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Localization of the principal Dirichlet eigenvector in the
heavy-tailed random conductance model

Franziska Flegel

Abstract

We study the asymptotic behavior of the principal eigenvector and eigenvalue of the random
conductance Laplacian in a large domain of z¢ (d > 2) with zero Dirichlet condition. We assume
that the conductances w are positive i.i.d. random variables, which fulfill certain regularity as-
sumptions near zero. If v = sup{q > 0: E[w™9] < oo} < 1/4, then we show that for almost
every environment the principal Dirichlet eigenvector asymptotically concentrates in a single site
and the corresponding eigenvalue scales subdiffusively. The threshold 7. = 1/4 is sharp. Indeed,
other recent results imply that for vy > 1/4 the top of the Dirichlet spectrum homogenizes. Our
proofs are based on a spatial extreme value analysis of the local speed measure, Borel-Cantelli
arguments, the Rayleigh-Ritz formula, results from percolation theory, and path arguments.
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Flegel 2

1 Introduction

In dimensions greater than one, the spectrum of the i.i.d. random conductance Laplacian displays
a sharp transition between complete localization and complete homogenization. This is the result of
the present paper in combination with recent papers from Flegel, Heida, and Slowik [FHS17] and
Neukamm, Schéaffner, and Schlémerkemper [NSS16]. While the other two papers cover spectral ho-
mogenization, we investigate the localization phase. A simple moment condition distinguishes between
the two phases.

More precisely, we investigate the spectrum of the Laplacian L,, associated with the random con-
ductance model on the euclidean lattice Z?. The Laplacian acts on real-valued functions f € ((Z%)
as

(Luwf)@) = > wy(fly) - fl@) (rez?). (1.1)

y: lz—yli=1

We assume that the conductances w are positive, independent and identically distributed (i.i.d.) ran-
dom variables. We describe the almost-sure behavior of the principal eigenvector with zero Dirichlet
conditions outside a growing centered ball B. It turns out that its behavior strongly depends on the
lower tails of the conductances. To be more precise, let us denote the expectation with respect to the
conductances by [E and define v = sup{¢q > 0: E[w™ 9 < oo}. Then we show that, under some
further regularity assumptions,

a.s. complete localization of principal Dirichlet eigenvector and
7<1/4¢{ P prineip X (12)

a.s. subdiffusive scaling of principal Dirichlet eigenvalue.

On the other hand, as a special case the results in [FHS17] and [NSS16, Corollary 3.4, Proposition
3.18, Lemma 3.9] imply that

a.s. complete homogenization of first Dirichlet eigenvectors and

7>1/4:>{ (1.3)

a.s. convergence of diffusively rescaled first Dirichlet eigenvalues.

We comment on this in Section 1.3. Together, (1.2) and (1.3) imply that in the i.i.d. random conductance
model there is a dichotomy between a completely homogenized and a completely localized phase.

Moreover, it is remarkable that the critical exponent . = 1/4 coincides with the critical exponent for
the validity of a local central limit theorem (LCLT) of the corresponding random walk (see e.g. [BKM15,
Theorem 1.9, Remark 1.10(1)]):

7>1/4=LCLTholds and 7 < 1/4 = LCLT does not hold.

The validity of a local CLT is a very strong kind of heat-kernel homogenization. But in contrast to the
principal Dirichlet eigenvector, the heat kernel does not display such a completely different behavior for
~ < 1/4. Although the heat kernel decays anomalously for v small enough [FM06, BBHK04, Bou10,
BB12], a quenched functional CLT (QFCLT) still holds under minimal assumptions on the i.i.d. envi-
ronment [ABDH12]. This is indeed not a contradiction since the QFCLT associates with macroscopic
properties of the random walk, whereas the anomalous heat-kernel bounds as well as the local CLT
and the principal Dirichlet eigenvector are all sensitive to microscopic trapping structures.

Note that we do not generalize our results to higher order eigenvectors here since in Lemma 5.6 we
rely on the Perron-Frobenius property of the principal Dirichlet eigenvector. In the recent paper [Fle18]
we overcome this difficulty by using the Bauer-Fike theorem.
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Principal eigenvector localization in the RCM 3

This paper is organized as follows: In Section 1.1 we define the model and our main objects. We
present our main results in Section 1.2. In Section 1.3 we compare our results with former results.
Section 1.5 contains some comments on how a subdiffusive upper bound for the principal Dirich-
let eigenvalue contradicts diffusive heat-kernel upper bounds. We survey the proofs concerning the
eigenvalues in Sections 1.4 and 1.6 where we rely on technical results from the subsequent sec-
tions. Section 2 contains Borel-Cantelli arguments, which extend results from [CD81], [Kes03] and
[BKM15]. In Section 3 we adapt some standard results on percolation theory from [BBHKO04], [MR04]
and [BKM15] to our needs. Section 4 contains a path argument similar to the one in [BKM15], which
was used to obtain a lower bound for the spectral gap of the random walk that is killed with a rate A
on a certain percolation cluster. Finally, we prove the localization of the principal Dirichlet eigenvector
in Section 5.

1.1 Model and main objects

We consider the lattice with vertex set Z? (d > 2) and edge set €; = {{z,y} : 7,y € Z¢, |x—y|, =
1}. If two sites , y € Z? are neighbors according to &4, we also write  ~ 3. To each edge ¢ € &,
we assign a positive random variable w,. In analogy to a d-dimensional resistor network, we call the
random weights w, conductances. We take (2, F) = ((0, 00)%, B((0, 00))“**) as the underlying
measurable space and assume that an environment w = (we)eegd € (2 is a family of i.i.d. positive
random variables with law P. We denote the expectation with respect to [P by E.

If e is the edge between the sites z, y € 74, we will also write Wy OF W, , instead of w,. Note that by
definition of the edge set €, the edges are undirected, whence w,, = w,,. If we want to refer to an
arbitrary copy of the conductances in general, we simply write w, i.e., for a set A € B((0, 00)), the
expression P[w € A] equals Plw, € A] for an arbitrary edge e.

We call
F:[0,00) = [0,1]: u— Plw < ul (1.4)

the distribution function of the conductances.

Given a realization (wzy ) {z,y}ce, Of the environment, we consider the Markov chain on Z% with transi-
tions rates given by the conductances w,,,. Its generator £,, is defined as in (1.1). This Markov chain
is known as the variable-speed random walk among random conductances. During the last decades
both physicists and mathematicians have analyzed the random conductance model extensively and
many questions regarding central limit theorems and heat-kernel behavior have been answered (for
reviews see [BG90] and [Bis11], respectively). The model became popular for the description of ma-
terials where the transition rates between different states are independent of the states’ energy levels.
This is the case e.g. for the spectral transport of optical excitations among impurity ions [Lyo79], or
charge transport in the one-dimensional ionic conductor hollandite [BBSA79].

Our goal is to study the behavior of the principal eigenvalue A§”) and eigenvector QA") of the sign-
inverted generator — L., in the ball

B, = {x e 7% |2]00 < n} = [—n,n]d aVA (1.5)

with zero Dirichlet conditions at the boundary. For a real-valued function f € ¢?(Z<) let us define the
Dirichlet energy £ ( f) with respect to the operator —L,,, by

Sw(f) = <f7 _‘C'wf>7 (1.6)
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Flegel 4

where (-, -) denotes the standard scalar product, i.e., for functions f1, fo: Z¢ — R we let {f1, f>) =
> veza J1(x) fo(x). Then, according to the Courant-Fischer theorem, the principal Dirichlet eigen-
value is given by the variational formula

A = inf{€°(f): f € (Z%), supp f C By, [|f]la =1}, (1.7)

where we let supp f denote the support of the function f. The function f that minimizes the RHS of
(1.7) is the principal Dirichlet eigenfunction Q/JYL), whence Aﬁ") =&v (wgn))

Remark 1.1 (Perron-Frobenius). For a given box B,, the operator L., together with the zero Dirichlet
boundary conditions can be written as a | B,,| x | B,|-matrix with non-negative entries everywhere
except on the diagonal. Since the matrix is finite-dimensional, we can add a multiple of the identity to
obtain a non-negative primitive matrix without changing the matrix’ spectrum. By the Perron-Frobenius
theorem (see e.g. [Sen81, Ch. 1]) it follows that its principal eigenvalue is simple and we can assume
without loss of generality that its principal eigenvector is positive.

In this paper we are especially interested in the behavior of the principal Dirichlet eigenvalue and
eigenfunction for dimensions d > 2 and for conductances with a very heavy tail near zero. More pre-
cisely, we consider those cases where the conductances are distributed such that a local central limit
theorem is not valid (cf. [BKM15, Remark 1.10]). Under different circumstances, the principal Dirich-
let eigenvalue and eigenfunctions were studied before: Boivin and Depauw [BD03] proved that the
top of the spectrum homogenizes for uniformly elliptic conductances. Recent results from Neukamm,
Schéffner, and Schlémerkemper [NSS16] and Flegel, Heida, and Slowik [FHS17] imply that the uni-
form ellipticity condition can be weakened to suitable moment conditions. The one-dimensional case
was thoroughly covered by Faggionato [Fag12]. In Section 1.3 we comment on this background and
how our results relate to this previous work.

1.2 Main results

First we give asymptotic lower and upper bounds for the principal Dirichlet eigenvalue )\5”). How can
we determine whether a function g: (0, 00) — (0, 00) that decreases monotonically to zero, is such
an asymptotic lower or upper bound? To settle this, we will see that it is crucial to determine whether
the box B,, contains a site such that all the 2d incident conductances are less than or equal to g(n).
We call such a site a g(n)-trap. A function A,: (0, 00) — (0, 00) that carries the information about
how many g(n)-traps we can expect in the box B,,, is defined by

Ay(n) = n®Plw < g(n)]*. (1.8)

Note that the factor n? scales like the number of sites in the box B,, and the factor P[w < g(n)]**
relates to the probability that for a given site all the 2d incident edges carry a conductance less than
or equal to g(n). We will see in Lemma 2.6 that if A, diverges fast enough, then P-a.s. for n large
enough the box B,, contains at least one g(n)-trap. On the other hand, if A, decreases fast enough
to zero, then PP-a.s. for n large enough B,, does not contain a g(n)-trap, see Lemma 2.1.

In our results we often require recurring conditions on the function g: (0, c0) — (0, o). Let us recall
that a function ¢ varies regularly at infinity (zero) with index p € R if g(u) = u”L(u) where L is a
slowly varying function at infinity (zero), i.e., for all C' > 0 we have

L(Cu)
L(u)

—1 asu — oo (as u — 0).

see e.g. [BGT89, Chapter 1].
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Assumption 1.2. Letg: (0,00) — (0, 00).

(a) The function g varies regularly at infinity with index less than —2.
(b) The function u — u? g(u) is monotone and has a finite limit as u tends to infinity.

(b’) The function u +— u? g(u) converges monotonically to zero as u tends to infinity.

Our first theorem gives a sufficient and a necessary condition for when the function g is an asymptotic
upper bound for the principal Dirichlet eigenvalue )\gn). Note that, given one of the Assumptions 1.2
(a) or (b’) is true, then the sufficient and necessary conditions coincide up to the case where A, scales
exactly like log log n. We summarize all the conditions of the following two theorems in a graphical
overview (see Figure 1.1).

Theorem 1.3 (Upper bound). Let g : (0,00) — (0, 00) be a function that converges monotonically
to zero and let A4 be as in (1.8). Then the following statements are true:

(i) If there exists € > 0 such that for all n large enough

A
A oy, (19)
log logn
then P-a.s. for n. large enough A" < 2dg(n).
(i) On the other hand, if
A (u
Aglu) =0, (1.10)
u—oo log log u
(n)
and one of the Assumptions 1.2 (a) or (b’) is true, then P-a.s. lim sup,,_, 2(1n) = 0Q.

We prove part (i) of this theorem in Section 1.4 and part (ii) in Section 1.6. Note that in (ii) the Assump-
tions 1.2 (a) and (b’) correspond to the fact that we can only deduce that the limit superior diverges if

we assume that g is in o(n~2). This is because in the diffusive regime A§”> scales like n 2.

In the case where the distribution function F'(a) varies regularly at zero with index v > 0, Theorem
1.3 (i) implies the following corollary. Since its proof is immediate, we omit it.

Corollary 1.4. Let 6 > 0. If I varies regularly at zero with index v > 0, then P-a.s. for n large
1
enough the function g(n) = n"2 " is an asymptotic upper bound for A" it even F(a) = a" for
1 1
a € [0, 1], then the upper bound can be improved to g(n) = n" 27 ((2 + €) loglog n) 24 .

Note that if F' varies regularly at zero with index v > 0, then 7 = sup{q > 0: E[w™ 9] < oo}, as
defined in the introduction. Further note that if v € [0, 1/4), then there exists n > 0 such that the
expectation [£ [w*1/4+"} diverges, cf. the conditions of [ADS16, Theorem 1.13].

The second theorem gives conditions for when the function g is an asymptotic lower bound of the
principal Dirichlet eigenvalue /\5”). Note that this theorem implies that, given one of the Assumptions
1.2 (a) or (b) is true and A, is bounded, then the condition in (1.11) is sharp. We further comment
on these conditions in Section 1.6. As with the conditions of Theorem 1.3, we summarize them in the
graphical overview Figure 1.1.

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018
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(o}
A
/ u Ay (u) du < 0o <— Ag(u) € o(loglog u) 1 o(W) > 2 + € for large u
0 oglogu
g Co?lverges I\ g convgrges
fast to zero \ slowly to zero

g is asymptotic g is neither asymptotic g is asymptotic
lower bound upper nor asymptotic upper bound
lower bound

Figure 1.1: Visualization of our results from Theorems 1.3 and 1.5 for a fixed distribution function F' that is continuous
and strictly monotone near zero. The figure shows the space of functions ¢ : (0,00) — (0, 00) that decrease to zero.
The space is depicted such that if f € o(g), then f appears left of g. For simplicity we assume that g fulfills one of the
Assumptions 1.2 (a) or (b). If F~*(u='/2) € o(g(u)), then Ag4(u) diverges. If g even decays slowly enough such that

condition (1.9) is fulfilled, then P-a.s. for n large enough )\gn) < 2dg(n). On the other hand, if g(u) € o( F~'(u~1/2)),
then Ag(u) converges to zero. If g even decays fast enough such that (1.11) is fulfilled, then there exists ¢ > 0 such that

P-as. for n large enough A\™ > cg(n). The figure also shows that around g(u) ~ F~(u~1/2) there is an interval
where g is definitely neither an a.s. asymptotic upper nor an a.s. asymptotic lower bound, see e.g. Corollary 1.7.

Theorem 1.5 (Lower Bound). Let g : (0,00) — (0, 00) be a decreasing function that fulfills one of
the Assumptions 1.2 (a) or (b). Let A, be as in (1.8). Then the following statements are true: If

e}

/u_lAg(u) du < o0 (1.11)

0

and A, is bounded from above, then there exists a constant ¢ > 0 such that P-a.s. for n large enough

M)

Aﬁ”) > cg(n). If, on the other hand, Condition (1.11) does not hold, then P-a.s. lim inf,, , o)

We prove the first part of this theorem in Section 1.6. The second part, i.e., where Condition (1.11)
does not hold, is covered in Section 1.4.

Similarly as for Theorem 1.3, we obtain the following corollary. As before, its proof is immediate and
therefore we omit it.

Corollary 1.6. Let > 0. If ' varies regularly at zero with index y € (0, 1/4], thenP-a.s. for n large
1
enough the function g(n) = n~2 "’ is an asymptotic lower bound for /\5”). If even F'(a) = a” for
1 1
a € [0, 1], then the lower bound can be further improved. For example g(n) = n~ 2 (logn)” 2 °
is an asymptotic lower bound in this case.
Furthermore, if F' varies regularly at zero with index v > 1/4, then there exists ¢ > 0 such that

en~2 is an asymptotic lower bound for \™. Then £ (f) > cn?||f|| for all f € (*(B,,), which is a
Poincaré inequality for functions with bounded support.

Note that for i.i.d. conductances with finite expectation of w~/* the Poincaré inequality for functions
with bounded support is also a consequence of [ADS16, Proposition 2.4] (with ¢ = d/2, i) a step
function and v, replaced a 7, which for each neighbor sums over the optimal detour from the 2d
independent paths in Figure 2 of [ADS16]).
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Principal eigenvector localization in the RCM 7

When we assume that F is bijective near zero and set g(u) = F~(u~'/?), then Theorems 1.3 (ii)
and 1.5 directly imply the following corollary. Its proof is immediate once we have observed that A, (u)
is constant in u.

Corollary 1.7. Assume that there exists v > 0 such that F': [0,v) — F([0,v)) is bijective and that
the function u — u?F 1 (u*%) converges monotonically to zero. Then

(n) A
lim inf % =0 and limsup % =00 P-a.s. (1.12)
nooo -1 (rm) nooo -1 (ma)

We comment on this behavior in Remark 1.13 in Section 1.4.

Note that in the special case where there exists v > 0 such that the law [P of the conductances fulfills
Plw < a] = a” fora € [0, 1], Corollary 1.7 implies that

lim inf n%/\(ln) =0 and limsup n2 A§"> =00 Pas. (1.13)

n—00 n—00

Finally, we let @bl") be the principal Dirichlet eigenvector associated with the principal Dirichlet eigen-
value /\5") and normalize it such that ||1/)1”) |l = 1. By virtue of Remark 1.1 we can assume with-

out loss of generality that w%n) is nonnegative. We show that if we define the local speed measure
m: Z% — [0, 00) by

Z Wey, €77, (1.14)

Y~z

then P-a.s. as n tends to infinity, the principal Dirichlet eigenvector %m localizes in the sequence
of sites (2, )nen that minimize 7 over B,,. Since we assume that F' is continuous, this sequence is
IP-a.s. uniquely defined. Further, since I is continuous, for each a € [0, 1) there exists s > 0 such
that F'(s) = a. For what follows, we thus define the function ¢ as

g:[0,00) = [0,00): u s sup {s > 0: F(s) =u/?}. (1.15)

Theorem 1.8 (Localization of the principal Dirichlet eigenvector). Let F' be continuous and vary reg-
ularly at zero with index v € [0,1/4). Assume that there exists a* > 0 such that F'(ab) > bF(a)
foralla < a* and all0 < b < 1. In the case where v = 0, assume additionally that there exists
€1 € (0,1) such that the product n**<' g(n) converges monotonically to zero as n grows to infinity
where g is given by (1.15). Forn € N let z, be the site that minimizes T over B,,. Then P-a.s.
the mass of the principal Dirichlet eigenvector 1/11 with zero Dirichlet conditions outside the box B,
increasingly concentrates in the site z,, i.e.,

W (z,) =1 P-as asn— oo.
More precisely, P-a.s. for n large enough
() >1—na/t, (1.16)

where fory > 0 the value of ¢; € (0, 1) is chosen such that 1/(27) > 2 + €.

We prove this theorem in Section 5.4.
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Remark 1.9 (Dimension one). Note that we cannot expect that a result like Theorem 1.8 holds in
dimension one. This is because in dimension one, the probabilistic cost to generate a hardly reachable
area is independent of the area’s diameter.

As a consequence of Theorem 1.8 we have the following two corollaries, which we prove in Section
5.5.

Corollary 1.10. Assume that F' fulfills the conditions of Theorem 1.8. Then the principal Dirichlet
eigenvalue )\5”) P-a.s. behaves like min,cp, T, for large n, i.e.,

)\(n)
P|lim ——*—— =1|=1. (1.17)

n—oo mianBn Ty

Let . be the distribution function of the random variable 7, i.e., the distribution function of the sum of
2d independent copies of the conductance w. Note that since F’ is continuous, F); is continuous as
well. Similar to [Fag12, p. 7], we define

h:(O,oo)—>(O,oo):u»—>inf{s:m:u}. (1.18)

If F' varies regularly at zero with index v > 0, then by virtue of Lemma 5.8, it follows that . varies
regularly at zero with index 2d~. It thus follows by virtue of [Res87, Proposition 0.8(v)] that / varies
regularly at infinity with index 1/(2d-y). Therefore there exists a function L* that varies slowly at infinity
such that

1

h(|B,|) =n? L*(n). (1.19)

Corollary 1.11. Assume that I fulfills the conditions of Theorem 1.8 with v > 0 and let L* be as

1
in (1.19). Then as n tends to infinity, the product L*(n)n2 Ai") converges in distribution to a non-
degenerate random variable. More precisely,

lim P L*(n)n%)\gn) < C} =1—exp(—C*") forall¢ € [0,00). (1.20)

n—o0

We prove this corollary in Section 5.5.

Remark 1.12 (Constant speed). If the conductances are bounded from above, we conjecture that,
qualitatively, the above results should also hold for the constant-speed random conductance model,
i.e., where the Laplacian is given by

(Lwf)@)=m" > wy(fly) = fl@)  (zeZfez).
y: le—y[1=1
In this case, the critical exponent . should be %d%‘i/z (cf. [BKM15, Theorem 1.8 (1)]). Further, the
typical trapping structures are not single sites but pairs of sites (cf. [ADS16, Figure 1]). In a similar way
as we adapt the proof techniques of [BKM15] for the variable-speed case, this should be possible for
the constant-speed model. However, the proofs become much more technical.
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1.3 Comparison with former results

Our investigation on the spectral behavior of the random conductance generator supplements the
results of former research.

For the lower bound on the principal Dirichlet eigenvalue Aﬁ”), we adapt a path argument from [BKM15,
Lemma 5.1], see Section 4. In that paper as well as in [Bou10, Lemma 3.4], the authors find a lower
bound for the spectral gap Ag") of the random walk that is additionally killed with a rate A = A(n) on
a certain percolation cluster 6. Because of the massive killing, the spectral gap decays quite slowly
with n. Here, on the other hand, we deal with a scenario where the spectral gap decays very rapidly
to zero.

When the spectral gap decays as =2 without introducing additional killing inside the box B,,, we are
in the regime of spectral homogenization. Boivin and Depauw [BDO03] proved spectral homogenization
for stationary and ergodic conductances that fulfill the uniform ellipticity condition, i.e., where there
exist positive and finite constants a, b that uniformly bound the conductances from above and below.
As a special case they show that for uniformly elliptic i.i.d. conductances there exists a constant ¢ > 0
such that if Aﬁ”) < A§"> <...< )\,(Cn) are the first k Dirichlet eigenvalues of —L,,, then for almost
every realization of the conductance landscape

i ) = e

where )\ is the kth eigenvalue of the operator —A in (—1, 1)d with zero Dirichlet conditions. Ad-
ditionally, the principal Dirichlet eigenfunction of —L,, converges, properly rescaled, to the principal
Dirichlet eigenfunction of the operator —A in (—1, 1)¢ with zero Dirichlet conditions [BD03, Theorem
1, Corollary 1].

In the special case of dimension one, the uniform ellipticity condition was already weakened by Fag-
gionato [Fag12]: She showed that for d = 1 a finite inverse moment of w is sufficient for spectral
homogenization [Fag12, Proposition 2.6]. Further, if the inverse conductances w ™" are i.i.d. and in the
domain of attraction of an a-stable law with 0 < « < 1, then Faggionato showed that the vector of
the first k& Dirichlet eigenvalues rescaled by it times a slowly varying function converges in dis-
tribution to the vector of the first £ Dirichlet eigenvalues of a random generalized differential operator
[Fag12, Theorem 2.5].

Recent results from two teams of authors imply that the uniform ellipticity condition can also be weak-
ened in higher dimensions: Neukamm, Schéffner, and Schlémerkemper [NSS16, Corollary 3.4, Propo-
sition 3.18] proved amongst other results that for v > 1/4 the Dirichlet energy of —L,, (as in (1.6))
I'-converges to a deterministic, homogeneous integral. This together with their compactness result
[NSS16, Lemma 3.9] and [Mas93, Theorem 13.5] implies that Conditions -1V of [JKO94, Chapter 11]
are fulfilled and spectral convergence follows. On the other hand, Flegel, Heida, and Slowik [FHS17]
use the method of stochastic two-scale convergence by Zhikov and Pyatniskii [ZP06] to show that
the Poisson equation homogenizes. Their approach is similar to the one of Faggionato [Fag08] who
already employed two-scale convergence in order to show homogenization for a Laplacian with shifted
spectrum and bounded conductances. From the homogenization of the Poisson equation, the spectral
homogenization follows again by [JKO94, Chapter 11]. Furthermore, Flegel, Heida, and Slowik identify
the corresponding limit operator.

The basis for both [NSS16] and [FHS17] are Poincaré and Sobolev inequalities that were already
used by Andres, Deuschel, and Slowik [ADS16] to prove a quenched local CLT under suitable moment
conditions.
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1.4 Survey on proofs for upper bounds

Let us consider the variational formula (1.7). The equation implies that for any real-valued test function
f € *(Z%) with supp f C B,, and || f||2 = 1 we can estimate

A < U Luf) = 5 303w () — Fw))

zeZdy: y~x

Suppose that z,, is a random site that minimizes 7 (see (1.14)) in B,,. Now we choose the function f
such that its whole mass is concentrated in the site z,, € B,,, i.e., f = J.,. When we insert this into
the variational formula (1.7), then we obtain that
Aﬁ”) < min 7, < 2d min Mmax wy, . (1.21)
z€B, T€By y: T~y
It remains to find conditions under which the above RHS can be bounded from above by a decreasing
function g(n). As we have already mentioned before, a quantity which carries this information, is the
function A, defined in (1.8), as we see in the two following proofs.

Proof of Theorem 1.3 (i). Condition (1.9) together with Lemma 2.6 implies that P-a.s. for n large
enough there exists a site 2, € B,, such that max,. y.., w.,, < g(n). Choose the test function
fn = 0., and insert it into the variational formula (1.7). The claim follows. O

Proof of Theorem 1.5 if Condition (1.11) fails. Now we have ¢ [~ u™'Ay(u) du = oo for any ¢ > 0.
Let N = {e € €;: 0 € e} be the set of edges incident to the origin and note that |9t| = 2d. A
substitution of variables and Lemma 2.1 imply that for any ¢ > 0 the following event occurs P-a.s.
infinitely often as n — oo: There exists a site z,, € B, such that all edges in 91 o 7, have
conductance smaller than or equal to g(cn). Here, 7, (z € 7%) denotes the spatial shift operator.

Every time this event occurs, we choose the test function f,, = ., (as in the proof of Theorem 1.3 (i),
insert it into the variational formula (1.7) and immediately obtain that IP-a.s.

(n)
liminf =2 — < 2d forany c > 0.

wee glen)

We now show that this implies the claim. Let ¢ > 1 and recall that we have assumed that one
of the Assumptions 1.2 (a) or (b) is true. In any case it follows that eventually 2g(n) > c*g(cn).
It follows that P-a.s. liminf,, ., % < 4dc™2. This holds for any ¢ > 1, implying that P-a.s.
lim inf,, o /\gn)/g(n) = 0. O

Remark 1.13. Now we can intuitively understand the result of Corollary 1.7: For the choice g(u) =
F~Y(u=1/2), the function A, is constant one. Therefore for every c > 0 IP-a.s. there exists an infinite
subsequence ny, where the box B,,, contains a (cg(ny))-trap. However, as we will see in Section 1.6,
IP-a.s. there also exists an infinite subsequence n. where the box Bn; does not contain a sufficiently

good trap. It follows that the asymptotics of /\5") fluctuate around the asymptotics of F~*(u='/?).
1.5 Relation to heat-kernel upper bounds

In this section we explain why the subdiffusive scaling of the principal Dirichlet eigenvalue contradicts
the validity of a local central limit theorem. We say that A§”) scales subdiffusively, if Aﬁ”) €o(n™?).In

contrast, if the principal Dirichlet eigenvalue Aﬁ”) scales like =2, then we call this diffusive scaling.

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Principal eigenvector localization in the RCM 11

The local CLT was established in 2015 by the two teams of authors Andres, Deuschel, Slowik [ADS16]
and Boukhadra, Kumagai, Mathieu [BKM15] who require that for i.i.d. conductances there exists € > 0
such that E[w] and E[w~'/4~¢] are finite. Let us briefly comment on this.

First we define the random walk among random conductances. This is the Markov chain X; that is
generated by the operator L,,. Its behavior is as follows: When the walker is at a site © € Z% it waits
for an exponential time with expectation 7r;1 (see (1.14)) and then jumps to one of the neighboring
sites. This is why we call 7, the local speed of the random walk at the site x. To which neighbor the
random walker jumps is random with probabilities proportional to the corresponding conductances: If
z is a specific neighbor of x, the random walker jumps to z with probability w,, /7. We call P the
probability w.r.t. to the random walk where the superscript w refers to a fixed environment (quenched
probability) and the subscript x refers to the starting point of the random walker: P*[ X, = =] = 1.
The corresponding expectation is called £’.

Let 74 be the escape time fromaset A C Z4,i.e., 74 = inf{t > 0: X; ¢ A}. There exists a natural
relation between the principal Dirichlet eigenvalue of the operator — L,,, and the expected escape time
E¥|7p,] from the box B,,, see [BdH15, Section 8.4.1]:

—1
(n)
Thus, an upper bound for the principal Dirichlet eigenvalue )\5") implies a lower bound on the maximal
expected escape time from the box B,,.

Now Lemma 2.1(i) of [BKM15] implies that if the heat kernel
pt(x7y):wa[Xt:y] (l’,yEZd,tZO),

has a diffusive on-diagonal upper bound, i.e. there exists ¢ € (0, c0) and a random 1y € N such that

d

pr2(z,y) < cen” Ve,y € B,, n>ng,

then max,cp, £ [TBH} ~ n~2. Diffusive heat-kernel upper bounds are a necessary condition for
the validity of a local CLT.

But if we assume that the principal Dirichlet eigenvalue scales subdiffusively, i.e., Aﬁ”) € o(n2%), then
max.ep, Y [TBn} grows faster than n~2 and therefore a subdiffusively scaling principal Dirichlet
eigenvalue contradicts the validity of a local CLT.

We can explain the exploding escape times by showing that a large box contains some sites where
the expected time to even leave the initial position is anomalously long. Although this effect is related
to the one responsible for the anomalous heat-kernel decay observed in [BBHKO04], it is still a different
one. In [BBHKO04], the dominating effect is that a random walk finds a trap elsewhere and then returns
to its initial position. This behavior, however, has a more complex dependence on the Laplacian’s
eigenvalues.

1.6 Survey on proofs for lower bounds

For the lower bound of the principal Dirichlet eigenvalue we have to put in significantly more work than
for the upper bound. The key idea, however, is linked to the considerations for the shape theorem of
first-passage percolation, see e.g. Cox and Durrett [CD81] for the sample case d = 2. The philosophy
is that we have to show that each site in the box B,, is sufficiently well reachable by conductances
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that are significantly greater than the lower bound candidate g. Note that this is similar to the idea of
Lemma 4.6 in [BKM15] where the authors proved this for a polynomial tail of the conductances with
parameter «y and the candidate g(n) = n~® with & > 1/(27). It turns out that a crucial element
of the proof is to give a condition that implies that [P-a.s. for n large enough all sites in the box B,,
have at least one edge with conductance greater than g(n), similar to [CD81, p. 585] and [Kes86,
Theorem (1.7)]. In general, if g: R, — IR, is monotonically decreasing and bijective, wy . . . , waq
are 2d independent copies of the conductance w, and

E|g ! (max{w, ... ,U)Qd})d] = d/u‘lAg(u)du < 00, (1.22)
0

then IP-a.s. for n large enough, all sites in the box I3,, have at least one incident edge with conductance
greater than g(n). This together with a path argument, which we adapt from [BKM15] gives the IP-a.s.
lower bound for the principal Dirichlet eigenvalue Ag”) (given that g(n) is not asymptotically larger
than n~2). On the other hand, if Condition (1.22) is violated, then the same arguments as in Cox and
Durrett [CD81, p. 585] yield that IP-a.s. as n tends to infinity, the box B,, contains a g(n)-trap infinitely
often. We have already dealt with this case at the end of Section 1.4.

In what follows we give a survey on the proofs of Theorem 1.3 (ii) as well as Theorem 1.5 if Condition
(1.11) (or equivalently (1.22)) holds. The arguments described above are made rigorous in several
auxiliary lemmas, which we present in the subsequent sections.

Proof of Theorem 1.5 if Condition (1.11) holds. By virtue of Lemma 2.1 with = {e € €;: 0 € e} it
follows that [P-a.s. there exists n] € N such that for all n > n] all sites z € B,, have an incident edge
with conductance greater than g(n). Since we assumed that A, is bounded from above, it follows by
virtue of Corollary 2.4 (with m = 2d and x = d) that there exists ¢ > 0 such that [P-a.s. there exists
ns € N such that for all n > n} and for all z € B,, ;34 the box Bs,(2) contains at most 3d — 1 edges
with conductance less than or equal to g(n'~¢). Now we choose £ small enough such that P-a.s. there
exists n3 such that for all n > n3 Assumptions (i), (iii) and (iv) of Proposition 4.8 are fulfilled. This is
possible by virtue of (3.1) and Lemmas 3.2 and 3.3. Then the claim follows by virtue of Proposition 4.9
with ny, = k + max(nj, nj, nj}). O

Proof of Theorem 1.3 (ii). Let¢ > 1. In any case of 1.2 (a) or (b’), we observe that for n large enough
¢g(n) < g(c™/?n). It follows that the quotient A(y)/ log log u is bounded as u tends to infinity.
Thus we know the following by Corollary 2.5: There exists ¢ > 0 such that IP-a.s. for n large enough,
there are at most 2d edges in any subbox Bgd(Z) C B,,434 with conductance smaller than or equal
to Eg(nl_e). This implies Assumption (i) of Proposition 4.8 with cg instead of g. Now we choose &
small enough such that IP-a.s. for n large enough Assumptions (ii), (iii) and (iv) of Proposition 4.8 are
fulfilled. This is possible by virtue of (3.1) and Lemmas 3.2 and 3.3.

Further, Condition (1.10) together with Lemma 2.7 implies that P-a.s. as the box size n grows to
infinity, there exists a random subsequence n’ = n/(w) along which each site z € B, has at least
one incident edge e such that w, > ¢g(n’). It follows that we can apply Proposition 4.9 with €g instead
of g and obtain that there exists C' > 0 (independent of ¢ since we have assumed 1.2 (a) or (b")) such
that along the random subsequence n;, and for & large enough

EV(f) > Ceg(n)|fII?  forany f: Z¢ — R with supp f C By

Since this holds for any ¢ > 1, this implies the claim. O
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2 Borel-Cantelli arguments

In this section we always assume that the dimension d > 2 and that the conductances are i.i.d.
with law IP. We further let g: (0, 00) — (0, 00) be a function that decreases monotonically to zero.
Moreover, we use the following abbreviations: For « > 0 and an edge set 2l C &, we define the
event

Jo(A) ={Fe e A: w, > a}. (2.1)

Foraset A C Z® we define &(A) to be the set of edges that connect a site in A with a neighbor in
positive axes direction (i.e., right, above, in front, etc.), i.e

CA) ={{z,y} €e€p:xc Aand3dj € {1,...,d} suchthaty =z + ¢e;},
where {e;} is the canonical basis of Z%. For 2 C &, we write 2 o 7, for the translation of 2 by
z €74 e, forx,y, 2 € Z4 with {z,y} € Eqwe define 7.{z,y} = {z + 2,y + 2}.
For a sequence of events (E), ),en we recall the definitions lim inf,, . E, = J,— (i, E») and
limsup,, . En = oy (Ui, En)-
Lemma 2.1. Ifb € N and 2l C &(B,) is an edge set with |2(| = m, then

P | lim inf ﬂ Jymy(RoT,)| =

n—oo

{ 1, if [{u Plw < g(u)]"du < 0o, (2.2a)

2By 0, otherwise. (2.2b)

l.e., if and only if the integral [~ u’'Plw < g(u)]"™du is finite, then P-a.s. for n large enough for
all sites z € B, ., the edge set2l o T, contains a conductance greater than g(n) Otherwise the
complement of this event occurs for infinitely many n.

Remark 2.2. The result of Lemma 2.1 as well as the proof are generalizations of the considerations
of Cox and Durrett [CD81] and Kesten [Kes03, p. 108] (there, m = 2d and g(n) = n™!). For the sake
of completeness, we included the proofs here.

Proof of Lemma 2.1. For (2.2a): We first show that

|z]o0—r00 |2] 00 —>00

0=1-P {hm inf Jy (20—t (A 0 Tz):| =P llim sup (J(zjo—n) (A0 7)) | . (2.3)

We achieve this by applying the first Borel-Cantelli lemma, i.e., we have to estimate

Z P[(‘]gﬂz\oc—b)(Q[OTz Z Z w <g yzloo _ )]m

2€Z\B,, k=b+1|z|co=k
<2d Y (2k+ 1) Pw < g(k —b)]"
k=b+1

Since ¢(-) is monotonically decreasing, P[w g( )] is monotonically decreasing as well. Further,
there exists an index k; such that k — b > 271(k + 1) for all k > k. It follows that there exists
C' < oo such that

Z P[(Jyoln) (R0 7.))] < O+ 4%d Z Yk 4+ 1)) Plw < g(27 (B +1))]™

2€Z9\ By, k=b+1
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This implies that the LHS is bounded from above by C'+¢ [~ u*'P[w < g(u)]™ du with a constant
¢ < 00. This expression is finite by assumption. Therefore, the claim (2.3) follows from the first Borel-
Cantelli lemma.

To arrive at the claim of the lemma, we observe that (2.3) implies that P-a.s. there exists n* € N such
that for all |z|,, > n* the set 2 o 7, contains at least one conductance greater than ¢(|z|e — b).
Ifn > n*and z € B,yp\Bps, i€, |2| € (n*,n + b], this means that 2 o 7, contains at least
one conductance greater than g(n) (recall that g is monotonically decreasing). Since n* is finite and
g decreases monotonically to zero, it also follows that there exists a finite n’ > n* such that for all
edges ¢ € &(By,+;1) we have g(n') < w,. Thus, [ Jony(2 o 7.) is true P-a.s. for n large
enough.

ZeBn+b

For (2.2b): Let [° u®'Plw < g(u)]™du = co. We want to show that this implies

P {lim inf ﬂ Jymy(RoT.)| =0. (2.4)

n—oo
2€Bpp

Let us define the set A, = (2b + 1)Z<. It suffices to prove the claim (2.4) for the intersection over
2 € B4 N Ay, which in turn follows by the second Borel-Cantelli lemma if

D P[(Jyepiny (o 7)) ] = o0,

ZEA

since the events {Jg(|z|+b) (AoT,) }ZeAb are independent. To prove that the above sum diverges, we
observe that there exists a constant C' > 0 such that

oo

> P[(Jygepen (@ o)) ] = 2d(2b + D)) (2k — D) 'Pw < g((2b + 1)k + b)]™

> C/ud_lp[w < g(u)]™du.

0
By the assumption that [~ u? 'Plw < g(u)]"du = oo, the sum diverges. O
0 g

Corollary 2.3 (of Lemma 2.1). Letb € N andm < |&(By)|. Then the following equivalence holds:

/ud_llP’[w < g(u)]"du < 0o < P|liminf ﬂ ﬂ Jomy(RoT.)| =1. (2.5)
n—oo
9 ACE(By), 2€Bp 1y

[2[>m

Proof of Corollary 2.3. For “<”, we apply Lemma 2.1 for an arbitrary 24 C &(B},) with |2(| = m. For
“=", note that since B, is finite, the intersection over the edge sets 2l on the RHS of (2.5) runs over
finitely many events. By virtue of Lemma 2.1 the claim holds for each of these events and therefore
also for the finite intersection. O

Corollary 2.4 (of Corollary 2.3). Letb, m, x € N withm < |€(B,)|. Ifu'Plw < g(u)]™ is bounded
from above, then

P | lim inf ﬂ ﬂ Jym-Ror,)| =1  foralle € [0,k(m+r)""). (2.6)

n—o0
ACE(By), 2€ B4y
|2A|>m+rK
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Proof. We show that the integral [ v4~1Plw < g(v'~¢)]"""du s finite and then we apply Corollary
2.3.

€

The change of variable v!~¢ = u yields

o0

/Udlp[w Sg@ke)}m%d 1_6 1/ud1 €)1 IIP’w <g( )]m+”du.
0 0

Now we consider that
097 B < g(u))™ " = w07 Pl < o))

Since both u?P[w < g(u)]™ and Plw < g(u)]™ are bounded from above, we obtain that

(%) ul 00

/Ud(l_e)l_lp[w < g(w)]" ™ du < /ud(l_e)l_l du + C’/ud((l_e)l_l_;)_l du < oo

0 0 Uy
for any u; € (0, 00) and a suitable C' < co. Since € € [0, 1) and d > 2, the first integral on the RHS
is finite. Further, since € < k(m + 1), the second integral on the RHS is finite as well. O
For the next three results, we define A, as in (1.8).

Corollary 2.5 (of Corollary 2.3). Letb > 2 and assume that A4 (u)/ log log u is bounded from above
for u large enough. Then

_ -1
P |lim inf (1 () Jomo@om)| =1 forallee (0,(2d+1)7"). 2.7)
ACE(By), 2EBp 1y
|2A]>2d+1

Proof. We show that the integral in (2.5) is finite for m = 2d + 1 and g(u'~°) instead of g(u). The
assumption on the function A, implies that there exists C' < oo such that for u large enough

ul#3) 0Py < g(ut=o)*"!
1+

< C forallee (0,1).
(loglog u'—¢)

It follows that for u large enough

1
uw'Plw < g(ulfe)]wﬂ < Oy ate(dts) (loglog ul’e)H?d :
Forall e < (2d + 1), this implies that the integral [ u®~'Plw < g(u =) du s finite. The
claim follows by virtue of Corollary 2.3. O

For the next lemma we need the following definition: For 7,k € N with ¢ < k we define A, ;; as the
set which “has residue class ¢ modulo k7, i.e

AM,:{z:(zb...,zd)GZd:z1+...+szz’modk}. (2.8)

Note that for fixed k, the sets ALk are disjoint and eventually the sets B, N AM have cardinality
greater than (2n)?/k. For k = 2 we especially define the even lattice as the set

Ae={z€Z" |z[; =0mod2}. (2.9)

Accordingly, the odd lattice is A, = Z%\ A..
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Lemma 2.6. Letk € N withk > 2. Further, let)t = {e € €,: 0 € e}. Then the following implication
is true: If there exists ¢ > 0 and n* € N such that

Ay(n)

W >k +eforalln > n*, thenP[limsup( m Jg(n)<m07'z)>] = O,

N0\ zeB,nA

forany A € {Aik,..., Axi}, ie, P-as. forn large enough there exists a site z, € B, N A that
is completely surrounded by edges with conductance less than or equal to g(n). It follows that P-a.s.
for n large enough there exist k distinct sites z(1 ), - . - , 2(k,n) € By, that all fulfill Taimy = 2dg(n)
(i < k).

)

Proof of Lemma 2.6. We first prove the claim for the subsequence n; = 27 with 5 € N and with
g(2n) instead of g(n). Then we show how to infer the claim along the whole sequence n € N.

For the first part, let wy, . . . , wyq be 2d independent copies of w. Since k > 2, it follows that for any
a > (0 and any fixed i the events {Jo (Mo 7.)} .., . are independent and thus we can estimate

P ﬂ Jg(an;) (Do 7.)| = Plmax{wy, ..., wey} > g(an)]|B"iji’k|

(2n;)%/k 1
< (1Pl < gt ) " < e (20, "Plu < gt20)).

The assumption on A, implies that the RHS is summable along the sequence n; = 27. Thus, it follows
directly by the Borel-Cantelli lemma that the statement of this lemma holds along the subsequence n;
and with g(2n;) instead of g(n;).

To infer the claim of the lemma along the entire sequence, we define

M, = inf sup w.,
r€EBLNA e€NoTy

where A € {Al,ka R 7Ak:,k}-

Note that M,, is monotonically decreasing in n. By the first part of the proof we know that

. My,
P |lim inf <1 =1. (2.10)
oo g(2n;)

For n € N we now choose j,, such that
20m < < 20t
Since g and M) are both monotonically decreasing, this implies that
My > M,, and g(n) > g(2j”“) )
Thus, the claim follows by (2.10). O

Lemma 2.7. Let N be as in Lemma 2.6. If the function u — ug(u) decreases monotonically to zero
or g varies regularly at infinity with index less than —1 and in any case

A

u—oo log logu

=0, then P[limsup( m ch(n)(‘)?o@))] =1 Ve>0. (2.11)

n—00 2€B,,
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Proof. For A C 7%, afixed ¢ > 0, and a fixed function g let us abbreviate
Hy = () Jegtmy(Mo72).
z€A

Let us briefly outline the idea of the proof: It is sufficient to show that the claim is true along the
subsequence n; = j7. First we show that

oo
ZP[HZQ} = 0 (2.12)
i=1 ’

which, since Hgij C Hg’ij\an,ﬁl’ implies that Zj; P[Hgij\an,lﬂ] = 00. Note that since for

1,7 € N with ¢ # j the intersection

U mOTZ N U moTz :®7

2€Bn \Bn;_;+1 2€Bn;\Bn;_{+1
the events {H"j } are independent. Thus, given (2.12), we can infer by the second
Bnj\Bn;_;+1 j>2
Borel-Cantelli lemma that
. n;
]P’{hmsup HBZLV\BR-_IH] =1. (2.13)
j—o0o J J
Then we show that
P|liminf Hp =1. (2.14)
j—00 nj—1+1
Since by definition
ng o __ L] 5
Han B HB"j\B"jfﬁl n HB"j—lH ’

(2.14) together with (2.13) implies the claim of the lemma.
Let us start with the proof of (2.12). We note that for A, and A, as defined in (2.9) the FKG-inequality
implies that
PlHY | =P\ Hns, N HY s, | 2 P[HYnp, |
n; € TLj {e} 7Lj € TLJ'

J

Then we recall that A, was constructed such that HZiman is the intersection of less than (2n + 1)¢
J

i.i.d. subevents {ch(nj)(‘ﬁ o Tz)} , each with probability

zGAeﬁan
2d
P[ch(nj)(‘)’t)] =1—-Plw < cg(n;)]™.

Thus for j large enough, there exists C' < oo such that

N 2 2(2nj+1)d
Py | > (1= Plw < cg(n)))

J

2d> P{w<cg<nj>12d) 2(2n;+1) Plw<cg(ng)]*

— ((1 — Plw < cg(n;)]

> exp(—C’n?}P’[w < cg(nj)]2d> = exp(—CAy(ny)) . (2.15)
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Now we explain why the assumptions on g and A, imply that the RHS of (2.15) is not summable for
any ¢ > 0. 1f ¢ < 1,then Ayy(n) < Ay(n) forall n € N. It follows that for any ¢ > 0 there exists
j* € N such that for all j > j* we have

Ayy(nj) < e(logj+loglogj) < 2eclogyj.

When we choose ¢ < (2C) 7}, then we see that the RHS of (2.15) is not summable. Let us now
assume that ¢ > 1. If u — wug(u) decreases monotonically to zero, then cg(n) < g(n/c) for
all n. If g varies regularly at infinity with index less than —1, then for any ¢ > ¢ and for n large
enough cg(n) < g(n/é). This implies that for n large enough A, (n) < &A,(n/é). Thus, by similar
arguments as for the case ¢ < 1, we obtain that the RHS of (2.15) is not summable. This concludes
the argument for (2.12).

Let us proceed with the proof of (2.14). Note that for any € > 0 we have nj 11 > h(n;) with h(u) =
u(log u)'~¢. This is because for j large enough and any ¢ > 0 we have

1\ .. e
njy1 = (j+1) (1 " 3) 7 = (j + Dn; > n;(logn;)' ™.

Thus, (2.14) is a consequence of

P|liminf () Jegmy(@om)| =1 Ve>0.

n—00
z€Bp+1

By virtue of Lemma 2.1 we can thus verify (2.14) by showing that for all ¢ > 0 the integral
o
/ud_lﬂ”[w < eg(h(u)]**du < co.
0

To see that the integral is indeed finite, we consider the following: There exists a constant C' < oo
such that

oo

/ wPw < cg(h(u))]?du < C + ?ul (ﬁ)d(h(u)dﬁ”[w < cg(h(u))]2d> du

0
9]

—C+ / u (logu) "IN, (h(u)) du.
2
Again, we distinguish the casesc < landc > 1. If ¢ < 1,thencg < g. If c > 1, then we observe as
before that in any case we have cg(u) < g(u/c) for u large enough. Therefore the condition on A,

implies that also A, (u)/ loglog u — 0 as u tends to infinity. Since & diverges, it follows that there ex-
ists u* < oo such that A, (h(u)) < loglog h(u) forall u > u*. Further, since on the interval [2, u*]

the function A4 (h(-)) is bounded, the claim follows since [ u™*(log u) " loglog h(u) du is
finite. O

3 Percolation results

In this section we adapt three standard percolation results that we need for the path arguments of the
next section in order to establish the lower bound for the principal Dirichlet eigenvalue.
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We consider the standard Bernoulli bond percolation on the graph (Zd, ¢,), i.e., we assume that the
conductances are independent random variables with common law [P such that an individual conduc-
tance is 1 with probability p and 0 otherwise. For an introduction to percolation we refer the reader to
[Gri99]. As in the previous section, we call w = (w,).ce, € {0, 1} an environment and we denote
the law of the environment by IP. If the conductance w, of an edge ¢ is equal to 1, then we call € an
open edge. Otherwise we call the edge e closed. Given a realization w of the environment, we denote
the set of open edges by & C €,.

Consider the random graph (Zd, &0 ). Following the terminology of Grimmet [Gri99], we call the con-
nected components of this graph open clusters and, for z € Z%, we write % () for the open cluster
that contains the site x. Note that €’ (z) C (Z%, &) is a graph. We define the clusters in this way in
order to make sense of Dirichlet forms defined as in (3.2) below. However, when we write |%'(x)|, we
refer to the number of sites in €’(x). Furthermore, when % is a cluster and y is a site in the vertex set
of €, then we use the shorthand notation y € %. Similarly, if e is in the edge set of %', then we write
eE€s.

We say that a path [ = (zo, ..., Z,,) isopenifand only if {x; 1, 2;} € Epforalli € {1,...,m}.

Let p.(d) be the critical probability such that P-a.s. there exists an infinite open cluster €,,. This
cluster is P-a.s. unique. We assume that p.(d) < p < 1. Note that €, contains all sites z that are
connected to infinity through an open path as well as all open edges that are incident to a site in G .
We further define .77 as the complement of %, in Zd, i.e., we regard .77 as a set of sites.

The main object of this section is to collect results from the literature and adapt the details such that
they exactly fit our needs.

Lemma 3.1 ([BKM15, Lemma 4.2]). Letn € (0, 1). Then for p sufficiently close to one, there exist
constants C' < oo and ¢ > 0 such that

P[|B, N 6| < n|B,|] < Ce™  foralln > 1. (3.1)

The second lemma is an implication of Lemma 3.1 above.

Lemma 3.2. Letd > 2 and choose p such that Lemma 3.1 holds with n = % Then IP-a.s. forn large
enough there exists an injective map p1: € N B, — % such that for any site v € 7 N B,, the
distance |z — 1 ()|1 < 2d(logn)@+h.

Proof of Lemma 3.2. The proof of this lemma follows the lines of the first paragraph of the proof of
[BKM15, Lemma 4.7] but we included the proof here for completeness. For z € Z¢ and m > 0,
we denote B,,(z) = {z € Z*: |z — z| < m}. Choose the percolation parameter p such that
(3.1) is fulfilled with = 3. Let m = [(logn)?*!| and consider the disjoint partition P, :=
{B((2m + 1)2)},_a of Z*. Then Lemma 3.1 implies that there exist ¢, C' € (0, c0) such that

Pl U {IBn%l<3IBI}| < > PIBN%x| <3IB]]
BBﬁeg?;,@ BBQG;?;@

< CO@2n+1)¢ exp(—c(log n)d+1> )

which is summable. By the Borel-Cantelli lemma it follows that P-a.s. for n large enough we have
|BN%x| > |B|/2inany B € P, with BN B,, # 0.
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Now we construct ; as follows: For x € ¢ N B,, choose B € P,, (unique) such that + € B.
Choose ¢1(z) € B N %5 in an injective way - this is possible since |7 N B| < |%x N B|. The
¢,-distance between x and ¢ () is thus smaller than or equal to 2d(log n)@+1). O

For f : Z% — R with || f||3 < oo we define the Dirichlet-form & (f):

Ec ()= D (fx)= W), (32)

{z,y}€b

as well as the norm || fl 2.0y = e [ ().

In the following lemma we give a lower bound for the principal Dirichlet eigenvalue on B, N %.
The lemma is similar to Theorem 1.3 from [MR04] with the difference that 13,, N %, is in general not
connected and we do not include the condition that 0 € % ..

Lemma 3.3. Letd > 2 and choose p such that Lemma 3.1 holds with > % Then there exists
a (deterministic) constant ¢ > 0 such that P-a.s. for n large enough and all real-valued functions

f € (3(Z%) with supp f C B,, we have

£ 12200y < n*Ec(f) - (3.3)

The proof of this lemma is rather standard given the relative isoperimetric inequality from Theorem 3.4
below (see e.g. [SC97, p. 83]) but since the details are slightly different, we include the proof for the
convenience of the reader. Let A C %, be a set of sites. We define the relative edge boundary of A
with respect to %, as the edge set

O(A|€x) = {{z,y} € C: z € Aandy € €, \A}.

Further, as in [BBHKO04], given a percolation environment w, we call the set A C 7% w-connected
if every two sites in A can be connected by a finite path that uses only open edges and runs only
through sites in A. Then we have the following theorem.

Theorem 3.4 ([BBHKO04], Theorem A.1). Foralld > 2 andp > p.(d), there are positive and finite
constants ¢c; = ¢1(d, p) and co = ¢5(d, p) and aP-a.s. finite random variable ny = no(w) such that
for eachn > no and each w-connected A satisfying A C €, N B,, and|A| > (c1logn)¥@=1) we
have

Op(A|%s) > | AJd-D/d (3.4)

Remark 3.5. Let A C %, N B, and ng, c1,cy be as in Theorem 3.4. If A is w-connected and
|A| > (c1logn)¥ =Y then the relative isoperimetric inequality (3.4) yields

0E(A|C%)] Ca Ca
> > 2
| Al AV T 3n

where we have used that A C B, and thus |A|Y¢ < (2n + 1) If. on the other hand,
(c1logn)¥@=Y) then eventually

Al <

Al L 1
AT T AL Clogm @D

1
> =
n
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It follows that there exists ¢ > 0 such that for n large enough and all w-connected A C %, N B,, we
have

Oe(AlE)] .

‘A’ >~ (3.5)

If A is not w-connected, then similar to the arguments in [MR04, Section 3.1], we write A = | J, A;
where the A; are the w-connected components of the set A. Thus,

106 (A|.0) 06 (AilE)] ¢
196{ A1 %o0)| 1> 54
A LMEZ Ay | ”-mmE;'J

It follows that (3.5) holds for all sets A C %~ N B,,.

Proof of Lemma 3.3. Let ng be as in Theorem 3.4 and let n > ny. Further let f: Z* — R such that
supp f C B,,. We apply the mean value inequality and Holder’s inequality to obtain

Vid | fle@woVeea. () = | Y. (F@+ @)’ [ > (f2) - fy)?
{z,y}€C {z,y}€C

> Y |F@ =) (3.6)

Now we use a standard approach which is known as the co-area formula (see e.g. [SC97, p. 83]):

o0

Yo P@-rwl=Y > /]1{f2(x)>t>f2(y)}dt.

z,Y}EC TECno Vi {Z,¥}E€EF0,
ed F@>f) 0

If for ¢ > 0 we define the set of sites A, = {x € €..: f*(x) > t}, then we see that
Yo D lywreren = 0:(Al%)].
TECoo Y: {2,y}€C,
F@)2 1 ()

By virtue of Theorem 3.4 and Remark 3.5 it follows that there exists ¢ > 0 such that eventually

> 1P@ - Loz [lale =23 Pe
{zy}etoo 0 TE€ECno

Together with (3.6) this implies that

Ea (f) 2

&
\/@ n Hf”@(%”oo) .

4 Path argument

In this section we give the two Propositions 4.8 and 4.9, which transfer the knowledge we obtained by
the Borel-Cantelli arguments in Section 2 to lower bounds on Dirichlet energies. In order to achieve
this, Lemma 4.3 generalizes and modifies the path argument in [BKM15, Lemma 4.7]. Before we start,
we give a definition which is crucial for the remaining part of the paper.

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Flegel 22

Definition 4.1. Let ¥ = (V, &) be an undirected graph and w = (we)ece. For f: V — R, we
define the Dirichlet energy on Y as

() =53 X walf) — f)) 1)
€V  yev,
{z,y}ee

Remark 4.2. For§ > 0 let us define a. = 1, >¢} (e € €y). Let us call an edge e open if and only if
a. = 1 and let € be an open cluster in the environment a = (a.).ce,. Then, with reference to (3.2),
we obtain that EE4 (f) < EX(f) for all real-valued functions f € (*(Z%).

Since we apply a similar argument for two slightly different situations (i.e., once for the proofs of
Theorems 1.3 and 1.5, see Proposition 4.9, and once for the proof of Theorem 1.8, see Proposition
4.8), we kept the conditions of the following lemma as general as necessary.

Lemma 4.3. Let¥ = (V, €) be a subgraph of (Z%, &€,;) and let € = (Viz, €4 ) be a subgraph of 4.
Assume that v, L € (0,00) and B C V are such that the following conditions are fulfilled:

(i) There exists a constant ;1 > 0 such that for all f: V — R with supp f C B the following
inequality holds:

EL () = pll £l - (4.2)

(i) There exists an injective map ¢ : B\Viy — Vi such that the following holds: From any
x € B\ Vi there exists a (self-avoiding) directed path l(z, p(x)) to p(x) in9Y such that

(i).1 alle € l(x, p(x)) fulfill we > v,
(i).2 |l(z,o(x))] < L.
Thenforall f: V — R with supp f C B the following holds:

E2(f) = (L) o 30 1 fl2ee) - (4.3)

Proof of Lemma 4.3. We generalize the proof of [BKM15, Lemma 5.1], which uses arguments from
[Bou10, Lemma 3.4]. Let f: V — R with supp f C B. For the following calculation we abbreviate
fly) — f(z) = df((y, z)) where (y, z) is the (directed) edge from site y to its neighbor z. For
x € B\Vy we write f(z) as a telescopic sum

fle)y="%_ d4f()+ fle(@)).
bel(z ()
We apply the Cauchy-Schwarz inequality and expand the terms on the RHS by the conductances:
21l(z, p(x
fole) < ELEN S @ p(e)? + 210 (e)).
bel(z,p(x))
Now we sum over all z € B\Vy and use the upper bound for |I(z, p(z))| according to Condition

(ii)b:

Y P Y Y wo)r e Y Pel). 6

z€B\Vg 2€B\ Vg bel(z,0(x)) z€B\Vg
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Let us look at the last term on the RHS: By definition ¢ is injective and its image is in V. This means

that
3 Ple@) < Y ).

z€B\Veg €V

Since the path I(z, ¢(x)) has a length of at most L, any path that uses a given edge b must have
started in an /;-ball of radius L around b =: {by, by} with by, by € Z<. Thus, if the path [(z, o(z))
runs through the edge b, then

vef{zeZ% ||z—b|i <L-1}U{z€Z% ||z —by|s < L—-1}.

Since in dimension d > 2 and for L > 2, the cardinality of either one of the above /;-balls is bounded
from above' by 2971 L?, it follows that the cardinality of the whole set on the above RHS is bounded
from above by (2L)¢. Thus, the sum over b € I(x, ¢(x)) on the RHS in (4.4) uses each edge not
more than (2L)? times, whence

STY w (df(B) < (RLYEL().
z€B\ Ve bel(z,0(x))

Completing the sum to all sites = € ¢ and using the comparability between £ (f) and E2(f), we
obtain by virtue of Condition (i):

d+1 d+1
> s B e 43 Y o < (B4 e,

zeV r€Ve

4.1 Asymptotics of the principal Dirichlet eigenvalue

From the path argument in Lemma 4.3 we can use our observations from Section 2 to obtain lower
bounds of the Dirichlet forms. We use similar arguments as in [BKM15, Lemma 5.1].

We fix & > 0 such that
Plw > £] > pe(d) . (4.5)
Moreover, we fix an environment w and define a new environment a by setting

Qe = ]l{we>$} (6 € @d) ) (4.6)

as in Remark 4.2. We denote the unique infinite cluster of the environment a by € and we use the
same shorthand notations as explained at the beginning of Section 3. Further we define ‘55 as the
restriction of €’ to the box B,, and similarly the holes %’jf.

Additionally, we define a second percolation environment '[vg(n) for g : (0, oo) — (()7 oo) by setting
Wy(n)(€) = Wel(w,>gmyy (€ € Eg). (4.7)

Thus, edges with conductance less than or equal to g(n) are considered to be closed and all others
keep their original conductance. With this terminology we can now define the following clusters.

"In dimension d = 2, the cardinality of an ¢!-ball with radius Ris 1 + 2R(R + 1) < 2(R + 1)2. If Vd(l)(R) is the
cardinality of an ¢*-ball with radius R in dimension d, then one convinces oneself that Vd(l) (R) < 2(R+ 1)Vd(P (R).
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Figure 4.1: Boundary edges needed to separate the set jn(zl) from the infinite cluster Dy, The full circles represent
sites of .7, while open circles represent sites of Z,,. In Figure 4.1a the component .%,(z1) is a subset of Bag(21), in
Figures 4.1b and 4.1c it is not.

Definition 4.4. For a fixed function g and a fixed € > 0, let &, be the unique infinite open cluster of
w,n1-<). Regarding this cluster, we use the same shorthand notations as introduced at the beginning
of Section 3. Furthermore, let .%,, = B, \ %, be the set of holes in B,,.

Definition 4.5. We call a set ¥ C Z¢ sparse if the set .¥ does not contain any neighboring sites.
Further, a set ¥ C 7% is b-sparse if any box By(z) C Z¢ with = € 7 contains at most one site of
the set .7 .

Remark 4.6. Letb, < by be natural numbers. If a set & C Z% is by-sparse, it is also b, -sparse and
sparse.

Lemma 4.7. Letb € N withb > 2d and g: (0, 00) — (0, 00) be a decreasing function. For a fixed
environment w assume that for n. large enough for all z € By, the edge set €(B,(z)) contains at
most 3d — 1 edges with conductance less than or equal to g(n'~¢). Further, let 9,, be as in Definition
4.4 the unique infinite cluster. Then, for n large enough the set .%,, = B, \ %, is b-sparse.

Proof. To show that for n large enough the set 4, is b-sparse, we first show that for n large enough
the set .7, is sparse. We define .%,, = Zd\.@ﬂ. Let us assume that for infinitely many n there exists
a pair of neighbors z1, 2o in the set .%, = %, N B,,. Since by assumption Z,, is the unique infinite
cluster, it follows that for n large enough %, B,, # (). Thus, we can assume without loss of generality
that z; has a neighbor x € Z,,. If z; does not have a neighbor in &,,, then we consider a self-avoiding
path [ inside B,, from z; to a site x € ,, N B,,. Let 2’ be the first site on the path [ that is in &,, and
let 2] be the preceeding site to 2’ on the path [. Since z; does not have a neighbor in Z,,, the site 2]
is different from z; and thus z| has a further predecessor 2}, € .#, on the path [. It follows that the
neighbors z/, 2}, are in .#, N B,, and further z| has a neighbor =’ € Z,, N B,,.

In the context of this proof, for z € 7. we define jn(z) C .7, as the connected component that
contains z, i.e., y € #,(2) if there exists a path [ C [Eq between the sites z and y that runs only
through sites in .7,,.

Let 21 be as above. We distinguish two cases now:

1 .7,(z) is a subset of Bag(z1).
2 jn(zl) is not a subset of Bag(21).
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In the first case, the edge boundary that separates the cluster &,, and the component jn(zl), consists
of at least 4d — 2 edges that are in the edge set €(By4(z1)). For a sketch see Figure 4.1a. This is a
contradiction to the first claim of this lemma. Since we have assumed that &, is the infin~ite cluster, in
the second case the edge boundary that separates the cluster &, and the component .%,,(z1 ), has to
link two (not necessarily different) faces of the cube BZd(zl) and at the same time enclose the site z;
(e.g. as in Figure 4.1b) in the very middle of the cube By(21) or enclose one of its neighbors (e.g. as
in Figure 4.1c). It follows that the set &(By4(21)) consists of more than 4d edges with conductance
less than or equal to g(nl_ez). This is again a contradiction and it follows that ., is sparse.

Now we further show that IP-a.s. for n large enough the set .#, is b-sparse. Let us assume that for
infinitely many n there exists z € B,,,; such that Bb(z) contains two sites of .7,. Since we already
know that IP-a.s. for n large enough the set .#,, is sparse and each site has 2d incident edges, it
follows that for infinitely many 7 there exists z € B,, 1, such that the edge set €(B,.1(2)) contains
4d edges with conductance less than or equal to g(n!=). This is a contradiction to the first claim of
this lemma. O

Proposition 4.8. Fix an environment w € ). Let g be a positive function decreasing to zero and
lete, &, cp € (0,00). Let (ng)ren be any (possibly empty) subsequence, along which the following
assumptions are true:

(i) Forall z € B,, 134 the edge set €(Bs,4(%)) contains at most 3d — 1 edges with conductance
less than or equal to g(n'~°).

(i) €% is the unique infinite open cluster of the environment a defined through (4.6).

(iii) All real-valued functions f € (?(Z<) with supp f C B, fulfill

1f1I72 g6y < crnies(f) < 7 eniEL(S) - (4.8)

(iv) There exists an injective map o : S5 N B, — € such that for any x € ¢ N B, there
exists a directed path 1 (z, p1(x)) in (Z¢, €4) from x to ¢y(x) of length |Iy(x, ¢y (x))] <
2d(log )@Y,

Then for k large enough, %, is the unique infinite open cluster of the environment ’lbg(nl—e) (see
Definition 4.4) and

-1
2 _e\—1 —
g%vnk (f) > <2d+1(10g nk)4d g(nllc 6) + 3015 1ni> ||f||?2(@”k) ,
for all real-valued functions f € (*(Z%) with supp f C B,, and with &g, as in Definition 4.1.

Proposition 4.9. Let the assumptions of Proposition 4.8 be true for a subsequence (ny,)ren as well as
one of Assumptions 1.2 (a) or (b). Further, assume that along the same subsequence for all z € B,
there exists an incident edge with conductance greater than g(ny,). Then there exists ¢ > 0 such that
for k large enough

v (f) = cgtmll I3

for all real-valued functions f € (*(Z%) with supp f C B,, . If one of the Assumptions 1.2 (a) or (b’)
is fulfilled, then the constant ¢ can be chosen independently of g.

We prove these propositions in the next section.
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Bsa(y) Bsa(y)

(a) (b) (c)

Figure 4.2: Construction of the path I(x, ¢(z)) (solid black line with arrows) from I (x, ¢ (x)) (thick gray line). Inside the
box Bsq(y) there are at most 3d — 1 bad conductances (dotted lines). The path I(x, ¢(x)) follows 1 (x, @(x)) until it
hits an edge with a bad conductance at site y. Let e = {z1, 22} be the first good conductance on I (x, ¢(x)) after y,
where the site z; comes before z5 on the path I; (x, ¢(x)). Then between the sites y and z; the path I(x, ¢(x)) takes
the shortest detour from y to z; without using any edge with a bad conductance. If, for this purpose, the path has to take
a loop, as depicted in Example 4.2c, then we delete the loop.

4.2 Proofs of Propositions 4.8 and 4.9

Proof of Proposition 4.8. In this proof we shortly write n for a member of the subsequence (n)en.
The fact that for n large enough there exists a unique infinite open cluster of the environment w 1<),
follows from Assumption (i) when we choose n such that g(n!=¢) < &, i.e., when 6 C Z,.

For the actual claim we apply Lemma 4.3 with ¢ given by the cluster &,, and € given by €%. Further,
let v, = g(nlfe). Further, if we choose p,, = in the place of u in (4.2), then Condition (i) of
Lemma 4.3 is fulfilled.

c1n?

We are now going to construct the map o: B, N %, N J#* — % and the path I(x, o(z)). For
the next paragraph we say that a conductance is “bad” if it is smaller than or equal to g(nlfﬁ). Let
© = Y1|wenp,na, (see Assumption (iv)). By Assumption (i), each subbox Bsg(z) with 2 € By, 434
contains at most 3d — 1 bad conductances. We thus construct the path I(z, ¢(z)) by the following
algorithm: The path [(z, ¢(x)) follows [1(x, p(z)) until it hits an edge with a bad conductance. Let y
be the last site that the path I(z, ¢ (z)) reached before hitting this bad conductance. Let e = {21, 25}
be the first good conductance on [y (z, p(z)) after y, where the site z; comes before 2, on the path
l1(z, p(x)). Then between the sites y and 2 the path [(x, p(z)) takes the shortest detour from y
to z; without using any edge with a bad conductance, see Figure 4.2 for a sketch. This is always
possible, even if y = x or z; = go(a:) since x, go(x) € 9,. |f, for the purpose of the detour, the
path has to take a loop as depicted in Example 4.2c, then we simply delete the entire loop. Since the
box Bsy(y) contains only 3d — 1 bad conductances, the detour is always contained in the edge set
&(Bs4(y)). Thus the length of each detour is bounded by a constant C' < |&(B34(0))|. After the
detour, [(x, ¢(x)) continues again on [y (x, ¢(x)) until it hits the next bad conductance and so on.
Forallz € B, N %, N ¢ and for n large enough it follows that |I(z, ()| < 2dC(logn)@+) <
(logn)?.

We can now apply Lemma 4.3 to obtain the claim. O

Proof of Proposition 4.9. Again, we shortly write n for a member of the subsequence (ny)ren and,
again, we apply Lemma 4.3. Let 4 = (Zd, Qfd) and v, = g(n). Further, let Z,, be as in Proposition
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4.8 and let € be given by Z,,. Then Condition (i) of Lemma 4.3 is fulfilled with

[ = <2d+1(log n)* g (n'=) " + 3017125’1)_

By virtue of Assumption (i) of 4.8 we can apply Lemma 4.7 and thus each site © € .%,, = B,,\ %, has
only neighbors in Z,,. By assumption there exists a neighbor ¢ (z) of = such that the conductance
Wy.(z) > g(n). Further, since .#, is 3d-sparse, any neighbor y of € .#, has no second neighbor
in .7,. It follows that the map ¢: .#, — %, is injective and the path [(x, p(z)) = (x, p(z)) fulfills
the requirements of Lemma 4.3.

It follows that for n large enough

£v(f) > (2% g(n) ™" + 27 logm)* g (n' =) " + 9’ ) |1

forall f: Z¢ — R with supp f C B,:

We have assumed that one of Assumptions 1.2 (a) or (b) is fulfilled. Let us first assume that Assump-
tion 1.2 (b) is true and that the limit of u?g(u) is smaller than ¢, € (0, 00). It follows that eventually

9167 n%g(n) < 9e1co6™" and 2773 (log n)4d2% < 2%5(logn)* % < 1,
gln—

and therefore for n large enough

£°(1) 2 Tyt If3 (supes € Ba)

If we assume that Assumption 1.2 (b’) is fulfilled, then eventually even 9¢,£1n%g(n) < 1 and thus
the lower bound becomes independent of ¢y, c5, and &.

Let us now assume that Assumption (a) is true. Then there exists p < —2 such that we can write
g(n) = n?L(n) where L varies slowly at infinity. It follows that eventually

9d+3(] 4d2L
9615_17129(71) < 1and 2d+3(10g n)4d2 g(n) € ( 0g TL) (Tl)

W:n L(n ) <1.

It follows that in this case for n large enough

Sw(f)> ( )

5 Localization of the principal eigenvector

For the proof of Theorem 1.8 we need to analyse the extreme value statistics of the dependent field of
random variables (wz)zegn. Heuristically speaking, since the smallest values of (WZ)ZeBn are far apart
(see e.g. Lemma 5.4), they are asymptotically independent. In order to make this argument rigorous
(see e.g. Lemma 5.10), we first introduce a decomposition of the lattice Z¢. Then we continue with a
number of auxiliary lemmas in Section 5.2 and the extreme value analysis in Section 5.3. Finally, we
give the proof of Theorem 1.8 in Section 5.4. In Section 5.5, we prove Corollaries 1.10 and 1.11 .
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5.1 Decomposition of the lattice

To reduce the number of indices, we fix & € N throughout this section, i.e., although most of the
quantities discussed in this section depend on some k£ € N, it will not show as an index. For the
proof of Theorem 1.8 in Section 5.4 we only need the case £ = 1. However, mainly for the purpose
of a future paper about the localization of the first k& eigenvectors, we define and state everything for
general k € N.

We define the cube A4 C Z% as
N o={1,... 20k + 1)},
and the vertex set ¥ as

Vo= U N oT,,
z€(2k+3)24
where 7, denotes the spatial shift by € Z.

The important two features of the set ¥ are that first, for all a,b > 0 and all 7,y € (2k + 3)Z? with
x # y, we see that

P| min 7, <a, min w, < b} :]P’{ min 7, < a} IP’[ min 7, < b} ) (5.1)
zEN 0Ty zEN o1y 2EN 0Ty z2EN o1y

and second, the following lemma.

Lemma 5.1. For any vertex set o/ C 7 with cardinality |.«/| < 2(k + 1) there exists t € By =
{—k—1,—k,....k,k+ 1} suchthate/ C ¥V oT,.

Proof. First we note that

YV ={y=(y1,...ya) €Z*: (y1 £ 0mod (2k + 3)), ..., (ya Z 0 mod (2k + 3))} .

Let o = {v1,...,Voppa} With vy, ..., vopro € Z%and let vy 1, . .., vax 21 be the first components
of the vectors vy, ..., var42. Then we choose the first component x; of the translation vector x =
(x1,...,2q) € By such that its residue class modulo (2k + 3) is not among the residue classes of
—U11, ..., —Vkt2,1 Modulo (2k + 3). This is possible since —vy 1, ..., —Vg42,1 assume at most
2k + 2 different residue classes modulo 2k + 3. The other components of the translation vector x are
chosen likewise. O

Let us now define the random variable x as

X = ?Ell} T, (5.2)
and, for x € Z?, analogously x, as
Xz i= ZGIE}?T T, . (5.3)

Let I be the distribution function of the random variable 7 as defined before (1.18).
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Lemma 5.2. Forany a > 0, the value of F (a) := P[x < a| can be bounded by

d
(2k + 2)1F.(a) — ((2’“ . 2) )F(a)4d-1 < Fy(a) < (2k+2)"Fu(a).
Proof. First we note that
Plx <a] = P{?g T, < a} = P[ \{V(Wz < a)] (5.4)
1S

Since the set .4 contains (2k + 2)¢ vertices, the above RHS is bounded from above by (2k -+
2)?P[r < a]. For the lower bound, we simply expand the RHS of (5.4) by one term more, i.e.,

IP’[ \ (. < a)] > (2k+2)'Plr <a]— > Plr, <am, <a]. (5.5)
zeN 2152;2;‘/,

d
The claim follows since there are ((Qk;“Q) ) pairs 2,29 € A with z; # 25 and in order to achieve

that simultaneously 7., < a and 7, < a, at least 4d — 1 independent conductances have to be less
than or equal to a. O

Lemma 5.3. Let F' be continuous and let F, be as in Lemma 5.2. Then the random variable F, ()
is uniformly distributed on [0, 1].

Proof. Since 7 is the sum of 2d independent random variables with continuous distribution function,
it has a continuous distribution function as well. It follows that £, : [0, c0) — [0, 1] is also continuous
and thus surjective.

Leta € [0, 1). Since F) is surjective, there exists b such that F,(b) = a. Since F) is also monotoni-
cally increasing, it follows that

P[F\(x) <a] < Plx <sup{b: F\(b) =a}| = Fy(sup{b: F\(b) =a}) = a
and

PlF\(x) <a] > Plx <inf{b: F,(b) = a}] = F,(inf{b: F\(b) =a}) = a.

5.2 Auxiliary lemmas

Throughout this section we assume that the distribution function F'is continuous. We recall that wY‘) is
the principal Dirichlet eigenvector and that it is associated with the principal Dirichlet eigenvalue /\5").
We normalize it such that len) |l2 = 1. By virtue of the Perron-Frobenius Theorem we can assume
without loss of generality that 1/1@ is nonnegative everywhere, see Remark 1.1.

In Lemma 5.5 we are going to see that %n) concentrates on the cluster &,,, which we defined in
Definition 4.4. Further, when the sites z(1 ), 2(2,n), - - - » 2(k,n) @re the locations of the smallest, the
second-smallest up to the kth smallest value of 7, for z € B,, then Lemma 5.6 implies that the
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smaller the quotient 7, , /7rz(2 ., the more @ZJY‘) tends to concentrate in the site 2(; ). Since I’ is
continuous, these minimizers 2(1 ), . - . , Z(k,n) are P-a.s. unique.

In order to bound the quotient T n)/7rz<2 " from above in Section 5.3, we collect some further struc-
tural properties of the environment in this section.

For what follows it is important to note that with g as defined in (1.15), we have
2d
Ay(n) = nPlw < sup{s: F(s)=n""?}]" =1.
We thus have the following lemma.

Lemma 5.4. Let g be asin (1.15) and e; € (0,1/3). Letb, k € N. Then P-a.s. for n large enough
and for all z € B, ., the edge set €(B,(z)) contains at most 3d — 1 edges with conductance less
than or equal to g(nl‘”). Furthermore, if &,, is as in Definition 4.4 with ¢ = €5, thenP-a.s. forn large
enough the set .7, = B,\ D, is b-sparse and z(1 ), - - - , Z(kn) € Fn-

Proof. Since A\, is constant and therefore bounded, the first claim follows by virtue of Corollary 2.4
(withm = 2d and k = d).

Since the function n — g(n'~¢?) decreases to zero, IP-a.s. for n large enough the cluster Z,, is the
unique infinite cluster of the environment ﬁ)g(nl_ez). We can thus apply Lemma 4.7 and obtain that
P-a.s. for n large enough the set .7, is b-sparse.

For the last statement consider the following: Since the quotient Ag((,)lﬂ/g) (n)/loglogn diverges
for n growing to infinity, Lemma 2.6 implies that [P-a.s. for n large enough Tetm) <...< Tethm <
2dg(n'~/?). This implies that eventually Z(1m)y - - -1 Z(kn) € Fn- O

Lemma 5.5. Let the function g be as in (1.15). Assume that there exists ¢; € (0, 1) such that one of
the two cases occurs: g varies regularly at infinity with index p < —(2 + €1) or the product n**<1 g(n)

converges monotonically to zero as n. grows to infinity. Further, let € = €5 = 8(27_6:51) and 9,, be as in
Definition 4.4. Then P-a.s. for n large enough
(n)||2 —e€1/2
1|2y < 72 (5.6)

Proof. We aim to apply Proposition 4.8 to the set &,,. By virtue of Lemma 5.4 with b = 3d, it follows
that Assumption (i) of Proposition 4.8 is fulfilled IP-a.s. for n large enough. Further we choose & > 0
small enough such that P-a.s. for n large enough Assumptions (i), (i) and (iv) are fulfilled. This is
possible by virtue of the Lemmas 3.1, 3.2 and 3.3. It follows that there exists ¢ > 0 such that P-a.s.
for n large enough

o _ -1
& (f) 2 (2 (togn) g (n' =) " + en?) IS Ea) 57)

for any function f: Z? — R with supp f C B,. In any case, the assumptions imply that the product
n**€1g(n) converges to zero as n grows to infinity. Therefore n?g(n'~<) /(log n)*” converges to
zero as well. It follows that if C' = 291 + 1, then (5.7) implies that P-a.s. for n large enough

w 1 g(n')
&g (f) = C W"f|’?2(%) :
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On the other hand, we know that for any €3 > 0 the term Ag((,)l_es) (n)/loglogn diverges. Let us

specifically choose €5 = €;(8(2 4 €;)) . Now we use Theorem 1.3 (i) and the fact that the Dirichlet
energy £ majorizes £ to infer that IP-a.s. for n large enough

1 g(n

2dg(n' =) 2 N = € (01") 2 €5, (") 2 G o

nwzllw‘)llez . 69
, we obtain that

(n'~%)(log n)**
gln'==)
To finish the proof, we use one of the additional assumptions about g: If g varies regularly at infinity
with index p < —(2 + €1), then we can write g(n) = n”L(n) where L varies slowly at infinity. In this
case we observe that eventually
1—e 1 1—e
g(n' =) (log n)** we (logn)* L(n'~) < pal?

=cC 4<2+e>
gty T L)

When we solve this inequality for ngn) Hi(@ )

||¢§">||32(%) <aC?

010

I

which implies the claim. In the other case, i.e., if the product n2+elg(n) converges monotonically to
zero as 7 tends to infinity, we observe that eventually

1—e3 4d2
e, g(n )(10g n) < clcn*(2+61)(62*63)(10g n)4d2 < n761/2 :
g(nt=<)
which implies the claim as well. O

Lemma 5.6. Lety,z € B, withm, < m, andy ~ z. Assume that win) is nonnegative. Further,
define m, = 2max,. y, W\ (). Then the mass " (y) is bounded from above by

n m
W) < T (5.9)
Ty
Proof of Lemma 5.6. We assume the contrary, i.e., we assume that
My, + ¢§n)(y)(7rz —my,) <0. (5.10)
Then we define a new function ¢ : Z¢ — R by setting
(@), for x ¢ {y, 2},
o(x) = ¢ My, forz =y, (5.11)

Vol w2 + (@2 —mi, fora =z

Note that since (5.10) implies that ¢§”) (y) > my, it must be ¢(2) > wln)(z). Obviously, supp ¢ C
B,, and ||¢||2 = 1. Therefore, by the variational formula (1.7) and Remark 1.1, the Dirichlet energy
(¢, — L) is larger than the principal Dirichlet eigenvalue )\YL)

However, the Dirichlet energy of ¢ is given by

Z Wy (win)(x) — my>2 — Z Wy (1/’5”) (z) — gn) (y)>2]

(6, — L) = A +

T:T~Y rix~y
[ e (67@) —0(2)) — 3w () - w§”><z>)2] - 612)

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Flegel 32

Evaluation of the first bracketed summand on the RHS gives:

3 w0y ()~ my) = 3w (07 @) )

R (") - my ) (21" () = m, =" (9))
< —y) 3w (W) —my ). (5:13)

where the last inequality follows by the definition of m, and since Assumption (5.10) implies that
w@ (y) > m,,. Further, we evaluate the second bracketed summand on the RHS of (5.12) as

7w (0870) = 02)) = 3w (97 0) — 07 (2))

T~z T~z

= 3w (00) = 07()) (0(2) + 07 () — 20" ().

xTrixr~z

2

Since W) is nonnegative and since Assumption (5.10) implies that ¢(z) > w%n)(z), we conclude
that

> e (7@ 02)) — 3w (0070) — 0 (2))

Tirr~z XT:r~z

< Y w00 - 0(2)?) = 3w (W )2 - m2), 614)

XTixr~z xTixr~z

where the last equality follows by the definition of ¢(z). When we insert (5.13) and (5.14) into (5.12),
then we obtain

(0, ~Lad) <N = 0() D wy (0 @) = my ) + 3w (07 ()? = m2)

T:T~Y TiT~Z
— A&”) + wi”) (y)*(m, — m,) +my (%n) (y)my — myﬂz>
< Aﬁ”) + wln) (v) [myﬂy + z/zin)(y)(ﬂz — wy)] . (5.15)

Under Assumption (5.10) and because win)(y) is nonnegative, it follows that the Dirichlet energy of ¢
is not larger than Aﬁ’”. This is a contradiction to the considerations above. O

Let F’; be as defined before (1.18). Then we have the following two lemmas.

Lemma 5.7. If there exists a* > 0 such that F'(ab) > bF(a) foralla < a* and all0 < b < 1, then
Fr(ab) > b*'Fy(a) foralla < a* andall0 < b < 1.

Proof. Leta < a*,0 < b < 1 and let wy, ws be two independent copies of w. Then

oo oo t
Plw; + wy < ab] = /P[wggab—t]dp[wlgt] > b/P{wgga—l—JdP[wlgt].
0
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where we have used that Plwy < ab — t] > bPlwy < a — t/b] and dP[w; < t] > O for all
t € [0, 00). It follows that

Plwy +wy < ab] > bPlwy < a —wp/b] = bPlw; < ab— bwsy).

By the same reasoning as before we infer that Plw; + wy < ab] > b*Plw; + we < a]. The claim
follows by induction. O

Lemma 5.8. If there exists vy € [0,1/4) such that F' varies regularly at zero with index , then I
varies regularly at zero with index 2d-y.

Proof. Let Z[F] be the Laplace transform of F. Then the Laplace transform of F; fulfills
LIF] = (LIF)*.

By virtue of the Tauberian theorems, more precisely by virtue of Theorem 3 in [Fel71, XIII.5] (or,
equivalently Theorem 1.7.1’ of [BGT89]), -Z[F] varies regularly at infinity with index —~. It follows
that .| F;] varies regularly at infinity with index —2d-y. Hence, by another application of Theorem 3
in [Fel71, XI111.5] we obtain that F; varies regularly at zero with index 2d-y. O

Lemma 5.9. Letoy,09,... be a sequence of i.i.d. random variables with continuous distribution. For
N e N, letoyn > 0o n > ... > on,n be the Nth order statistics. Leta > 0 and i, j,k,l[,m €
Nwith N > j > iaswellas N > | > m > k. Then the events {o; n —o;n < a} and
{0k, > o).m} are independent.

Proof. As in the proof of [Res87, Proposition 4.3], we observe that since the distribution of the o’s
is continuous, we can assume without loss of generality that there are no ties between the o’s and
we observe that each of the N! orderings o,, < ... < 0y, is equally likely where ¢1,...,qn is a
permutation of 1, ..., /N. Now we note that whether or not {Uk,z > akm} is univocally given by the
specific ordering (qy, - . . , ¢n). On the other hand, the difference between any two order statistics o;
and o y is completely independent of the ordering (¢1, . . . , gn). O

5.3 Extreme value analysis

In what follows, we let m; g, < mop, < ... < mpB,| B, denote the order statistics of the set
{m.: x € B,}.

Lemma 5.10 (Quotient of order statistics). Let the assumptions of Theorem 1.8 be true and let e > (
and k € N. Then P-a.s. for n large enough

Tk,B,

1-— >n7c. (5.16)

Tk+1,Bn

Proof. Without loss of generality we may and will assume that ¢ < 1. For [ € Nlet 2, be the site

in B,, that fulfills Tmy) = T,Bn- Note that since /" is continuous, the sites z(; ,) are IP-a.s. unique.

Let us recall that we assumed that one of the two following cases occurs: v € (0,1/4) or v = 0 and
there exists ¢; € (0, 1) such that the product n?T g(n) converges monotonically to zero as n grows
to infinity.

In the case where v > 0, it follows that (1/F(1/s))? varies regularly at infinity with index 2. Fur-
ther, (1/F(1/s))? diverges as s — oo. It follows by virtue of [Res87, Prop. 0.8(v)] that 1/g(u) =
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inf {s > 0: (1/F(1/s))? = u} varies regularly at infinity with index 1/(27) and thus g varies reg-
ularly at infinity with index —1/(2y). Since in addition v < 1/4, there exists ¢; € (0, 1) such that
—1/(27) < —(2+€).

In both cases we define &, as in Definition 4.4 with ¢ = €5 = 8(27_?51). Let ., = B,\Z,. By virtue
of Lemma 5.4 and Remark 4.6 we know that P-a.s. for n large enough the set .#,, is (2k + 3)-sparse
in the sense of Definition 4.5 and further 21 ), ..., Z(k+1,n) € Z,. It follows that P-a.s. for n large
enough there is no pair of neighbors among the the sites z(1 ), - - -, Z(k+1,n)- In the proof of Lemma
5.4, we also find that IP-a.s. for n large enough 7, < ... <7y, o < 2dg(n'~—/?), which is
eventually smaller than g(nl_Q). Moreover, Lemma 5.4 yields that P-a.s. for n large enough and for
all z € By, 4or+3 the edge set €(Bay,3) contains at most 3d — 1 edges with conductance less than

or equal to g(n'=¢2). Further, recall the definitions of Section 5.1 and let Xéf)n) < ng)n) < ...be

the order statistics of {x,: y € ((2k + 3)Z% + x), 4 o 7, C Bpi2k41}- Since for any j and any

8‘”)”) P-a.s. decreases monotonically to zero as n tends to infinity, it
(x)

follows that P-a.s. for 72 large enough X}, 5.,
summary, the event

x € By, the random variable x

) < a* with a¢* from the assumptions of the theorem. In

G, = {Z(m), s 21 € fn} N{A, (2k + 3)-sparse} N { max nglln) < a*}

IGBk+1

N {Wz(lm <o < T < g(nl_Q)}
N{Vz € Buiass: |{e € €(Bais(2)): we < g(n'~*)}| < 3d -1} (5.17)

occurs P-a.s. for n large enough.

We abbreviate £, = {n* >1- M} Since P[lim sup,,_, ., G¢| = 0, we already know that

Tk+1,Bn

P llim sup En} =P llim sup (E, N Gn)]

n—oo n—oo

= lim P
n—oo
m=n+2

(En NG U (Bt NGrs) U | (B NG N (Eea N Gm_g)c)] .
Since again P[lim sup,, ., G¢ | = 0, we further conclude that

P [lim sup En] < (2k + 3)limsupP[E, N G,] + lim ]P’[ U (EnNGpn E7C712k:3>] :

n—00 n—00 n—0o0 g 2k 43
(5.18)
We now treat the first and second term on the above RHS separately.
Let us first show that
limsup P[E, N G,] =0. (5.19)

n—o0

Our aim is to use the notation of Section 5.1 in order to decompose

E,NGy= |J (BanGun {{zm): - 21} C ¥ 072 })

TEBL 11
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and to compare 7., ;- -, Tz, ., With the k + 1 smallest values of x,,, y € {y’ € ((2k +3)Z +
z): N o1y N B, #0}foranx € By,1. Letx € Byyy. There is a technical difficulty since

it is not necessarily U N oty CB,. (5.20)

y' €((2k+3)20+a),
Wory, NBn#0

but instead

U N 07y C Boiops1 - (5.21)

y' €((2k+3)20+x),
./Vory, NBp#0

Now we recall that the order statistics of {x,: y € ((2k + 3)Z? + x), A4 0T, C Byyopi1} is de-

noted by ng)n

that

) < Xg,)n) < ....Thenon any event G,, N {{z(l,n), e ,z(km)} C Vo Tx}, it follows

(z)
Trz(k,n) Z X(k:,n) :

Let us now show that on the event {{z(1n),--.,2@k+1m} C ¥ o7, } P-as. for n large enough

Toosrm < ngr?,n)' We assume the counter event, i.e., that ., . =~ > XE?H’”)

the event G, N {{2(1,n), - - -+ Z(t1,m } C ¥ 0T, } there exists two sites 2], 25 € (Bnjors1\By) N
Vo7, with T < Togoprmy @nd Tz < 75, ., . Since on G, each edge set E(A o 1y) with
Y € B, 1or.3 contains at most 3d — 1 edges with conductance less than or equal to g(n'~) and
further 7, ., ., < g(n'~), it follows that for n large enough, these two sites have to be located in

different cubes .4 o y} and A oy} (with v}, ys € (2k + 3)Z% + z). Thus Xyr and Xy are new

records in the sense that both x,» < XEQH n—2k—3) and x,; < X&rl n—2k—3)" Now we observe that

the cardinality of the set {y/ € ((2k + 3)Z%+ z): NV o7y N B, # 0, A4 o7y N By_o,_3 = 0}
is of order n?~!. Further, by virtue of [Res87, Proposition 4.3], the probability that one specific value
Xy With y* € {y' € ((2k +3)Z% + z): N o1y N B, # 0, N o7y N By, g3 = 0} fulfills

Xy < X(2+1,n—2k—3)’ is of order n . It follows that the probability of the event Teeprm = ngl?kw)

. It follows that on

is of order (nd‘l/nd)2 = n~2 and thus the claim follows by the Borel-Cantelli lemma.

Since {2(1,n), - - - Z(kt1,n)} C ¥ o T, implies that

Taimyr s Wegsnm € Xy ¥ € (2k+3)Z% + ), 4 07, C Buyorsa }

it follows that both values 7., and 7, ,  arein {Xgi)n)a XE‘ZL )’ ngrz ) } Thus

(=)

< max Xiin)
T k<i<j<k+2 X@))
j7n

T 2(1e,m)

(5.22)

ﬂ-z(k+l,n)

Now we define F) as in Lemma 5.2. By definition, I is an increasing function and thus on the event
G, N {Z(m), e Z(kt1m) €V 0 Tx} it follows that

— Taem) | oo s () —ey (@)
n >1——"-|implies [ Fk<i<j<k+2: FX<X(i,n)> > FX<(1 —-n )X(j,n)> )

7TZk+1,n

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Flegel 36

Our next aim is to extract the factor (1 — n~¢) from inside the function argument of F),. Since on the

event (G,, we have ng)n) < a*forall j < k + 2, we estimate by virtue of Lemmas 5.2 and 5.7

(@) )% d —ey (@) (2k +2) (@) \!
FX((l —n- )X(] n)) > (2k + 2)°F;, ((1 -n )X(j,n)> — ( 5 F((l —n- )X(j n))

5.7 . . (2k + 2)¢ e (@) \%d1

> (1 —n"9)%(2k + 2)*F, (ng,)n)> — ( 5 )F((l —-n >ng,)n))

5.2 0d @) (2k + Q)d Lo (@) )41

> (1—-n™)"F; ( (Jn)) - F((l_” >X<j,n>> :

Thus, on the event G, N {{21.n), .- -, 21} C ¥ © 75} the event E,, implies that

4d—1
F(X(ZCZL> 2k + 92)d F((l—nfe)x@)n>
E|k§i<j§k+2:x—(7)Z(l_n—e)Qd_(( _2'_)) (4:m) '
F

() (z)
Fy (Xo‘,n)) x (X (m))
Now we observe that by virtue of Lemma 5.3, the random variable F) () is uniform on [0, 1]. It follows
that the random variable o := — log F), () is exponentially distributed with parameter 1. In analogy

2) fori=1,...,k+2.

(3,n)

to the definitions above, we define o, := —log F\ (x.), 0 S logx

(zn

Thus, we can bound P[E,, N G,,] by

PE, N G,]

k+2 () 4 F((l—n )X(z) >4d—1

X
$6Bk+1 i,j=k, (4,m)
i<J

NG, N {{Z(l,n)a ce Z(k-‘,—l,n)} CVo Tw}]

>, > P [0% — 0o < —log((1—n")* —n™)

TEB 11 k<i<j<k+2

2k + 2)4\ F(a-n—n@,) "
+ Y ) ]P’[<< , >)F((1 FX()E‘;;";) >n—f]. (5.23)

X
IEBk+1 k<i<j<k+2 Jmn)

+

In the first summand on the above RHS we have the difference between any pair of the kth to (k+2)th
largest values of a sequence of independent exponential variables with parameter 1. By virtue of

[Dev86, Ch. 5, Thm. 2.3], we know that the normalized spacings 1 ¢ ol 5@ are
(z n) (n,i+1) =k k1

i.i.d. exponential variables with parameter 1. It follows that

Z P[ ézxzb) - U((;C,)n) < —log((l — )% — n—e)]

k<i<j<k+2

(z) (z) —e\2d —€
<3P [U(mkﬂ) = Olks2) = _IOg((l —n )" —n )]

— 3(1 — e(’f“)l(’g((l—"*)“—”*)) < 3(k+41)(2d + 1)n"c, (5.24)

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Principal eigenvector localization in the RCM 37

which converges to zero.

For the second summand on the RHS of (5.23), we infer since F'is increasing, and by virtue of Lemma

5.2, that
- 4d—1 x
p (Qk' —+ 2)d F((lfn_s)xgjy)n» —| < p (Qk' + 2)d < Fy (XE]‘}H))
2 R0 S 2 )" T )
x\X(j,n) (X(j,n>>
2k +2)4\ , . (2h+2) = (x(;,
<o) )]
F(x()

We can bound F(a) > F(a/(2d))* for all a > 0 since 7 is the sum of 2d independent copies of
the conductance w. Together with the assumption of Theorem 1.8 this implies that

Fy(a) > (2d)"%F(a)**  foralla < a*. (5.25)

and therefore

((Zk: + 2)d> (4 1)> (2k+2)7 (xﬁ}”,)n))] <P

IP) 2 F(X(x) >4d71

(4.m)
(3:m)

(@k+md—nm>@®ﬂﬁﬂ%”)kwl

where we have furthermore used that n® > 1 for all n € N. Since F' is continuous and increasing, it
follows that there exists a constant A < oo such that

Pl (2k+2) — ) > @) F(x2,) | <B|x2, > wi{p: FO) :An‘zf—l}].

Let /3, be the cardinality of the set {y €((2k+3)Z%+z): N o7, C Bn+2k+1}. Then for any
a>0andj € {k,k+ 1,k + 2} we know that

P[XE;,)TL) > a} < P[Xgilz ) > a}
< Pl > a)™ + B.Plx > a7 (1 = P[x > d])

+“Au—ﬁi—MX>ﬂ%%4G—Ph>dfﬂ

< (k+2)B Pl > a]

By virtue of Lemma 5.2 and (5.25) we thus obtain for all 0 < a < a* that

d Brn—k—1
P[x% > a] < (k+2)8" (1 - (Z}l) Fa)* + <(2k ;”d)F(a)“d‘l) :

We now insert a = inf{s: F(s) = An*%%l} and observe that there exist C';, Cy € (0, 00) such
that C1n? + k + 1 < B, < Cyon. It follows that for n large enough

Cin?
. A2(k+ 1)\ _ 2
ngﬁl) > F_1<An_2d—1>] < (k4 2)Cyin <1 - (g> n_ﬁld—l> . (5.26)

F 2d?
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Since we have assumed that € < 1 at the beginning of this proof, this converges to zero and is even
summable. This concludes the proof of (5.19).

Let us now treat the second term on the RHS of (5.18). We split the event
Ep = (En N {728, <728, o s1) U (Em 0 {28, = T2, 5 5 })

and we observe that E,,, N {72 5,, = T2, o s} N ES_op_5 = 0. Thus

m=n+2k+3
<lim > PEnNGun{mp, <m0}
m=n-+2k+3

By Lemma 5.1 we decompose and estimate
P[Em NGnrN {7T2,Bm < T2,B,, o3 H
< Z ]P)[Em N Gm N {7T2,Bm < 7r2,Bm—2k—3}

TE€BL 11
ﬂ{{Z(l,m), ooy Z(k+1,m) s Z(1,m—2k—3)5 - - - 7Z(k:+1,m—2k—3)} CVo T:c}}

Similar to the considerations above, we know that

(z) (x)
(et tm—2n—3) € {X(kz—i-lm 2k—3) X (k+2,m—2k— 3)}
Therefore we further decompose the above events by

k+1 k+2 k42

o=U U U { Zheom) = Efzn)} n {W%H,m) :Xg,)m)}

i=k j=14+11=k+1
_ @
n {Wz(k+l,m72k73) - X(l,m—2k—3) :

And this we split into the three cases | < j,[ = jand [ > j,i.e.,

k+1 k+2 k42

2.2 2. 2.

2E€Byy i=k j=i+1l=k+1

k+1 k+2  j-1 k+2 k+2 k42
S Y Lo+ > PL+ D> D P (5.27)
w€Byyy i=k \ j=it+1i=k+1 =it j=it1i=j+1

1=j

Let us consider the first term on the above RHS. It hasto be j = k+2 and [ = k+ 1. Thus it contains
P[Em NG, N {{Z(l,m)a s 2 Lm) s P m—2k—3, Z(kt1,m—2k—3) ) C V0 Tx}ﬁ
N A{Thi 1,80 < Tht1,By o} 1 {Wz(,m = XEfzn)}
N {Wz(kﬂ,m) = ngzrzm)} N {W2<k+1 m—2k—3) Xgill m—2k— 3)}]
<P :{ﬂ'kJrl,Bm < M1, By o § ) {Wz(k%m) XEQLQ m)}

_ @
m{ﬂ-z(k+1m 2k—3) X(k+1m 2k— 3)}]

(z) (z)
< P| | X(kt2,m) < X(kt1,m—2k— 3)}
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If ngrlm) < Xgil’l,m*Qk*‘g)’ then there are at least two sites

Z/Tayék S {ye ((2k+3)z’d+x) '/VOTymBk#Qvf/VoTyﬂBm—Wc—?»:@}

such that X, Xy < ngrl m—ok_3)- Since the cubes A" o 7, y € ((2k + 3)Z% + x), are disjoint,
the probability that this happens is of order m 2, see e.g. the considerations above and [Res87,
Proposition 4.3]. This implies that the sum over m is finite.

Now we consider the second term on the RHS of (5.27). It contains

k+2

Z P[Ey NG N {20m)s - - - s 20t 1,m)s Z(0m—2k—3) Z(kt1m—2k—3)} € ¥ © Ty}
j=it1

N {TrkﬂLLBm < 7Tk+1,Bm,2k73} N {ﬂ-zk,m = ng)m)}

— @ _ @
m{ﬁz(k+1,m) - X(j,m)} N {WZ(ka 2k—3) X(]m 2k— 3)}}

— Xim) ) ()
—€ i,m (z
<) P {m >1_W}Q{X(3m)<xﬁm% 3)}]
j=it1 X(jm)
k+2
(z) —e\2d —€ (z) ()
Z P[{ (]m) —IOg(( -m ) -m )} N { (] m) > U(] m—2k—3)}i|
j=i+1
k+2 4d—1
2]{3 + 2) ((1—m’5)xgﬁ>m>> e
+ZP( ) ol
j=i+1 (3,m)

where we have applied the same considerations as for (5.23). The second summand on the above
RHS is already summable over m as we have shown in (5.26). For the first term we recall that
the aix) are independent exponential random variables and by virtue of Lemma 5.9 the two events

{ E;EZn) - a((J)m) —log((l - m_€)2d — m_ﬁ)} and { (( @) m) = 0((]271 ok 3)} are independent.

The probability of the event { gl 3%)— 0(@ < —log((1 —m™)*— m_ﬁ)} is of order m~¢, see
(z (z)

(5.24), whereas the probability of the event { Oim) = 0 mfzk{,’)} is of order m !, see e.g. [Res87,
Proposition 4.3]. It follows that the second term on the RHS of (5.27) is summable over m as well.

Now we consider the third term on the RHS of (5.27). Here, i = k, j = k+ 1 and [ = k+ 2. It follows
that there exists a site z* € (B,,_2\Bm_2x_3) N ¥ o 7, such that m,« < Tt m—2k—3)- THUS, the
cube A o, with y € (2k + 3)Z? + z that contains this site 2*, is associated with a x,, that is a new

record in the sense that x,, = ngm_%_g) with k € {k,k + 1} and X(n)m oh_3) < ng)m 4h—6)"
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Since further {ng?meka) < ng?m%kf@} C {XEQFme%fB) < Xgillmf%%)}, we arrive at
]P)[Em NGy N {Z(l,m)a s 2k 1m)s Z(1m—2k—3) Z(k+1,m—2k—3) ] € ¥ O Ta:}
m {ﬂ_k"f‘]-,Bm < 7rk+17BM72k73} ﬂ {,ﬂ-z(k,m) = ng,)m)}

N C)) (=)
N {ﬂ-z(k+l,m) - X(k+1,m)} N {Wz(k+1,m—2k—3) - X(k+2,m—2k—3)}i|

()
e X (k,m) (2) (2)
< 2P Hm >1-— T} A {X(k+1,mf2k73) < X(k+1,m—4k76>}
X (k+1,m)

(z) (z) —e\2d —€
< QIP’HO(,W) — Oy < —log((1—m™)* —m )}

(z) (z)
N {a(k+1,m—2k—3) > U(k+1,m—4k—6)}]

. 4d—1
\op [ <(2l<: + 2)d) PO ) me] |

2 Fy (ngl—lﬂn))

Both summands are summable over m by the same considerations as above. We thus conclude the
proof. O

5.4 Proof of Theorem 1.8

Setting £ = 1, we make exactly the same observations and definitions as at the beginning of the proof
of Lemma 5.10 until (5.17) where we have defined the event &,,. We abbreviate z,, = Z(1,n)-

Now we let a,, = n /8 and note that

n n Cki n Ck%
{0 ey > 92} € {100y > 50 {1 s > 5} 520

However, by virtue of Lemma 5.5 we know that P-a.s. for n large enough
)12 4
len H@Q(@n) S Ckn? (529)

and thus [P-a.s. the limit superior of the first event on the RHS of (5.28) vanishes.

In order to estimate the probability of the second event on the RHS of (5.28), we now estimate

H?ﬂ%n)Hp(fn\{zn}) in terms of H%”)Hﬁ(%)_ By virtue of Remark 1.1, we can assume without loss

of generality that win) nonnegative. Let y € .#,\{%,} and define m, = 2max,.,, w@ (x). On
the event where .7, is sparse, y ~ z,. Therefore we know by virtue of Lemma 5.6 that 1/1£n)(y) <

-1
my, (1 — ”z"> . By definition w, > 7, , and thus it follows that on the event G, we have
Ty n

)
n T2
||w§ )||j2(ﬂn\{zn}) < (1 - ) Z my.

s
2m) y€Sn\{zn}

Moreover, on the event where .7, is sparse, any neighbor of y € .7, is in &,, and therefore

T

2
198 s oy < 8 (1 - ﬁ) 195 - (5.30)
2(2,n

DOI 10.20347/WIAS.PREPRINT.2290 Berlin, August 23, 2016/rev. January 19, 2018



Principal eigenvector localization in the RCM 41

On the event where (5.29) is true and ., is sparse, we hence infer that

2
{\Mn)HZ%\{zn}) > %} & {4\/3% >1- } '

T2(2,m)

However, by virtue of Lemma 5.10 we know that P-a.s. for n large enough Wda, <1-— wﬂzn .The
*(2,n)
claim follows.

5.5 Asymptotics of principal Dirichlet eigenvalue

Proof of Corollary 1.10. By virtue of (1.21), we already know that Aﬁ”’ < min,ep, m,. By (1.16) we
further know that there exists €; > 0 such that IP-a.s. for n large enough

P () > 1=/t

It follows that IP-a.s. for n large enough

2

A = Lty 2 3 s, (817 0) — 0 @)

X XrYZn
2
> <n*€1/8 —V1-= n*61/4) min 7, (5.31)
z€By
The claim (1.17) follows. O

Proof of Corollary 1.11. Because of Corollary 1.10 it remains to prove that

min m, > %] = exp(—CQdV) forall( >0,

z€B, n2v L* (n)

lim P

n—oo

where the difficulty lies in the dependence of the random variables (Wx)xeBn. However, the depen-
dence is very short-ranged since m,, and 7, are dependent if and only if the sites x, x9 are neigh-
bors. We strongly rely on the ideas of [Wat54], which we easily adapt to our needs.

In what follows, we always mean that a statement holds for all { > 0 even if we do not explicitly write
so. We define

o= (1FEW) = g = (A0 =187,

Then |B,| = (P[my < a,))”" and thus

Fr(an
lim |Bn|]P)[7TO < and = lim M = CQdW
n—00 n

L ) (5.32)

since a, — 0 asn — oo and F} varies regularly at zero with index 2d~y. We further note that
if e, € Z% is a neighbor of the origin, then P[{my < a,(} N {7e, < a,(}] < F(a,()* ! since
for the event {my < a,(} N {me, < a,(} at least 4d — 1 independent conductances w have to be
smaller than or equal to a,,(. Since F’ varies regularly at zero with index 7, it follows that

|B,| P{mo < an(} N {me, <a,(}] —0 asn— oo. (5.33)
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Now for any even integer | < |B,,| we estimate

ﬂ {7Tx < anC}]

l—

=> (=)™ Y P

m=1 ACBn,

T€A
|Al=m
l
< P[min Ty > anC] < 1= (=)™t )y ]P’[ﬂ{m < anC} (5.34)
v€bn m=1 Achn, Loea

The first term in the above sums over m, i.e. Y p P[m, < a,(], is equalto | B,|P[my < a,(] and
converges to CZC”. For the second term in the sums over m in (5.34) we observe that

Z Pl{ms, < an} N {me, < anC}]

{z1,22}CBn,
T FT

= Z Pl{ms, < anl} N{ms, < anC}H + Z Pl{7a, < anC} N {me, < anCl].

{z1,29}CBn, {z1,29}CBn,
T #T9, T1*T T ~ITy

(5.35)

Let Cé”) be the number of combinations of distinct z1, z2 € B,, with 21 ~ x5. Since 7,, and 7,, are
independent if x; ~ X9, it follows that

S P{ms, € anl} N {me, < anC}] = CVPlro < anC]’.

{z1,22}CBn,
T FT, T *TY

As n grows to infinity, the leading term in C{" is 1|B, |2 It follows that
CMPImy < anC]’ — L

The second term on the RHS of (5.35), however, is of order | B, |P[{m) < a,(} N {me, < a,(}],
which converges to zero by (5.33).

For each ¢ < |B,,| the general sum Z/‘lglsn, P[N,eaim < an(}] has (\E;nl) terms. Following the
=q

reasoning of [Wat54], we note that there are asymptotically | B,,|%/q! terms in which each x; is not
adjacent to any of the x;’s. The sum over these terms yields asymptotically §2qd7/q!. Then we have
an amount of order |B,,|7~! terms where there exists exactly one neighbored pair z;; ~ x;. The sum
over these terms yields a constant times

(Bl Pl < an(]"*Pl{mo < 0,C} N {mey < a0},

which converges to zero as n tends to infinity by virtue of (5.32) and (5.33). Further, we have an
amount of order |B,,|9~™"! terms where there exists a dependence between m € N of the ,,. The
sum over these terms is smaller than a constant times

| Bl P[0 < anC]" " P{mo < anC} N {me, < anC}],

which converges to zero as well. It follows that for any even integer [ we have

n—oo

- " U M\2qdy
S < el | < 250

q=0 q=0
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