (pWy + pBy), X5 =0.
€
since indeed X¢ = &, (ZW, 2B, 2B) in terms of an “It-type ma’

1
(2.6) ¢, (W, B, B) := / o(B)d (pW + pB).
0

Thanks to the (extended) contraction principle, a large deviations principle also holds for ()A(f) again
with speed £2. With

~

(2.7) @1 (h, f) = <I>1(h,f,f)=/0 o(f)d(ph+pf),

we so obtain the following rate function

1 [t 1 [t
I(x)= inf <= [ h%dt+ = 2dt - h, f) =
(z) h,}réHg{zfo +2/0 fedt 1 (h, f) x}

9 i plopf)) +1/1 ol

1
= inf ¢ = —
AT CHE
the exact proof of which may be found in [EZ17].

We have not yet said anything about the restrictions on the function o.

Assumption 2.4. Assume 0 : R — (0, 00) is smooth and such that

E Mla?(ﬁt)dt] < o0

This is satisfied (trivially) for o bounded, no matter the precise nature of B. Butalso o (z) = exp (nz)
with fractional Brownian motion 5 and 17 € R is covered. In addition to Assumption |2.1
from now on further conditions on the kernel K.

., we impose

Assumption 2.5. The kernel K satisfies

fo (t,s) dB has a continuous (in t) version on [0, 1].
()VteOl fo )2ds < oo.

' Note that ®, is measurable, but not necessarily continuous.
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Short-time near-the-money skew in rough fractional volatility models 5

Note that the Riemann-Liouville kernel K (t,s) = V2H(t — s)?, v = H — 1/2 satisfies Assump-
tion 2.5

Remark 2.6. Assumption implies that the Cameron-Martin space H of B is given by the image of
Hj under K, i.e.,

H={Kf|[feH}
See Lemma [5.3] and Remark for more details. A reference and also a sufficient condition for
Assumption [2.5] (i) can be can be found in [Dec05, Section 3].

3. MAIN RESULTS

The following result can be seen as a non-Markovian extension of work by Osajima [Osa15]. The
statement here is a combination of Theorem and Proposition (5.13) below. Recall that oy = o (0)
represents spot-volatility. We also set o, = ¢’ (0).

Theorem 3.1 (Energy expansion). The rate function (or energy) I in (2.8)) is smooth in a neighbour-
hood of x = (0 (at-the-money) and it is of the form

1 2 / 1 t 3
I(z) = _zx_ _ <6p0—2/ / K(t, 3)d5dt> :13_‘ + O(2*).
2 oo Jo Jo 3!

The next result is an exact representation of call prices, valid in a non-Markovian generality, and
amenable to moderate- and large-deviation analysis (Theorem [3.4|below) as well as to full asymptotic
expansions, which will be explored in forthcoming work.

)
8

Theorem 3.2 (Pricing formula). For a fixed log-strike x > 0 and time to maturity t > 0, setT := i
where e = tY/? and € = t" = £2H | a5 before. Then we have
c(T,t) = E[(exp(X;) —exp f)Jr]

(@)
= T eEn J (g, ),

where

mylm

J(e,x) =F |:6_I/5(21)L75 (exp <

and ﬁ ¢ js a random variable of the form

) <) 1.

[7 £ = é\gl + gZRQ

with g1 a centred Gaussian random variable, explicitly given in equation below and Ry is a
(random) remainder term, in the sense of a stochastic Taylor expansion in €, see Lemma for
more details.

Example 3.3. In the case of Black-Scholes one has o (-) = 0 > 0, Ry = 0 (recall from (2.3) that

. . . ) l

we consider the driftless version) and £ = ¢. Moreover, here gy = oW, = N (0, 0?), the energy
is ] (z)= % and

I (z)

J(e,x) = FE (e_ = I (et —1) 1U20>

— M (—F (Z)U +€0> M (—]I f”)

where M () := ¢®’/2F () and F the standard Gaussian distribution function. Using J (e, z) ~
M’ (—”%”) eoand M’ (a) ~ (27)"?|a|™* as a | —oo one deduces that, as long as z/c —
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o0,
-2
E0

1
V2T

1 303

Vor a? '

This analysis is valid in the large deviations regime with fixed x > 0. But we can also take x = . ~
1% for some ¢; > 0, and (recall the moderate regime, with €2 = t) as long as 3 € [0,1/2)
the above analysis is justified. In particular, the term J(e,z.) ~ 2% in the pricing formula is of
polynomial order in ¢ and so J is negligible on the moderate / large deviation scale, since, for any
6 > 0, we have £/ log J(g,2.) — 0 as ¢ — 0. Consequently, with k; = kt®, fort = &2, k > 0,
B € [0,1/2) we get the “moderate"Black-Scholes call price expansion,

I'(z)o

J(g,x) ~ .

1 k2
— log CBS(kta t) = tl_—zﬁw (]. +o0 (1)) ast J/ 0.

While the above can be confirmed by elementary analysis of the Black—Scholes formula, the following
theorem exhibits it as an instance of a general principle. See [FGP17| for a general diffusion statement.

In what follows, we assume that the kernel is such that “fractional scaling” applies, i.e., &€ = tH.

Theorem 3.4 (Moderate Deviations). In the rough volatility regime H € (0, 1/2], consider log-strikes
of the form

ki = feta—HAB for a constant 'k > 0.
(i) For 5 € (0, H), we have

. 1
— + 0 (2" + O(log E) ast ] 0.

(ii) For 3 € (0, 2H) we have

I// (0) k2 I/// (0) ]{33 4B—2H 1
—log c(ky, t) = T8 5 tzH*wE—i_O(t ) —l—O(log;).
Moreover,
]’// (O) — i
I"(0) = —6p—/ / K(t, s)dsdt = —6p <K1 1),

and (-, -} is the inner product in L? ([0, 1])

Proof. We apply Theorem 3.2 with Z = k, = kt'/2~H+5 je. with = kt’. In Proposition we
will show that log J(e,z) ~ log(e), uniformly for x in a neighborhood of 0. Furthermore, it is clear
that £ = O(log 1), and hence we have

I(kt?)

1
—log c(ky,t) = + O(log ;)

The theorem now follows immediately from the Taylor expansion of /(z) around z = 0 (see Theo-
rem , plugging in z = ktP. U

DOI 10.20347/WIAS.PREPRINT.2406 Berlin 2017



Short-time near-the-money skew in rough fractional volatility models 7

Fix real numbers &k > 0,0 < H < % 0 < 8 < H,and an integer n > 2. For every t > 0, set
fp = kt2 HHP,
and denote

1
Pn,i,5(t) = max {RH—% log —, t<n—1>6} :

It is clear that for all small ¢,

1 2H
i p(t) =t log ~ = 2H — 28 < (n— 1
On,1,5(t) gL & fsn-Dfe —7 <5
while
(n—1)8 2H
Gnmp(t) =1 S2H-2>n—-1)& < T
n

The following statement provides an asymptotic formula for the implied variance.

Theorem 3.5. Suppose 0 < B < 2L Thenast — 0,

n—2

79i @@ :
Uimpl<kt7t) = Zf—,,((l);jil (Z I Z.(()) Ei—24(=2)8 >

7=0 =3

(3.1) + O (P p(t)) .

The O-estimate in depends onn, H, 3, and k. It is uniform on compact subsets of [0, c0) with
respect to the variable k.

Remark 3.6. Using the multinomial formula, we can represent the expression on the left-hand side
of (3.I) in terms of certain powers of ¢. However, the coefficients become rather complicated.

Remark 3.7. Let an integer n > 2 be fixed, and suppose we would like to use only the derivatives

I19(0) for 2 < i < n in formula (3.1) to approximate i1 (K¢, ¢)2. Then, the optimal range for 3

is the followmg < B < 22 On the other hand, if 3 is outside of the interval [QTHl, %), more

derivatives of the energy functlon at zero may be needed to get a good approximation of the implied
variance in formula (3.1)).

We will next derive from Theorem [3.5] several asymptotic formulas for the implied volatility. In the next
corollary, we take n = 2.

Corollary 3.8. Ast — 0,

(3.2) Timpl(kt, 1) = 00 + O(P2,m,5(1)).
Corollary [3.8| follows from Theorem with n. = 2, the equality

(3.3) I"(0) = 052

given in Theorem and the Taylor expansion /1 + h = 1+ O(h) as h — 0.

In the next corollary, we consider the case where n = 3.

Corollary 3.9. Suppose 3 < 2. Then, ast — 0,

(34) Uimpl(kt7 ) = 0o + p <K1 1>ktﬁ + O((b?) HVB( ))

DOI 10.20347/WIAS.PREPRINT.2406 Berlin 2017
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Corollary [3.9| follows from Theorem [3.5 with n = 3, formula (3.3), the equality
/
o
(3.5) I"(0) = —6p0—§<K1, 1)

(see Theorem , and the expansion /1 +h =1+ 1h + O(h*) as h — 0.

Using Corollary[3.9] we establish the following implied volatility skew formula in the moderate deviation
regime.

Corollary 3.10. Let0 < H < 4,0 < 3 < 2H, andfixy,z > 0 withy # z. Thenas t — 0,

O—impl(ytéiHJrﬁa t) - O—impl(Zt%iHJﬁBa t) 0—(/) H-1
(3.6) T ~p2 (K1, 1)t
(y —2)t2 %

Remark 3.11. Corollary complements earlier works of Alds et al. [ALV07] and Fukasawa [Fuki{]
Fuk17]. For instance, the following formula can be found in [Fuki7, p. 6], see also [Fukiil p. 14]:

Timpt (Y12, 1) — Ompl (22, 1) of!
i — Uj ) -1
mpll72 )~ Fimpl ~ pC(H) 22413,
(y — 2)t2 00
In formula (3.7), we employ the notation used in the present paper. Our analysis shows that the appli-
cability range of skew approximation formulas is by no means restricted to the Central Limit Theorem

type log-moneyness deviations of order t1/2. 1t also includes the moderate deviations regime of order
t1/2=H+B The previous rate is clearly >> t'/2 as t — 0.

(3.7)

Finally, we turn our attention to the case where n = 4. We will next provide a general asymptotic
formula for the implied volatility that uses the fourth derivative 1()(0).

Corollary 3.12. Suppose 3 < &. Thenast — 0,

OJ
Uimpl<kt7 t) =00+ p0__0<K1, 1>k5t6
0

1\2 (4) 3
@) # (e 2 - ) R 0Guna(0)
0

Remark 3.13 (Symmetry). Write ®; (W, B, B: p; o) for the “It6-type map” introduced in (2.6). It
equals, in law, &, (W, —B, —B; —p;o(—-)), and indeed all our formulae are invariant under this
transformation. In particular, the skew remains unchanged when the pair (p, oy, is replaced by (—p, —ay).

4. SIMULATION RESULTS

We verify our theoretical results numerically with a variant of the rough Bergomi model [BEG16] which
fits nicely into the general rough volatility framework considered in this paper. As before, the model
has been normalized such that Sy = 1 and = 0. We let (W, B) be two independent Brownian
motions and p € (—1,1) with p> = 1 — p? such that Z = pW + pB is another Brownian motion
having constant correlation p with B. For some spot volatility oy and volatility of volatility parameter 7,
we then assume the following dynamics for some asset S’

DOI 10.20347/WIAS.PREPRINT.2406 Berlin 2017



Short-time near-the-money skew in rough fractional volatility models 9

where B is a Riemann-Liouville fBM given by
t
B, = \/QH/ it — s|f124B,.
0

The approach taken for the Monte Carlo simulations of the quantities we are interested in is the one
initially explored in the original rough Bergomi pricing paper [BEG16]. That is, exploiting their joint
Gaussianity, where we use the well-known Cholesky method to simulate the joint paths of (Z, é) on
some discretization grid D. With being an explicit function in terms of the rough driver, an Euler
discretisation of the Ito SDE on D then yields estimates for the price paths.

The Cholesky algorithm critically hinges on the availability and explicit computability of the joint covari-
ance matrix of (Z, B) whose terms we readily compute beIow

V2H

Hy and define an

Lemma 4.1. For convenience, define constantsy = 1 — H € [0, 1) and Dy = 24
2

auxiliary function G : [1,00) — R by

R A R
1—7 1—7 2—7

(4.3) G(z)=2H < 2F1(1,1+%3—%37_1)>

~

where 5 I denotes the Gaussian hypergeometric function [Olvi0]. Then the joint process (Z, B) has
zero mean and covariance structure governed by

Var|B?] = t?H, fort > 0,
Cov[B,B,] = t?G (s/t), fors >t >0,
Cov[B,Z] = pDy (sHJ’% — (s — min(t, s))H’L%) , fort,s >0,
Cov[Z;Z) = min(t, s), fort,s > 0.

Numerical simulation#f] confirm the theoretical results obtained in the last section. In particular - as
can be seen in Figure [1] — the asymptotic formula for the implied volatility captures very well
the geometry of the term structure of implied volatility, with particularly good results for higher H and
worsening results as H | 0. Quite surprisingly, despite being an asymptotic formula, it seems to be
fairly accurate over a wide array of maturities extending up to a single year.

5. PROOF OF THE ENERGY EXPANSION

Consider

dX = o(Y)d(pdW + pdB), Xo=0

dY = dB, Yy =0
where Et = fg’ K (t, s) dBg for a fixed Volterra kernel (recall in the previous section) We study
the small noise problem (X<, Y®) where (VV, B, §> is replaced by <5W, eB, §§> The following

proposition roughly says that
£ I (z)
]P’(X‘E%;a:>%ex - .
1 z p( 52 )

2 Note that expressions for the exact same scenario have have been computed before in the original pricing paper
[BEG16], yet in that version the expression for the autocorrelation of the fBM B was incorrect. We compute and state here
all the relevant terms for the sake of completeness.

3 The Python 3 code used to run the simulations can be found at|github.com/RoughStochVol.

DOI 10.20347/WIAS.PREPRINT.2406 Berlin 2017


https://github.com/RoughStochVol

90¥2 LNIdd3"dd SYIM/LYE02 01 10d

L10gc ulysg

H=0.5,3=0.29 H=0.3,8=0.175
0.255 1.0 0.260

— — Asymptotic formula — — Asymptotic formula
—— Cholesky Pricer —— Cholesky Pricer

0.255
0.250

0.250

0.245

0.245

0.240
0.240

Implied volatility o;,,,(k:,t)
Implied volatility o, (k:, )

0.235
0.235

0.230 0.0 0.230
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Time to maturity ¢ Time to maturity ¢

H=0.1,=0.06
0.260 1.0
— — Asymptotic formula

—— Cholesky Pricer

19dwalS 'g ‘UIBAIOH g “IIAUSESIIND Y ‘Zli4 ") d ‘Yokeg D

0.255 0.8

0.250 0.6

0.245

Implied volatility o;,,, (k:, t)

0.240

0.235

0.0 0.2 0.4 0.6
Time to maturity ¢

0l

FIGURE 1. lllustration of the term structure of implied volatility of the Modified Rough Bergomi model in the Moderate deviations regime with time-varying
log-strike k; = 0.4t7. Depicted are the asymptotic formula (Eq. (3.4), dashed line) and an estimate based on N = 10® samples of a MC Cholesky Option
Pricer (solid line) with 500 time steps. Model parameters are given by spot vol oy ~ 0.2557, vvol n = 0.2928 and correlation parameter p = —0.7571.
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Proposition 5.1 (Forde-Zhang [FZ17]). The rescaled process (ng e > O) satisfies an LDP (with
speed £2) and rate function

feH; feH}

(5.1) I(z) = inf [

where

Next we derive the first order optimality condition for the above minimization problem.

Proposition 5.2 (First order optimality condition). For any x € R we have at any local minimizer
f = f7 of the functional Z,, in (5.1) that

ot = o6 (o (K57 v+ (o (177) 5100}
P°F (f*)
(z — pG (f))
p°F (f7)

5.2) fi =

_|_

<(00/) (KJM) 7K1[O,t]> :

forallt € [0, 1].

Proof. We denote a ~ b whenever a = b+ o (), for a small parameter J, we expand

B(f+dg) ~ B(f)+2(}.9)
F(f+59) ~ F(H)+6((0* (Kf) Kg)
G(f+d9) ~ G +o{(o(Kf).a)+(o (KF)f Kq)}
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If f = f*is a minimizer then § — Z, (f + dg) has a minimum at § = 0 for all g. We expand

— oG (f +09))*
(7 + dg) = C I S oy

(e -0 {{o (57) 9 + (o (57) £ 9) })
) 2 [F (1) +3 (02 (KF), K3)]
+%E(f)+5<f,9>
(z = G () = 020 (= pG (M { {0 (KF).a) + (o' (KF) f. Kq) |
272 F (f) [1 + 7o <(gzy (Kf> ,Kgﬂ
+%E(f) +5<f,9>
(2= pG (1)’ = 52 (x = pG () {{o (KF) ) + (o (KF) }. Kg)}
2p°F (f)
_ <$2—ﬁf§(% ) Fff) ((0*) (Kf).Ko)+ 3B+ {f.0).
As a consequence, we must have, for f = f* and every g € L? [0, 1]
p@=pG (N {{o (KF).a)+ (o (KF) f. Kg)}
P*F (f)

~
~

~
~

0 = % {Z. (f +09)}s—g = —
S o) (7)) 1)
Recall f§ = 0, any =. We now test with § = 19 for a fixed ¢ € [0, 1] and obtain
ot 00 (o () 1) o (KF) 2 500))
‘o PE(f7)

S (o) () K1) D

5.1. Smoothness of the energy. Having formally identified the first order condition for minimality
in (5.7), we will now show that the energy = +— I(z) is a smooth function. More precisely, we will use
the implicit function theorem to show that the minimizing configuration f* is a smooth function in x
(locally at = = 0). As Z, is a smooth function, too, this will imply smoothness of z — Z,.(f*) = I(z),
at least in a neighborhood of 0.

As the Cameron-Martin space . of the process B3 continuously embeds into C' ([0, 1]), K maps H}
continuously into C' ([0, 1]), i.e., there is a constant C' > 0 such that for any f € H_ we have

59 (19 (el V7 P
o
This result will follow from

Lemma 5.3. Let (V; : 0 <t < 1) be a continuous, centred Gaussian process and H its Cameron-
Martin space. Then we have the continuous embedding H — C'[0, 1]. That is, for some constant
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C,
2]l < ClIRll5, -

Proof. By a fundamental result of Fernique, applied to the law of IV as Gaussian measure on the
Banach space (C'[0, 1], ||| ), the random variable || V|| , has Gaussian integrability. In particular,
2
o? = E( IV]5,) < oo.

On the other hand, a generic element h € H can be written as h; = F [V, Z] where Z is a centred
Gaussian random variable with variance ||h||3,. By Cauchy-Schwarz,

1/2
[ha] < B[Vl [[hllyy < o (17215,
and conclude by taking the sup over on the I.h.s. over ¢ € [0, 1]. ]

Remark 5.4. Assume V is of Volterra form, i.e. V; = f(f K (t,s) dBs. Then it can be shown (see
[Dec05, Section 3]) that . is the image of L? under the map

K:f»—>f:: (tH/tK(t,S)fst)
0
and HKfHH = HfHL2 . In particular then, applying the above with h = Kf € H, gives
il = elxdl, = el = enn.

5.1.1. The uncorrelated case. We start with the case p = 0 as the formulas are much simpler in this
case.

By Proposition [5.2} any local optimizer f = f* of the functional Z,, : H! — R in the uncorrelated
case p = 0 satisfies for any ¢ € [0, 1]
2

fi = Ff—(f) <(aa’) (Kf) ,K1[07t}> .
We define amap H : Hy x R — Hg by
54 HU)0) = i = s ((000) (KT) K1),

Hence, for given = € R, any local optimizer f must solve H (f, ) = 0. As one particular solution is
given by the pair (0, 0), we are in the realm of the implicit function theorem. We need to prove that

W (f,x) — H(f,x)is locally smooth (in the sense of Fréchet);

B DH(f,x) = %H(f, x) is invertible in (0, 0).

Note that invertibility should hold for z small enough, as DH (f,z) = idy; —x? R for some R, which
is invertible as long as R has a bounded norm for sufficiently small x.

Remark 5.5. The method of proof in this section is purely local in H&. Hence, we do not really need
C*°-boundedness of o, smoothness locally around 0 is enough. Note, however, that stochastic Taylor
expansions used in Section [6] will actually require global smoothness of o.

Lemma 5.6. The functions F' : H} — R and R, : H — C (|0, 1]) defined by

Ri(N() = ((00) (Kf) K1y ), te0.1]

are smooth in the sense of Fréchet.
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Proof. For N > 1 we note that the Gateaux derivative of F’ satisfies
1 N
d

DYP() - (gro-vow) = | S U)K+ K,

By Lemma[5.3] we can bound

IDYE() a1 < const [ KG9+ i) s
< const ||[Kaqi1]lo - 1Kgn|
< const C HngHé e HQNHH(} )
for const = H;i_nnUQHOO. Thus, DY F'( f) is a multi-linear form on H{ with operator norm || DN F(f)|| <

| 4£=0%|| CY independent of f. As f — DN F(f) is continuous, we conclude that DV F(f) as

dz™
given above is, in fact, a Fréchet derivative.

Let us next consider the functional R;. Note that

(DYRA(F) - (91, .90)) (8) = (s (K F)Kgn -+ K, K1)

N

for sy (z) = L5 o(x)o’(x). Hence, Assumptionimplies that

N

1Y R0 (ol = [ ( [ o (1576) H<Kgi><s>f<<s,t>ds> at

=1

N 1 pl
< Jlsnll? TT 15 a1 / / K (s,1)2dsdt
i=1 0 t
N 1 S
<lowlt  TLlally | [ K(s.02anas
i=1 0 Jo

1 s N
<lowl € [ [ Ks.tpaas ] ol
0 /0 i=1
We see that the multi-linear map DNRl(f) has operator norm bounded by

1 s
[DVR(N)]] < llsn o ON\/ / / K (s, t)2dtds,
0 0

independent of f. From continuity of f — DY R (f), it follows that D" R;(f) is the N'th Fréchet
derivative. U

Theorem 5.7 (Zero correlation). Assuming p = 0, the energy I(x) is smooth in a neighborhood of
xz=0.

Proof. By construction, we have
DH(f.x) = idyy —2*A(f)
for A: Hy — L(Hg, H}) defined by
A(f) = R(f) ® DF*(f) + F*(f)DRi(f).

Here,

(R(f) ® DE(f)) - g = (DF(f) - g) Ra(f).
SN e}

DOI 10.20347/WIAS.PREPRINT.2406 Berlin 2017



Short-time near-the-money skew in rough fractional volatility models 15

As verified above, H is smooth in the sense of Fréchet. Trivially, DH (0,0) = idg; is invertible and
H(0,0) = 0. Therefore, the implicit function theorem implies that there are open neighborhoods U
and V of 0 € Hj and 0 € R, respectively, and a smooth map = +— f* from V to U such that
H(f* z) = 0and f* is unique in U with this property.

For the energy, we prove that I(z) = Z,(f*) in a neighborhood of = = 0. First of all, we show that a
minimizer exists. If not, there is a function g € Hy with Z,(g) < Z,(f*). For small enough = such a
g must be inside a ball with radius € around 0 € H}, as Z,,(g) > 1 ||g||§13 and lim,_,o Z,(f*) = 0.

Then note that for any g € H}
D*Z4(0) - (9,9) = llgll7 >,

where D?Z,(f) denotes the second derivative of f — Z,.(f). By continuity, D>Z,( f) stays positive
definite for (z, f) in a neighborhood of (0, 0). As noted, for x small enough, both g and f* (and the
line connecting them) lie in this neighborhood. For h == g — f7, this implies

T.(g) — Tu(f*) = DT.(f,) - h + /0 DT, (f* + th) - (h,h) dt > 0,

since DZ,(f,) - h = 0 and D*Z,(f* + tsh) - (h,h) > 0. This contradicts the assumption that
Z.(9) < Z.(f*), and we conclude that f* is, indeed, a minimizer of Z,, implying that I (z) = Z,(f*)
locally.

Finally, as = — f* is smooth and (f,x) — Z,(f) = #(Qf) + 3 ||f||§13 is smooth, we see that
x — I(x) = Z,(f") is smooth in a neighborhood of 0. O

Remark 5.8. Classical counter-examples in the context of the direct method of calculus of variations
show that the step of verifying the existence of a minimizer should not be taken too lightly. For instance,
the functional

J(u) = /0 [(/(s)> = 1)* +u(s)?] ds

does not have a minimizer in H}, but J can be made arbitrarily close to 0 by choosing piecewise-
linear functions u with slope |u’| = 1 oscillating around 0. We refer to any text book on calculus of
variations. In the situation above, local “convexity” in the sense of a positive definite second derivative
prevents this phenomenon. An alternative method of proof for the existence of a minimizer is to show
that J is (lower semi-) continuous in the weak sense.

5.1.2. The general case. In the general case (cf. Proposition , we define the function H : H& X
R — H} by

H(f.2)(t) = f — p(z—pG(f)) {<a <Kf) ,1[0,t]> + <a’ <Kf> f,K1[07ﬂ>}

p°F (f)
(= pG (1) /0 (o

+ ﬁ2F—2(f) <(O‘0’) (Kf) ,Kl[o,t]>
5 = f- 228D ()0 + R0 + ot E D R,
where Ry, Ry : H} — H; are defined by
56) Ra(£)() = (o (K 1), 1)
(5.7) Rs(f)(t) = <0"(Kf)f7K1[o,t]>a
te0,1].
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One easily checks that GG, Ry, R3 are smooth in the Fréchet sense.

Lemma 5.9. The functions G : H} — R, Ry : Hy — Hj and Ry : Hy — HJ are smooth in
Frechet sense.

Proof. The proof of smoothness is clear. We report the actual derivatives. For G we get

DY¥G(f) (g1, 9n) = <U(N) (Kf> f’ﬁKgi> "
£lrename)

k=1 ik

For R, and, respectively, R3, we obtain

(DVRy(f) - (g1:---.9n)) (t):/ota( < )f[ng

and

(DYRa(f) - (g1.--- 95)) () = <0<N+” (K7) FK 10y HKg> +

N
+ Z <U(N) (Kf> K104, gk Hng> ..
k=1 i#k
Theorem 5.10. Assume o smooth and (for simplicity only) bounded with bounded derivatives of all
order. Then the energy I(x) is smooth in a neighborhood of x = 0.

Proof. The proof is similar to the proof of Theorem In fact, the only difference is in establishing
invertibility of D H (0, 0) and the existence of a minimizer.

Note that (5.5) contains three terms. The derivative of the first term (f — f) is always equal to idg;.
For the second term, we note that

(z — PG<f))‘z:o, f=0 — 0.

Hence, the only non-vanishing contribution to the derivative of the second term evaluated in direction
g€ Hlatx=0,f=0andt € [0,1]is

p*DG(0) - g _ Proog(1) p
TR0 (R2(0) + R5(0)) = P

(oot +0) = ?g(l)t.
For the same reason, the derivative of the third term at (f, z) = (0, 0) vanishes entirely. Hence,
2

(DHwﬁ%m@%=ﬂﬂ+%wﬂﬁ

It is easy to see that ¢ — DH(0,0) - g is invertible. Indeed, let us construct the pre-image g =
DH(0,0)"" - hofsome h € Hj. Att = 1 we have

P00y = (),

P
implying g(1) = p?h(1). For 0 < ¢ < 1, we then get

aw+§mm=g@ ﬁpm> — g(t) + pPh(1)t = h(1),
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or g(t) = h(t) — p*h(1)t.

For existence of the minimizer, note that

2
p
D*Jo(0) - (9.9) = gg(l)2 + gl

which is again positive definite. U

5.2. Energy expansion. Having established smoothness of the energy I as well as of the minimizing
configuration = + f7 locally around x = 0, we can proceed with computing the Taylor expansion of
f*around z = 0. We will once more rely on the first order optimality condition given in Proposition
Plugging the Taylor expansion of f into Z, will then give us the local Taylor expansion of I(x)

5.2.1. Expansion of the minimizing configuration.

Theorem 5.11. We have
22
= T + 515? +0 (133) ,

ap = ﬁt,
00

/
B = —3[ (K1,1p4) + (Klpy,1) = 3p° (K1,1)].
09

Remark 5.12 (Non-Markovian transversality). In the RL-fBM case, K (t,s) = Vv2H |t — s|” with
~v = H — 1/2 one computes

1 1
TE TP Ee At

(1,K1jy) = 1-t)*"} e C'o, 1].

Interestingly, the transversality condition known from the Markovian setting (g1 = 0, which readily
translates to f{* = 0 there) remains valid here (for p = 0), at least to order x2, in the sense that

2
: T
fF~ Bt? = (const) (1 — )" |,y =0

Proof of Theorem[5.11l First order expansion:
Up to the order needed in order to get the first order term, we have

1=+ O(a:Q),
ftm = ayz + O(z?),

o(K %) = 0o + o) Ka x + O(z?),
o' (Kf*) = o) + ol Ké x4+ O(2?),
F() = (K ), 1)
= 0, —|—O( ),
G(f*) = (o(Kf*). [*)
= (09, &)z + O(z?).
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Therefore,

(o (K f*),1p0) =
(o' (Kf") f*, K1jy)
(00" (K f*), K1) = O(1 )
x — pG(f*)
(z = pG(f*))? = O(IE2)-

This yields for the first order term in (5.2)

Setting t = 1, we get

P
Q= —5— — =5y,

p°og P

which is solved by a; = a%. Inserting this term back into the equation for oy, we get

(5.8) o = 2.
0o

Second order expansion:

Using (5.8) and the ansatz [’ = a,x + %b’t:z,'? + O(:U3), we re-compute the relevant terms appearing
in the (5.2). We have

oK f*(s)) = o0 + 05 - (K1)(s)r + O(s?)
and analogously for o replaced by o', o¢’. This implies
<0'(fo) : 1[0,t]> = oot + O'O <K1 i)z + O(2%),
<0/(fo)fz ; Kl[O,t]> = PU—O (K1jy,1)z +O(z?),
<UO’ (Kf*), K1 0t}> = 090y (K1p4,1) + O(2).
Using the notation introduced earlier, we have
F(f*) = o0p +20,p(K1,1)x + O(2?),

G(f*) = px + (10051+P > (K1, 1>> z® + O(z?).

U

This directly implies

x— pG(f*) =p*r —p (10051+p 5 (K1, 1)) 2% + O(a%),

0

(e — pG(f)? = Pa® — 27 (%Uoﬁl . <K1,1>) 4 O(at).

0
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We next compute some auxiliary terms appearing in (5.2).

zw::Mx—pao“»(Qﬂkfﬂ,mM>+<v%KﬁiﬁaKth)

= ot + |7 (K1 L) + (K1 1)
400 1
— p* 20 (K1 ,1) — S pPolth | a® + O(a?)
(o) 2
The corresponding denominator is E2F(f“*’). Using the formula

a1t + asr? + O(23) RO asby —ar1by 3
b bz T O@?) —b0x+ 7 x° + O(z?),

we obtain

Ny P

(5.9) _QF(fx) -

m+[ =3 ((K1,1p04) + (K1pg, 1))

p4 / 1
~ (& +27) B - o mia? + 06
P o
For the second term in (5.2), let
Ny = (x = pG(f)* (00 ) (K f), K1) = 7000 (KL 1) a* + O(a?).

The corresponding denominator is p? F'(f*)* = p?cg + O(z). Hence,

2% (R 1) 4 0.
P F(f*) opy

Combining and (5.10), we get

(5.10)

4

/
It :ﬁtx+[ —3((}(1 Liog) + (K1lpy, 1)) — ZZU (K1,1)
0

1p
———ﬁlt—2,02 Ot(Kl 1) + 3<K1[0t 1)y|2? 4+ O(2?)

We shall next compute (3;. Taking the second order terms on both sides and letting ¢ = 1, we obtain

1 O_/ p4

/
2090 99
61 =p"—=2(K1,1 —— (K1,1
261 Y 08 < ) > p 8< >
Lo s 0,270 k1 1)+ 7220 (k1 1)
272! P op P oy T
Moving [3; to the other side with 1 + & 2= ,2 and collecting terms on the right hand side, we arrive at
o 4 1—2p? o}
61 2 (K1,1) <2p2—f—2—2p2+ﬁ2) _ L2 gy
90 P p* o

We conclude that o
B =2(1-2p >_g (K1,1)
09

Hence, we obtain

B =223 [* (K1, 104) + (K1pa, 1) - 3p° (K1, 1)]. =
0
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5.2.2. Energy expansion in the general case. Now we compute the Taylor expansion of /() as de-
fined in Proposition We start with the second term. Plugging in the optimal path f = o,z +

s Bi* 4+ O(2*) (and using <6 , 1> = B3, as By = 0) we obtain

1 /.. 1 p?
3 (77 77) = 5+ 5 + 0

Inserting 31 = 2(1 — 2p*) 2% (Kl 1) into the above formula for (z — pG/(f*))?, we get

(z — pG(f))” = p'a® m% (K1,1)2° + O(a?).
0
Recall the denominator
20°F (f*) = 2pa5 + 4p°opp (K1,1) z + O(a?).
Using the expansion of a fraction

2 3 4
Aox” + asx +O(l’) a2 o agbo—agbl 3 4
= 22 BRSO
T T e R e R G

we obtain from
(x —pG(f7)* _ 7
2p°F(f*) 2p°0}
(=27*0% (K1.,1)) 2°03 — 7" (470t (K1, 1))

2+

3 4
+ 7ol z° + O(z%)
pQ /
= —a® —2p°p 4(K1 1) 2% + O(z%).
202

We note that

. O./ o./ /
5= 2T KL, 1) = (1= 267) — 201 = 7)) p 28 (K1, 1) = —p28 (K1,1),
90 90 90
Adding both terms, we arrive at the

Proposition 5.13. The energy expansion to third order gives

1 /
](:L‘)—ng—p 4<K1 1) 2® + O(z*).
0 T

5.2.3. Energy expansion for the Riemann-Liouville kernel. Let us specialize the energy expansion
given in Proposition for the Riemann-Liouville fBm. Choose v = H — % and recall that the kernel
K takes the form K (t,s) = (t — s)?. We get

tl-‘r’Y
(K1)(t /Ktsds—/(t—s)”ds— :
0

I+~

The key term (K1, 1) appearing in the energy expansion now gives
1 1 tl—‘,—fy 1 1
K1,1) = K1 tdt:/ dt = = .
10 = 00 = [ = e ~ @

Plugging formula (5.2.3) into the energy expansion, we obtain the energy expansion for the Riemann-
Liouville fractional Browian motion

L s P
@) = 5 = 1)+ 3/2) o

/

:c3+O( H.
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For completeness, let us also fully describe the time-dependence of the second order term [3; in
the expansion of the optimal trajectory f;*. Unlike the first order time, here we do not have a linear
movement any more. Indeed

g+ 2+

t t
(5.11) (K1,1py) = / (Kl)(s)d:s:/ ds =
0 0

1+7 (L+72+7)
1

(1+7)2+7) (1= =07).

(5.12) (K1jpy,1) =

6. PROOF OF THE PRICING FORMULA

Fixz > 0and T = Sz where ¢ = t*/2 and € = ¢/ = 7. We have

c(Z,t) = E (exp (X;) —exp)™
= B (exp (X7) —exp)"
N +
= F (exp <i f) — exp (ia:))
5 5
where we recall
~ 1
Re=ixe o / o(EB)Ed (pW + pB), Xz =0
€ 0

Consider a Cameron-Martin perturbation of )A(f. That is, for a Cameron-Martin path h = (h, f) €
H; x H} consider a measure change corresponding to a transformation £ (I, B) ~ £ (W, B) +
(h, f) (transforming the Brownian motions to Brownian motions with drift), we obtain the Girsanov
density

(6.1) G. = exp (—é/de - é/de - % (h2 + f2> dt) .

For further details we refer to [BO11, Theorem 2.4]. Under the new measure, )A(f can become 25,
where

o~ 1 o~ o~
7; = / 0GB + F)[Ed (W + pB) + d (ph + pf)].

Definition 6.1. For fixed z > 0, write (h, f) € K* if &4 (h 1, f) = z. Call such (h, f) admissible
for arrival at log-strike . Call (h”, f*) the cheapest admissible control, which attains

1 1.2 1 1.2 -
1 = inf {— h*dt + - dt: o, (h =
0= it {5 [ [ fae (s f) =},

where we recall that f: Kf and

@Wﬁﬂzioﬁam+m»

A look at @ reveals that for any Cameron-Martin path (h, f), the perturbed random variable Z\f
admits a stochastic Taylor expansion with respect to z.

Lemma 6.2. Fix (h, f) € K* and define Z% accordingly. Then

(62) /Z\f =+ é\gl + §2R2,
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where g, is a Gaussian random variable, given explicitly by
1 ~ ~ ~
(6.3) g1 = / {o(fo)d (pWi + pBy) + o' (fi) Bed (Phe + pft) },
0

and

1 —~ ~
64 Ra= [ o (F) B (pWe+ pB) +

0

g rl R N
+ % /0 /0 " (gBt + f;) B} [Ed (pW; + pBy) + d (phy + pfy)] (€ =€) dC.

Proof. By a stochastic Taylor expansion for the controlled process Zf with control (h, f) € K* asin
Definition[6.1]and thanks to o € C?, we have at t = 1

o~ 1 o~ o~
7 = / o(EB + ) [Ed(8W + pB) + d(3h + pf)

= [ oBath+ o5+ [ (oD@ + o) + (D) Bd G+ 1)} +0 ().

Collecting terms in powers of £ and with g; (w) as in (6.3), we have
A~ 1 A~
Zi = [ oD@+ pf) +En(e) + OE)
0
furthermore, since (h, f) € K*, by the definition of ®1, it holds that

| P on =

This proves the statement (6.2) and the statement that g; is Gaussian is immediate from the form
(6.3). O

Lemma 6.3. We have

/ hedW + / fPdB =TI (x) g1 (w).
Proof. Appendix 0
We are now ready to prove the pricing formula from Section

Proof of Theorem[3.2. With a Girsanov factor (all integrals on [0, 1]), evaluated at the minimizer,
G. = e t/haW—1]fdB-gy [(RP+f%)at

_I@ _I'(2)g)(w)
B B

GE‘* = €
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we have, setting Ue = Ef —z =29, + 2R,

@) = | (oxw (527) ~ exp (
_ szRexp( 1)

£ +
2r)) G
£
+

G|«
1) . Il(z)gl(w):|

1) . IA(;)UE 1/(x)R21U€>0} )

<

<
—

Myl ™ ™y ™

7. PROOF OF THE MODERATE DEVIATION EXPANSIONS

Higher-order moderate deviations expansions in Theorem (3.4) follow from the pricing formula, pro-
vided we can show that the remainder term .J (e, x) is bounded from above and below by a power in
€. By a large deviation estimate, it is enough to do so for

Bier) = B[ (o (50°) —1) e E TR
£
with 5 [-] = E[(')lﬁszolifeB(hO,é)]

where h° = (h%, f*) € K% is an optimal control, and B(h°,§) C C*([0, 1], R?) denotes a ¢ ball for
a0 < \ < H around the optimal control h in the A-Hélder topology

1l = [flloo+ sup LSO

o<s<t<1  (t—8)A

, for f € C*0,1],R?).
By a large deviations estimate
|J(e,2) — Js(e, )| < e ¥

for some d > 0. We refer to [BA88, Lemma 1.32]. Note that J (&) as defined in [BA88] contains
the factor exp(—a/e?) with a = I(z). See also [BO15, Section 4, Step 1] for a straight-forward
adaptation of this to a fractional setting. Note that R, depends on both x: and . Nonetheless we know
from [BO11, Section A.1] (see also [BA88]) that there is c; > 0, uniformly for x, £ small enough

Ps[|Ra| > r] < exp (—cor)

so that for -, £ small enough (so that I’ () arbitrarily small) M/ % = el'(*)R2l has finite expectation.

Upper bound. Since I’ (x) > 0 for x small enough,

Js(e,x) < E;s [(exp (%(%) — 1) eI’(w)Rz}
< <eXp (%5) — 1) Es [ef’(x)R‘z]
<

ot
13

uniformly for x and ¢ in a neighbourhood of 0+-.
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Lower bound. For p > 1 with Holder conjugate p’, remember 1/p + 1/p’ = 1, we have

1

I -~ 711(1) iie
Es (exp <iU5> — 1) Pe @ v :|
9

| o~ L _I'@pe _1p ,
< Es (exp <iU8> — 1> Pe @ Y 67%1 (x)R26%[ (96)32:|
g
: | A
5 Es (GXP <i(/]\6> — 1) 6_I£;)U561/(I)R2:| pE(; { _129[/(90)R2:| P
9

(. J

For fixed 0, p € (1, 00), uniformly in z small enough

]~

M[;C,p = Fj [—eil/(”)m] ’ < 0.

On the other hand, by elementary analysis, for suitable non-zero v = 7 (¢) , 6 (¢) polynomial in ¢,

€ % fMu 1
(exp <;u> — 1> e @ >~ur foru € [0, 4],
5

so that
E ~ % _1/<I) U‘E -~
Es (exp (;\U‘5> —1) e @ > vEs,.5 ‘Ua
€

With U ~ £g1 (w), one sees that NZ;,, scales as power of . Allin all,

1
P . €T
|-

N¥5, S Js(2,2)7 M,

£

which implies the lower bound. Summarizing, we obtain

Proposition 7.1. There are exponents py, po > 0 and constants C, Cy > 0 such that the following
inequality holds uniformly for x in a neighborhood of O:

CiePt < J(g,x) < CoeP?.
We next turn to the implied volatility expansion.

Proof of Theorem|3.5. We will use an asymptotic formula for the dimensionless implied variance
V2 = toumpl(ke, t)%, t >0,
obtained in [GL14]. It follows from the first formula in Remark 7.3 in [GL14] that
(7.1) Vf—k—?: (k—i(kt+|logkt|+IOth)>, t—0,
2L, L;
where L, = —log c(ky, t),t > 0.

We will need the following formula that was established in the proof of Theorem 3.4}

I(ktP) 1

(7.2) Ly = =gz~ + O(log )
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ast — 0,forallz > 0and 3 € [0, H). Let us first assume =% < 3 < % Using the energy
expansion, we obtain from (7.2) that

n

19(0) 1 1"(0)

_ 14i8—2H - 2,20—-2H

Lt—g A —=k't +O<logt> 5 —k"t
=2

219(0)
7.3 x |1 I AN S O |
- [ ' 2_: i17(0) T o8
ast — (. The second term in the brackets on the right-hand side of (7.3) disappears if n = 2.

Remark 7.2. Suppose n > 2 and < B < % Then formula is 0pt1mal Next suppose

n>2and0 < < == + . In this case, there exists m > n + 1 such that ;< B < 2H "and hence
(7.3) holds with m instead of n. However, we can replace m by n, by makmg the error term worse.
It is not hard to see that the following formula holds for alln > 2 and 0 < § < f—fl

" 16 (0 1"(0
Lt _ Z ( )kztzﬁ 2H +0 (t(n—l—l)B—ZH) _ ( )k2t2ﬁ 2H

1
— 2

"L 210(0)
7.4 1 =24(i-2)8
(7.4) x[ +;¢!I"(o)k t0=28 4 O (tn=DF)
ast — 0

Let us continue the proof of Theorem 3.5| Since k; ~ t2~#+F and L, ~ t*~2H ast — 0, (7.1)
implies that
[241-2H+28

2L,

Next, using the Taylor formula for the function v — —

1
(7.5) V2= +0 (th?ﬁ log 2) , t—0.

1+ , and setting

L 1
o i—24(i—2)8 2H-23 -
Eﬁ @'I” k: t + O(t log t)’
we obtain from (7.3) that

f2H=28 [N 2
(2Lt)* kQI” uj + O(u )

“M

ast — 0. It follows from 1 <B< 2H that (n — 1)6 > 2H — 23, and hence

-1 tQH ke dod a-ap L
(2L,)~' = > (1Yl | + Ot log )
=0

}217(0)

$2H—28 n—2

(& 20D0) 1 s 1
— 1\ i—2,(i—2)B8 4H—-48 -
]CQI”(O) ;0:( 1) (;3: Z'!]//(O) k't + O(t log t)

ast — 0. Now, (7.5) gives

n—2 n ; J
2 l j QI(Z)(O) 24(i—2)B
- —1)/ k240
KT ;( ) Z:; i (0)

+ 9] (tl-i-ZH—QB log 1)
t
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as t — 0. FlnaIIy by cancelling a factor of ¢ in the prewous formula, we obtain formula (3.1) for
n+1 <pB< i H The proof in the case where § < == +1 is similar. Here we take into account Remark
[7.2] This completes the proof of Theorem O

We will now provide a proof for the general asymptotic formula for the implied volatility that uses the
fourth derivative 7 (0).

Proof of Corollary[3.13 It follows from Theorem 3.5 with n = 4, (3.3), and (3.5) thatas ¢t — 0,

1 2 [1"(0) I1®(0)
wmpl (Kt )% = — kt? + — k%%
T (ke 1)” = T I”(O)2( 6 24
4 I///<0)2 - [///(0)1(4)(0) 1(4)(0)2
k220 4 30 T L s
+I”(0)3( 36 * 72 * 576
+ O(¢4,mp(t))

" " 2 (4)
— 1 I (0) kt’B—{— ! (0) B I (0) L2428
1"(0) 3[”(0) 91"(0)3  121"(0)?

+ O(a,m,5(t))
402 (c")2 ](4)
= 02+ 2p0h (K1, 1)kt? + <L§O><K1, 1)? — L) k228
g 12
+ O(Pan,5(1))
o 402(5")2 7@ 2
=02 |1+ 2p— %0 <K1, 1)kt + (LZO)(KL 1)2 — %) k%w]

+ O(¢4,m,8(t ))

Now, it is not hard to see that Corollary can be derived from the previous formula and the expan-
sion /1 +h =1+ 3h—1h?>+ O(h*)ash — 0. O

APPENDIX A. AUXILIARY LEMMAS

Lemma A.1. Assume o (.) > o > 0 and |p| < 1. Then K% is a Hilbert manifold near any by :=
(h,f) € K* C $ = H} x H}.

Proof. Similar to Bismut [Bis84, p. 25] we need to show that Dy (h) is surjective where ¢ (h) :
$H — R with

o1 (6) = o1 (. f) = / o(P)d (@h + of)

From

o1 (b +5) = /O o(F 4+ 6 )d (ph + pf + 8 + of")
— o (B) 46 / o(Pd@H + pf’)

+5/ AFd@h+pf) +0(5).

the functional derivative D1 () can be computed explicitly. In fact, even the computation

~

(Dgy (8), (,0)) = 7 / o (Fdi
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is sufficient to guarantee surjectivity of D¢y (h). O

Lemma A.2. (i) Any optimal control h° = (h®, f*) € K* is a critical point of

b= () 1 (&) + 5 13

(ii) it holds that

1 1
/ hde—i—/ ffdB =1'(x) g.
0 0
Proof. (Step 1) Write h = (h, f) and

1 ~
o1 0) =1 () = [ oDdoh-+ o).
0
Let h° = (h*, f*) € K* an optimal control. Then

RertDyy (B) = ToK* = {h € H' : Dy (h) = 0}.

(This requires C* to be a Hilbert manifold near h°, as was seen in the last lemma.)
(Step 2) For fixed §h € §, define

u(t) :=—1I <¢?o+th> + % 16° + tb||f6 >0

with equality at ¢ = 0 (since z = 90'{0 and I (z) = 3 ||h0||52§) and non-negativity for all ¢ because

h° + th is an admissible control for reaching 7 = gp‘l’%“’ (sothat [ (Z) = inf {...} < 5 [[p° + tf)Hf,J.)
(Step 3) We note that 1 (0) = 0 is a consequence of u € C' near 0, u (0) = 0 and u > 0. In other
words, h is a critical point for

1
'3 —1 (1) +5 ol
(Step 4) The functional derivative of this map at h” must hence be zero. In particular, for all f € $,
0 = —1' (") (D1 (67) B) + (5. 1)
= —I'(x)(Dg1 (h°) ,b) +(b°,) .
(Step 5) With b = (L, f) and b = (h, f)

d

<D<P1 (bo)7b> = e

1 o~ ~
/0 o(F + ef)d (ph* + pf* + ¢ (Bh + pf))
e=0

1 1
= [ oy o)+ [ (T Faeh 4 or)
0 0
By continuous extension, replace h = (h, f) by (W, B) above and note that
<D901 (ho) ’ (W7 B)> =01

since indeed g1 = [ {o'(f;)d (W: + pBy) + o' () Bed (Bhe + pf).

1 1
/ hedW + / f*dB =1TI"(z) ¢1. O
0 0
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