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Abstract

In this work we investigate a phase field model for damage processes in two-dimensional
viscoelastic media with nonhomogeneous Neumann data describing external boundary forces. In
the first part we establish global-in-time existence, uniqueness, a priori estimates and continuous
dependence of strong solutions on the data. The main difficulty is caused by the irreversibility
of the phase field variable which results in a constrained PDE system. In the last part we
consider an optimal control problem where a cost functional penalizes maximal deviations from
prescribed damage profiles. The goal is to minimize the cost functional with respect to exterior
forces acting on the boundary which play the role of the control variable in the considered model.
To this end, we prove existence of minimizers and study a family of “local” approximations via
adapted cost functionals.

1 Introduction

Damage phenomena in elastically deformable solids and their analytical studies have received a lot
of attention in the mathematical literature, e.g., [5, 10, 14, 16, 18, 23, 29, 31, 33, 40|. Especially
models which employ a phase field approach and incorporate higher-order terms were the focus in
some recent works. In that case, an internal variable indicates the degree of structural integrity and,
depending on the material and the scaling, may be defined as the volume or the surface density of
microvoids or microcracks, respectively, as pointed out in [27]. This approach has also been utilized
for approximations of surface discontinuities occurring in the displacement field of fracture models
and turned out to be very useful for numerical implementations (see [1, 6, 16, 37]).

One of the main difficulty for a rigorous mathematical investigation of the underlying PDE systems
is that the damage variable is forced to be monotonically decreasing in time (irreversibility) and, if
possible, bounded in the unit interval. This kind of non-smooth evolution had motivated different
concepts of weak solutions and regularization techniques in the literature (cf., e.g., [4, 23, 31]).
However, to the authors’ best knowledge, a global-in-time well-posedness result for strong solutions
with inhomogeneous boundary data was left open. Together with sufficiently strong a priori estimates
such a result could be exploited to study optimal control problems typically arising in engineering
problems focused on resistance against damage and failure. The following model problems with
boundary control illustrate some practical examples:

— Suppose that a workpiece is exposed to external forces during an experiment and that certain
parameters related to those forces can be controlled. A control problem could be to choose
optimal parameters in order to prevent further damage in the material.

— Related to the first scenario we might be interested in calculating additional forces not to
prevent but to redirect crack spreading to non-critical components of the structure and to
avoid complete failure.



— Another problem might be the determination of external forces in order to deliberately induce
a damage progression. For instance, it might be desirable to separate certain parts of the
workpiece in industrial processes.

By now, to the authors’ best knowledge, the mathematical contributions addressing those and
related problems are inspired by the pioneering work [9] and employ fracture models to control the
energy release rate of a single crack in a quasi-stationary setting by optimal shape design techniques,
fibers or applied forces (see [21, 22, 28, 38| for more details). The cracks are explicitely modeled by
non-smooth domains with or without non-penetration conditions for the deformation. A main issue
consists in determining optimal forces or inclusions in the solid in order to cease crack propagation
or to release as much energy as possible.

In this paper we would like to advance a different approach for such control problems by utilizing a
phase field model for damage. The kind of model under consideration was motivated by FREMOND
and NEDJAR in [15] and is stated below. Under certain structural assumptions we are able to
investigate well-posedness of strong solutions and existence of optimal boundary controls for a
coupled evolutionary system describing damage processes in viscoelastic materials in two spatial
dimensions. This enables us to investigate optimal control problems where we aim to control the
damage phase field variable via external boundary forces. The cost functional will measure maximal
deviations from desired phase field profiles.

In the first part of this paper we study existence and then, for constant viscosity D, well-posedness
of the following PDE problem:

For a given time interval (0,T) and reference configuration Q@ with boundary I' and outer unit normal
v, find (u,x) such that

uy — div(C(x)e(u) + D(x)e(ur)) = ¢ in Q x (0,T), (1a)

Xe = B = Ay + €+ S C(X)e(w) - () + /() =0 nQx(0,T)  (1b)
with the subgradient

£ € 0o (xt) in Q x (0,T) (2)
and the initial-boundary conditions

u(0) = u’, u:(0) = v°, x(0) = x° in Q, (3a)

(C(x)e(u) + D(x)e(w)) -v="> on T x (0,7), (3b)

Vix+xt) - v=0 on T x (0,T). (3¢c)

Equation (1a) describes the balance of forces in the workpiece according to the Kelvin-Voigt rheol-
ogy. The displacement field is denoted by u, the external volume forces by ¢, the linearized strain
tensor by e(u) = $(Vu + (Vu)T) and the stress tensor by o = C(x)e(u) + D(x)e(u;). The first
summand of ¢ contains the elastic contribution whereas the second summand models viscous ef-
fects. The coefficient C designates the fourth-order damage-dependent stiffness tensor and D the
viscosity tensor. The second equation (1b) specifies the parabolic evolution law for the propagation
of damage described by the variable x under the constraint (2), where the subdifferential of the
indicator function [(_ g : R — R U {00} is given by

{0y ifxe <O,

OI(—o0,0)(xt) = { [0,00) if x¢ =0,
0 if x¢ > 0.



The Laplacians —Ayx and —Ay; model diffusive effects of y and x; and have a regularizing effect
from the mathematical perspective. For a mechanical motivation of system (1)-(3) by means of
balance laws and constitutive relations we refer to [11, 12, 15|. In comparison to certain phase field
models of damage used in the literature, the higher-order viscosity —Ax; is also incorporated in the
damage law (1b) (cf. [4, 3]). It will help us to perform the (global-in-time) Second a priori estimate
in Lemma 2.9 (see also the remark after the proof of Theorem 2.11) and, from the modeling point of
view, it originates from an additional gradient term of y; in the dissipation potential corresponding
to system (1), which is given by

Rlux) = [ (Ghol + 519 + 5D00=(u) () + Isgi()) do- )

We would like to give the following interpretation for the subgradient constraint (2):

By introducing the free energy F' to system (1) as

Pl = [ (51932 + 5C00() : ) + 100 e, )

we may rewrite (1b) as
0 € 0y, R(ut, xt) + dyF(u,x) or, equivalently, &= —x;+ Axy — d\ F(u, x).

By virtue of the complementarity formulation for (2), i.e.
XtSO, é'thoa ‘5207
the evolution law (1b) reads as

(1 - A)xe = —dF(u, x) if —dyF(u,x) <0,

xt =0 if —d\F(u,x) >0,

i.e., x is governed by a gradient flow with respect to y in the H'-norm whenever the driving force
—d\ F(u, x) is non-positive and x; = 0 otherwise.

We comment that for a mechanical interpretation it would be desirable to force the values of the
phase field variable x to remain in the unit interval [0, 1]. Principally, that can be achieved by
incorporating an indicator function in the energy (5) (or another suitable potential) or by using, if
available, a parabolic maximum principle in the sense that x(0) € [0,1] a.e. in £ implies x(¢) € [0, 1]
a.e. in € for almost all times ¢ € (0,7"). However, the first option would lead to the occurrence
of a second subgradient ¢ € dljp1)(x) in the damage equation (1b) which would possibly violate
uniqueness of solutions (a behavior observed in [7] for certain double inclusions; see also [39, Remark
2.18]) whereas the second option leads to serious complicacies in establishing the maximum principle
due to the regularizing term —Ax; in (1b). If the tensors C(-) and ID(-) are constant for non-positive
values we can at least provide a pragmatical solution (see also Example 2.1):

To this end, let (u, ) be a solution to the above problem and let the initial data satisfy x° € [0, 1]
in Q. Then together with the irreversibility constraints x; € (—o0,0] we find x € (—o0,1] a.e. in
Q x (0,T). Let us consider the pair (u, x") with the pointwise truncation x* := max{x, 0} which
thus satisfies x* € [0, 1] a.e. in Q x (0, 7). Now note that (u, x™) still fulfills the elasticity equation
(1a) in Qx (0, T) when replacing x by x* because C(x) = C(x") and D(x) = D(x ") for all values .
The damage equation (3b) when replacing x by x ™ is satisfied in the subset {x > 0} C Qx (0,7).



In the complementary part {x <0} C Q2 x (0,T) the damage evolution for x* ceases and stays at
the minimum, i.e. x* = 0 and thus (in an a.e. sense) (x*): = 0.

The second part of this paper is devoted to an optimal control problem. A cost functional J will
measure the maximal deviation of the damage variable x from given prescribed damage profiles at
the final time 7" and/or at all times in [0,7] (Ag, Aq, Ax, > 0):

A AQ Ay
J(x,b) = 7QHX - XQ”Loo(Qx(o,T)) + 7||X(T) - XT||L°°(Q><(0,T)) + 7||b||%2(rx(o,T);Rn)- (6)

A minimizer (x,b) of J under the constraint that x solves system (1)-(3) for some displacement
v and admissible (later specified) boundary data b indicates an evolution which approximates x¢g
and/or xr best in the sense of J. It is also possible to replace x by x* on the right-hand side of
(6) in order to account only for the non-negative values of x.

In the following we summarize the main results of our paper:

— In Theorem 2.11 we will prove existence of strong solutions for system (1)-(3) and for a so-
called S-approximation in two spatial dimensions. In the latter case we replace the subgradient
€ in (2) by a smooth approximation £g(x;) with 8 > 0. On the one hand this enables us to
perform the a priori estimates in Lemma 2.9, while, on the other hand, the g-approximation
might be helpful for further studies such as optimality systems, numerical implementations
etc. We emphasize that the existence analysis constitutes the main part of this paper and
strongly relies on the two-dimensional Ladyzhenskaya’s inequality originally devised for the
2D Navier-Stokes equations (see [25] and the calculation (32)).

— Continuous dependence on the data (u”,v°, X%, b,¢) and, in particular, uniqueness of strong
solutions for system (1)-(3) are proven in Theorem 2.12 (see also Corollary 2.13) under the
assumption of constant viscosity ID. We also establish a priori estimates for the solutions in
Corollary 2.14. These results allow us to define the solution operator and constitutes the
fundament for the considered optimal control problem.

— Theorem 3.6 reveals existence to an optimal control problem where the cost functional pe-
nalizes deviations of the damage variable from given damage profiles in the L*°-norm (see
(6)). The strong solutions of system (1)-(3) will be controlled via external boundary forces.
We prove existence of optimal controls by using the S-approximation in the proof of Theorem
2.11 to define a family of optimal control problems. The minimizers or the optimal controls
of the family of S-approximating control problems converge in a limit process (along a sub-
sequence as 8 | 0) to an optimal control of the original control problem. In other words, we
show that optimal controls for the family of S-approximating control problems are for some
B > 0 likely to be “close” to optimal controls for the original control problem. It is natural to
ask if the reverse holds, i.e., whether every optimal control for the original control problem can
be approximated by a sequence of optimal controls of the S-approximating control problems.
Unfortunately, we will not be able to prove such a “global result” that applies to all optimal
controls for the original control problem. The reason for that lies on the non-convexity of the
optimal control problems (both the original one and the S-approximating control problems)
and consequently on the non-uniqueness of the optimal controls. However, a “local” result can
be established by introducing so-called adapted optimal control problems in Theorem 3.10.

Let us recall some already established results in the mathematical literature of phase field models
for damage/gradient-of-damage models:



— Local-in-time well-posedness of strong solutions for damage-elasticity systems with scalar-
valued displacements, homogeneous Dirichlet conditions for the displacements and linear de-
pendence of C and D on x is proven in [4, 5] and in [13, 14] for one-dimensional models.
Since a degenerating elastic energy with respect to x is considered and enhanced estimates
are established for small times, the solutions are obtained locally in time. In the work [3]
such rate-dependent damage-elasticity system with the additional second order term Yy has
been coupled with an equation for heat conduction incorporating highly non-linear terms.
Existence, uniqueness and regularity results are established locally in time.

— Rate-independent gradient-of-damage models are explored in [31] and in subsequent papers,
e.g., [30, 32]. In that case the corresponding dissipation potential R is positive, convex, and
positively-homogeneous of degree 1. From the modeling point of view it means that the damage
progression is considered on a faster timescale than the acting of the external forces. The
authors considered non-smooth domains and employed weak notions referred to as energetic
formulation in order to prove existence of solutions. The degenerating case where the material
may loose all its elastic properties due to heavy damage is also studied. Further cases involving
nonlinear r-Laplacians with r > 1 or even r = 1 instead of the classical Laplacian in the
damage equation are investigated in 33, 43|, where also higher temporal regularity is shown.

— A weak notion for rate-dependent damage models coupled with Cahn-Hilliard equations was
introduced in [18] for quasi-static balance of forces and in [19] with inertial effects and without
the viscosity term in (1a). Existence of weak solutions is proven there for non-smooth domains
and mixed-boundary conditions for the displacements whereas uniqueness is left open.

— Well-posedness and vanishing viscosity results for damage models with (nonlocal) higher-order
s-Laplacian are established in [23] (see also [24] for vanishing viscosity results for damage mod-
els with a regularized nonlinear ¢-Laplacian in non-smooth settings). The authors study both
viscous (rate-dependent) and, via the vanishing viscosity limit, rate-independent PDE systems
for damage. Existence of solutions is provided in both situations where in the latter case a
novel energetic formulation making use of arc-length reparameterization in order to describe
the behavior of the system at jumps is utilized. In particular, the existence results cover
the case of the standard Laplacian in two spatial dimensions. Furthermore, the uniqueness
problem has been solved under special conditions, where in the case of two or three spatial
dimensions the s-Laplacian is assumed to be of higher-order than the classical Laplacian.

— Coupled thermoviscoelastic and isothermal damage models incorporating p-Laplacian oper-
ators are analyzed in [39] (see also [40] for the full heat equation including all dissipative
terms and [20] for damage-dependent heat expansion coefficients). In those works homoge-
neous Dirichlet boundary conditions for the displacements are assumed. Uniqueness is shown
in the isothermal case by adopting p > n and by dropping the irreversibility constraint (2).
Existence results for the corresponding rate-independent thermoviscoelastic damage models
are proven in the recent paper [26].

Structure of the paper

Section 2 is devoted to the well-posedness problem of system (1)-(3). We state the precise assump-
tions in Subsection 2.1 and introduce time-discretized and S-regularized approximations of (1)-(3) in
Subsection 2.2. The existence proofs are carried out in Subsection 2.3 firstly for the time-discretized
and then, by a limit analysis, for the time-continuous versions. In the final part of that section, i.e.
in Subsection 2.4, we prove continuous dependence on the initial-boundary data. Then, equipped



with the well-posedness result, we state the announced optimal control problem in Section 3. We
prove existence of optimal controls via S-regularization in Subsection 3.1 and their approximation
by means of an adapted cost functional in Subsection 3.2.

2 Analysis of the evolution inclusions

The approach presented in this work combines two different approximation techniques to obtain
existence of solutions for system (1)-(3): semi-implicit time-discretization and regularization of the
subgradient £ in (2). At first we will tackle the existence problem for the time-discrete and regularized
system in Lemma 2.7. By passing the discretization fineness to 0, solutions of a time-continuous
regularized system are obtained in Theorem 2.11 (i). In the final step, a further limit passage leads
to solutions of the desired limit system (see Theorem 2.11 (ii)). Then, we conclude this section in
Theorem 2.12 with a uniqueness and continuous dependence result.

2.1 Assumptions and notation
Throughout this work, we adopt the following assumptions:

(A1) Q C R" with n € {1,2} is a bounded C?-domain. The boundary is denoted by T' and the
outer unit normal by v.

(A2) The damage-dependent stiffness tensor satisfies C(-) = c(-)C, where the coefficient function c
is assumed to be of the form

¢ = c1 + ¢ where ¢; € CM(R) is convex and ¢y € CVH(R) is concave.
Moreover, we assume that c, ¢}, c, are bounded and as well as

c(z) >0 for all x € R.

The 4™ order stiffness tensor C € LR RE) is assumed to be symmetric and positive
definite, i.e.
Cijit = Cjiur = Ciij and e : Ce > nle|? for all e € R'gyﬁ (7)

with constant n > 0.

(A3) The damage-dependent viscosity tensor satisfies D(-) = d(-)D, where the coefficient function
d satisfies d € C*(R). Moreover, we assume that d and d’ are bounded and

d(z) >n > 0 for all z € R and fixed n > 0. (8)
The 4" order tensor D is given by D = uC, where p > 0 is a constant.
(A4) The damage-dependent potential function f is assumed to be in f € CL1(R).
Example 2.1 Let ¢ € CH1([0,1]) be any given non-negative function with (¢)'(0) = 0. Then there

exists an extension of € to the entire real line R (the extension is denoted by c) such that c(x) = c(0)
for all x < 0 and assumption (A2) is satisfied for c and a given tensor C with (7).



Proof of Example 2.1. We define the convex function ¢; and the concave function €y such that
C =7¢; + C2 on the compact intervall [0, 1] via

au):Emy+Ax(Aimmﬂa%ﬂ¢nde&
Co(x) := /Om (/OS min{(<)”(7),0} dT) ds.

To extent the functions ¢; and ¢ from the domain [0, 1] to R in accordance with (A2) we have
to be careful because the extensions should have bounded derivatives as well as bounded second
derivatives whereas the sum of the extensions should also be bounded. We provide the following
construction:

Since (¢1)" >0, (¢1)” > 0 as well as (¢2)’ <0 and (¢2)” <0 on [0,1] it hold

(&)'(1) = Jnax (&) () =2 A1, —(&)'(1) = Jnax, (€)' ()] =2 Ao (9)

In the case A\ < Ay we may extend ¢; and ¢ to R as follows (for readers’ convenience we keep the
integrals explicitly):

El(()) if z <0,
ci(z) if0<z<1,
ci(w) = _ x s—1 .
)+ [ A+ (e — )5 ds ifl<z<146,
QM)+ [T+ Qo= A)Stds + M@ — (1+6)) if14+6<a,
¢2(0) if x <0,
co(x) := ¢ Ca(x) ifo<xz<l,
Ca(l) = Ae(x—1) ifl1<um.

Here, 6 > 0 can be chosen arbitrarily. Due to (9) we observe that ¢; € C™!(R) and that c; is
convex in the entire real line R. Furthermore, co € C1}(R) is concave in R. The particularity of this
construction is that ¢; and co have only linear growth for large x > 0 with derivatives Ao and — Ao,
respectively. Thus the sum ¢; + co is bounded.

Hence we observe that ¢}, c), and ¢; + ¢ are bounded and that the properties in (A2) are fulfilled
for ¢, c; and co. The case A1 > Ay can be treated analogously. O

Remark 2.2 (i) The non-degeneracy condition (8) prevents the material from complete damage,
i.e., even the mazximal damaged parts (the region with x < 0) exhibit small viscous properties.

(i) The assumption D = uC in (A3) is needed in the proof of Lemma 2.7 in step 2 in order to
perform a reqularity argument based on a transformation. It has already been employed in the
mathematical literature (see [20, 40]).

For later use, we define the solution space U x X, where U denotes the space of the displacements
and X the space of the damage evolutions given by

U= HY0,T; H*(;R™)) n W (0, T; H' (Q; R™)) N H?(0, T; L*(; R™)), (10a)
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X = HY0,T; H*(Q)). (10b)
The space of boundary controls B is defined as
B := L?(0,T; HY/2(T;R™)) N H*(0, T; L*(T; R™)).
We also introduce the sets for brevity
Q:=Qx(0,7), ¥ :=Tx(0,7).

Finally, let us mention that we make frequently use of the standard Young’s inequality

1
ab§5a2+5b2 for all a,b € R and all § > 0

where § > 0 will be chosen when necessary and we write Cy := 4—15. Moreover, the symbols C, C , D,
7 and ¢ will denote positive constants throughout this work.

2.2 Notions of solution

Let us consider two approximations of system (1)-(3): a regularized version where the indicator
function /(_ ¢ in (2) is replaced by a suitable smooth function I3, 8 € (0, 1), and a time-discretized
version of the regularized system. To this end, we introduce the following regularization:

Definition 2.3 (S-regularization) Let the family of functions {Ig}gec0,1) CLYHR) denote a
reqularization of the indicator function I(_, o) in the following sense:

(1) I, < Ig, pointwise in R for every p1, B2 € (0,1) with f1 > [a,
(11) Ig 1 0o pointwise in [0,00) as ] 0,
(iii) Ig(x) =0 for all x <0 and all § € (0,1),

(iv) I5(x) >0 for a.e. z € R and all B € (0,1).

We may also write §g := Ié in the following.

Remark 2.4 In particular, we may choose the Moreau-Yosida approzimation given by (see [41,

Lemma 5.17])
=yl ) 0 if <0,
Is(z) = inf + 1 =
() ;gR( 55 (—00,0](Y) L2 a0

Let us mention that also C™-approzimations may be chosen for {Ig} especially in view of optimality
systems for optimal control problems (see [34, Chapter 5]).

Definition 2.5 (Strong solutions) For system (1)-(3) and their approximations we introduce the
following notion of solutions:

(i) Time-continuous limit system (1 =0,5=0).
Let the data (u®,v°, X%, b,£) be given. A solution of the time-continuous limit system is a pair
of functions (u,x) € U x X safisfying (1)-(3) in an a.e. sense and for a subgradient ¢ € L*(Q).



(ii) Time-continuous B-regularized system (1 =0,8>0).
Let the data (u®,v%,x%,b,¢) be given. A solution of the time-continuous 3-regularized system
is a pair of functions (u,x) € U x X with u(0) = u®, du(0) = v° and x(0) = x° such that

uy — div(C(x)e(u) +D(x)e(ur)) = ¢ a.e. in @, (11a)
Xt = Axe — Ax +&a(xe) + %C’(X)f(u) re(u) + f/(x) =0 a.e. in Q, (11b)
(C(x)e(u) + D(x)e(w)) -v=0b a.e. on X, (11c)
Vix+xt) v=0 a.e. on . (11d)

(i1i) Time-discrete B-regularized system (1,3 >0).
Let {0,7,27,...,T} denote an equidistant partition of [0, T] with discretization fineness T :=
T/M and M € N. Furthermore, let the data (u°, u=t, x°), {bk}kzow,M as well as {Kk}k:(),,..7M
be given. A solution of the time-discrete B-reqularized system is a sequence {u”, Xk}kzo,m,M of
functions uF € H2(Q;R™) and x* € H*(Q) such that

uk . 2uk—1 + uk—2

- div(C(Xk)a(uk) —i—D(X’“)e(W)) =0 geinQ, (12a)

72 T
ko k—1 ko k—1 ko k—1
T T T
1
+ i(cll(xk) +ch(x* ) Ce(uF ) re(W ) + F(xF) =0 a.e. in ), (12b)
uk _ uk—l
((C(Xk)a(uk) + ]D)(Xk)e<7>) v =10k a.e. on Ty (12¢)
T
ko k—1
V(Xk—l-u) v=0 a.e. on ' (12d)
T
forallk =1,..., M, where c = c1 + co denotes the convez-concave decomposition from (A2).

Remark 2.6 If we assume VX -v =0 a.e. on T we even obtain
Vx-v=Vxt-v=0 ae onX (13)

instead of (3c) or (11d) and for allk=1,..., M

1

k_ k-
X=X  )=0 aeonl (14)
-

V¥ v =V

instead of (12d).

2.3 Existence of solutions
2.3.1 Existence for the time-discrete regularized system

At first we are going to show existence of time-discrete solution according to Definition 2.5 (iii). Let
7> 0 and 8 > 0. To enhance readability, we will mostly omit the subscripts 7 and S in uf 5 and

k
X



Lemma 2.7 Let the data u°,0° € H*(Q;R™), X0 € H%(Q), b* € HY/?(T;R™) and (F € L*(Q;R")
for k=0,...,M be given. Then, there exists a strong solution {u¥, Xk}kzo,,,,7M of the time-discrete
system in the sense of Definition 2.5 (iii).
Proof. Starting from the initial values (u®,u=%, %) with u=! :=u we are going to construct
{uF, Xk}k:07.,,, a by a recursive procedure. To this end, we decouple the discrete PDE problem into

two distinct elliptic problems such that y* is obtained from x*~! and «*~!, while «* is gained from
uF=1 uk =2 k) bk and ¢k

Step 1: establishing equations (12b) and (12d)
Let us define the functional F : H'(2) — R by

0 0

— TV

Fo0 = [ (5190 + 51000 s () + Geh el el da

+/Q (f(x) +7I((x — x’H)T*I)) dz + ;/Q ‘(x — x’“’l)fl‘2 dx

—i—;/Q’V(X—Xk_l)T_l’Q dz

By the direct method in the calculus of variations, we obtain the existence of a minimizer of F,
which will be denoted by x*.

The Euler-Lagrange equation for the minimizer yields (12b) in a weak form. By noticing that (12b)
is a elliptic equation for y* with right hand side in L?(Q), we conclude x* € H?(Q) by elliptic
regularity results for Neumann problems (see, e.g. [17, Theorem 2.4.2.7| and remember that I' is a
C%-boundary by Assumption (Al)).

Step 2: establishing equations (12a) and (12c)

Civen the functions x* € H2(Q), v*~1, u*~2 ¢ H?(Q;R"), b* € HY/2(I';R") and (¢ € L?(Q; R™), we
obtain a unique weak solution u* € H'(£; R") of the linear elliptic system (12a) via the well-known
Lax-Milgram theorem (remember the assumption D = pC from (A3)):

/Q ((TQC(Xk) + Td(Xk)'u) Ce(u): () +u- g) dz

= / <72€k — 7div(d(x*)De(u* 1)) + 2uF~! — uk_2> -Cdx + / W Cda (15)
Q r

holding for all ¢ € H(£;R™).

Now we use a modification of the regularity argument in [20, Proof of Lemma 4.1] and make use of
the C2-regularity of T' (see (A1)):

If we consider the test-function ¢ = (72c(x*) + Td(Xk),u)flgo where o € H'(Q;R") is another test-
function (remember that ¢ > 0 and d > 1 > 0, see (A2)-(A3)) the linear elliptic system (15) rewrites
as

a(u®, 0) = (a,9)pn, @€ H (LR, (16)

with the bilinear form

a(u, ) := /()Ca(u) ce(p) da

10



and the right hand side q € H'(Q; R")’ given by

(4, 0)m :Z/R-wdchr/N-strv,
Q I
where R and N are defined as

T2 (XF) + Tpd' (XY)
T2e(x*) + Td(X*)p
bk
T2c(x*) + rd(x*)p

Note that N € HY/2(I;R") and R € LP(Q;R") for all p € (1,2), since e(u¥) € L?(Q;R™ ") and
Vx* € LI(Q;R™) for all ¢ € [1, +00).

In particular, q € H>~5(Q;R")’ for all s € (1,3/2). We gain u* € H*(2;R") by applying the lower
Sobolev H*-regularity result from [8, Theorem 3.4.5 (ii)]. This, in turn, implies (u*) € L% (€;R")

with the fractional critical exponent given in this case by 2* = n—(?:il)Z > 2 (see, e.g., [35, Theorem

6.7]). We obtain R € L?(€;R"). The HZ2-regularity result [8, Theorem 3.4.1] applied to the linear
elliptic system (16) shows u* € H?(Q;R"). Thus (12a) is shown. O

7208 — 7 div (d(x*)De(u*1)) — uk + 20k~ — k=2

R :=
T2e(x¥) + Td(x*)p

VxF - Ce(ub) +

i

N =

2.3.2 [Existence result for the time-continuous system

The aim of this section is to provide existence of strong solutions in the sense of Definition 2.5 (i) and
(ii). To this end, several a priori estimates for the time-discrete solutions will be established. The
estimates will be used for the time-continuous limit analysis and for the optimal control problem in
Section 3.

We assume that the initial data (u®, v°, x°) satisfy
u’ € H*(Q;R"), (17a)
v’ € HY (O R™), (17b)
X' € H(Q) = {UEHQ(QHVU-V:Oa.e. onT} (17¢)

and the external forces (b, ¢) are assumed to be in the following spaces:
be L0, T; H/*(I;R™) N HY(0,T; L*(T;R™)),  £e L*(0,T; L*(;R™)). (18)
For the moment, let us consider some approximations

{3} ey € H* (R,
{babreo,n) € CVH(0, T3 HY2 (I R™),
{3 }reo,1) € C™H0,T; L* (4 R™))

of the the initial velocity v” and the external forces b and ¢ such that (e.g. construction via convo-
lution)

v — vY strongly in H'(Q;R"), (19a)

11



by — b strongly in L2(0,T; H/?(T;R™)) N H'(0, T; L*(I'; R™)), (19b)
0y — ¢ strongly in L*(0,T; L*(Q;R™)) (19¢)

as A | 0. Let us define the time-discretizations b'; , and Kﬁ ) by
bk 1= ba(Tk), 05 = 05(7k).

For a sequence {hk}k:[)’__ﬂM where h* € {uﬁﬁ, Xffﬁ, b’:» KfA}, we define the piecewise constant and
linear interpolation as

for t € ((k — 1)1, k7]. (20)

:t—(k—l)Thk+kT—t
T T

h(t) :

The left-continuous and right-continuous piecewise constant interpolation for a given time point ¢
is denoted by

tr:=1k forr(k—1)<t<r7k,

t.:=7k for7k <t<rt(k+1).
For notational convenience, we define the time-discrete velocity field and their interpolations by

k k—1
ur s —u
v’fﬁ = TP o = 0,....M and Ur.8, Vs 8, Ur,3 DY (20). (21)
b 7— 9.

As a first result, we prove convergence of the discretizations of the given data.

Lemma 2.8 There exist subsequences 1, | 0 and A\, L 0 as k 1 co such that
vgk — 0¥ strongly in H'(;R™),
bron, — b strongly in L2(0,T; HY?(T;R™)) N HY(0, T; L*(T; R™)),
by 2, — £ strongly in L*(0,T; L*(; R™))

as k 1 oco. For readers’ convenience we set by, := by, », and ZT,C = ZTW\k and omit the subscript k.
Then the statement above reads as v® — 0%, b, — b and €, — £ as T ] 0.

Proof. For every fixed A > 0, we find

by.x — by strongly in L2(0,T; HY*(;R™)) N HY(0, T; L*(T; R™)), (22a)
Oy — €\ strongly in L2(0,T; L*(Q;R™)) (22b)
as 7 | 0. Indeed, the first convergence in (22a) follows by exploiting the Lipschitz continuity of by €
C%1(0,T; H/2(I'; R™)). Property (22b) can be proven with a similar argument. The convergence

brx — by in the H1(0,T; L*(T; R™))-norm follows by the fundamental theorem of calculus for X-
valued functions where X := L2(I'; R") and by the Lipschitz continuity of d;by € C%1(0,T; X):

/OT Hath,A(t) - 8tb,\(t)Hi dt = /OT H’W)—’?A(t) _ 8”““)”1 it

T

12



_ /OT Hl/t“ (b (s) —atb,\(t))dsHi at

T

< /OT € /ttT [4ba(s) — Auba(t)  ds) "l

2T

SC/OT (71_/: ]5—t]ds)2dt

< CTr2.

The claim follows by using the convergences (19), (22) and the following “s/2”-argument:

For a given € > 0 we may choose a small A > 0 such that ||b — by|| < £/2 due to (19). For every
such A we choose a small 7 > 0 such that ||by — b, || < £/2 due to (22). In consequence we find for
every £ > 0 small values A > 0 and 7 > 0 such that ||b— b, || < e. O

Lemma 2.9 (A priori estimates for the time-discrete system) The following a priori esti-
mates hold for strong solutions of the time-discrete system given in Definition 2.5 (iii) (recall that
(21) implies Vr g = Opur g ):

(i) First a priori estimate:
There exists a constant C' > 0 which continuously depends on

C= C(HUOHHla ||U0HL27 ”XOHH1> HbHL2(O,T;L2(I‘;R”))7 ”EHLQ(QT;LQ)) (23)

such that for all 7,5 >0

lur,gll o0 myow e 0,r2) < €, Xzl o001y < C,
27 gll oo 0,711y < C, I, gllzee oy < C,
[@r gl Lo 0,11y < C, IXr8ll Lo (0,7,5r1) < C-

(i) Second a priori estimate:
There exists a constant D > 0 which continuously depends on

D = D(H“OHH?’ ||UO||H17 ||XO||H2: ||b||L2(0,T;H1/2(F;Rn))mH1(o,T;L2(1“;Rn))a ||€||L2(0,T;L2))

such that for all 7,5 >0

HUT,BHHl(o,T;HQ)mWLoo(o,T;Hl) <D, HXT,B”Hl(o,T;m) <D,
7 gll Lo 0.1m2) < D, 1, gllLoe0,1502) < D,
@ gl Loo 0,1 12) < D, 1Xr gl oo (0,7;12) < D,
|vr sl L2 (0,73 H2)n L0 (0,73 V)N EL (0,1302) < D, 1€6(Oexr8)l 2200112y < D.

Proof. We will omit the subscript 7 and § in the time-discrete solutions.
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To (i): In the following, we make use of a combined convex-concave estimate for: A convexity

estimate for ¢; and concavity estimate for co yield:

Adding them shows

0P = ) = (10 = aa(d) + (6 — (b))
k

By using this combined estimate and the positivity of C, it holds
c(xX*)Ce(u®) : e(u® — uF1)
1
= Se(d") (Cz—:(uk) Ce(uf) — Ce(ub1) : e(uh 1) + Ce(uF — ub=1) : e(uF — uk_1)>

> C(Xk)cg(uk) . E(uk) - C(inl)

Cs(uk_l) : 6(uk_1)

+

—~

c(X* ) —e(x") Ce(w 1) re(ut )

< NN
B
S—

Ce(ub) : e(ub1) — C(X;1>

v
2

Cs(uk_l) : s(uk_l)

N =

BT OFT = X Ce(uh ) s (). (24)

—+
—
0
—
=
J
—+
0O

Now, by testing equation (12a) with u* — «*~!, integrating over Q, summing over the time

index k = 1,...,%,/7, integrating by parts and using (12c), we obtain (remember that v* =
(u¥ — 1) /7)

tr)T tr)T

(vF — vF ok da + c(xX®)Ce(uf) : e(uf — uF 1) da

N /OtT /Q d(x*)De (D) : £(v) do ds

tr _ i, B
:/ /E-vda:ds—k/ /b-vdmds.
0o Ja o Jr

Applying elementary estimates including the convex-concave estimate (24), Korn’s and Young’s
inequality and the trace theorem H!'(Q;R") < L?(T'; R") yield (1,6, Cs > 0 are constants)

~ 0
I 510 + [ s o) ao- [ Bloeue) sew)as

>0 by using (A2)

+ /0 T /Q %(c’l(@+c’2(z))(—atx)cg(@):s(g) dz ds +nlle®)117207,.12)

< Csllll T2z, 22y + Collbl 20z, 22 (rizm)) + O L0, 1) (25)
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Testing equation (12b) with x* — x*~!, integrating over Q, summing over the time index

k=1,...,t;/7, integrating by parts and using (12d), we obtain

tr /T
||atXHL2 0,t;L2) =+ ||V8tX||L2 0,6-;L2) + VX V(X _X 1)d.1‘
T ( Ty

tr/T

N Z/ X —x" 1)(Xk — Yy dz + /OtT /Q %(c'l(?) + ¢5(x))9rxCe(u) : e(u) dz ds
v " | radras
=0

By using the monotonicity of &g (see Definition 2.3), we get gﬁ(xk—x

k—1

YOk = x5 = 0.
Together with elementary convexity estimates, the Lipschitz continuity of f’ (see (A4)) and
Young’s inequality, we find

1. _ 1
||atX||?;2 (0,t-;L2) + ||vatX||i2 (0,+;L2) + §”VX(t)H%2 - §||VX0H%2
i
[T ] 30+ ) anCetw s lw dads

< C6(HXHL2(07ZT;L2) +1) + 5H8tXH%2(ojT;L2) (26)

To proceed, we consider the calculation

%
yLz_/ /dt2|x|2dwds—llx 122

7
T 1
:/ /Xath$d5—2|Xo|%2
0o Ja

< 810X a0 22 + ColIXagoz,u0n) — 51X (27)
Adding %[[x(t)||2 on both sides in (26) and using (27) on the right-hand side, we find
(5 — ) 10022022 + 190 Bz, gy + 3 IO — 51l
2 T b 2 2
/tT / cl )+ ch(x ))&gxca( ) :e(u)dxds
< ColIXI2a0.02) + - (28)

Adding (28) and (25), and choosing ¢ > 0 small, we see that the term

| [ 50+ S00)anCe(w : <(w dz ds

cancels out in the calculations and we obtain
[@)172 + X + 1e@)7207,.02) + 1001720 7,.2) T VXN T207, .12y
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< C (T 12 + 100022 + W + 18205, + B22(0 7, 22y + 1 G201
.
+C /O 122 ds. (29)

Korn’s inequality yields

1
—\ 112 2 2
HE(’U)HLz(o,gT;Lz) > 6HU||L2(057;H1) - HU”L2(0,2T;L2)-

We thus obtain from (29)

190122 + IR + 1712207,y + 10002202 a0t

< C(1+ Il + 100022 + I Wrs + V22 05,.2) + IBZ2005,02rm )
b 2 2
+0 [ (17l + I ) ds.

We end up with the desired estimates in (i) by using the discrete version of Gronwall’s lemma
and

tr 2
) = [l + [ oas]], < O + 1500 7,m)
afterwards.

To (ii) — local-in-time estimate:
At first we are going to show the a priori estimates in (ii) for small time. In the next step
global-in-time estimates will be derived.

Testing equation (12a) with —7 div (c(xk)CE(uk) + d(x )Da(“_i“kl», integrating over (2
in space and summing over the time index k = 1,...,¢;/7, we may write the result in the
following way

/0 ' /Q — 9 - div(c(X)Ce(@) + d(x)De(v)) dz ds

=T

/tT/\dw (@) + d(X)De(®))|” da ds
AR

X)VX - Ce(n) + c(x) div(Ce(n)) + d'(X)Vx - De(v) + d(X) diV(DE(@))‘deds

=T
7
/ / - div(c(x)Ce(u) + d(x)De(v)) dz ds . (30)
<Cslltl13 2 2,01l div(e(X)Ce(@)+d(R)De@))Il7 5, o,

Note that the second summand and the third summand, i.e. T3, are identical. The splitting
will simplify the calculations.
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Testing equation (12b) with —A(x* — x*~1), integrating over Q in space and summing over
k=1,...,t; /7, we obtain

tr /T

/ /8tXAatXdl’dS—F”A@tX”%2(0t L2)+Z/AX —Axk_l)dx

=[IVoux|?

by using (14
L2(12) (14) > LIARM)]2, - LIAXOI2,

i i,
/ /{5 19)5%) A@txdxds—/ / (c1(x) + c5(x))Ce(w) : e(u)Adyx da ds

=:T, 4
i
/ / ' (0)Adyx dz ds

~0. (31)

In the following, we are going to estimate 17, ..., 77 and conclude the claimed a priori estimates

thereafter:

— To (T1): Integration by parts in space yields

i i,
T = / / (Op) : c(X)Ce(u d$d8+/ / (Opv) : d(})De(v) dz ds

::Tl(1> ::Tl(z)

—/OT/Faw.((c(x) £(@) + d(Y)De(®)) - v) deds

::Tl(s)

Note that we have no compensating d;v -term on the left-hand side of (30). To circumvent
this problem we rewrite the term Tl(l) by using the discrete integration by parts formula
in time

k bk—l

N k k—1 N
a®—a )
g e —" S MU E raf Tl ——
T T
k=1 k=1

Together with the boundedness of ¢ and ¢’ (see (A2)) we find:

T /“/ Ce(u );C(X)Cﬁ(u) de ds

+ / £(@(t)) : c(x(#)Ce(u(t)) da — / £(0) : c(x*)Ce(u?) dz

_ /t/ X _C(—)Cg da:ds—/tf/ Ce (o) dz ds

T / £(@(t)) : c(x (1) Ce(u(t)) dz — / e(@) : c(x°)Ce(u®) dz

Q Q
Ol /0 /Q @10l le(@)] dz ds —C /0 /Q e(@)le(@)| dz ds
T

_.p(1,2)
=

Y

::Tl(l’l)

17



—C’IICIILoo/6 Nle(@(t)] da —Cllc) o le(v”) 2]l (1) £a-

::T1<1’3)

By using Holder’s and Young’s inequalities, uniform boundedness of [|0:x|z2(0,7;04),

le(u )HL«>07ﬂL2y le(@ )”LQ()T’L2 le(v )HLQU)T’LQ) and [[e(v )HLQa)I"L2)(See First a pri-
ori estimates), we obtain

1,1
Y < 186 22007, IE@ 1200 2,50 €@ | oo (07,229
S C(S + 5”6(2)”%2(07%7;[14)7
TP < )2 2 e@)2 <c
1 = 5lEWL20,12) T 5lIEWIL20,1,22) = &5
1,3 _ _ _
T < Cslle@)|3 e o 12) + Olle@®)22 < Cs + 0]le(@(2)) 13-

The term T1(2) can be estimated as follows:
£
T 1 - » » N
1 = [ [ 3 @ED=w): c0) ~ dDDe(y) s (w) dads

/tf/ Y)De(@ —v) : £(T — v) dz ds

:/OT/QQT(d(X)Ds(v) - £(8) — d(x)D=(v) : e(v)) dwds

::T1<2’1)

" /0 T /Q % (d(x) —d(x)) De(v) : e(v) dz ds

()

/tT/ VD@ — v) : (T — v) dz ds.

>0

For further estimations we make use of the Ladyzhenskaya’s inequality (see [25])

1/2’ 1/2

lw] e < C|lwl] \wH valid for all w € Hl(Q)7 (32)
which is a special version of Gagliardo-Nirenberg inequality in 2D (see [36]). This inequal-
ity naturally generalizes to R™-valued Sobolev functions.

By using (32), the property d(-) > n > 0 and the Lipschitz continuity of d (see (A3)), we
obtain

t,—T

=2

k=179

5 @(1)) : e(@(t)) — d(x°)De() : e(vo)> da

e(v®) : e(v®) — d(x* HDe(v* ) : 5(1)’“71)) dz

l\DM—l

@\

18



> [ (300 <(00) - Je0OD) 52 ) d,

7
22 ) > C/ /](%xﬂe )|? dz ds

i
> —C/ [0ex| alle(@) | L2lle(w) | za ds

i
> —51/0 19ex (74 e () 172 ds — 061/ le(@)l74 ds
i i
> —61/0 1012 e ()17 ds — 051/0 le(@)llz2lle() [l ds
i
2 —51/0 1072 lle(@) 172 ds — Cs, Cs, (@) 12072y — Cor02lle(@)ll72 07, .1r1y-

Note that by choosing §; = § and Jo = 505 and boundedness of ||e(v)
First a priori estimates,

||L2(0 tr LQ) by the

tr
7D > 5 /0 103 le (@) 122 ds — Slle(@)l22 07, 411, — Cs-
(2,2)

Please notice that in order to treat the term 777" in the sequel it will be crucial to have
established the boundedness of ||0;x||2(0,7;m1) (see First a priori estimates) which is due
to the higher-order viscosity term —AYx; in the damage equation.

The term T1(3) can be treated by using the Neumann condition (12c¢) and by applying
the discrete integration by parts formula in time

Tl(g) / /&gv bdzds
tr B
/ /v 8tbd:vds—/ (t)-b(t)d:v+/vo-b0dx
T

= —/0 o/l 20 105Dl L2 (rsrny ds — [[0)]] L2(0smm) 10(E)[] £2(rsmm)

- ”UOHLQ(F;R")HbOHLQ(F;R”)
By using the trace theorem H'(;R") < L2T;R") and the boundedness of

||v||L2 0FH) (see First a priori estimate) as well as of H@thL2 0.0 L2(IR") |Ib(t )||L2(F Rm)

||U0|| 1 and HbOHLQ FR”)’ we Obtaln
3 _ _
Tl( ) Z - 5”2”%2(0’%7_;]{1) - 5”8tb||%2(0,%7;LZ(F;R”)) - 6||’U(t)”%11 — CJHb(t)H%Q(F,Rn)

- §HUOHH1 - §‘|60H%Q(I‘;R”)
> —C5 — 5HU(t)H%{1.
— To (Tz): With the help of Young’s inequality, we estimate T by

t7— 2 t7- 2
T, > 6/ / ‘d ) div(De( ))) dzds Cg/ / ‘c’(y)Vy- Ce(u)| dxds
0 Q

::T2<1> ::T2<2)
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tr

—C&(/Ot‘r/g)C(X)diV(C€ da:ds+

::T2<3) ::T2(4>

Y)Vx - De(@ )‘ dxds) (33)

By the following elliptic regularity estimate which follows from [8, Theorem 3.4.1] (re-
member that T' is a C2-boundary by (A1))

lwli3 < € (1l divDe())IZs + i + IDe(w) - v )-

valid for all w € H?(Q;R"), by the Neumann boundary condition (12c) (remember
that d(-) > 1 > 0 by (A3)) and by the boundedness of |[v]|z2(g ;1) (see First a priori
estimate), we obtain

s
T2(1)20/ /\div(Ds(v))fdzds
0 Q

> CHEH%Q(QZT;HQ) - C”WH%Q(O,fT;Hl) - CHD&?(E) ’ Vuiz(()jﬂHl/z(p;Rn))

= 1ol ~ M0,y ~ Ol s = 59O P sy
= 5”5Hi2(0f7~H2)
( H HL2 0,0 HY2(riRm)) T ‘EXX))C‘s( VH%Q(O@;H”Q(F;R")) +1)'
Y T

The constant C' > 0 does depend on n from (A3). The well-known trace theorem yields
H'(Q;R™) — H'/2(I'; R™) with a continuous right inverse H'/2(I'; R") — H(Q;R") (see
[44, Theorem 8.8]). In the following, we denote the extension of b also by b. We obtain by
using the trace theorem, the Gagliardo-Nirenberg type inequality (32), the assumptions
in (A2) and (A3) and the boundedness of || VX|| 1o (0, 7;12) and [|(@) || foo (0,1;12) (see First
a priori estimates)

1 CH HLz (0sH1)

< C(Hbum(om 19802 07, 1) + P19 07, 1)
— ZT —
OBl 0z, + [ BRIV )

p— tT — —
< O( 1Bl 2 0,01y * /0 (5022 51+ |22 [ VX s )

IN

i
— 2 — o —
< CHbHLQ(O’{T;Hl) =+ 5/0 HbH%?HvXH%{l ds + CéHbH%Q([),ZT;Hl)

i
— 2 7 J—
< 06HbHLQ(O,fT;Hlm(F;R”)) + 5/{; HbHi(l/Q(]f‘jR“)”vX”%{l ds.

as well as

T < CH;EX;ce(u)

% ‘ VHLQ(O,ET;Hl)
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IN

C Hg(ﬂ)Hi2(o,zT;L2) + H’d@”vy,”;(o,zﬁp) + HV(CE(H))”QL2(037;L2)>

i
<o+ [ I@IB VR s+ T, m)

IN

£
C(1+ [ 1@l IV 20 9K s + 7,

IN

ET
cO+A (@3 + IVXI3) ds + 712 07, 02))

z7'
<c(ur [ (e + 1vx) as).

We estimate the remaining terms in (33) by using again the Gagliardo-Nirenberg type
inequality (32), the boundedness of ¢, ¢ and d (see (A2) and (A3)), and the boundedness
of [VXI| Lo (0,r;z2) and [|e(@)|| e (0,1;2) (see First a priori estimates)

i
@”SOA (@B + V%) ds,
, A
1 < ¢ [ alds,
0
i
éﬁscé|wwéwmﬁMs
tr
éc{é 1V 229Xl a1 @) 22 e @)1 ds

i
gqlrmm@ww%w+wmwawwy

— To (T3): It can be seen by integration by parts and from the definition of I3 (see Definition
2.3 (iii)-(iv)) that

iy
Ty = / / f/’@(é?tx)|V8tx|2da: ds > 0.
0 Q
— To (Ty): The term Ty can be treated by applying the Gagliardo-Nirenberg type inequality

(32), by using the boundedness of ¢} and of ¢, (see assumption (A2)) and by using
boundedness of |le(w)|| e (0,r;2) (see First a priori estimate). We obtain

i
712 = 81800, iz~ Cs | @It ds

Y

i
= 318007, = s [ Il ds

Z = 5||AatX||%2(ojT;L2) - Cé”d@”iqo,gﬂm)'

V

— To (T5): We find by Young’s inequality, by the Lipschitz continuity of f’ (see (A4)) and
by the boundedness of |[X||z2(0,7;z2) (see First a priori estimates):

T > — 5||A8tX||iQ(O,ZT'L2) - C§(”Y||2L2(0,T;L2) + 1)

)
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> — 0l|A%xII72(0z,.2) — Cs-

In the following we use the estimates (by the fundamental theorem of calculus and Holder’s
inequality)

2 012 — =112
[ <16 + 52002 05, ) (34a)

(o) = [|u + [ ot
0
IX(s) e < IXWes + 5000305, (31b)

Now we conclude by taking the above estimates into account:
2 2 2 rr 2 2
71 = 9o(t)ln — Ds = d(lull o ,.2) + [T N70) = 5/0 10ex (s + )z [0 (s) [ 772 dis,
2 e 2 2 7 112 2
> UHU”HI(O@;H% - Ds — Cé/o (HYH}P + HuHHl(o,gﬁH% + trl[ol 7 ||atX||L2(0,§T;H2)) ds

i
= Sl = | W3qri X1 s,

T3 Z 07

tr ) 9
Ty > — Ds — Cé/o ”U’HHl(O,ET;H2) ds — 5HXHH1(0,¥T;H2)’
Ts > —Cs — 5“XH?‘—11(0,ZT;H2)’

where the constant Cs > 0 continuously depends on (besides )

Cs = Cs (I1u®]l g1, 10N 22, X g 101 20722 (0 1Dl 20.7:22))

and the constant Ds > 0 continuously depends on (besides 0)
Ds = Dé(HUOHH% HUOHHM HXOHH% HbHLQ(O,T;Hl/Q(F;R"))mHl(O,T;LQ(F;R”))7 HEHLZ’(O,T;LQ))-

By adding the identities (30) and (31), using the estimates for 77, ...,T5 developed above,
using the H2-regularity estimate (see [8, Theorem 3.4.1])

w32 < C(|Aw|32 + |lw|Fn)  valid for all w € HR ()
applied to Y and dyx (note the boundary conditions in (14)), we obtain

||@(t)||12ql + ||Y(t)||§{2 + Hu”i’l(OL;HQ) + ||X||§{1(075T;H2)
+ [ div(c(0)C=(@) + dEODE®) 220710,

i
< D5+ Cs | (IRIsn + s 05,0y + ET 100X 5, ) 0
+ 5(”“”%11(057;}12) + H@(t)H%ﬂ + |l diV(C(Y)Cg(ﬂ) =+ d(Y)DE(ﬁ)))Hiz(o@;Lz) + HXH%}l(ojT;Hz))

i i
5 / 105 + )12 [B(s)] 3 s + 6 / 51312 gy 112 s (35)
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By choosing 6 > 0 small, the first J-term on the right-hand side of (35) can be absorbed by
the left-hand side. Furthermore, for later estimates, § should also satisfy

5 < 1 | (36)

S0 a0zt + P12 0 poariraqeigey) + 1)

Indeed, the denominator of the right-hand side is bounded from above by the First a priori
estimates, hence the right-hand side is bounded from below and § > 0 can be chosen such
that (36) holds.

We infer from the estimates (35) and (36)

k
o < Ds+Y il (37)
j=1

with

k
of = [[o* 3 + I W + 1wl 0,2y + X E0 0,r22):

) DO = X8/l + 1 2 )

v = Cs + + Cs7k||v*|| 4.

8(”81‘)(”%2(0”]“;[—[1) + Hb”LQ (0,T;H/2(I;R™)) + )

In the following, we will choose a time ty > 0 such that for all small 7 > 0 and all & =

1,...,(%0)1_/7'1

1
0< 1k < 5 (38)

Indeed, we know by the First a priori estimate that

M
ZTHka?{l <C uniformly in 7,
k=1

where € > 0 denotes the constant C' in (23). Thus

TloF |2, < C uniformly in 7 and in k. (39)
By choosing
1
t 1= ——, (40)
4CsC

we get for all k =1,..., (t0),. /T

TIOFE = xF) /7l + T8I

™ =105 + H1/2(TiR")
= M—1 - '
8520 (TNOIH = x) /7l + 71V 2 pony) + 1)
+7Cs X Tk x |[v]| %

1
<7Cs + 3 +7C5(to + 7) |0 |2
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1 1 ~
STCg—l-g—{—i—i-TCgC

~ 1 1
< 1 — 4+ —.
_7'05( +C)+8+4

Consequently, for small 7 > 0, estimate (38) is fulfilled.
Finally, by ensuring (38), (37) rewrites in the desired form

k<
@ = 1 — Tk ]Z: g 1-— 7'7
and, therefore,

k-1
D
af <20 —i—ZT—oﬂ

We are now in a position to apply the discrete version of Gronwall’s lemma in the sum form
(see, e.g., [41, page 26]) and obtain

ok < %er;f TWT.

We obtain boundedness of o uniformly in 7 and k = 1,..., (fy)/7. Therefore, (ii) is shown
except the boundedness for [[5(0ixr,8) |l 12(0,(70),:22)- The latter follows by a comparison ar-
gument in (12b).

To (ii) — global-in-time estimate:

The main observation to obtain global-in-time estimates is that the local estimates above can
not only be performed on the time interval [0, (¢p),] but also, with minor modifications, to
each interval [s.,t;] C [0,7] such that [¢, — s,| < to, where ¢y > 0 from (40) depends on
quantities which can be bounded globally in time by the First a priori estimates. Thus we find
a tg > 0 such that the Second a priori estimates can be performed on each interval interval
[s;,tr] C[0,T] with [t; — s.| < to.

To conclude the proof, let

t t
fﬁ — <k20> = max {j']“j € N such that k50 > Tj}7
—< /7

[, = (%)T = min {jT{j € N such that ty < Tj}.
We define the time intervals

IF =1k & 0o, 1

T T

for all k =0,...,N with N := [T/(to/2)] — 1 where [-] denotes the ceiling function.

We apply the local-in-time estimates above to each interval If and obtain constants Cy, ..., Cy >
0 which continuously depend on

— ik —  (k = 4k
Cr = Cr([trs(¢) 12, 07,5 (&) | 111, 11X, (4) 1 172,
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101 L2 0,7 11172 (0smn ) E (0,75 L2(T R 1]l L2 (0,7:12)) k=1,...,N

such that for all 7,6 >0and all k =1,..., N

lwr gl m (1% 52y W oo (25 m1y < Cks X781l 1 (18 12) < Cks
[wr gll oo (1t 12) < Ck, I, gllzoe(zs; 2y < Cr,
[@r8l oo 12,22y < Ch, X7l Loo (15, 12) < Cks
lvr 8l L2 (8 12y oo (18 )nE (15:22) < Chs 1€8(0exr,8) || L2 (2;22) < Che-

To obtain a global bound, we can argue by induction. We sketch the argument:

Suppose we have given the a priori bound Cy_; for the time interval I¥=!. By definition, we
find ¥ € I¥~!. Thus

_ k _
||UT7B(t7—)||H2 < HuT,BHL‘X’(L}ﬁ*l;H?) < Ck-1,
_ k _

HUT,ﬁ(tT>HH1 < ”vT,BHLoo(]ffl;Hl) < Ck-1,

— k —
X (4> < 1%l oo (=1, y2) < Crre

Consequently, we find an a priori bound ék > O}, for the solutions on the interval I*¥ by

k= max Cr(x,y, 2z, ||b]] 2 CH1/2(T-Rn T2(T.Rn Ol 72 .72Y).
i, O@y 2 Bl rmeermamorzemn) 12 or)

Note that 6’k does only depend on

Cr = Ci([1r, (6 ez, 07,56 ) Lo 17 5 (4 a2,

HbHL2(0,T;H1/2(F;R"))HH1(O,T;LQ(F;]R”))7 W”LQ(O,T;LQ))'

Remarks to the proof of Theorem 2.11

(i) The regularizing term —Ax; in (12b) is needed in order to obtain an H'(H')-bound for y
in the first estimate. This, in turn, was particularly necessary to estimate ¢ in (36) and to
estimate the term 74 in the second estimate.

(ii) In the mathematical literature the elasticity equations (12a) is sometimes tested with the
function — div(De(u¢)) to gain higher-order estimates for u (see [20, 39, 40]). However, due to
the nonhomogeneous Neumann boundary condition (3c) in our case, it is more convenient to
test with — div(c(x)Ce(u) +d(x)De(ut)) since, otherwise, integration by parts in space of the
term — [[wuy - div(De(ut)) yields unpleasant terms even after using the boundary condition
(3c) (cf. estimates for T in the second estimate).

We perform the limit passage 7 | 0 and § | 0 separately in order to show existence of strong

solutions for both cases: namely for 8 > 0 and 5 = 0 in Definition 2.5 (i) and (i). The a priori
estimates give rise to the following convergence properties along a suitably chosen subsequence.
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Lemma 2.10 (Convergence properties)
There exist limit functions for every 5 > 0 (we will also write u := ug, X = Xo)

ug € H'(0,T; H*(;R™) n W (0,T; HY(Q; R™)) N H*(0, T; L*(; R™)),

X € H(0,T; H*(Q))

with
up(0) = u® a.e. in Q,
ug =b a.e. on X
such that

Aup(0) = ° a.e. in Q, x5(0) = X a.e. in Q,

(i) for fized B >0 and 7 ] 0 (along a subsequence):

Ur B — ug

Ur,B, Ur g —> U
Ur g — ug

Ur,8, Ur.g = UB

weakly in H' (0, T; H*(; R™))
weakly-star in W (0, T; H(Q; R")),
weakly-star in (0, T; H*(Q; R™)),
strongly in H'(0,T; H'(Q; R")),
strongly in L°°(0,T; H (Q;R™)),

Ur 3, Ur B, Uy g —> UB a.e. in Qx (0,7),

vr, — Orug weakly in H'(0,T; L*(Q;R™)),
X3 = X3 weakly in H'(0,T; H*()),
Xr,g: X, 5 = X8 weakly-star in L°°(0,T; H*(Q)),

YT,B’XT,,B X8
yT,ﬁ’XT’ﬁ — XB

strongly in L*(0,T; HY()) for all > 1,
uniformly on Q x [0,T],

&6(0ixr,3) — £5(0ixp) weakly in L*(0,T; L*(Q)),

(i) for B 10 (along a subsequence):

Proof.

ug —u

U5—>’LL
u5—>u
Xg =X
Xg =X
X8 =7 X
£s(0rxp) = €

weakly in H?(0,T; L*(Q; R™)) N HY (0, T; H*(Q; R™))
weakly-star in WH(0, T; H (Q; R™)),

strongly in H'(0,T; H*(Q; R")),

a.e. in Q x (0,7),

weakly in H' (0, T; H*(2)),

strongly in L*(0,T; HY()) for all > 1,

uniformly on Q x [0,T],

weakly in L*(0,T; L*(Q)) for a € € 2(0,T, L*(Q))
with § € Ol _o 0)(9ex) a.e. in Q x (0,T).
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To (i): Properties (41a)-(41c) and (41f)-(41j) can be obtained by standard compact embeddings,
whereas (41d), (41e) and (41k) can be obtained by the Aubin-Lions type compactness result
in [42] (please note that T, g3 = Oyu, g). It remains to show (411).

By Lemma 2.9, we find a cluster point ng € L?(0,T; L?(€2)) such that along a subsequence
710

£(8ixr,5) — 15 weakly in L*(0, T; L*(92)). (43)

We have to show 1z = £5(0¢xg) to finish the proof. This will be achieved by exploiting maximal
monotonicity of the graph &g (also known as Minty’s trick). At first we observe that due to
the monotonicity of £z viewed as an operator from L?(0,T; L?(£2)) to L*(0,T; L*(2))’ one has

<€/8(8tXT,,3) - éﬁ(v)7 atXT,B - U>L2(L2) >0
for all functions v € L?(0,T; L?(R)). In order to pass to the limit 7 | 0 it remains to show

lim Sup (€8(00X7,8): OeXr,8) 1212y < (718, O0XB) 12129 (44)

Testing equation (12b) with O;x, g and integrating over € x (0,T) in space and time and pass-
ing 7 | 0 by using weak lower-semicontinuity properties for the [[ [0:xr5]*- and [[ |Vexr.5|*
term, we obtain

T
liminf/ /—5,3(8t)(7”3)8tx775dxds
710 0 Q

T T
> lim inf/ / 10ex+ 6] dz ds + lim inf/ / |V Oxrp|* dz ds
710 0 Q 70 0 Q

T
+lrif8/ / VX: 3 VOixspdrds

‘Him/ / < ¢t (Xrp) + ca(x, ))Cf‘?( 5) 1 €(Urp) +f/(XT,g)> Orxrpdxds

70

T
2/ / ]8tX5\2+\V8tX5]2> d:cds—i—/ /Vxﬁ‘vatxfgd:cds
0o Ja
/ / c(x5)Ce(up) : € (%Hf’(xa))@mdxds

= /0 /Q <6tX6 —Axpg — Adixp + %c'(Xﬁ)Ce(u[g) te(ug) + f'(xg)) Oixpdrds.  (45)

Note that we also get

S (03)Celutg)  lug) + F/(xg) e, in 9 x (0,7)

by performing a limit passage 7 | 0 in (12b) after testing with a function, integrating and
using the already known convergence properties (41a)-(41k) and (43). In combination with
(45) and multiplying by —1, we find the desired limsup-estimate (44). Thus

<775 —&(v), Oixp — U>L2(L2) >0 (46)

for all functions v € L?*(0,T; L*(Q)). By maximal monotonicity of {5 = 0l viewed as an
operator L?(0,T; L?(Q)) — L%(0,T; L*(2))’, we find ng = £5(drxs)-

—ng = Oxp — Axp — Adixs +
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To (ii): Since the a priori estimates in Lemma 2.9 are also independent of 3, we obtain an
analogous result for the limit case 3 | 0.

It remains to establish (42h). Convexity of I5 viewed as a functional L?(0,T;L?*(Q)) — R

implies

I5(ixs) + (65(0exa), v — OexB) 212y < I8(v) (47)
for all functions v € L?(0,T; L?(€2)). With the same arguments as in (i) we obtain the limsup-
estimate

11Hﬁ1foup <fﬁ(3tXﬁ),atXﬁ>L2(L2) < (n, atX>L2(L2)’

where 7 is a cluster point of {9;x3}ge(0,1) in the weak topology of L*(0,T; L*(£2)).

Now let v € L%(0,T; L*(Q)) with v < 0 a.e. in Q2 x (0,7 be arbitrary. By using I5(v) = 0 and
I5(0¢xp) > 0, we obtain from (47) after passing to 8 | 0 for a subsequence

<17, v— 8tx>L2(L2) <0. (48)
We also infer from (47) the following boundedness with respect to f3:
I(0xp) < C.

For the limit 8 | 0 we thus obtain

Orx <0 a.e. in Qx (0,7). (49)
Estimate (48) together with (49) yields n € 0l 1,12 (0))(O¢x) with the indicator function
T2 () L2(0,T; L(2)) — RU {400} and L2 (Q) := {v € L?>(Q) |v < 0 a.e.}.
We end up with n € 9I(_ g)(0rx) a.e. in Q x (0,T). O

Theorem 2.11 Let the Assumptions (A1)-(A4) be satisfied and the data (u®,v°,x%,b,¢) from (17)
and (18) be given. The following statements are true:

(i) Regularized case (B > 0): There exists a strong global-in-time solution (ug, xg) in the sense of
Definition 2.5 (ii) which satisfies (13).

(ii) Limit case (B =0): There exists a strong global-in-time solution (u,x) in the sense of Defini-
tion 2.5 (i). which satisfies (13).
Proof.

To (i): By multiplying the systems (12a), (12b), (12¢) and (12d) with test-functions, integrating
over space and time, we may pass to the limit 7 | 0 for fixed 8 > 0 by utilizing Lemma 2.8 and
Lemma 2.10 (i) and standard convergence arguments. Then, switching back to an (z,?)-a.e.
formulation, we obtain a strong solution of system (1)-(3).

To (ii): The transition 5 | 0 can be conducted as in (i) by utilizing Lemma 2.10 (ii). O
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2.4 Continuous dependence on the data

We are going to show continuous dependence on the data of the strong solutions of the PDE system
given in Definition 2.5 (i) and (ii).

Theorem 2.12 (Continuous dependence) Let the Assumptions (A1)-(A4) be satisfied. More-
over, assume that d = 1 in (A83) and one of the following condition:

B Let (u1,x1) and (ug, x2) be both strong solutions according to Definition 2.5 (ii) (for § > 0)
with data (ud,v9,xY,b1,01) and (u3,v9, XY, b2, £2).

B Let (u1,x1) and (ug,x2) be both strong solutions according to Definition 2.5 (i) (for 8 = 0)
with data (ud, v, x?,b1,01) and (u9, v, X3, b2, £2).

Then,

lur — w2l 0,7522)nm 0,781y + I — Xell a1

< C(HU? —udll g + [0 — w9l + [IXY — X3l + 104 — Callr2(0,722) + b1 — b2||L2(0,T;L2(F;R"))>a
(50)

where the constant C' > 0 continuously depends on

C = O (llu et Mzl I lles el )

Proof. For notational convenience, define

— R 0._,0 0
u = uy — u2, X ‘= X1 — X2 U~ = Uy — Uy,
o._,0 0 0._ .0 0 o
v = vy, X = X1 X2 b:= b1 — by,
=101 — 4.

Let t € [0,T] be arbitrary. Firstly, testing the damage equation (1b) for each solution with x;,
subtracting the resulting equations and integrating over Q x (0,t), we obtain

/Ot/Q (\Xt|2 +Vx VX + [Vxil? + %c’()@)(CE(ul) e(ur) — Ce(ug) : 5(U2))Xt) dzds

" /ot/g <%(C/(X1) — '(x2)) Ce(ug) : e(uz)x; + (f (x1) — f'(x2))x: + (&1 — §2)Xt) dz ds
- (51)
By assumption, we know

§i € Ol oo,01(Oexi), i = 1,2 if 8 =0,
& = I5(0xi), 1 =1,2 if 3> 0.

It follows from the monotonicity of 9I(_, g and I 23 (see Definition 2.3), respectively, that

(&1 —&)xy = (& —&)xa —x2): > 0.
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Th(?r(}f()r(i, by (51),

t
1
< —/ / ic’(xl)Cs(u) e(uy + ug)x, dz ds
0 Jo

=T
_/ / %(CI(Xl) — /(x2))Ce(uz) : e(u2)x; dw ds
0 JOQ
=T
_/ /(f’(xﬁ—f/(X?))Xtdde' (52)
0 JQ —
=13

By using Holder’s and Young’s inequalities as well as standard Sobolev embeddings, the Lipschitz
continuity of ¢’ (see (A2)) and the Lipschitz continuity of f’ (see (A3), we find

t

Ty < Clle(us + )| oz / e (un) | e o s

< Ol 200y + Cslle(@) 1720 412

t

Ty < O niplle () Zoe 0.0 /0 Izl o ds

< 5”Xt||%2(0,t;H1) + CSHXHQH(O,t;Hl)’

t

Ty < 1/ llin /O 2 ez ds

< 5”Xt||%2(0,t;L2) + CJ|IX\|%2(O¢;L2).

Applying the estimates for 77, T, and T3 to (52), we obtain
Il + 1922 < Co(In o + 30y + a0 ) + 015 B oy (59

Secondly, we test each of the corresponding elasticity equations (1a) for u; and ug with w; and
obtain by subtraction and integration over Q x (0, t):

/0 /Q (uttut +c(x1)Ce(u) : e(uy) + (c(x1) — c(x2))Ce(uz) : e(us) + De(uy) : a(ut)> dzds

¢ t
:/ /b~utdxds+/ /E-utdxds.
o Jr 0 Ja

This implies

1 1
Sl (O3 = S 10°)132 + nlle(wo) 22 0 02,

< _/Ot/ﬂc(xl)Cs(u) :5(ut)dxds_/ot/ﬂ(c(><1) — c(x2))Cel(ug) : e(uy) da ds
=T,

4 =T5
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t t
—I-/ /b-utdxds—i—/ /Z-utda}ds (54)
0 JT 0 Jo
=:Tg =T

Standard estimates yield

Ty < 8lle(ue)ll72(04:02) + Cslle(w) 720,12
< 5”'“7&”%2(0,1;;}11) + C(SH'U'H%?(O,t;Hl))

T5 < Cllx 20,08 le(u2) | oo L6y lle(we) | L2 (0,4 22)
< SlluelFoo gy + Collx| T2,

Ts < 6HutH%2(O,t;L2(F;R”)) + C5HbH2L2(O,t;L2(F;R"))
< Olluel|Z20,my + CsllblT2(0 122 mn))»

Tr < 0lluellFa(or2) + Coll€l 20 12)-

Applying the estimates Ty, T5, Ts and Tr to (54) shows
e ()72 + lle(ue)F20,1:12)
< Cs([l0°l72 + |7 +[Ix17 +1€ll7
=G5 L2 L2(0,t;H1) X L2(0,6HY) L2(0,t;L2)
+ Cs1bl1 20 ;2 ryrey) + Ol 0111 (55)
Adding (53) and (55), we obtain
e ) 220,02 + 16122 0.y + Il (B35 + 19X 22
< Ca(HUOH%2 X1+ Il T2 0,600y + 1l F20,6mr) + €17 200,22) + HbH%2(O,t;L2(F;R”)))

(el oy + 1% 12201 )- (56)

Now, adding HUH%Q(O )+ HUtH%z(o 1,r2) on both sides and using

t
Ix®)172 = lIx" +/0 x:(5) dsll72 < C(Ix N7z + IXill72(04:1.2))-

and Korn’s inequality
[wllm < C(wlf72 + [le(w)]72)

holding for all w € H'(Q;R"), the estimate (56) becomes

ol gy + e 0 arsy + e + IOl
< G5 (1012 + 1313 + I oy + 1l sz + Nl s
2 2 2 2
+ C&(W”m(o,t;m) + HbHL2(0,t;L2(F;Rn))> + 5(”“”}11(0,75;1{1) + ”XtHLQ(Qt;Hl))'

By choosing é > 0 small and noticing

t
ol < € (1l + [ Tl ds)
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we get

Falls oy + e 2 ogsrrry + e ()12 + (@I

< O (Il + 101 + 10 I + 18032 0 522 + 18120200
! 2 2 2
40 [ (Il + oy + el ) s
The claim follows by Gronwall’s lemma. ]

The continuous dependence result in Theorem 2.12 as well as the a priori estimates in Lemma

2.9 yield the following corollaries. For notational convenience we will make use of the spaces U and
X defined in Subsection 2.1 (see (10)).

Corollary 2.13 (Uniqueness) Strong solutions in the sense of Definition 2.5 (i) or (ii) with con-
stant viscosity D are unique to given initial-boundary data (u®,v°, X, b, /).

Corollary 2.14 (A priori estimates) A strong solution (u,x) € U x X for the system in Defi-
nition 2.5 (i) or (ii) with constant viscosity D and given data (u®,v°,x°,b,£) satisfies the a priori
estimates

Jullee < C, Ixllx <C, 1€l L2 (x (0,7)) < Cs

where the constant C' > 0 continuously depends on

C = C(Ilu’l g2 101 s X 25 100l 2o, /2 (o oy o522 0y 11l 22 (0,72)) -

3 Optimal control problem

In this section we establish the announced optimal control problem for the damage-elasticity system
(1)-(3). From now on, we assume for the viscosity tensor D = D, i.e. d = 1, in order to apply the
well-posedness result from the last section.

Let U, X and B be given as in Section 2.1. Our aim is to approximate with y prescribed damage
profiles by controlling the Neumann boundary data b € B for the stress tensor ¢ in (3b). The cost
functionals measures the deviation from the prescribed profiles at the final time or/and at all times
during the evolution in an L°°-norm. We make the following assumptions:

(O1) We assume that A\, Ao and Ay are given non-negative constants which do not all vanish.
(02) The target damage profiles are given by

Xq € L*(Q),  xr € L>(D).
(03) The admissible set of controls B,gy, C B is assumed to be non-empty, closed and bounded.

Remember that B := L?(0,T; H'/2(T;R™)) N H' (0, T; L*(T;R™)) (see Subsection 2.1).
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Remark 3.1 A typical choice for Bygm would be
Boam = {b € B | bpin < b < bpae a-e. in X and ||bl|p < M}7

where M € (0,00) denotes the maximal B-cost and byin, bmae € B the minimal and mazximal cost
functions satisfying bmin < bmas a.€. in 2.

We define the following tracking type objective functional

A A Ay
T06b) = 221 ~ xall o) + D)~ xrll i@y + 2l asimy 67)
where our overall optimization problem reads as
minimize J(x, b) over X X Bygm (P)
s.t. the PDE system in Definition 2.5 (i) is satisfied for an u € U. 0
Remark 3.2 Let us emphasize that we may also choose | - ||3o-terms instead of the || - || -terms

in the cost functional (57). The existence results presented in this section work for both cases.

We recall that the system (1)-(3) is an initial-boundary value problem, which admits by Theorem
2.11 and Corollary 2.13 for every (u®,v°, x°, b, ¢) satisfying (17) and (18) a unique solution (u,x) €
U x X in the sense of Definition 2.5 (i). Hence, the solution operator

Uy:7Z — O, (UO,UO,XO,b,E) = ('LL,X)
with

7= {(UO,UO,XO,E, b) | satisfying (17) and (18)},
O =UxX

is well-defined. Moreover, for fixed data (u”,v°, X", £) the control-to-state operator
So : Bagm — O, b (ua X)

is also well-defined, and the optimal control problem (FPp) is equivalent to minimizing the reduced
cost functional

3 () := T (Sop2(b), b)
over Bygm, where Syp denotes the second component of Sp, i.e. So = (50\17 50‘2).

For B € (0,1), let us denote by Sg the operator mapping the control b € Bggy, into the unique
solution (ug, xg) € O to the f-regularized problem in Definition 2.5 (ii).

Remark 3.3 In view of the continuous dependence result in Theorem 2.12 the operators Vo and Sy
are well-posed in a larger target space (W°°(0,T; L*(€; R™)NHY (0, T; HY(Q;R™))) x H(0, T; H(Q2)),
which contains the space O. This fact is important for the sensitivity analysis of these operators. But
i this section, we are interested only in existence of optimal controls, so this result is not needed.
The sensitivity analysis which also establishes the optimality conditions of first-order will be treated
n a forthcoming paper.
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3.1 Existence of optimal controls to (F,) via f-regularization

The following lemma is the basis for the main result in this section.

Lemma 3.4 We have the following continuity properties:

For a given sequence {bg}ge(,1) C B and b € B with

bg — b weakly in B as 510, (58)
it holds
S(bg) — So(b) weakly-star in O as B | 0, (59a)
Sp(bg) — Sy (D) weakly-star in O as B 1 0 for every n € (0,1), (59b)
So(bg) — So(b) weakly-star in O as B ] 0. (59c¢)

Proof. Let (ug, x3) = Sg(bg). Then, (ug, x3) is a solution to the S-regularized system in the sense
of Definition 2.5 (ii) with Neumann data bg. Since {bg} C B is bounded by (58), we obtain the a
priori estimates from Corollary 2.14. In particular,

Sg(bg) — (u, x) weakly-star in O as | 0 (for a subsequence).

for some (u,x) € O.

We see from the proof of Lemma 2.10 that the convergence properties in Lemma 2.10 (ii) hold for
a subsequence S | 0. By using these convergence properties as well as (58), we can pass to the limit
for a subsequence in the S-regularized PDE system (11a)-(11d) (cf. the proof of Theorem 2.11). We
obtain that (u,) satisfies the limit system in Definition 2.5 (i) to the Neumann data b. In other

words, So(b) = (u, x). By the uniqueness of solutions shown in Corollary 2.13, we see that Sg(bg)
convergences weakly-star to (u,y) for the whole sequence § | 0. Hence, (59a) is shown and (59b)
and (59c) follow with the same reasoning. O

Corollary 3.5 We also have the property
lin 7 (Sa2(8).b) = T (Soa(0),)
for all b € Bygm,.

Proof. Set bz := b and apply Lemma 3.4. In particular, (59a) implies
Spj2(b) = Spj2(b)  weakly-star in X" as 3 | 0.
Define x5 := Spj2(b) and x := Syj2(b). A standard compactness result shows (see [42])
Xp — X strongly in C'(Q)as 510

and the claim follows. ([
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Theorem 3.6 Suppose that Assumptions (A1)-(A4) as well as (0O1)-(083) are satisfied. Then the
optimal control problem (Py) admits a solution.

Before proving Theorem 3.6, we introduce a family of auxilliary optimal control problems (Pg3),
which are parametrized by 8 € (0,1). We define

minimize J(x, b) over X X Bugm } (Ps)
B

s.t. the f-regularized PDE system in Definition 2.5 (ii) is satisfied.

The following result guarantees the existence of an optimal control to (Pg).

Lemma 3.7 Suppose that the Assumptions (A1)-(A4) as well as (01)-(03) are fulfilled. Let B > 0
be given. Then the optimal control problem (Pg) admits a solution.

Proof. Let {0" }nen € Badn be a minimizing sequence for (Pg), and let (uj, xj3) = Sz(b"), n € N. By
the boundedness and closedness of Bugy, (see (03)), we find a function b € B,g,, and a subsequence
of {b"} (we omit the subscript) such that

" — b weakly in B as n 1 cc.

Lemma 3.4 yields

Sg(b") — Sg(b) weakly-star in O as n 1 oc.
Let (ug, X) := Sp(b). We particularly find

X5 = Sp2(b") — Spj2(b) =Xz  weakly-star in X" as n 1 oo.
A standard compact result reveals
X5 — X strongly in C°(Q) as n 1 oo.

It follows from the sequentially weak lower semicontinuity of the cost functional 7 that b is an
optimal control for (Pg), i.e. ~
T (X bs) < liminf 7 (5. b5).
nilroo

O

Proof of Theorem 3.6. By virtue of Lemma 3.7, for any 5 € (0,1), we may pick an optimality
pair
(Xﬂvbﬁ) € X x Badm

for the optimal control problem (Pg). Obviously, we have (ug,xs) = Sg(bs), B € (0,1). By the

assumption (O3) and Lemma 3.4, we find functions (@,x) € O and b € Bugy, with So(b) = (u,Y)
such that

(ug, x8) = (@, X) weakly-star in O, (60a)
bg — b weakly in B (60b)

as B ] 0 (for a subsequence).
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It remains to show that (,b) is in fact an optimality pair of (Fy). To this end, let b € Bygn, be
arbitrary. In view of the convergence properties (60) and the sequentially weak lower semicontinuity
of the cost functional, we have

J (X, b) < liminf J(xg,bg) = liminf J(Sg5(bg), bg).
(X, b) b (xs,0s) b (Spj2(bs), bs)
By using the optimality property of (Pg), we obtain
lim inf J(Sgia(bs), bs) < liminf J(Sgo(b), b).
im inf 7 (S12(bs), bg) < ling inf T (S12(6). )

Finally, the convergence property in Corollary 3.5 shows

i nf (S5 (8),) = 7 (S0p6), 1)
In conclusion, we have proven 7 (So2(b),b) < J(Sop2(b), b). O

Remark 3.8 Theorem 3.6 can also be shown in the spirit of Lemma 3.7. However, the proof pre-
sented via convergence of B-approximations might be of interest in view of the implementation of
optimality systems.

3.2 An adapted optimal control problem to (Fp)

Theorem 3.6 does not yield any information on whether every solution to the optimal control
problem (Fp) can be approximated by a sequence of solutions to the problem (Pg). As already
announced in the introduction, we are not able to prove such a general “global” result because of
the lack of uniqueness of optimizers. Hence we cannot guarantee that the weak limit of the sequence
of optimizers to problem (Pg) converges always to the same optimizer of (Fp). Instead, we can only
give an answer for every individual optimizer of (Fy), which is the reason why this solution is called
a “local” result (see also Remark 3.11). For this purpose, we employ a trick due to |2, Section 5 -
Proof of Theorem 1].

To this end, let ((w,X),b) € O X Buim, where (u,x) = So(b), be an arbitrary but fixed solution to
(Py). We associate with this solution the adapted cost functional

1 _
T (x:0) == T(x b) + 5 llb— blI% 2 (s )
and the corresponding adapted optimal control problem

minimize J (x,b) over X X Buim }

P
s.t. the p-regularized PDE system in Definition 2.5 (ii) is satisfied. (Fs)

With a proof that resembles that of Lemma 3.7 and needs no repetition here, we can show the
following result:

Lemma 3.9 Suppose that the Assumptions (A1)-(A4) as well as (01)-(03) are fulfilled. Let 8 €
(0,1) be given. Then, the optimal control problem (Pg) admits a solution.

We are now in the position to give a partial answer to the question raised above. More precisely, we
show the following theorem:
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Theorem 3.10 Let the Assumptions (A1)-(A4) and (O1)-(03) be satisfied. Suppose that (X,b) €
X X Baam 18 any fized solution to the optimal control problem (Py). Then, there exists a pair (XB,EB) €

X X Bugm solving the adapted problem (ﬁﬁ) such that j(%ﬂ,gg) — J(X,b) as B 1 0.
Proof. For every 8 € (0,1) we pick an optimal pair (yﬂ,gig) € X X Bygm for the adapted problem
(Pg). By the boundedness and closedness of Bygrm, (see (O3)), there exists a b € Bygy, satisfying
bs — b weakly in B as 3 0. (61)
Owing to Lemma 3.4 we find
(ug, Xs) = Sp(bg) = So(b) =: (u,x) weakly-star in O as | 0.

and, particularly,

X3 — X strongly in C%(Q) as B 0. (62)

We now aim to prove that b = b. Once this is shown, we can infer from the unique solvability of the
state system (see Theorem 2.12) that also (u, x) = (4, X).

Indeed, we have, owing to (61), (62), the sequentially weak lower semicontinuity of J , and the

optimality property of (X, b) for problem (F),
. . ~— T 1 2
hrgfonf J(Xp:03) = T (x,b) + §||b — b2 mmn)
SN | =
> T (%0) + 516 = BllZ2(zyzn)- (63)
On the other hand, the optimality property of (Yﬁ,gﬁ) for problem (ﬁﬁ) yields that
T (Xs,b8) = T (Spp2(bs), bg) < T (Spp(b), ).
Whence, taking the limes superior as 8 | 0 on both sides and invoking Corollary 3.5, we find
limsup 7 (. 53) < 7 (So2(5)-5) = T (%.B) = T (%.B). (64)
We obtain by combining (63) and (64)
1 _
§Hb - bH%Q(E;R”) =0.

Thus b = b and, consequently, (u,x) = (%,%) by Theorem 2.12.
Finally, by using b = b in (63) and (64), we end up with limg|g j(yﬁ,ég) = J(x,b). O

Remark 3.11 As we have seen in Theorem 3.6, every weakly convergent subsequence of minimizers
of (Pg) converges to a minimizer of (Py). However, since the problem (Py) might not be uniquely
solvable different subsequences of minimizers of (Pg) might converge to different minimizers of (Pp).
By considering the adapted control problem (]55), we force the minimizers of (f’ﬁ) to converge to
the desired minimizer of (Py) as shown in Theorem 3.10. For further details to non-convex optimal
control problems we refer to [2].
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