-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Publications Server of the Weierstrass Institute for Applied Analysis and Stochastics

Welerstral3-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 — 8633

Scattering of time-harmonic electromagnetic plane waves b y

perfectly conducting diffraction gratings

Guanghui Hu, Andreas Rathsfeld

submitted: March 16, 2012

Weierstrass Institute

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: guanghui.hu@wias-berlin.de
andreas.rathsfeld@wias-berlin.de

No. 1694
Berlin 2012

I\
Sl

-

2010 Mathematics Subject Classification. 78A45, 35J20, 35R30, 78A46.

Key words and phrases. Electromagnetic scattering, diffraction gratings, variational approach, mortar technique,
non-unigueness.

The authors would like to thank their colleague J. Elschner for pointing out the research articles [15, 21] which
stimulate this paper. The first author gratefully acknowledges the support by the German Research Foundation
(DFG) under Grant No. EL 584/1-2.


https://core.ac.uk/display/289299727?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Edited by

WeierstraR-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstraf3e 39

10117 Berlin

Germany

Fax: +49 30 2044975

E-Mail: preprint @v as- berlin.de

World Wide Web: http://ww. wi as- berlin. de/



Abstract

Consider scattering of time-harmonic electromagnetic plane waves by a doubly peri-
odic surface in R3. The medium above the surface is supposed to be homogeneous and
isotropic with a constant dielectric coefficient, while below is a perfectly conducting mate-
rial. This paper is concerned with the existence of quasiperiodic solutions for any frequency
of incidence. Based on an equivalent variational formulation established by the mortar
technique of Nitsche, we verify the existence of solutions for a broad class of incident
waves including plane waves, under the assumption that the grating profile is a Lipschitz
biperiodic surface. Our solvability result covers the resonance case where a Rayleigh fre-
quency is allowed. Non-uniqueness examples are also presented in the resonance case
and the TE or TM polarization case for classical gratings.

1 Introduction

Consider a time-harmonic electromagnetic plane wave incident from above to a biperiodic sur-
face T in R3. Here a biperiodic (or doubly periodic) surface means a continuous surface which
is A1-periodic in 1, Ay-periodic in x5 and bounded in 3. Trlis biperiodic surface divides R3
into two regions. The dielectric coefficient in the upper region (2 is supposed to be a fixed posi-
tive constant, while the medium below Tisa perfect conductor. Such structures are also called
crossed diffraction gratings in the engineering and physics literature. They have many important
applications in micro optics and semiconductor industry. This paper is concerned with a new
existence result for the scattering problem for fixed incident frequency w € R™.

There are many references on the scattering of electromagnetic waves by general inhomoge-
neous diffraction gratings in R3. First rigorous results on existence and uniqueness are ob-
tained by Chen & Friedman [8], Nédélec & Starling [23] using integral equation methods. In
[1], Abboud introduces a variational formulation in a truncated periodic cell involving a nonlocal
boundary (Dirichlet-to-Neumann) operator for a transparent boundary condition. This variational
problem is of saddle point type and the existence and uniqueness follow from the Fredholm al-
ternative. In the case of a constant magnetic permeability in R?, Abboud'’s arguments have been
adapted to isotropic biperiodic inhomogeneous medium by Dobson [10], Bao [5], Bao and Dob-
son [4], Schmidt [27] and to anisotropic optical materials by Schmidt [26], with new variational
formulations that only involve the magnetic field. These variational formulations are proved to
be strongly elliptic over a certain quasiperiodic Sobolev space and appear to be well adapted
for the analytic and numerical treatment of quite general diffraction structures. It is proved that
for all but possibly a discrete set of frequencies accumulating at infinity there always exists a
unique quasiperiodic solution of locally finite energy. Moreover, uniqueness for any frequency
can be guaranteed if an absorbing (lossy) material is included into the grating (see [18, 26]) or



a non-absorbing (lossless) inhomogeneous material satisfies a certain non-trap condition (see
[6] in the cases of TE and TM polarizations).

The existence and uniqueness results mentioned above apply to our scattering problem, since
they are already implicitly contained in Abboud [1] and Ammari [2]. Some researchers seem
to believe that the quasiperiodic solution in Hloc(curl , Q) is unique for all frequencies, pro-
vided the perfectly grating profile is given by the graph of a C2-smooth periodic function and the
Rayleigh frequencies are excluded. However, in this paper we will present a counterexample
(see example 2.5 in Section 2) to show that uniqueness does not hold. This counterexample is
constructed in the TM polarization case, where the perfectly conducting boundary value prob-
lem of the curl- curl equation is reduced to the Neumann boundary value problem of the two-
dimensional scalar Helmholtz equation. This reduction enables us to construct non-uniqueness
examples to the Maxwell system, relying on the existence of non-trivial solutions for the re-
duced homogeneous Neumann problem established in [21]. Non-uniqueness examples in the
resonance or non-graph case are also presented in this paper.

Since a grating profile is a special case of a rough surface, these non-uniqueness examples
reported in Section 2 can be also viewed as counterexamples to the electromagnetic scattering
by perfectly conducting rough surfaces. Concerning the variational approach applied to electro-
magnetic rough surface scattering problems modeled by the full Maxwell system, we refer to the
recent publications by Li, Wu & Zheng [20] where existence and uniqueness is established for
an incident magnetic or electric dipole in a lossy medium, and to Haddar & Lechleiter [16] in the
more challenging case of a penetrable dielectric layer. As far as we know, the well-posedness
of electromagnetic scattering by perfectly conducting rough surfaces or biperiodic structures in
a homogeneous non-absorbing (lossless) medium is still an open problem.

Our aim of this paper is to prove the following existence result to the scattering problem: for any
fixed incident wavenumber & > 0 there always exists a quasiperiodic solution in Hj,.(curl , €2)
for a broad class of incident waves including plane waves, whenever the grating profile is a Lips-
chitz biperiodic surface. This result is rather general, because the grating profile is not necessar-
ily the graph of a smooth periodic function and a Rayleigh frequency is allowed. The non-graph
gratings have many practical applications in diffractive optics and in optimal design of compli-
cated grating structures. As an example, we mention the binary gratings which are composed
of only a finite number of horizontal and vertical segments (see e.g. [12]). Note further that
Rayleigh frequencies are always excluded in many references on electromagnetic scattering by
biperiodic structures. This is mainly due either to the definition of the quasiperiodic fundamen-
tal solution to the Helmholtz equation needed in integral equation methods ([8, 23] ) or to the
explicit formula for the Dirichlet-to-Neumann map of the transparent boundary condition (see
e.g. [2, 10, 4] or (2.8) below). Note that both, the quasiperiodic fundamental solution and the
Dirichlet-to-Neumann map, are well defined only if Rayleigh frequencies are excluded.

To prove the existence of quasiperiodic solutions in Hloc(curl , S~2) for any frequency, we need
a replacement of the Dirichlet-to-Neumann (D-to-N) map imposed on the artificial boundary
f’b above the grating surface. Motivated by the variational formulations proposed in [19, 25]
using the mortar technique combined with Nitsche’'s method (see Nitsche [24] and Sternberg
[28]), we employ a consistent coupling of the electric field £/ below fb and the scattered field
E™ above fb. This way the necessary transmission conditions are fulfilled on f’b so that F



belongs to Hy,.(curl, (~2) Combined with the Rayleigh series expansion for £, this coupling
enables us to establish an equivalent variational formulation for the pair (£, E™). We show the
Fredholmness of the operator generated by the corresponding sesquilinear form, and then prove
the existence of quasiperiodic solutions for any frequency by applying the Fredholm theory.

This paper provides a theoretical justification of the modified Nitsche’s method applied to elec-
tromagnetic scattering problems for periodic structures. It is expected that our argument can
be extended to more general inhomogeneous diffraction gratings as considered in [19, 25].
Since the D-to-N map is not involved in our variational formulation, the approximation of the
transparent boundary operator employed in [5] can be avoided. Finally, note that the presented
variational approach could be a basis for the numerical analysis of an FEM method (cf. [22]).

The remaining part is organized as follows. The boundary value problem (BVP) and the needed
Sobolev spaces are rigorously defined in Section 2. Our main result Theorem 2.1 on the ex-
istence of solutions and some non-uniqueness examples are also presented in this section.
In Section 3, we propose a variational formulation based on the method of Nitsche and prove
its equivalence to (BVP). The Fredholmness of the operator generated by the corresponding
sesquilinear form will be established in Section 4. Finally we prove our main Theorem 2.1 in
Section 5 by applying the Fredholm alternative.

2 Mathematical formulations and non-uniqueness examples

Consider the scattering of an electromagnetic plane wave by a perfectly conducting grating pro-
file in an isotropic homogeneous lossless medium. Recall that the symbol [ denotes the grating
profile which is (A1, Ay)-periodic in (x1, z2) and that {2 denotes the region above [. Suppose
that a time-harmonic incident electromagnetic plane wave £ (time dependence e =) given

by
E™ := qexp(ikx - é) = gexp (z(x' S — ﬁxg)), =1 (2.1)

is incident to the grating from above. Here k := w,/€eu is the positive wavenumber in terms
of the angular frequency w, the electric permittivity € and the magnetic permeability /1, which
are assumed to be positive constants everywhere in ). The symbol & denotes the direction of
incidence

~

0 = (sin6 cosbs,sin b, sin by, — cos Ql)TE S?,
S* = {x = (z1,20,73)" €R®: ||z|| = 1}
with the incident angles #; € [0,7/2),6, € [0, 2m). Throughout the paper, the symbol (-)"

denotes the transpose of a row vector in C? or C3. In (2.1), the vector ¢ = (q1, o, Q3)T €S?
stands for the direction of polarization satisfying ¢_ ¢, and

2= (21, 22) €R?, a=(ay, ag)" :=k(sin 0; cos Oy, sin ) sin 6,)' €R?, B:=k cos ;.

Since the substrate below T is a perfect conductor, the total electric field £, which can be
decomposed as the sum of the incident field £*" and the scattered field £*¢, satisfies the



following boundary condition in a weak sense (see e.g. [7])
vXE =0 on f’, (2.2)

where v = (v, 1, 1/3)T € S? is the unit normal on T’ pointing into the exterior of Q. The total
electric field £ fulfills the reduced time-harmonic curl- curl equation

curlcurl E — k*E =0 in Q. (2.3)
Since the grating profile is biperiodic, we require E to be a-quasiperiodic in the sense that

E(xy + Ay, w9, 3) = exp(ihon)E(xy, @0, 23), (21,29, 73)" € 9, (2.4)
E(l’l,I'Q + A2,.§L’3) = eXp(iAQ()éQ)E(l’l,.TQ,.T3), ($1,.T2,.T3)T c ﬁ

We also impose a radiation condition in the xg-direction by assuming that the scattered field
E%¢is composed of bounded outgoing plane waves:

E*(x Z E, exp ( (- +6nx3)> for 23> T e :=max{xs}, E, L (o, B, (2.5)

I
nez? re

where ay, 1= (as), @ )T €R2, with oz,(f)—oz] +27mn;/A;, 7 =1,2forn = (ny,ny) " €72,

and
VE? = |an)?  if o] <k,
i/ |anl? — k% if|ag| > k.

For the constant coefficient vector E,, = (EY(LU, EY EY )T € C3, therelation E,, | (v, B) "

means that Eél)agl) + E}?hﬁ?’ + ET(L?’ B, = 0. The series in (2.5), which is also referred to
as the Rayleigh series expansion, is the radiation condition we are going to use in the following
sections. The constant vectors F,, are called the Rayleigh coefficients. Since [3,, are real-valued
only for the finitely many indices n from the set {n € Z? : |a,| < k*}, we observe that only
a finite number of plane waves in (2.5) propagate into the far field, while the remaining part
consists of evanescent (or surface) waves decaying exponentially as z3 — -+00. Thus, the
above expansion converges uniformly with all derivatives in the half plane {z3 > a} for any
a> 1

Bn = Bn(kaa) = {

It is assumed throughout this paper that the grating profile Lisa Lipschitz biperiodic surface in
R3, which is not necessarily the graph of a biperiodic function. Since the unbounded domain €2
is (Al, Az)-periodic in 2’ and the incident and scattered fields are both quasiperiodic, we can
reduce the scattering problem to a single periodic cell {). To this end, we introduce the following
notation:

.= {($1,$2,$3)T el:0<m <A j= 1’2}’
1,72, 73)" €Q: 0<37]<A173_12}

2= {(

{1’1,37271’3 1’3:(9}7
pi={(

=1

1,l‘2,[[’3 GTI, 0<$]<A], :1,2},

x € x3<b}
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for some b with b > Fmax We next introduce some scalar and vector valued a- quaS|per|od|c
Sobolev spaces. Let H® (Fb) be the complex valued L?-based Sobolev spaces of order s in IS
Write

Hie(ewl, ) = {G:xGwl (xG) € L), ¥y € Cg(RY) |,
Hi([y) = {GixG e H'(Ty) vx € (D)},
HipooDy) 1= {G € Hpo (D) ey G =0}, = (0,0,1)T,
HpooDiv Ty) = {G:G € Hipo D), DivG € Hiy (T},
Hioe(Curl, Ty) = {G1 G € Hyyp(1y), CurlG € Hyy (1) },

and

H(curl, Q Gla, : G € Hjpe(curl, Q), Gis oz-quasiperiodic},

(I)N/ Fb

)= A

H}(T,) = {G|pb G € H;loc(fb):S, Gis a-quasiperiodic},
) {G|pb G € H;,.(Div, )3, Gis a-quasiperiodic},
)

H3(Curl,Ty) = {G|pb:Ger

Jloc

(Curl, fb)?’, Gis oz-quasiperiodic},

where Div (-) and Curl (-) stand for the surface divergence and the surface scalar rotational
operators, respectively. Note that, for E(z') € H(I'y), s € R, we have the Fourier series
expansion

with
A1 pAs
E, = (A1As)” / / ") exp(—iay, - ')dzdzs.

Then, the spaces H;(T'y), H(Div,T',) and H;(Curl,T',) can be equipped with the following
equivalent Sobolev norms

1/2
Hy(Ty) = ZIEn\Q(H\anIz)S) ,

2

nez?

1/2

B[z iv,ry) = Z(1+|Oén\2)s(\En|2+\En'Oén\2)> ,
nez?

1/2

IE||#pcunry) = Z(1+|Oén\2)s(\En|2+\En><Oén\2)> :
nez?



Recall that the space dual to H}(curl, T'y) w.r.t. the L2-scalar product is
Hf(Div,T) = H; 5 Y(Curl, Ty),

and that, for s = —1/2,
Ht_l/Q(DiV,Fb) = {63><E|Fb HONS H(Curl,Qb)},

H[l/Q(Curl,Tb) = {(63><E|Fb)><63 IR H(Curl’Qb)}'

Further, the trace mappings from H (curl, {2;) to the tangential spaces Ht_l/Z(Div ,['y) and

Ht_l/2 (Curl, I'y) are continuous and surjective (see [7, 22] and the references there). Finally,
define our variational space

X =X, = {E 1y = C*: E € H(curl,Qy), vx By = o}

endowed with the norm
1/2
1B]x = 1Bl e ) = (I1E|E2qg,0 + leurd Blfag,)

The boundary value problem for our scattering problem can be stated as follows. Let the grating
profile I" and the number b > T',,,,.. be fixed.

(BVP): Given an incident electric field £, determine the total field £ = E™ + ¢ € X such
that F satisfies the curl- curl equation (2.3) over €2, in a distributional sense and that
E*¢ admits a Rayleigh expansion (2.5) valid for any I',,,,. < < D.

Note that any F*¢ satisfying (2.5) in the strip I',,,.. < © < b can be extended to the upper half
space by (2.5) (see Remark 3.4 in Section 3 ). Below is our main result to (BVP) for a broad
class of incident waves.

Theorem 2.1. Assume that the incident electric wave takes the form

En, = Z Q, exp (an s — an;),), (2.6)

n:Bn>0

where Q,, € C? satisfies ), L (v, —3,) . Then the problem (BVP) admits at least one so-
lution for any k& € R™. Moreover, the part of the solution reflected into the upper half space is
unique, i.e., the Rayleigh coefficients of the plane wave modes propagating into the upper half
space (namely, those with 3,, > 0) are unique.

Note that £ of (2.1) is of the form (2.6), where @, = ¢ forn = (0,0)" and Q,, = (0,0,0) "
else. We do not exclude "resonances" in Theorem 2.1, that is, the set defined by

T:= {n c7?: Bp(k,a) = 0}

is allowed to be nonempty. An incident angular frequency w with T # () is called Rayleigh
frequency. Note that the set of Rayleigh frequencies depends on A; and A, but not on the
shape of I".



Remark 2.2. It seems to be known that, for all wavenumbers except those from a sequence
kj € R* k; — o0, the problem (BVP) admits a unique solution. To see this, one may
consider the variational formulation

Ty

/ [cwlE-curlp — k’E -] dz — | R(esx E) - (e3xp)ds
Qp
= / [(curl E™)r — R(e3x E™)] - (e3xP)ds (2.7)
Iy

forall ¢ € X, where (-)7 := vx(+)|p, xv,and R : Ht_l/Q(Div,Fb) — Ht_l/Z(Curl,Fb)
is the Dirichlet-to-Neumann map defined by

(RE)(z') = — Z % [k:QEn — (auy, - En)an} exp(iay, - '), (2.8)

n€z2

for E(z/) = I E, exp(icy - 2') € H,*(Div,T}); see [1, 2]. Note that the operator R
maps e3 X £°¢ to (curl £°¢)7 on ', and that Rayleigh frequencies must be excluded in (2.8).
An alternative Dirichlet-to-Neumann operator for the magnetic field is given in [4, 5, 10].

It is seen from Lemma 6.1 in Section 6 that the variational formulation is uniquely solvable for
all frequencies k € (0, ko] with kg > 0 being sufficiently small. This combined with the analytic
Fredholm theory (see e.g. [9, Theorem 8.26] or [14, Theorem 1.5.1]) leads to the existence and
uniqueness for all k € R\ D, where D D T is a discrete set with the only accumulating point
at infinity. Since such a solvability result is contained in many references on diffraction gratings,
we skip the details and refer to [26, 11, 12] for the applications of the analytic Fredholm theory in
periodic structures. However, it follows from the examples below that the uniqueness to (BVP)
does not hold in general, even if I is a smooth graph and Rayleigh frequencies are excluded.

The proof of Theorem 2.1 will be carried out in Section 5 using an equivalent formulation which
covers the resonance case. Next we present some non-uniqgueness examples to (BVP) by con-
structing non-trivial solutions to the homogeneous scattering problem (£ = 0). Now suppose
that the periodicities A, and A, are fixed for the remainder of this paper.

Example 2.3. For any fixed Rayleigh frequency w, there exists a biperiodic surface T such that
the solutions to (BVP) are non-unique.
Indeed, the grating profile defined by [= {x3 = 0} is such an example. Set
E*(z) = e3 Z C, exp(iay, -z), C,eC.
n:Bn=0

Then E*¢is a-quasiperiodic and satisfies the curl- curl equation (2.3), the Rayleigh expansion
condition (2.5) as well as the boundary condition (2.2).

In the following examples, the branch of the square root is chosen such that its imaginary part
is non-negative, i.e., /a = iy/—aifa < 0.



Example 2.4. There exists a non-Rayleigh frequency w and a non-graph grating profile [ such
that the solutions to (BVP) are non-unique.

Restrict the search for examples to gratings which remain invariant in xo direction. We seek a
special solution of the form E*¢(z) = (0, u**(z1,x3),0) ", where the scalar function 1 fulfills

(A + k) usc=0 in@o:zﬁﬂ{:@:O}, u*=0 on fm{x2:0}7

use :aneZ,m:OC"l exp (z[ gll)xl + (]{;2_ ‘()47(11) |2)1/2;(;3]> , (21, x3)T = (20, 23> hax,
with C,,, € C. Recall thatn = (ny,n,)" € Z* and ¥ denotes the j-th component of i, €
R?, 7 = 1,2. In fact, the previous Dirichlet boundary value problem is the TE polarization of
(BVP). Non-trivial solutions to the above problem do exist for the A;-periodic non-graph grating
profile constructed in [15] with A = 2. Thus, the solution £*¢, which is independent of x5 and
transversal to the (1, x3)-plane, is an a-quasiperiodic solution to the homogeneous scattering
problem (BVP) with v = (g, 0).

Example 2.5. There exists a non-Rayleigh frequency w and a grating r represented as the
graph of a profile function such that the solutions to (BVP) are non-unigue.

Again restrict to gratings invariant in o direction and consider gratings such that rn {zy =0}
can be represented as a smooth function z3 = f(:cl) of period A; = 27. We seek a special
magnetic field H*¢ of the form

1
H*(x) = Ecurl E*(z) = (0,u*(xq, 3),0).

Since H* should satisfy the curl-curl equation (2.3) in Q) with the boundary condition v X
curl H%¢ = 0on I', we only need to find a non-trivial scalar function ©*¢ such that

(A +EHu=0 in x3> f(r), W =0 on x3= f(z1),
usc:EmeZ,ng:O C”l exXp (Z[Oégll)xl_'_ V k2 — |a$b1)‘2 .’173]), Cnle(ca T3> maXy, f(x1)7

where n € R? denotes the normal to the one-dimensional curve x3 = f(x;) in the (a1, z3)-
plane. This case is just the TM polarization of (BVP). It follows from [21] that exponentially
decaying solutions (surface waves) to the above Neumann boundary value problem exist for a
broad class of grating profiles that are given by the graphs of smooth functions. Thus, we obtain
a TM polarized solution H *¢ which is transversal to the (1, x3)-plane, and have constructed a
non-trivial solution

1
E*(z) = —%CUIIHSC(SL’)
i
1
= 7 g Ch, (\/ k2 — \ag)P, 0, —afﬁ)T exp (i[ag)xl—i-\/ k2 — \a%1)|2:c3]>
n1€Z,n2=0

to the homogenous problem of (BVP).



Note that the last two examples in the non-resonance case are obtained only if the grating
surface T remains constant in ZIo-direction. Similar non-trivial solutions can be constructed for
biperiodic structures only varying in xz;-direction. However, we do not have a corresponding
example for the diffraction gratings that vary in two orthogonal directions. It remains an inter-
esting question that under what kind of geometry conditions imposed on I the unigueness to
(BVP) holds. Although there is no uniqueness in the general case, we can prove the existence of
solutions to (BVP) for any wavenumber & € R™. This will be done in the subsequent sections.

3 An equivalent variational formulation

The goal of this section is to propose a variational formulation equivalent to (BVP). We begin with
the fact that any column vector E,, € C? satisfying (a,, 3,,) " L E,, for some n=(n,ny) ' € Z>
can be represented as a linear combination of two vectors E,, 1, E,, » € C?:

En = Cn,O En,O + Cn,l En,la Cn,07 Cn,l S Ca

where
B, = | (a0l 0) /o] €87, it o] £0, )
" (0,1,0)7, else,
E c— lznl(anaﬂn) XEn,OZ(_agll)ﬁnv _an)ﬁna |O‘n| )T/hna if |an|7é0 3.10
n,l - ( )
(=1,0,0)", else,

with A, = | |\/|cn|? + |B.]2. Obviously, it holds that (au,, 8,)" L Eny, [Enyl = 1 for
[ = 0,1,n € Z2. One can observe further that E,. € S%if B, € R, and that E,1 = esif
B, = 0. The above decomposition of F,, allows us to rewrite the Rayleigh expansion (2.5) as

E*(x Z Chy Uny(z), Upy = EnleXp< [, - @ +5n5€3]) C,,€C (3.11)

n€zZ21=1,2

for 3 > I',,,.. (see also [25, Section 2.5]). Define the layer Q;r above I';, of height one by (see
Figure 1)

Qf = {x€R3:O<xj<Aj,j:1,2, b<x3<b+1},
and the Sobolev spaces Y] by

Yl::{UEH(curl Q+ ZCnlUnl ,C’nleC}, [=0,1.

nez?

Then we see that the function £ () := ESC|Qb+ belongs to the space Y := Y{ & Y7, and any

function in Y can be analytically extended to the whole half-space {z3 > I[',,.x}. Hence, the
following problem is equivalent to (BVP):



€£3
Fpiq

®
=%

Ty

Qb

N

Figure 1: The geometry of the scattering problem.

(BVP’): Given an incident electric field £, find (F, ET) € H := X xY such that F satisfies
the curl-curl equation (2.3) in a distributional sense and the transmission conditions

esx(E—E™—EY)=0, esxcurl(E—E™—FE")=0 on T} (3.12)

Motivated by the arguments in [25, Section 3.2] and the variational formulation in [19], we pro-
pose a new variational formulation that is equivalent to (BVP’). For (E, E™), (V, V') € H,
define the sesquilinear form a(-, -) : HxH — C by

o((B,E), (V,V))

{cwrl E - curlV — K*E -V} da — / curl ET - e3x Vds

Iy

+/63><(E—E+)-curlv+ds
r

b

+772/ esx (E—ET) - (e3xU,y) dS/@gX(V—V+) - (e3x U, 0)ds, (3.13)

neY Iy
where 17 > ( is a constant factor for mortaring and is normally chosen as a multiple of the
reciprocal mesh size (see [19]). Our variational formulation is to find (E, E™) € H such that

a((E, EN), (V, v+)> - —a((o,Em), v, V+)) foral (V,V*) e H.  (3.14)

Note that terms like be curl ET -e3xV ds are bounded. Indeed, since £ is the solution of the
curl-curl equation, we get curl E* € H(curl, ;) and (curl E¥)|p, € H~Y2(Curl , T}).
Further, note

that the third term on the right-hand side of (3.13) has the opposite sign than the corresponding
term in [19]. Moreover, the integrals with factor 7 in (3.13) correspond to the following term
involved in the variational equation established in [19]:

n/ e3x (B — E1)-e3x(V —V+)ds. (3.15)
Iy
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The expression (3.15) is not meaningful for general (E, ET), (V, V1) € H, since both v X
(E— E*")and vx(V — V) belong to Ht_l/Z(Div ,['y). Integrals like 7 be vXxu-vxuvdsin
the mortar approach make sense for finite element methods, where u© and v are finite element
functions and 7 tends to zero with the meshsize. The idea employed in [25] is to replace the
integral (3.15) by the Galerkin approximation

Z 77/ esx (E— E)-e3xU, ds / e3x (V —=V+).e3xU,,ds (3.16)
Pb Fb

n,l:n|2<N
Brn7#0or =0

+n Z / ez X (E — EJr) . Um(]dS / ez X (V — VJr) . Un,odS, 3.17)
Ty

with a sufficiently large number N > 0. It is also mentioned in [25] that the summation in (3.16)
and (3.17) can even be restricted to all n € Z2 with /3, = 0. In the present paper, we only use
the terms of (3.16) with 3, = 0, which are the last terms in (3.13).

To prove the equivalence of (3.14) and (BVP’), we need two lemmas.
Lemma3.1. (i) We have curlU,; = i(—1)' U, 1 \/ml_m K 1=0,1.
(i) It holds that
(—an /| ], 0) " explicy, - 2), if neY,l=0,

eBXUn,l|I‘b = (O,O,O)T, if neY,l=1,
(—1)! [(e3xUpi—1) X e3) (cos0,)*71, if ngT,

where cos 6, := B,//|6n|? + | ]?.

(iii) The following set is an L?-orthogonal basis of the space Ht_l/Z(Fb):
{63 XUpilr, :ng¢ Y, 1=1, 2} U {63 XUpnolr, : nET} U {Umo‘[‘b : nET}.

Proof. Lemma 3.1 (i) and (ii) can be proved directly using the definitions of U,, ; in (3.11). To
prove the third assertion, we define the set

o — {esxEpp,esxEy1}, if p, #0,
" {esx En o, Eno}, it B, =0,

with E,, ; € C3 given in (3.9) and (3.10). Then Lemma 3.1 (iii) simply follows from the definition
of H[l/Q(Fb) and the fact that I1,, is a basis of the set {a = (a;,as,0)" : a;,as € C} for any
n € Z2. O

In the following sections we make the convention that a summation over the index [ is always
from zero to one.
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Lemma 3.2. For any two absolutely convergent Rayleigh series expansion U and V' defined in
a neighborhood of I',, there holds

/ (curl U)p - e3x V ds = / es x U - (curl [V]mo)r ds,
Ty

Iy

where [-],,, is @ modification operator defined by

Z Cn,l Un,l = Z Cn,l Un,l + Z C1n,l Un,l-

n€ezz2,l mo I,n:Bn>0 I,n:Bn¢R

Proof. See [25, Lemma 3.1]. O

We are now going to prove

Lemma 3.3. The variational formulation (3.14) and the problem (BVP’) are equivalent.

Proof. (i) Assume that (E, ET) € H is a solution to (BVP’). Applying Green’s first vector
theorem to the region (2, gives

0 = {curl curl E — k*E} - Vdx
Qp

= /{curlE-cuer—k2E~V}dx—/ esxV -curl E ds
Q

T

forany VV € X. Note that the integral over I' vanishes due to the perfectly conducting boundary
condition ¥ x V' = 0 on I', and that the integrals over the vertical parts of 0€2;, cancel because
of the a-quasiperiodicity of V' and E' in €2;,. This implies that

/ {curl E - curl V — K*E - V}dx = / esxV-curl BEds, VV € X. (3.18)
Qp Iy

Making use of the identity (3.18) and the transmission conditions in (3.12), we derive from the
definition of the sesquilinear form a(+, -) that

a((E, E* + EM),(V, V+))

= / Curl(E—E+—Ei")-63des+/ 63><(E—E+—Em)-cuerJr ds
Ty

Iy

+nZ/ esx (E—ET—E™) - (e3 XUMO) ds / esxX (V=V+)-(e3 XUn,o) ds
Iy
— 0 (3.19)

forany (V, V") € H, i.e., the pair (E, E™) is a solution to (3.14).
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(i) Suppose that (E, E™) € His a solution to the variational formulation (3.14). Choose V' €
X with a compact support in the interior of €, (i.e. Supp(V') C Int {2},) and choose V™ = 0
inY . Then,

0= a((E, E* + E™),(V, 0)) = [ {ewlE culV — #E - V}de
Qp

= / (curl curl E — k*E) - Vdu. (3.20)
Q

This implies that curl curl E — k> E =0 in . It only remains to prove that & and £/ satisfy
the transmission conditions in (3.12).

Analogously to part (i), multiplying V' € X to the curl-curl equation curl curl £ — k> E =0 in
(), and then using integration by parts yields the identity (3.18). Combining this identity with the
variational formulation (3.14) gives rise to the equality (3.19) for all (V, V*) € H. By Lemma
3.1 (ii) and (iii), we consider the Fourier expansion

(E—E+ —Em)T = Z Cn7l(Un7l)T+Z [Cmo Umo + le es X Un,O onI'y. (3.21)

1,;ngY neY

It then suffices to prove that C,,; = O foralln € Z%,1 = 0, 1. Indeed, (E—ET—E™)7r =0
on T, together with (3.19) for all V' € X would lead to (curl (E—E*—E™))r = 0 on T.

Firstwe take V = 0and V't = U, ; for some n € T in (3.19). Applying Lemma 3.1 (i) to U,,
gives the identity curl V" = —ikU,, o, and then, using e3 X U,,; = 0 for n € T (see Lemma
3.1 (ii)), we derive from (3.19) that

/ e3 X (E — E+ — Eln) : Un,O ds=0 if neT. (322)
Ty

Together with (3.21), this implies that C,, ; = O forn € 1.
Next, inserting (3.22) into (3.19) with IV = 0 and using Lemma 3.2, we have

0 = / esx(E—ET — E™). curl V'ds
Ty

—n Z/ (E—ET —E™)p-Upng ds/ Vi - Upods
Iy r

neY

= / (E—E* —E™)p-Uppds / Vi - Upods (3.23)
I

forall V* € Y, where the quantity

[(E-E*-Em)m} == > CoUng+ Y CuUy onTy

mo
1,n:Br>0 l,n:fngR
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is obtained by firstly extending the series expansion (3.21) to a neighborhood of I, and then
applying the modification operator |[-],,, defined in Lemma 3.2. From Lemma 3.1 () and (ii), it
follows that on I'y,

{Curl [(E _Et— Em\pb)}mo}T

1-21
= Z i(—1)"™EC (Una—)r + Z (1)K Coy V] + 18al> ~ (Una—t)r

n,l:8n,>0 n,l:fn R
= Z —ikCy (cos 0,) % eg XUpi + Z ikle’n,l (Ba) 2 g XUp.- (3.24)
n,l:8n,>0 n,l:Bn¢R
Inserting (3.24) into (3.23) and choosing V' = n, for some n ¢ Y, we derive Crni = 0.
Analogously, the choice of V't = U, , for some n € Y leads to C), o = 0. The proof is thus
completed. 0

Remark 3.4. In the non-resonance case, i.e. T = (), the variational formulations (3.14) and
(2.7) are equivalent. In fact, if (£, E™) is a solution to the problem (3.14), then by Lemma 3.3,
the transmission conditions in (3.12) hold. Hence, we obtain

0 = a((B.EY+E"),(V,VY))
= / curl B - curl V — K*E - Vdz — / curl (BT + E™) - e3xVds
2 Ty

= / curl E-curl V — k*E - Vdz — | R(e3x E) - e3xVds
Qp

Iy

+/ [R(esx E™) — curl E™] - e3x Vds,
Iy

which is equivalent to the variational formulation (2.7) involving the Dirichlet-to-Neumann map
R. Note that in the last step of the previous identity we have used the identity

(curl ET)p = R(ezx EY) = R(esx E) — R(esx E™) on T,

On the other hand, supposing that £ € H(curl,(),) is a solution to (2.7), we extend the
scattered field £°¢ := E — E™ from () to x5 > b by the Rayleigh expansion (2.5). Assume
that the coefficients A,, are given by

esX B[ = egx (E=E™)|pm = Y Ay € H;'?(Div,T}), A, € C? (3.25)

nez?

Here and in the following, the symbol (-)|F; resp. (-)|Fb+ denotes the trace obtained from below
resp. above I'y. It follows from the variational formulation (2.7) that es x curl £*¢ X 63|F; =

R(esx ESC|F;). The extension of the series in (3.25) to the upper half space x3 > b in form of
the Rayleigh expansion (2.5) is

Esc<x) = Z [An xXes + 6;1<€3 X An) ’ 051163] emnw/—i_w"(%_b)u T3 > b.

nez?
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Then,
engSC|F; = engsc|Fb+, ez X curl Escxe3|rb+ = R(engsc|Fb+).

Setting £ = E*¢in ()}, we conclude that (F, E) satisfies the transmission conditions (3.12)
and thus is a solution of (3.14).

4  Analysis of the variational formulation (3.14)

Since the sesquilinear form a(-, -) defined in Section 3 is bounded on H, it obviously generates
a continuous linear operator A : H — H’ satisfying

a((E, E),(V, V*)) - <A(E, B, (V, v+)> (4.26)

Oy

Here H' denotes the dual of the space H with respect to the duality (-, '>beﬂb+ extending the
scalar product in L?(£2,)? x L*(€;7)3. The aim of this section is to prove

Theorem 4.1. The operator A defined by (4.26) is a Fredholm operator with index zero.

To prove Theorem 4.1, we need several auxiliary lemmas. We first prove a periodic analogue of
the Hodge-decomposition of X, following the argument in [22, Theorem 4.3]. See also [1, 2, 3,
17] for other Hodge-decompositions of the Sobolev spaces in periodic structures. Define

X, = {Vp:p € H' (%), p=00n F},

X, = {EOEX: Vp-Eodx:OforaIIVpEXl}.

Qp

Lemma 4.2. We have X = X @ X with the subspaces X, and X orthogonal in L?(£2;)3
and H (curl, €2,). Moreover, div Ey = 0 and (e3- Ey)|r, = 0 for any Ey € X, and the space
X is compactly embedded into L?(£2;)3.

Proof. Define the bilinear form b(-, -) : X; x X; — C by

bE,V):= [ {cwlE -curl V+E-V}dx, E,V€X.

Qp

Then, for Vp € X3, it holds that

b(Vp,Vp) = [IVpl[i2q,) = [IVDI[%-
Thus, for every E/ € X there exists a unique solution Vp € X such that

b(Vp, V&) = b(E,VE), YV VEeE X (4.27)
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Let Fy := E — Vp. Using integration by parts and the quasiperiodicity of £y and £ in €y, it
follows from (4.27) that

0:/ E()Vg dr = — gleEQ dz + geg'EQdS, for any V{GXl.
Q

Qp Ty

This implies that X = X; + X, and div £y = 0, (e3 - Ep)|r, = 0. On the other hand, if
Vq € Xy N Xi, then the definition of X implies that be Vp - Vgdz = 0. Setting p = ¢, we
get Vg = 0,i.e.,, Xo N X; = (. Finally, the compact imbedding of X into L?(£2,)? follows
from [22, Corollary 3.49] (see also [3, Lemma 3.2]). O

By Lemma 4.2 and the definitions of Y}, we can decompose our space H into four subspaces.
For (E,E™T),(V,VT) € H, we may assume that

E=Vp+ Ey, EY =E} +Ef, where Vpe Xy, Ey€ Xo, Eff €V, 1=1,2,
V=VE+TVh, VI =V, + Vi, where VE€ Xy, Vo€ Xy, Vit €Y, 1=1,2.

For the convenience to analyze the form a, we define several sesquilinear forms a; with j =
1,2,---,6. Let

a(Vp,VE) = k> | Vp-VEdz, VVp VEeE X,

Qp
as(Eo, Vo) = / {CurlEo ccurl Vy — kK2 E, VO} dx, V Ey, V€ X,
Qp
az(Eg, Vo) = / esx By ~(3ur17:)r ds, V Ef, Vb ey,
Iy
a (B, V) = / esx Ef -curl V] ds, YV Ef, Vit ey,
Iy

and let

a5((E,E+), (V, V+)) = /r esx E - curl V' ds,

b

as (B E), (vV.V))

- nz{/ esx (B — E¥)- (egxm,o)ds/F

neY b

ez X (V — V+> . (63 XU,%Q) dS}

forany (E, E™),(V, V™) € H. For brevity we write
a5((E, BNV, v*)) = a5 (B, V). (4.28)

Lemma 4.3. Forany V¢ € X and V" € Y;, we have as(VE, V") = 0.
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Proof. From the definition of Y and Y we conclude that Y} is the subspace of all vector func-
tions VT € Y with e3 - VT = 0. Therefore it suffices to prove

/[engg]-curlerds = k2/ 63-V+§ds. (4.29)
Pb I‘b

Note that the right-hand side of (4.29) is a continuous functional of V™ and . Indeed, from
Vt e LA(Qf)and 0 = V- VT € L), we conclude e3 - V' € H~Y%(T), and
¢ € HY%(T,) follows from & € H'(£2,). Knowing the continuity, it suffices to prove (4.29) for a
dense subset, e.g., for a truncated Rayleigh expansion V' and smooth &. We conclude

/ [es x V] cewrl Vids = —/ [V x V¢] ceurl V' ds +/ [curl V¢] ceurl V' ds
T, r

Qp

_/ [Vg] . Curl Cul"l V+d8 — k,Q/ [Vg] ) V+d87
Qp o,

where we have used that the tangential derivative xV ¢ of the function £ with £|r = 0 vanishes.
Using V - VT = 0, we continue

kZ/ [Vﬂ'Vers _ kQ/V-[qu dszk2/563-v+d5+k‘2/§y-7+d5
Qp Qp Ty T

— K ey V'ds
and the proof is completed. O

Using the Lemmas 3.1, 4.2 and 4.3, it follows from the definition of a that (see Table 1)
a((B.E), (V) = a((Vp+ By, Bf + ), (VE+ Vo, Vi + 7))

= /{CurlEo-cuerO—k:QEo-Vo—kQVp-Vg} dx—/ curl Bf - e3x Vydx
Qb I‘b
—/ curlEfr-engde—/ CurlEf-enggdx +/ engO-cuer;rdx
Ty Ty Ty

—|—/ e3><E0-cuerILda: —1—/ engp~curIVILd:c—/ 63><E6r~curlvardx
Fb Fb

Iy
—/ esx B -curl V, da + a6((E,E+),(V, V*))
Iy
= —a1(Vp, V&) +ax(Ey, Vo) —as(Ey, Vo' ) —aa(EY, Vi") +as(Eo, V")
—as(Vo, Eg) + as(Eo, Vi") —as(Vo, EY) + as(Vp, Vi") —as(VE, EY)
+as((B, EY), (V,V1)). (@.30

Definition 4.4. A bounded sesquilinear form [(-, -) given on some Hilbert space X is called
strongly elliptic if there exists a compact form {(; -) and a constant ¢ > 0 such that

Rel(u,u) > ¢ ||u|[% —(u,u), ¥V ueX.
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Hy := Xo+Y) H, .= X,+Y;
Xo(Vo) Yo (V) X1(V9) ()
H, Xo(Eo) | ax(Eo, Vo) as(Eo, Vy") 0 as(Eo, Vi)
Yo(Ey) | —as(Vo, EBy) | —as(Eq, Vo)) 0 0
m, | X1(Vp) 0 0 —a1(Vp,VE) | as(Vp, Vi)
Yi(EY) | —as(Vo, EY) 0 —a5(VE, EY) | —aa(ES, V)

Table 1: The diagram for the sesquilinear form ¢ — ag over H = X x Y.

Obviously, a; is coercive on X; and by Lemma 4.2 the sesquilinear form as is strongly elliptic
over Xj. In addition, ag is a compact form over H, since it corresponds to a finite rank operator
over H. To demonstrate the Fredholm property of the sesquilinear form a, we now need to study
the other forms ag, a4 and as.

Lemma 4.5. There exist compact forms a3 : Yo x Yy — Cand a4 : Y7 xY; — C such that

—Re&g(‘, ) > C H ’ ||12T{(cur1,QgL) - d3<~7 '>7 (4.31)
Rea4(-, ) > C H ' ||?l[(cur17Q;) - d4(~7 '>7 (4.32)

for some constant C' > 0, i.e., the sesquilinear forms —as3 and a4 are strongly elliptic over Y
and Y7, respectively.

Proof. Recall that the functions U, ; defined in (3.11) are basis functions of the space Y}, [ =
1, 2. Itis easy to check that

b1 B
/ Un.i -Un/,l/ dz = 5n7n/517l/A1A2/ exp(ifnrs) exp(—if,xs)dxs
Q;f b

o 5n,n’csl,l’/\lAQ if ﬁn c R,
a 5n7nr5l,pe*2|5"|b(1 — e 280 (218,) T AL Ay i Bn € R,

and that, by using Lemma 3.1,

_ 24l
/ curlU,; - curl U, pdz = 5n,n/5l,l/k4l |an |2 + | Bn|? Upi-1- Uy dz.(4.33)
o of

Therefore, we can represent the H (curl , ;" )-norm of U,,;,l = 0,1 as

0,02 [ (1+EH)A A it 3, € R,

wollien i) = | e 28ub(1 - 28014218, P+ (26u]) " ArAs i o ¢ R.
o ] (AR ALA, it 3, € R,
Ol o = | 21 —e-20) (1 1 5 ) 218 A i B & R
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On the other hand, using simple calculations, we have, forn ¢ T,
/ egx Uy, - curl Uml ds =
Iy
: 20—17.2 2 12 2
(—1)(cos 0,)" k¥ /| an|?+ 60| les x Up,1-1]°ds,
Iy

by Lemma 3.1 (i) and (ii). Furthermore,

iBnb|2 if | =
or | et AjAy if [ =1,
lesx Up1—|"ds = { ‘eiﬁnb‘Q ANy |cosB,]? if 1=0,

Iy

by the definitions of U,, ; given in (3.11). Combining the previous two equalities yields

R {/ U 1T, ,d } ’ 6 € R,
e e3XUpy - curlUp, 1ds p = Wk _oia,
T, ’ ' ' 2\‘66\2“C e AN, i B, ¢ R,

_ (0 if 8, € R,
Re {/Fb es XUy - curlUnvods} = { 18] =250 AN, if B, ¢ R.
Since || ~ /1 + |n|? as |n| — +o0, there holds
—Re {/ esxUpp - curlUmods} >C HUn70||§{(CUﬂ7Qb), (4.34)
Iy
Re {/ esx Uy - CurlUnvlds} >C ||Un71||§{(curlvgb), (4.35)
Iy

whenever (3, ¢ R, with C' > 0 being a constant independent of [ and n. Therefore, given
By =3, cz2 CnolUnp € Yo, we deduce from (4.34) that

ReulB B == 3 Cuof Re | [ coxti T
nez? T
> C Z |Cn,0‘2 ||Un,0qu(cur1,glj)
Bn¢R
= ClE e gy = € D |Cnol* 1Unol Fycunt o)
Brn€R

= ClES Py o) — 3B ).

Since the set {n € Z? : 3, € R} consists of a finite number of indices, the form az(-,-) :
Yo xYy — R is compact. Thus the sesquilinear form —as is strongly elliptic over Yj. The proof
for a4 can be carried out analogously by employing (4.35). O

Remark 4.6. By the definition of U, ;, one can check that, for the component-wise gradient
VU,.,

/ |VUn7l|2dx:(|an|2+|ﬁn|2)/ U, 2. (4.36)
QF of
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Thus, comparing (4.36) with (4.33) leads to
Um0l e = 100l By
This implies that the H'-norm and H (curl )-norm of the elements from Y} are identical, i.e.,
IEq iy = 1B a0 Eg € Y.
However, this is not true for the space Y;.
We turn to investigating the properties of a5 defined in (4.28).
Lemma 4.7. The sesquilinear form a5 is compact over X x Y7.
Proof. For V' € Y, C Y, define the operator J (V) := curl V;". Obviously, we get

(VD)2
[|curl J(VH)||?

L2Q+ <||V ||2

= [[k2ViTIf]

H(curl Q+)’

2|11/+1|2
L2(Q;)3 L2(Q))3 < KV || H(curl, Q)

Hence, by Lemma 3.1 (i), J is a bounded linear map from Y7 into Y. In view of the equiva-
+ +
lence of the norms || JVi™[|jycur o) @nd |[JVI™[| 1 q+)s (see Remark 4.6), we see that J

is also bounded from the subspace Y; of H(curl, ) into the subspace Y, of H'(2})3,
with the trace J(V;")|r, € H'Y2(T;)3. Thus, there exists an extension W of (curl V;")|r,
from H'/2(T',)? into H'(£)? such that W = curl V;" on T}, and v x W = 0 on I'. Using
integration by parts,

as(Eo, Vi") = /esto-J(V+)ds:/ esx Ey - Wds
Iy

Iy

= / {curl Ey - W — Ej - curl W }da.
Qp

From the compact imbedding of W € H'(£2,)? into L?*(£2,)? and that of £, € X into
L?(€2)3, it follows that the sesquilinear form a5 (Ey, V;") is compact over X x Y;*. O

Combining Lemmas 4.2, 4.3, 4.5 and 4.7, we are now in a position to prove the Fredholm
property of the variational formulation (3.14).

Proof of Theorem 4.1. It suffices to verify that the sesquilinear form a — ag is Fredholm over H
with index zero. To do this, we define the spaces H; = X; @ Y for j = 0, 1, so that we can
rewrite H = X xY = H; x Hs. Define the sesquilinear forms

bo ((Eo, ), (Vo, Vi) ) += aa(Eo, Vo) —as(Eg, Vi) +as(Bo, Vi) —as(Vo, B ),
for (Eo, E), (Vo, V") € Hy and
b (Vo B, (VE V) = —au(Vp, V) —au( B Vi) +as(Vp, Vi) —as (VE, B,
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for all (Vp, Ef") and (V&, V;7) in Hj. Now split the form in Table 1 in blocks corresponding to
the splitting H = H; x Hj. Then the restriction to H is the form b, with the strongly elliptic
quadratic form

Re by ((Eo, By ), (Bo, i )) = ax(Eo, Ey) — as(Eg, B).
The restriction to Hj is the form by, and —b; has the strongly elliptic quadratic form
“Reb, ((Vp, EY), (Vp, Ef)) = a1 (Vp, Vp) + au(Ef, BY).

Consequently, the diagonal blocks of the 2 x 2 splitting correspond to Fredholm operators with
index zero. On the other hand, the full form in Table 1 differs from the diagonal block matrix only
by compact terms. Hence the form a generates a Fredholm operator with index zero. |

5 Proof of Theorem 2.1

Since the problem (BVP’) and (3.14) are equivalent (see Lemma 3.3), to prove Theorem 2.1
we only need to prove the existence of solutions to (3.14) with En replaced by E;’gn given
in (2.6). Consider the homogenous adjoint problem of the variational formulation (3.14): find
(V,V*) € H such that

a((W, W, (V, V*)) =0 (5.37)
for all (W, W) € H. By the Fredholm alternative, it suffices to verify that

a((O,Em ), (V. V+)> ~0

gen

for any solution (V, V+) to (5.37). The following lemma describes properties of the solution
(V, V1), which will be used later for proving Theorem 2.1.

Lemma 5.1. Assume that the pair (V, V') € H is a solution to the homogeneous adjoint
problem (5.37). Then

Virlr,, (curl v+)T\Fbespan{{<Un,l)T|rb B dR,1=1,2} U {Upnolr, ﬁnzo}}.(5.38)

Proof. Analogously to the proof of (3.20), one can prove that curl curl V — £2V = 0 holds in
), leading to the identity (3.18) with (V, E) replaced by (W, V). By the definition of a(-, ),
there holds

0 — a((W, W, (V, V+))

= /{63XW'CUIIV—CUIIW+'63X7}d8+/63X(W—W+)-CuﬂVerS
T, r

+772/F

neY b

e3 X (W—W+) - €3 XUWO dS/ ez X (V—V+) - €e3 XUWO ds (5.39)

Ty
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for all (W, W) € H. In the following we will prove (5.38) by choosing different test functions
(W, W+) e H.

(i) Choose W = 0, W+ = U, for some n € T in (5.39). Since (curl U, o) = 0 on I, (see
Lemma 3.1), simple calculations leads to

/ [curl VT 4+ nAiAy e3x (V — V*)] ce3xUpods = 0.
Ty
However, one can verify using Lemma 3.1 (i) and (ii) that
/ {eurl VT - e3xU, o} ds=0 for V' eY.
Ty
Hence,
/ esx(V =V esxU,ods=0, if neT. (5.40)
Ty

(i) Choose W = 0 and W+ = U, ; for some n € Y in (5.39). Making use of e3x U,,; = 0
forn € T, we derive from (5.39) that

/ {curlU, ; - e3x V}ds = 0.
Iy
This together with Lemma 3.1 (i) gives the relation

/ {esxV -Upo}ds=0 if neT. (5.41)
Ty

(iii) Inserting (5.40) and (5.41) into (5.39) with 1/ = 0 and taking into account Lemma 3.2, we
obtain

be {curl [V]no + curl VF} - esx Wtds =0
forall W' € Y. By Lemma 3.1 (iii), the above identity implies that

{(curl [(V]mo)r + (curl V+)T}|1‘b € span{U,o:n € T} (5.42)

Since V* € Y, we have curl V't € H(curl, ) and thus the trace (curlV*)y on T,
belongs to Ht_l/Q(Curl ,I'). Using Lemma 3.1 (iii), we may assume that on ',

(url V)g = —of Bo Uno + B €3 % Uno |+ Y4, 20 B €3% Un,

with B,,; € C. Combining the previous two formulas, we deduce from the definition of the
modification operator |+],,, in Lemma 3.2 that B,,; = 0 for 3, = 0, and that
(curl [V]mo) + Z BniesxU,; =0 onT,.

T
l,n:Bn7#0
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Therefore,

(curl V) p Z BpoUno — (curl V] O)T onT}. (5.43)
n:Bn=0

(iv) Inserting (5.40) and (5.41) into (5.37) with W = 0 and W = V, we find (see (3.13) with
Et=0and £ =1V)

0= Ima((V, 0), (V, V*)) =Im / e3x V- (curl V) g ds, (5.44)

Iy

where the function (curl V™)z|r, is given in (5.43). According to Lemma 3.1 (jii), we may
represent e3 X V|, as

ez X V= El,n:ﬁn;ﬁo Cn,l ez X Un,l _'_anﬁn:(] {Cn,O €3 X Un,O + Cn,lUn,O} ) Cn,l € (Cu

on I',. However, by (5.41) there holds C,, ; = 0 for n € Y. Thus, applying Lemma 3.1 gives

3><V = Z Cnl n 1— l) (COS Hn)Qlil + Z Cn,O €3 XUn,O on Fb, (5.45)
I,n:Bn#0 n:Bn=0

and
(Curl V] mO) .
= — Z Chy(curl U, )r + Z Cp(curl Uy )7

1,n:8n,>0 l,n:Bn¢R
— = S =D RCuUns ) + 3 =D anlP + [Bal? K Coai(Un1—1)1(5.46)
1,n:8r,>0 L,n:BngR

on I'y. Inserting the above identity (5.46) into (5.43) and using (5.45) , we derive from (5.44) that

0 = Im {—Z/{Z Z |Cn,l|2H(Un71l)j’”%z(pb)(COS@n)zl1}

I,n:Bn>0
+Im § = > CwP R | (Una0) 7l 2y Bl [l + 18a 71
ln'6n¢R
= —k Y [CosPllUnarl[Fam,(cos6,)
,n:Bn>0

which, together with the definition of cos #,, defined in Lemma 3.1, leads to
Cpy=0 foral 5,>0,1=1,2. (5.47)

Finally, combining (5.47) and (5.45) we have proved (5.38) for VT|pb, and combining (5.47),
(5.46) and (5.43) leads to the desired result for (curl V1) r|r,. O
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We proceed with the proof of Theorem 2.1, i.e., to show the existence of a solution (E, E*) €

H to the variational problem (3.14) for the incident wave E;Zn.

Assume that (V, V1) € H satisfies a((W, W), (V,VT)) = 0 for all (W, W) € H. Using
Lemmas 5.1 and 3.1, it is easy to check that

gen gen gen

a((O,Ei” ), (V, V+)) = _/r {CurlEm cezxV +ez3x B -Curler} ds
b
= 0. (5.48)

This means that each solution to the homogenous adjoint problem (5.37) is orthogonal to the
right-hand side of the variational problem (3.14) in the sense of (5.48). According to Theorem
4.1, the Fredholm alternative applied to the variational problem (3.14) yields the existence of the
solution (E, E™) € H to problem (3.14) for the incident plane waves E'" defined in (2.6).

gen

The claim (5.38) implies that the solution VT takes the form

Vi) = Cot Uni(z) + D Coy Uni(z) €Y, z € Qf,
BnéR Brn=0

and particularly, the coefficients of the propagating modes for 3, > 0 vanish. By analogous
arguments, this assertion even remains valid for the solution (1, V") to the homogenous vari-
ational problem

a((v, VY, (W, W+)) — 0, V(W,W*)eH.

In other words, the coefficient C,, ; of the difference of two solutions of (BVP) are zero if 3,, > 0.
g The proof of Theorem 2.1 is thus completed.

6 Appendix

For the reader’s convenience, we prove that the variational formulation (2.7) is uniquely solvable
for small wavenumbers £ > (. Since Rayleigh frequencies can be excluded for small wave-
numbers, by Remark 3.4 we see that such a unique solvability also applies to our variational
formulation (3.14) provided k is sufficiently small.

Lemma 6.1. There exists a sufficiently small wavenumber ky, > 0 such that the variational
formulation (2.7) admits a unique solution £/ € X for all k € (0, ko).

Proof. To prove Lemma 6.1, we need to replace equation (2.7) on the k-dependent a-quasi-
periodic space H (curl,€),) by an equivalent variational problem acting on the (Aj, As)-pe-
riodic Sobolev space. Introduce the spaces H (), Hy(curl, ), H7,(Iy), H} (Div,T})
and H},(Curl,I'y) in the same way as H' (), H(curl, (), H(T;), Hf(Div,T}) and
H$(Curl, T) in Section 2, but with a = (0, 0)". Define the operator V, := V + i(a, 0)"
and, analogously to X in Section 2, the space

D = {F: O — C* F € Hy(curl, ), vxF =0 on F}.

24



Let 7, := (2mny /A1, 2mno/As) T = ay, — aforn = (ny,ny) " € Z2. Given

F(a') =Y Fe™ e H,*(Div,Ty), (6.49)

).
D
n€z2

it follows from the definition of the operator R (see (2.8)) that

R(E) = T(F)explia- '), for E(z') =" F(2') € H; *(Div,T}),
where the operator 7 : H;;/Z (Div,T) — H;;/Z(Curl,l’b) is the Dirichlet-to-Neumann
map over the space H;pl/z(DiV , I'y) defined by
1

(T == =

n€Zz?

[k:an — (an - Fy) o | exp(itn - 2'), n = (n1,n2)T€Z> (6.50)

Note that 7 is well defined for small wavenumbers k € (0, k|, since 3, # 0 if kq is sufficiently
small. The spaces H,;I,I/Q(Fb), H;pl/z(DiV ,I'y) and H;;/Q(Curl ,I'y) will be equipped with
the norms analogous to the quasi-periodic ones in Section 2, only with the coefficient £, re-
placed by ﬁ’n given in (6.49) and «,, replaced by 7,,.

Set F*(z) := exp(—ia - 2')E™(x) and
F(x) = exp(—ia - 2")E(z), ¥(x) = exp(—ia - 2")p(x) € Hy(curl, ),

for £, ¢ € H(curl, (). We now consider the variational formulation
ap(F, ) = / [Vox F-Nyx — k*F -] do — / T(esx F) - (e3x)) ds
Qp Iy
= / [(Vax F™)p — T (e3x F'™)] - (e3x 1) ds (6.51)
Iy

for all 1) € D, which is the counterpart of problem (2.7) in the periodic space Hp(curl ).

The problem (6.51) can be rewritten as the operator equation B(F') = f in the dual space D’
of D, where for 1) € D the dualities (B(F'), ) and (f, ) between D’ and D are defined by
the the sesquilinear form a,(F, 1) and the right hand of (6.51), respectively. By Lemma 4.2, we
have the Hodge-decomposition D = Dy @ Dy, with

D, = {Vaq: q € H)(),q=00n F},

Dy = {FOED: Vaq~Fodx:0foraIIVaq€X1}.

Qp

This allows the decomposition
F=Fy+Vaq, ¥ =Go+Vag, Fo,Go € Do, Vagq, Vag € D1.
Now, the sesquilinear form a,, in (6.51) can be rewritten as

ap(F7 ’l/}) = ap(F07 GO) + ap(VCVQ7 GO) + a’p(vCMQ7 vag) + ap(F07 vag)u
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and the operator B takes the form

o= 5)

By
Bi: Dy — D (B1(F0), Go) = ap(Fo, Go), V Gy € Dy,
By: Dy — D (Ba(Fy), Vig) = ap(Fo, Vag), Y Vg € Dy,
Bs: Dy — Dy, (B3(Vaq), Go) = a,(Vag, Go), YV Gy € Dy,
By: Dy — Dy, (Bs(Vaq), Vag) = ap(Vaq, Viag), ¥ Vg € Dy.

We first prove that the form a,, is coercive over Dy for a small wavenumber k. Using the explicit
representation of 7, one can prove that, for I given in (6.49),

. = 1
T(F)- Fds = AAs _
Ty n:§>k \ |an|2 — k2

[k:2|f7n|2 - |an-Fn|2] .

Hence,

—Re/ T(F)-Fds > —AjAs k2| E, |2
T, lazn:>k\/|an|2 2

> —C1A 1A, E , K ~n|2
n€z2 W

— ClAlAZk: ||F||H;pl/2(f‘b)
211 112

> —Ci1A Ak HFHH;;/Q(DiVIb).

Applying the previous estimate to the trace e3 x Iy for Fyy € Dg and using the continuity of the
trace mapping from H,,(curl, €2,) to H,;I,I/Q(Div ,I'y), we arrive at

—Re { T(GgXFo) . (63 Xfo)dS} Z —k?QClAlAQHGgXFon,I/Q .
Fb t,p (DIV ,Fb)

> —/{Z202‘ ‘FO‘ ﬁ{(curl )3
Therefore,

Re a,(Fo, Fo) > |[Va X Fol 720,08 — K1 Foll T2 — K Call FollBeu - (6.52)

Recalling that the function Ey := exp(ia - ') Fy belongs to the space Xy C X which is
divergence free, we have the Friedrichs-type estimate (see [22, Corollary 4.8])

2 2
||E0“L2(Qb)3 < G|V x EO||L2(Qb)37
for some constant C's > 0 independent of £y € X, which is equivalent to

||F0||%2(Qb)3 < C3||Va><F0H%2(Qb)3- (6.53)
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Combining (6.52) and (6.53) leads to the coercivity of the form a,, over D; for small wavenum-
bers k < k. This implies that the operator B3, ! exists with the bounded norm || B; || p,— pys <
C for some constant C' > 0 independent of k& € (0, k.

Next we claim that the form —a,, is also coercive over D;. In fact, the function (Q(z'),0)" :=
es X Vag|pb can be expanded into
Q) = > (o ") Quexp(i, -2/), Q. €C. (6.54)

nez?

Thus, using the representation of 7 given in (6.50), we find

“Reay(Vaa, Vaa) = K|[NaalFape + D 18al TR [l FlQul

n:lom | >k

> CO k:2 | |VOéQ| |2H(cur1 )3

As a consequence, we have ||B;||p,—sp,, < k72C;*, where the constant C;y does not
depend on k.

The operator B can be written as the matrix operator

—1
_(By 0 0 Bs By 0 _ B! 0\
B‘(& B4)+(0 0)’ <32 34) _(—34132311 B ) =M

Thus the operator equation B(F') = f is equivalent to

I 0 0 By 'Bs Y\
[(0 I) * <o —3;1323;133)} (Vag> =M/, (6.55)

where [ denotes the identity operator. To prove the invertibility of B, it suffices to show
IBs|py—py + 11Ball Doy, < Cuk?, (6.56)

with some C; > 0 independent of k& € (0, ko|. Consider the sesquilinear form corresponding
to By:

ap(Fo, Viog) = — | Tl(es x Fp) - (e3 x Vi g) ds.

Iy

Expand the first two components of e3 X Fy, e3 X V, g into the series in (6.49) and (6.54),
respectively. Then, by (6.50) we get

Z ! ﬁn ' (_ag)vag))—r@n

nez? Zﬁn

1/2 1/2
Cs k? (Z (1+ |7’n|2)1/2|Qn|2> (Z (1+ |Tn|2)1/2|]5n|2>

nez? nez?

lap(Fo, Vag)| = &

IN

IN

C6 ]{;2”63 X VagHHt—;m ) Heg X FO

(Div,I, | |H;;/2(Div Iy
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This combined with the continuity of the trace mapping from H,,(curl, £2;) to H;;/Q(Div )
leads to the estimate in (6.56) for B5. For the proof concerning Bs, we can proceeded analo-
gously.

We now conclude that the operator on the left hand side of (6.55) is a small perturbation of the
identity for all & < kg if kg is sufficiently small. Hence, problem (3.14) always admits a unique
solution F of the form E' = exp(ia - 2') F with F' = Fy + V,q, Fo € Dy, Vi,q € D;. O
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