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ABSTRACT. We consider a random walk on the support of a stationary simple point process
on R?, d > 2 which satisfies a mixing condition w.r.t. the translations or has a strictly pos-
itive density uniformly on large enough cubes. Furthermore the point process is furnished
with independent random bounded energy marks. The transition rates of the random walk
decay exponentially in the jump distances and depend on the energies through a factor of the
Boltzmann-type. This is an effective model for the phonon-induced hopping of electrons in
disordered solids within the regime of strong Anderson localisation. We show that the rescaled
random walk converges to a Brownian motion whose diffusion coeflicient is bounded below by
Mott’s law for the variable range hopping conductivity at zero frequency. The proof of the lower
bound involves estimates for the supercritical regime of an associated site percolation problem.

1. RESULT, MOTIVATION AND OVERVIEW

Let us directly describe the model and the result in a rough manner, leaving a more precise
formulation of hypothesis and statements for later. Suppose given an infinite set of random points
{z;} C R? distributed according to some stationary simple point process with a bounded mean
density p. To each z; is associated a random energy mark E; € [—1,1]. All marks are drawn
independently and identically according to a probability measure v satisfying v([—E, E]) >
coE1T® for some o > 0 and ¢y > 0. Within each such random environment {z;, E;}, let us
consider a continuous-time random walk over the points {z;} with energy dependent transition
rates from z; to xy given by

Ca;on(Ej, Br) = e 122kl o BUE; —Brl+|Ej|+Bxl) (1.1)

where the positive parameter 3 is the inverse temperature. Our main result states that the
random walk converges after appropriate space and time rescaling to a Brownian motion and
that the associated diffusion coefficient D(3) is bounded from below by

_ (atl)d a+t1
D(B) = o f T exp (—cp B7iHa) (12)

where d > 2 is the dimension of space and ¢; and ¢y are some (-independent constants. The
exponential factor on the r.h.s. is precisely as in Mott’s law for the DC conductivity in disordered
solids which is discussed below.

Based on the following heuristics due to Mott [Mot, SE], we expect that the power law in the
exponential in (1.2) captures the good asymptotic behaviour of In D(83) in the low temperature
limit 3 1 oo if v([~E, E]) ~ coE**® as E — 0. As (3 becomes larger, the rates (1.1) fluctuate
widely with (z;,z;) because of the exponential energy factor. The low temperature limit effec-
tively selects only jumps between points with energies in a small interval [— E(3), E(3)] shrinking
to zero as B — 0o0. Assuming that the diffusion coefficient is determined by those jumps with the
largest rate, one can obtain directly the characteristic exponential factor on the right hand side
of (1.2) by maximising these rates for a fixed temperature under the constraint that the mean
density of points z; with energies in [—E(8), E(8)] is equal to pv([—E(B), E(B)]) ~ copE(B)} .
As the characteristic mean distance |z; — x| between sites with optimal jump rates also varies
heavily with the inverse temperature 3, one speaks of a variable range hopping regime. A crucial
(and physically reasonable, as discussed below) element of this argument is the independence of
the energies ;. The selection of the points {z;} with energies in the window [—E(3), E(3)] then
corresponds mathematically to a p-thinning with p = v([—E(B), E(8)]). It is then a well-known
fact that an adequate rescaling of the p-thinning of a stationary point process converges in the
limit p | 0 (corresponding to 8 1 o0) to a stationary Poisson point process (PPP) (e.g. [Kal,
Theorem 16.19]). Hence one might call the stationary PPP the normal form of a model leading
Mott’s law, namely the exponential factor on the r.h.s. of (1.2) and we believe that proving the



upper bound corresponding to (1.2) should therefore be most simple for the PPP. In dimension
d = 1, a different behaviour of D(f) is expected [LB] and this will not be considered here.

Our main motivation for studying the above model comes from its importance for phonon-
assisted hopping conduction [SE] in disordered solids in which the Fermi level (set equal to
0 above) lies in a region of strong Anderson localisation. This means that, close to the Fermi
level, the electron Hamiltonian has exponentially localised quantum eigenstates with localisation
centres z; and energy levels ;. The DC conductivity of such materials would vanish if it were
not for the lattice vibrations (phonons) at nonzero temperature. They induce transitions between
the localised states, the rate of which can be calculated from first principle by means of the Fermi
golden rule [MA, SE]. In the variable range hopping regime at low temperature, an adiabatic or
rotating wave approximation can be used to treat quantum mechanically the electrons-phonon
coupling [Spe]. Coherences between electronic eigenstates with different energies decay very
rapidly under the resulting dissipative electronic dynamics and one can show that the hopping
DC conductivity of the disordered solid coincides with the conductivity associated with a Markov
jump process on the set of localisation centres {x;}, hence justifying the use of a model of classical
mechanics [BRSW]. Because Pauli blocking due to Fermi statistics of the electrons has to be
taken into account, this leads to a rather complicated exclusion process (e.g. [Qua, FM]). If]
however, the blocking is treated in an effective medium approrimation, one obtains a family of
independent random walks with rates which in good first approximation are given by (1.1) in
the limit 8 1 oo [MA, AHL]. Let us discuss the remaining aspects of the model. The stationarity
of the underlying simple point process {z;} simply reflects that the material is homogeneous,
while the independence of the energy marks is compatible with Poisson level statistics, which is a
general rough indicator for the localisation regime and has been proven to hold for an Anderson
model [Min]. The exponent « allows to model a possible Coulomb pseudogap in the density of
states [SE].

Having in mind the Einstein relation between the conductivity and the diffusion coefficient
(which can be stated as a theorem for a number of models [Spo]), the lower bound (1.2) gives a
lower bound on the hopping DC conductivity. In the above materials, the DC conductivity shows
experimentally Mott’s law, namely a characteristic low-temperature behaviour which is well
approximated by the exponential factor in the r.h.s. of (1.2) with & = 0 or @ = d—1, as predicted
by Mott [Mot] and Efros and Shklovskii [EF], respectively, based on the optimisation argument
discussed above. A first convincing justification of this argument was given by Ambegoakar,
Halperin and Langer [AHL], who first reduced the hopping model to a related random resistor
network, in a manner similar to the work of Miller and Abrahms [MA], and then pointed out that
the constant ¢y can be estimated using percolation theory [SE]. Our proof of the lower bound
(1.2) is much inspired by this work. Let us also mention that the low frequency AC conductivity
(response to an oscillating electric field) in disordered solids has recently been studied within a
quantum-mechanical one-body approximation in [KLP]. Here the energy necessary for a jump
between localised states comes from a resonance at the frequency of the external electric field
rather than a phonon. It leads to another well-known formula for the conductivity which is also
due to Mott.

The model described above is a random walk in a random environment. A main tool in this work
is the early contribution of De Masi, Ferrari, Goldstein and Wick [DFGW] which is based on
prior work by Kipnis and Varadhan [KV]. They construct a new process, called the environment
viewed by the particle, which allows to translate the homogeneity of the medium into properties
of the random walk. This implies weak convergence in probability to a Brownian motion whose
diffusion matrix can be characterised by a variational formula. The main virtue of this variational
characterisation is that it allows to bound the diffusion coefficient from below through bounds
on the transition rates (1.1) and, just as in [DFGW], by the diffusion coefficient of periodic
approximants (in the limit of large periods). The diffusion coefficient of these approximants



can be computed as the resistance of a random resistor network. This in turn can then be
bounded by invoking estimates from percolation theory. This leads to a proof of (1.2). Let us
note that the optimised lower bound therefore results from a critical resistor network roughly
approximating the one appearing in [AHL)].

The paper is organised as follows. In Section 2 we recall some definitions and results about
point processes and state some technical results needed later on. In Section 3 we first show
that the continuous-time random walk in the random environment is well defined by verifying
the absence of explosion phenomena caused by some possible high concentration of points z; in
finite regions. We also give the precise hypothesis on the point process and then state the main
results of the paper (Theorems 1, 2 and 3). The analysis of the dynamics of the environment
viewed from the particle given in Section 4 is partially inspired by [DFGW, Section 4], however,
we rather investigate directly the continuous-time Markov process and prove suitable bounds on
the mean square displacement (Proposition 2), thus allowing to apply the general Theorem 2.2
of [DFGW] in order to prove Theorem 1 where a variational formula for the diffusion coefficient
D is given. In the remaining sections we show how to bound from below this variational formula
in terms of the conductance of suitable random resistor networks, which in turn is bounded
below by invoking estimates for the supercritical regime of site percolation.

Acknowledgements: We would like to thank A. Bovier, J. Cerny, B. Derrida, P. A. Fer-
rari, D. Gabrielli, A. Ramirez and R. Siegmund-Schultze for very useful comments. The work
was supported by the SFB 288, SFB/TR 12 and the Dutch-German Bilateral Research Group
”Mathematics of random spatial models from physics and biology”.

2. THE RANDOM ENVIRONMENT

In this section, we recall some properties of point processes (for more details, see [DV, FKAS,
MKM, Kal, Thol), fix our notation and give the term random environment a precise sense.

In the sequel, given a topological space X, B(X) will denote the o-algebra of Borel subsets of
X. Given a set A, |A| will denote its cardinality, while, if A € B(R?), £(A) will denote its
Lebesgue measure. Moreover, given a probability measure u, we write E, for the corresponding

expectation. Finally, C, is the open cube C, := (—%, %)d in R? with side length 7.

2.1. Stationary simple marked point processes (SSMPP). Given a bounded complete
separable metric space K, consider the space N := N (R? x K) of all counting measures ¢ on
R? x K, i.e. integer-valued measures such that ¢(B x K) < oo for any bounded set B € B(R?).
One can show that £ € N if and only if € = ), 0(s, &,) where d is the Dirac measure and {(z;, k;)}
is a countable set of (not necessarily distinct) points in R? x K with at most finitely many points
in any bounded set. Then k; is called the mark at z;. Given £ € N, we write f € N(RY) for
the counting measure on R? defined by £(B) = £(B x K) for any B € B(R%). Given z € R%, we
write z € £ whenever z € supp(é). If é({:c}) < 1 for any = € R?, we say that £ € N is simple

and write kg, := k; for any z; € €.

A metric on N can be defined in the following way [MKM, Section 1.15]. Fix an element k* € K.
Denote by B,(z,k) and B, the open balls of radius » > 0 in R? x K centred on (z,k) and on
(0, k"), respectively. Let £ = 37,1 0(4; 1) and & =37, 5(959,,“9) be elements of N, where I, J
are countable sets. Then ¢ and ¢ are close to each other if any point (z;, k;) contained in B,
is close to a point (m;, k;) for arbitrary large n, up to “boundary effects”. More precisely, given
a positive integer n, let d,(&,¢’) be the infimum over all £ > 0 such that there is a one-to-one
map f from a (possibly empty) subset D of I into a subset of J with the properties:



(i) supp(§) N Bp—c C {(xi, ki) : 1 € D};
(ii) supp(¢') N Bn—e C {(z}, k) : j € f(D)};
(iii) (x,f(i)’ k}(i)) € Be(z;, k;) for i € D.

One can show that dy(€,€') = Y02, 27"d,(£,€') is a bounded metric on A and for this metric

n=1
N is complete and separable. Moreover, the sets {¢{ € N : £(B) = j}, B € B(R? x K),
j € N, generate the Borel o-algebra B(N') and dy generates the coarsest topology such that
£ € N — [&(dz,dk) f(z, k) is continuous for any continuous function f > 0 on R? x K with
bounded support. Finally, by choosing different reference points k* one obtains equivalent
metrics.

A marked point process on R? with marks in K is then a measurable map ® from a probability
space into N'. We denote by P its distribution (a probability measure on (N, B(N))). We say
that the process is simple if P-almost all £ € N are simple.

The translations on R? extend naturally to RY x K by S : (y, k) — (z +y, k). This induces an
action S of the translation group R? on N by (Sz£)(B) = £(SzB), where B € B(R? x K) and
z € R, For simple counting measures,

S = Y O(y-sk,) -
yeé

A marked point process is said to be stationary if P(A) = P(S,A) for allz € R?, A € B(N), and
(space) ergodic if the o-algebra of translation invariant sets is trivial, i.e. if A € B(N) satisfies
SgzA = Aforall z € R?, then P(A) € {0,1}. Due to [DV, Proposition 10.1.IV], if P is stationary
and gives no weight to the trivial measure without any point (which will be assumed here), then

P(EeN : ‘supp(f) =o00) = 1. (2.1)
Finally, we write p, for the xth moment of £(C}):
pei= [ Plae) éC). (22)
N

If the process is stationary p := p; is called the intensity of the process. In this case, it follows
that for all B € B(R?) with £(B) > 0,

p = ﬁ /N P(de) €(B) .

The above definitions extend to point processes on R? since they can be thought of as marked
point processes with trivial mark space, i.e. K is reduced to one point.

Definition 1. In this article, we call random environment a stationary simple marked point
process (SSMPP) with marks in K = [—1,1], finite intensity p > 0 and satisfying the condition

£ # S,¢  VaeeR\ {0}, P a.s. , (2.3)

where P denotes the distribution of the point process. Its marks are denoted E,, and E; instead
of kg; and k; and they are also called energy marks.



In what follows, it will always be assumed that P is the distribution of the random environment.
In order to shorten notations, we will also write A" and N respectively for N'(R? x [—1,1]) and
N (R?) below.

A special role will be played by processes obtained by the procedure of randomisation, which
we recall now together with the related notion of thinning (see [Kal]). Let & be a stationary
simple point process (SSPP) on R?, v be a probability measure on [—1,1] and p € [0,1]. The
v—randomisation of ® is the SSMPP &, obtained by assigning to each realization f = Y ic1 Oz
of & the measure £ = > ic19(z;,E;), where {E;}icr are independent random variables having the
same distribution v. Finally, the p—thinning <:I>p of ® is the SSPP on R? obtained by assigning to
each realization ), ; 0z, of ® the measure > icr Pidz;, where {P;}icr are independent Bernoulli
variables with Prob(P; = 1) = p and Prob(FP; = 0) = 1 — p. Both the point processes ®, and
<i>p are examples of stationary cluster processes, also called homegenous cluster fields (see [DV,
Chapter 8] and [MKM, Chapter 10]). In particular, ergodicity is conserved by v-randomisation
and p—thinning ([DV, Proposition 10.3.IX] and [MKM, Proposition 11.1.4]). Finally, note that
if v is non trivial (i.e. v is not concentrate on a single point) then the point process ®, satisfies
(2.3) whenever (2.1) holds.

A Poisson point process (PPP) appears, as discussed in the introduction, naturally as limit
distribution of thinnings. Given a measure y on X, with X equal to R? or R? x [—1, 1], the PPP
on X with intensity measure u is defined by the two conditions (i) for any B € B(X), £(B) is
a Poisson random variable with expectation u(B); (ii) for any disjoint sets By, ..., B, € B(X),
&(B1),...,€&(By) are independent.

Examples of random environments can be constructed as follows.

Example 1. A PPP on R? is stationary if and only if its intensity measure p is proportional
to the Lebesgue measure, u = pdx. In such a case it is an ergodic process and satisfies p,, < 00
for any & > 0. Its p-thinning is the PPP on R? with intensity pp while its v-randomisation
is the PPP on R? x [~1,1] with intensity measure pdz ® v, which satisfies all hypothesis of
Definition 1.

Example 2. Let us associate to the uniformly distributed random variable y in the unit cube
C: the point measure f = > ,czd024y. The corresponding point process is an ergodic SSPP
satisfying p, = 1 for any k > 0. Note that if v is non trivial, then its v—randomisation is a
random environment.

Other examples of ergodic SSMPP can be obtained by means of SSPP with short-range cor-
relations (see [DV, Exercise 10.3.4]). Of particular relevance for solid state physics are point
processes associated to random or quasiperiodic tilings [BHZ]. These processes have a uniform
lower bound on the density of points. Periodic systems, like a lattice, do not form a random
environment, unless combined with a randomisation procedure. The following example of a non
ergodic SSMPP not satisfying (2.3) can readily be generalised to any dimension d.

Example 3. Let d = 1, the random variable y be uniformly distributed in the unit cube C; and
let Y1,Y5,...,Y, be independent identically distributed random variables with values in [—1, 1].
To y,Y1,Ys,...,Y, associate the marked point measure { = >, ,d,4y g, where E, :=Yj if
z €j+nl.

2.2. The Palm distribution. We would like now to “pick up at random” a point among {z;}
and take it as the origin. One thus looks at the borelian subset of N/

No = {fEN:OEé}.



Since N is closed, it defines a complete separable metric space. Note that z € é if and only if
Sz€ € Ny. The Palm distribution Py on Ny associated to P is now defined as follows. Consider
the measurable map G from A into N (R? x Np) given by

£ & =D dus.e -

A3

Let P* = G, P be the distribution of the marked point process on R? x Ay with mark space N,
namely P* is the image under G of the probability measure P on R? x [~1,1]. It is easy to show
that Go S; =S} o0G for z € R? where Sy is the action on R? x Ny of the translations given by
(y,€) — (y+ z,€) as above. As a result, P* is also stationary. Then, for any fixed A € B(N)),
the measure pa(B) = [P*(d€*) £*(B x A) on R? is translation invariant and thus proportional
to the Lebesgue measure. This implies that

* x\ x _ i * x\ ¢x
) = [ Pt = g [ P o

for any N > 0 and any A € B(Ny). The Palm distribution associated to P is the probability
measure Py on Ny obtained from Cp by normalisation, namely, Py = p~'Cp, where p is defined
n (2.2). Thus

Po(4) = L1 /N Pe) [ €(dn) xa(S:6). (2.4)

where x 4 is the characteristic function on the Borel set A C Ny. One can show [FKAS, Theorem
1.2.8] that for any nonnegative measurable function f on R? x N

1 .
Lt [ P s@e) = ° [ P [ é) s@5) (25)

which is used in [DV] as the definition of Py. Similarly, there is a Palm distribution Py on
No := No(R?) associated to the distribution P of a SSPP on R?.

It is known that the Palm distribution of a stationary PPP on R? with distribution P (Example 1
above) is the convolution Py = P « ds, of P with the Dirac measure at £ = 4 (i.e. Py is simply
obtained by adding a point at the origin). The Palm distribution of a PPP on R? x [-1,1] with
intensity measure pdz ® v is the convolution Py = P * { where ( is the distribution of a marked
point process obtained by v-randomisation of J5,. The Palm distribution associated to Exam-

ple 2 is Py = o~
Example 2.

T Its v—randomisation is the Palm distribution of the v—randomisation of

We collect in the lemma below a number of results on the Palm distribution which will be needed
in the sequel. Their proofs will be given in the Appendix.

Lemma 1. (i) Let k : Ny x Ny — R be a measurable function such that [ €(dx) |k(€, Sz€)| and
[ €(dx) |k(SL€,€)| are in LY(Ny, Py). Then

[ o) [ éan) ki, 5.6) = [ Putde) [ élao) kst

(i) Let T' € B(N) be such that S,I' =T for all x € R:. Then P(T) =1 if and only if Po(Tp) =1
with Ty = T' N Nj.



(iii) Let P be ergodic and A, B € B(Np) be such that B C A, Py(A\ B) =0 and S, € A for
any £ € B and any © € €. Then Py(A) € {0,1}.
(iv) Let A; € B(R?) for j =1,...,n. Then

By, | [T ) < DBp(éC™) + 2 S Bp (€A™, (2.6)
j=1 Jj=1

where c 1s a positive constant depending on n and /1]- = Ugecy (A]- + x)

Let us define the subset W C N as
W= {€€Ny : Spé #EVz e RY\ {0} }. (2.7)

Note that S,¢€ € Wif € € W, z € €. In particular, condition (2.3) and Lemma, 1(ii) imply that
Po(W) =1 (more precisely, (2.3) and Py(W) = 1 are equivalent).

Remark 1. We remark here a very simple geometric property of point measures £ € W, which
will be fundamental in order to apply the methods developed in [KV] and [DFGW]:

Let us fix £ € W, consider a sequence {z,}n>0 of elements in supp({) with zy = 0 and set

&n = Sz, & The &, can be thought of as the environment viewed from the point x,. Due to the

definition of W, the sequence {z, }nen can be recovered from {&,}nen by means of the identities
Tpn+l — Tn = A(énaén-l-l): n €N,

where the function A : W x Ny — R? is defined as

f n — Sz‘ /’
A, ¢") = {x e ; (2.8)

0 otherwise .

3. DYNAMICS OF A PARTICLE IN A FIXED ENVIRONMENT

As a preamble, let us fix some notations and recall some general facts about jump Markov
processes. In what follows, given a complete separable metric space Z we denote by F(Z) the
family of bounded Borel functions on Z and, given a (not necessarily finite) interval I C R, we
denote by D(I,Z) the space of right continuous paths z = (z¢)ecr, 2¢ € Z, having left limits.
The path space D(I, Z) is endowed with the Skorohod topology [Bil] which is the natural choice
for the study of jump Markov processes. For a time s > 0, the time translation 7, is defined as

75 : D([0,0), Z) — D([0, 00), Z), (1s2)t == Ztys-
Moreover, given 0 < a < b, we denote by R, the function

R[a,b] : D([Oa OO), Z) - D([aa b]a Z); (R[a,b}é)t = %1&)1 Za+b—t—4 -

Riap) is the time-reflection of (2¢)c[q,5) W.r-t. the middle point of [a, b], and it can naturally be
extended to paths on [0,a + b].

A continuous-time Markov process with path in D([0,00), Z) and distribution p is called sta-

tionary if
Ep(F) = Ep(F o), Vs>0,

and for any bounded Borel function F' on D([0,00), Z). It is called reversible if

Ep(F) = Ep(Fo Ry) , Ya,b: b>a>0,



for any bounded Borel function F' on D([0,00), Z) such that F(z) depends only on (2¢)¢c[q,p)-
Thanks to the Markov property, one can show that stationarity is equivalent to

Ep (f(20)) = Ep(f(2)) , Vs>0, VfeF(2), (3.1)

while reversibility is equivalent to

Ep(f(20)9(2:)) = Ep(9(20)f(2)), Vs=0, VfgeF(2). (3.2)

In particular, stationarity follows from reversibility. Finally, the Markov process is called (time)
ergodic if p(A) € {0,1} whenever A € B(D([0,00)) is time-shift invariant, i.e. A = 7,A for all
s> 0.

Recall that if the Markov process is stationary then it can be extended to a Markov process with
path space D(RR, Z) and the resulting distribution is univocally determined (this follows from
Kolmogorov’s extension theorem and the regularity of paths). Now stationarity, reversibility
and ergodicity of the extended process are defined as above by means of 75, s € R, and E[,),
—00 < a < b < co. Then one can check that these properties are preserved by extension
(for what concerns ergodicity, see in particular [Ros, Chapter 15, p. 96-97]). Therefore our
definitions coincide with those in [DFGW].

All the above definitions and remarks can be extended in a natural way to discrete—time Markov
processes (with path space ZN). Moreover, in the discrete case, stationarity and reversibility
are equivalent respectively to (3.1) and (3.2) with s = 1.

3.1. Construction of the dynamics. In this section, we consider a fized configuration £ € N
of the environment and define the random dynamics of a particle in this environment. To this
aim, let us introduce the symmetric transition rates for z,y € £ with x # y

cz,y(g) = CZ,y(EzaEy) = €xp ( — |z —y| - B(|E: — Ey| + | Bz | + |Ey|)) ) (3.3)

where E,, E, are the energy marks at z,y and 8 > 0 is the inverse temperature. It is convenient
to set ¢z 5(€) := 0. Finally, we set

Q¢ := D([0, 00),supp(¢))
and write (Xf )t>0 for a generic element of Q¢. Given z € ¢, we want to define a continuous-time
random walk with paths in €, starting at  and having the above jump rates, i.e. if Pg denotes
its distribution on €, then the set of stationary transition probabilities pfﬁto (z]y) := Pi(Xf =
z|XtE0 =y), 2,y € £, t >ty >0, satisfy the following conditions for small values of ¢:

(C1) P (yl@) = sy (€)t + o(t) for 2,y € € and & # y;
(C2) pf(m|x) =1—A(€) ¢+ o(t) for € € where

@) = Yeny(6) = / £(dy, dE) ey (Ea, E) .

yeg

Note that the above formulas are meaningful for Py almost all £ if Ep,(A\g) < co. In fact, due
to the bound A, (€) < e el?l X\o(€), one can infer that X, (£) < oo for any z € €, Py a.s. . The
following lemma gives a simple criterion in order to check the condition Ep,(Ag) < co.



Lemma 2. For any positive integer k, EPO(A(;) < 0o if and only if pr1 < 0.

Proof. Note that for suitable positive constants ¢, co

a Y E(Ci+2)e < X)) <er D E(Ci+2)eH, Ppas.,

2€74 2€74
The criterion then follows by expanding the k-th power of the above lower and upper bounds,

applying Lemma 1(iv) and using the stationarity of P. a

Let us point out that ¢z, (§) and A;(§) are covariant, that is, for any £ € Ny and y,z € ﬁ,

cz,y(Szé‘) = cz+a:,y+a:(§); Ay(Sa:é.) = >‘y+x(§) . (3'4)

Proposition 1. Let P be ergodic with p2 < oo or let P satisfy ps < oo. Then for Py-almost
all £ € Ny and for all x € &, there exists a unique probability measure P on Q¢ of a pure jump
Markov process starting at x satisfying the infinitesimal conditions (C1) and (C2).

The construction of the dynamics follows standard references (e.g. [Bre, Chapter 15] and [Kal,
Chapter 12]). After arriving at site y € £, the particle waits an exponential time with parameter
Ay(€) and then jumps to another site z € £ with probability

po(zly) = y - (3.5)

More precisely, consider £ € Nj such that 0 < A,(£) < oo for any z € £ and set Qg =
(supp(f) )N. A generic path in QE is denoted by (Xg)n>0' Given z € f, let P§ be the distribution
on &725 of a discrete—time random walk on supp(ét ) starti;lg in  and having transition probabilities
p¢(z|y). Let (@, Q) be another probability space where the random variables Tﬁ,z, zeé neN,
are independent and exponentially distributed with parameter A,(¢), namely Q(Tf,n >t) =
exp(—A;(£)t). On the probability space (Q¢ x O, Pt ® Q) define the following functions:

€ ._ . pt._mt 3 3 i
Ry = 0; R} ‘_To,)?§+T1,5(f+ +T° | e if n>1.

“rn—1

n&(t) == n if R$§t<RfL+1,

Note that né(¢) is well posed for any ¢ > 0 only if limp 400 RS = o0. If
f)i@Q(ling:oo) =1, (3.6)
ntoo

then, due to [Bre, Theorem 15.37], the random walk ( X Eﬁ ® )t>0, defined P¢ ® Q-almost every-
where, is a jump Markov process whose distribution satisfies the infinitesimal conditions (C1)

and (C2). The condition limpts RS = oo assures that no ezplosion phenomenon takes place,
notably only finitely many jumps can occur in finite time intervals.

In order to prove Proposition 1, and motivated by further applications, it is convenient to con-
sider the discrete-time Markov process (S 233 )n>0 defined on (Qg, Pg ), call P¢ its distribution

on 2 := ./\/8\I and denote its generic elements by (&,)n>0. Such a Markov process can be thought



of as the environment viewed from the particle performing the discrete-time random walk with
distribution Pg. Let us point out a few properties of the distribution P¢. First, we remark that
due to (3.4), the process ()\X—g (f))nGN defined on (Q, f’g) and the process (Ag(&n))nen defined

on (é, f’g) have the same distribution. Moreover, due to Remark 1, if £ € W, then the process
(Cn)nen defined on (2, P¢) as

(n = 0 ifn=0,
" Z;é A(ék,€k+1) otherwise,

has paths in &725 with distribution f’g. Finally, it is convenient to consider a suitable average of
the distributions P¢. To this aim, let Qg be the probability measure on N defined as

Ao (€)
EPO()‘O)

and set P := [ Qg(df)lsg. Note that, if £ € W, the transition probabilities are

Qo(df) := Po(dE)

)‘0_1(6)60,1(5) if 6, = 5z¢,

0 otherwise .

p(E'l€) == P(buni =€ 6 =¢) = {

Lemma 3. The discrete-time Markov process (€n)n>0 defined on (E,P) is reversible and is
(time) ergodic if P is ergodic.

Proof. Reversibility means that

/ 0y (de) / £(de) p(Sa€[€) F(€) 9(5:6) = / 0y (de) / E(dz) p(S£1€) 9(€) F(5:6) ,
No No

for any f,g € F(Np). The above identity can be inferred from Lemma 1(i) by means of straight-
forward computation using the covariance relations (3.4) and the symmetry of the rates ¢, ,(§).

Due to Corollary 5 in [Ros, Chapter IV], in order to prove ergodicity it is enough to show that
Qu(A) € {0,1} if A € B(N}) has the following property: for Qp-almost all € € A, P(&; € A&y =
€) = xa(£). Note that this property implies for Qp—almost all £ € A that &' € A if p(¢'[€) > 0.
Since Qy and Py are absolutely continuous w.r.t. each other and since p(Sg¢|¢) > 0 for all z € €,
the statement follows from Lemma 1(iii). O

Proof of Proposition 1. The uniqueness follows from [Bre, Chapter 15]. In order to prove
existence, due to the above construction, we only need to prove (3.6) for Py—almost all £ and
for any = € . According to [Bre, Prop. 15.43], condition (3.6) is implied by the following one:

ﬁg(le(@:oo) — 1. (3.7)

Due to the identity

e o]

Pg(nzle(;(a oo |Xf=z) = pg(,;&;(ﬁ) =), Vec,

the proof will be completed if we can show (3.7) for z = 0 and Py—almost all £ and, in particular,
if we can show




- I Y- )
Py s =) = [ o P s =)=

or

P(lim Ao(én) = /QO de) P hm Age(€) = oo) ~0.

n— 00

If P is ergodic, then Lemma 3 implies that P is ergodic and therefore, according to ergodic
theory (see [Ros, Chapter IV]),

1 1 1 ~
lim — ——— = E (—) = — P-almost surely,
Ntoo N T;) Ao(&n) 2\ Ep, (o) Y

thus allowing to conclude the proof.

If P is not necessarily ergodic and satisfies p3 < oo, the proof can be ended as follows. Given
N > 0, by the Chebyshev inequality and the stationarity of P, one obtains

B(h(E) »00) < lim B([) {Molew) 2 N}) < lim TEp(0(E) . (38)

m>n

The assertion follows from the identity

Ef’ (AO(&])) = EQO (>‘0) = EPO (A%)EPO (>‘0)71 ’
Lemma 2 and the arbitrariness on N. O

veé Az(€) < oo (in such a case (3.7) is always true),

but this simple criterion is typically not satisfied in our case. For instance, for a PPP

Remark 2. Explosions are excluded if sup

suEAE(f) > ¢ 48 sup Z e lz—yl > o401 sugf(Cl +z) = 0, Po-a.s. .
wed €L yed Jy—al<1 v

Remark 3. Some of the results of this work do not depend on the particular form of the
transition rates. If the jump rates have only finite range, more care needs to be taken when
studying ergodicity issues and the lower bounds on the diffusion matrix discussed below.

3.2. Main results. We are interested in studying the diffusion matrix D defined by

1
(a-Da) = Jim ~ Ep, ( Epc ((Xf : a)2)) ,  acR?, (3.9)
where (a-b) denotes the scalar product of the vectors a and b in R?. Due to Proposition 2 below,

the expectation in the r.h.s. is finite if p, < oo for some k > 5. The following theorem will be
proven in Section 4 by using the theory of Ref. [KV] and [DFGW].

Theorem 1. Let P be the distribution of a random environment (in the sense of Definition 1)
which is, moreover, ergodic and satisfy p12 < co. Then the limit (3.9) exists and D is given by
the variational formula

11



(a-Da) = inf /PO d¢€) /Sd:c co,z(€) (a- x—I—VEf(f)) , acR?,  (3.10)

f€L°° No,Po

with

Ve f(€) = f(S:€) — f(£) - (3.11)

Moreover, the rescaled process Y = (EXE _5)t>0 defined on (Qg,Pg) converges as € — 0 to a
Brownian motion W, with covariance matriz D in the following weak sense: for any bounded

continuous function F on D([0,00), R?),
Eps (F(Y™)) = E(F(Wp))  in Po-probability .

We point out that this theorem does not necessarily imply that the motion of the particle after
a proper rescaling is diffusive, since it could happen that D = 0. In the situation where the
random environment is obtained by v-randomisation, we shall show that the diffusion matrix is
strictly positive (i.e. has positive eigenvalues) whenever the process has sufficiently many points
or satisfies a suitable mixing condition. The following notation is needed. Given A C R?, we
define F,4 as the o—subalgebra in B(N') generated by the random variables £(B), where B C A
and B € B(R?). Let us set F, := Fra\c, -

Main Hypothesis The random environment with distribution P is the v-randomisation of a
SSPP with distribution P which has a lower bound p' > 0 on the point density:

é(CN) > pIE(CN) ’ VN> Ny ) ﬁ'a's' ’ (312)

with p' and Ny independent on é, or satisfies the following mizing condition: there exists a

function h : Ry — R, with

C
h(r) < 1+ r2dt16+3 ° ¢,0>0,

such that for ro > r1 > 1

P(A|Fry) — P(A)| < rdrd Lh(ry —r), VAe Fe, , P-a.s. . (3.13)

We feel that this weak hypothesis covers nearly all cases appearing in interesting examples. The
uniform lower bound (3.12) holds in the case of random and quasiperiodic tilings and, more
generally, the so-called Delone sets [BHZ]. It holds true in particular for the SSPP of Example
2. The type of mixing condition (3.13) is inspired by decorrelation estimates holding for Gibbs
measures of spin systems in a high temperature phase [Mar|. Note that, due to the stationarity
of 73 the mixing condition (3.13) imply that Pisa mixing, and in particular ergodic, point
process (see [DV, Chapter 10]). It is trivially satisfied for the PPP as well as point processes
with finite range correlations, that is for point processes for which there exists some r > 0 such
that 4 and Fp are independent whenever dist(4, B) > r.

Theorem 2. Let d > 2, p1a < oo and let P satisfy the Main Hypothesis. Then the diffusion
matriz D is strictly positive.

12



Theorem 2 also covers the case of a trivial v—randomisation, i.e. v is supported by a single point.
Under a further assumption on the randomisation measure v which is physically reasonable as
discussed in the introduction, one obtains the following quantitative lower bound.

Theorem 3. (Mott law as lower bound) Let d > 2 and let P be as in Theorem 2 with a
randomisation measure v satisfying

v([~E,E]) > ¢y B, (3.14)
for some positive constants a, ¢y. Then

d(a+1)

D > ¢y 7 =FiTd exp (—cz ﬁaflr}rd) 14, (3.15)

where 14 is the d X d identity matriz and c; and cy are some positive constants.

The proofs of Theorems 2 and 3 will be given in Section 7.2.

Remark 4. Given an invertible linear map T : R — R? we define the map St on R¢ x K by
Sr(x,k) = (T, k). This induces a map St on N by (S7¢)(B) = £(StB) where B € B(R? x K).
Then, as in [DFGW, p. 824], one can prove that if P is reflection invariant (i.e. P o Sg, = P for
all reflections R; with Ryz = (z(,..., —z® ... 2(®)) then the diffusion matrix D appearing
in Theorem 1 is diagonal, while if P is isotropic (here in the sense that P o S = P for all
rotations R by 7/2 in a coordinate plane), then D is multiple of the identity.

In order to simplify the exposition, in the rest of this article we assume P to be isotropic. As
the reader can check, all the proofs below can be adapted to the general case considered in
Theorems 1, 2 and 3.

3.3. LP—property of XtE at fixed times. In order to apply the results of [DFGW], one needs
that EpOEP5(|Xf |) < 0o. The following statement is more general.
0

Proposition 2. Let P satisfy py, < 0o for some integer & > 3. Then, givent >0 and 0 < v <
Kk —3,

Ep,E, (|X|)<oo.

Proof. Due to the construction of the dynamics given in Section 3.1
7) = ~ xé |
EpBpe (1X{") = Er, Bpcgq (1K, 1").-
Let p,q > 1 be such that 1/p+ 1/q = 1. Due to the Holder inequality,

(|X5§(t) ZEPO p5®Q(|X |7 ( ()> 1)X( E(t) :’I’L))

n=1

< Z<E% P5®Q(|X€|W (n ()>1))>

Clearly, n*( ) > 1 means TfX,E < t. It then follows from the estimate 1 —e™ < u, u > 0, that

0
psaq (KA1 x (i) 2 1)) = (1 - e Bge (IXE11) < Mo(€)t Bpg (1K) - (3.16)
We then obtain

By, Bpc (1X{7) < cfjl(/go(ds)Epg(wsw )" ([Puaeeseq(nsw =n)) "

(3.17)

EP0E138®Q

1
P

Q=

<E%( Pi®Q (nf(t) = n)))

E

13



with C = [t Ep,(\o)]'/9. We claim that there is a (time-dependent) constant C’ > 0 such that
/ Qo (dé) Epe (|X577) < C'n77. (3.18)
0

To show this, let us note first that, given Xg = 0, by another application of the Holder inequality,
n—1

> (X — X5)

m=0

Y49

XA = < 1 Z\Xm+1—)?fn\”,

where it has been assumed that ¢ > 1. One can derive from the stationarity of P and Remark
1 that

[ Qo) g (155~ X5 = [ Qule) By (1X1") = €.

for any n € N. One concludes the proof of (3.18) by checking that C’ is finite. Actually, by
(3.5), Ep,(Ag) C' is equal to

[Poiae) [éanennleler < ¢ [Potag) [éamye

for a suitable constant ¢. The r.h.s. can be bounded by means of Lemma 1(iv) and the same
argument leading to Lemma 2.

In view of (3.17) and (3.18), the proposition will be proved if we can show that the expectation
Ep, (Pg ® Q(né(t) = n)) converges to zero more rapidly than n~*VP as n — co. Let us fix
0 < a < 1. We will show that, if [ > 0 is such that Ep,(A;") < oo, then

Ep, (P§® Q(ni(t) =n)) = O(n ). (3.19)

To this end, let us first make a general observation. Let A > 0 and let 71, ...,T; be independent
exponential variables on some probability space (€2, 1), with parameters Ay, ..., Ay < A. Define
the random variables T} := (A;/A)T}, j = 1,..., k. These are independent identically distributed
exponential variables with parameter A. As T]( < T}, this shows that

2. (At)itk Ak
,u(Tl—I—----i-TkSt) < H(T1I+"'+Tlg<t = *”Z G+k)! — (kl) : (3.20)
Jj=

In order to proceed, we set for all £ € N
Bf: = {:c Eé : Az (6) Sna} ,

as well as

AS = {(XE)kZUEQgi HJcIn,|J|>g,)~(]§eB,§ VjeJ}
where I, :== {0,...,n — 1} and |J| is the cardinality of J. We write

P§® Q(nf(t) =n) = ga() + ha(§),

with

gn(€) = PieQ({nf(t) =n}n4s),  ha(&) = Bfo Q({ni(t) =n}n(45)) .

14



We first estimate g,,. Obviously {n$(t) = n} is contained in {>jer T‘%{E < t}. As a result,
I Ay

gn(€) < > Y. xlejeBiVjied)x(zi¢ B Viel\J)
JCIn,|J|>1/2 gy,....0n_1€E
P (X5 =20, XSy =20 1) Q(P T, <1)

=
(n>t)k
< .
- k:[n/glﬁ}i..,nq{ k! }

Thanks to the Stirling formula k! ~ k¥e *1/27k as k — oo, the last expression can be bounded by
a constant times (2et)™2n~"(1-®)/2 and is thus exponentially small. We now turn to Ep, (h,),
n > 1. Clearly,

n—1
BE((49)) < T Bpe (x(X5 ¢ B+ +x(XE1 ¢ BY)) = 2 3 By, (holem) > ).
m=0

o
By Lemma 3 and invoking Chebyshev’s inequality, one obtains for any [ > 0

[ Potae B§ o @({ns(0) = 1} 0 (49)%) < ¢ [ Potde) xa(©B5((45)")

IN

Ep, (h")

n—1
< % 2 / Po(d€) Ao () Bp, (Mo(ém) > n%) = 2tEp, (Ao x(ho > n?))
m=0

2t
< W EPQ (A%)—i—l) )
where the second inequality follows from the same argument leading to (3.16) and the equality
follows from the stationarity of P. This proves (3.19). We may now choose p = a1 > 1
arbitrarily close to 1 so that yg > 1 and such that one may take for [ the smallest integer strictly
greater than v+ 1. For such a choice the sum (3.17) converges. We can now invoke Lemma 2
to get the result. ad

4. DYNAMICS OF THE ENVIRONMENT VIEWED FROM THE PARTICLE

We check in this section that our model satisfies all hypothesis of Theorem 2.2 in [DFGW],
which then directly implies Theorem 1. Throughout, we assume to have a random environment
in the sense of Definition 1 fulfilling the assumptions of Proposition 1.

4.1. Construction of the process. Due to (2.3), for Py—almost all £, the random walk on

A

supp(§) of a particle starting at the origin and having transition rates ¢, .(§) given in (3.3) is
well defined and its distribution on the path space Q¢ = D([0, 00),supp(§)) has been denoted
by Pg. The environment viewed from the particle is the continuous—time jump Markov process
(Sng)tZO defined on (€2, Pg). Let P¢ be its distribution on the path space = := D([0, c0), Np).

A generic element of E will be denoted by & = (&;);>0. Let us set P := [Py(d{)P¢. Then the
environment process is (§¢)¢>o defined on (Z,P) with distribution P. It is a continuous-time
jump Markov process such that

Plort =81 =¢) = Pe(&=¢) = p(€l€) Vs,620.

Then, if £ € W,

15



pf(m|0) if ¢ = S,¢ for some z € €,

) (4.1)
0 otherwise .

Pt(f’|§) = {

Given t > 0, we further introduce the function n.(t) on the path space = defined by

n«(t) () = number of jumps of £ in the time interval .

Proposition 3. Let P be ergodic with py < oo or let P satisfy p3 < co. Then the process (&+)¢>0
defined on (E,P) is reversible, i.e.

Ep(f(¢0)9(&)) = Ep(9(&0)f(&)) Vfge F(Ny), Yt>0, (4.2)
and is (time) ergodic if P is ergodic.

Proof. We first verify the symmetric property

Pt(§,|§) = Pt(§|§’)- (4.3)

Actually, thanks to the construction of the dynamics given in Section 3, one can show that for
any positive integer n and any & = ¢ ¢ ¢=1) ¢(n) — ¢ € A,

Pe(n.(t) =n,ér, =D, &p, = €M) = Py (ni(t) =n,ép, =Y, .. &g, =€)

where, given £ € E, R1(§) < Ra2(§) < ... denote the jump times of the path {. Next, given
f,9 € F(Np) one gets by applying Lemma, 1(i) and using (4.3) that

/ Po(de) / E(de) pu(Sa£1€) F(€)9(Sat) = / Po(de) / E(de) pu(S:£1E) 1(SaE)a(€) ,  (4.4)

which is equivalent to (4.2). Hence P is reversible.

Due to Corollary 5 in [Ros, Chapter IV], in order to prove ergodicity it is enough to show that
Po(A) € {0,1} if A € B(Np) has the following property: P¢(&: € A) = xa(€) for Py—almost all &.
Given such a set A, then there exists a Borel subset B C A such that Py(A\ B) = 0 and P¢(&; €
A)=1forany £ € B. Fix{ € Band z € ¢, then Pe(& = Sz, & € A) = Pe(& = Sg€) > 0 (the
last bound follows from the positivity of the jump rates). Hence S;¢ € A. Lemma 1(iii) implies
that Py(A) € {0, 1}, thus allowing to conclude the proof. O

4.2. Markov semigroup. Let P fulfil the assumption of Proposition 3. Then,

(Ti)(E) = Bp, (f(&) = / E(de) pu(S.t,€) F(Saf),  Poas. (4.5)

defines a strongly continuous contraction semigroup on L?(Ng,Pg) (Markov semigroup). Ac-
tually, (i) T; : L?*(WNo,Po) — L2(No, Po) is self-adjoint by (4.2) and is a contraction by the
Cauchy-Schwarz inequality and the stationarity of P; (ii) Tz1s = T;7s follows from the Markov
nature of the process; (iii) the continuity follows from the following argument: first observe that
it is enough to prove the continuity of 7;f at t = 0 for f € L>°(Ny,Py), which is obtained from

the dominated convergence theorem and the estimate |(7:f — £)(&)| < 2||f|loo(1 — pf(0|0)).
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Let us denote by £ the generator of the Markov semigroup (7;)i>0 and by D(L) C L*(No, Po)
its domain.

Proposition 4. Let P satisfy ps < o0o. Then L is nonpositive and self-adjoint with core
L>*(Ny,Py). For any f € L>(Ny,Py), one has

(Ch)(E) = / E(de) con(€) Vaf(€),  for Pove. €, (4.6)

where Vo f is defined in (3.11), and, moreover,

U -Op, = 5 [ Polde) [ o) oal®) (V1) . (47)

Proof. We use the abbreviation L? for [P = LP(Ny,Py), p = 2 or oo. For any f € L,
denote by Af the function defined by the r.h.s. of (4.6). Due to Lemma 2, Ep,()A2) < co and in
particular

/ Pode)|(ANE)2 < 4[1£12 B, () < o0,

thus implying that A : L — L2 is a well-defined operator. We claim that

L2 —tim 2 =1
t}0 t

Note that (4.8) implies that L C D(L) and Lf = Af for all f € L. As T; is self-adjoint
and is a contraction, this also implies that A is a symmetric nonpositive operator and, thanks
to [RS, Vol.2, Theorem X.1], essentially self-adjoint. Since L is closed [RS, Vol.2, Chapter X.8]
and extends A, we deduce that £ is the closure of A, thus implying that £ is self-adjoint and
L is a core for L. Finally, using (4.4) in the limit ¢ — 0, by straightforward computations (4.7)
can be derived from (4.6).

= Af, VfeL™. (4.8)

Let us now prove (4.8). We assume ¢ € W and we set, for &' # ¢,
pea(€'€) = Pe(ér =& ,nu(t) = 1) = pi(€'|€) — P& = €', nu(t) > 2) .

Thanks to the construction of the dynamics described in Section 3.1 and due to the estimate
1—e ™ <wu,u >0, one has for any z € £ and x # 0

Pii(Sa€l€) < P§@ Q(X] ==, Tg, <t) = pi(e]0)(1 — @) < (&)t (4.9)

Let f € L. In view also of (4.5) and [ €(dz) p;(Sz€,€) = 1,

(T =1 —1af)©)| = ‘ / £(dz) (1(5:8) = F(8)) (Pe(Satl€) — co,0(¢) t)‘

< 2)fle ( /{ oy ) ((S,810) e (5:616) + /{ oy E0) (pua(5:66) + 0.0 t)) |

The first integral in second line can be bounded by P¢(n.(t) > 2). The second integral is equal
to

“Pe(na(t) = 1)+ 20(E) ¢ = —1+e MO 4 2 (€) ¢ + Pe(n,(t) > 2) .
By collecting the above estimates, we get

1

2 2
LB (T f-taf)) < PV, (B2, (1) > 2)) + A

t2

N O
(4.10)
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By using the estimate (e™* — 1 +u)? < u3/2 for u > 0 and the finiteness of Ep,(\}), it is easy
to check that the second term in the r.h.s. tends to zero as t — 0. In order to bound the first
term, we observe that

Pe(n.(t) >2) < PE@Q(T5, <t, T° . <t) = > PoQ(X] ==, Tj, <t, T}, <t)
k) 1 N
zeé

= (1= %00 [E(do)p(S,gle)(1— e M)

Due to the estimate 1 — e™™ < w, this implies the bound

Pe(n.(t) 22) < 2 hal€) [ Edn) p(5.E0(S:6) = £ 0@ Bp, (a(6)) . (41D
Due also to the estimate 1 — e ™ < 1, it is also true that
Pe(n.(t) >2) < tBp, (ho(&)) - (4.12)

By multiplying the last two inequalities, and using the stationarity of P, one obtains

B (PHna(1) > 2)) < B, (3(6) By (Moler)]?)

< tEp, (>\0(§)E135 (M(&1))) = tEp (X)) ,

thus implying that the first term on the r.h.s. of (4.10) goes to 0 as ¢t — 0. O

4.3. The ‘H_;—norm. Let us recall some general results concerning self-adjoint operators which
will be useful in the proof of Theorem 1 and in Section 5. Let (£2,u) be a probability space
and denote by (., .), and by ||.||, the scalar product and the norm on H = L?(Q,p). Let
L : D(L) — H be a nonpositive self-adjoint operator with (dense) domain D(L£) C H and
assume C C D(L) is a core of £. The space H; is the completion of D(|£|'/?) N (Ker(£))" under
the norm

Iflh = [I£l2f],.  feD(e?)

while the dual #_; of #; under (., .), can be identified with the completion of D(|£|71/2) =
Ran(|£|'/?) under the ||.||_;-norm defined as

lell -1 = |[1£]20],, »e€ DL .

Given ¢ € H N#H_1, the dual norm ||¢||_; admits several useful characterisations:

Il = sup L0 o el

1, J/ul” 1@ J7ul (4.13)
rermnn IfI1 reenker(c):  NFI3

where the last identity results from the fact that C is a core for £. Moreover, the useful identity
ol = sup(2 (o1 = (1, (<£)1)) (4.14)

is easily obtained by using the inhomogeneity in f of the expression in the r.h.s. of (4.13) and
observing that ¢ € (Ker(£))". Finally, it follows from spectral calculus that

ol = [ et eto, (4.15)
In what follows, we extend the definition of || - ||_; to the whole space H by setting ||¢||-1 := oo

whenever ¢ € H and ¢ ¢ H_;. Thanks to this choice, identities (4.13), (4.14) and (4.15) are
true for all p € H.
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4.4. Position as anti-symmetric random variable. For any time ¢ > 0, let us introduce

the random variable X; : £ — R? defined by
S AL, (4.16)

s€[0,¢]

AE) = {x if & = Sui

where

0 otherwise,

and the sum runs over all jump times s for which A;(§) # 0. Note that the family {X|,, =
X; — X :t > s >0} of random variables satisfies the following properties (see [DFGW]):

(5,7 depends only on {&u}uefsz

P2) additivity: X5 + X[s0) = X5, for any s,t,v, 0 <s <t <w,

(P1) X
(P2)
(P3) time—covariance: Xs 07 = X4y, 44, forany r,5,t6>0,s<t,
(P4) (X¢)t>0 has paths in D(]0,00),R?) ,

(P5)

P5) anti-symmetry:

X[s,t} o R[s,t} = — X[s,t} , for any s,t, 0 < s <, Pas. .

The crucial link to the dynamics of a particle in a fixed environment is now the following: due
to Remark 1, for any £ € W, the distribution of the random process (X;);>0 defined on (Z, P¢)

is equal to the distribution Pg of the continuous—time random walk on é (naturally embedded
in R?) starting at the origin. Recalling that P = [ Py(d€) P, this implies

Ep, (EPS ((Xf : a)z)) = Ep ((X;-a)?) , (4.17)

which gives a way to calculate the diffusion matrix D from the reversible distribution P on E.

4.5. Proof of Theorem 1. The lemma below shows that the mean forward velocity and the
infinitesimal mean square displacement defined as in [DFGW] are well-defined in the present
context.

Lemma 4. Let P satisfy p12 < 00.
(i) Let o be the R%-valued function on Ny defined by

= / £(dx) coo(€) T . (4.18)

Then ¢ € L%*(Ny,Po) and ¢ is equal to the mean forward velocity given by the convergent
L?-strong limit

PO) = L2 ~lim ; Bp,(X,). (4.19)

(ii) Let us introduce the function 1 on Ny with values in the real symmetric d X d matrices by

(a-$(€)a) = / E(de) coal€) (a- ) . (4.20)
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Then v € L2(Ny, Po) and v is equal to the infinitesimal mean square displacement given by the
convergent L%-strong limit

1
(a-9(¢)a) = L? ~lim © Bp, ((a- Xp)?) . (4.21)
Proof. (i) One has
1 2 2 2
5 [ PaIER (X~ 10O < 5 [ Polde) [Be (Xix(n.() =1)) — £
2 2
+ 3 /Pg(dg) |Ep, (Xex(n«(t) >2))|" . (4.22)
We first show that the first term on the r.h.s. vanishes as ¢ — 0. Using the same notation as in
the proof of Proposition 4 and invoking (4.9),
9 A 2
B, (B (Xx(.0) = 1)) = 00(6)]*) = B (| [ ) pra(2810) - venale)) o] )
is bounded according to the Cauchy-Schwarz inequality by

Ep, </ £(de) (—pe,1 (Sz€l€) + t co(€)) /é(dy)(—pt,l(syélé) +t60,y(§))|y|2> : (4.23)

Let us denote by I;(¢) and I5(€) the (non negative) integrals over £(dz) and £(dy) respectively.
Using the identities of the proof of Proposition 4, the inequality 0 < —1+e * +u < u?, u > 0,
and (4.11), we deduce

L(6) = —14e7@ £ 12(6) + Pe(nu(t) > 2) < 220(6)* + *X(€) Bp, (Mo(&1)) -
Moreover, I5(£) < tff(dy) co,y(€)|y|?. Hence (4.23) is bounded by

& (Br, (8 [ €@ na(e)s?) + Br, (Xo(©Bp (a(61) [ Eld)c0n(002°) )

As long as ps < o0, the first expression can be bounded by applying Lemma 1(iv) (see the
argument leading to Lemma 2). A short calculation shows that the second expression is equal

) [P [éamenae /fd”““/gdyc” |

and is therefore bounded even if py < oo (again by means of Lemma 1(iv)). Resuming the
results obtained so far, one gets

1 / Po(de) [Br, (Xox (na(t) = 1)) — t(6)]> = O(t) . (4.24)

We now turn to the second term in (4.22). By Proposition 2, Ep,(Ep,(|Xt|”)) < oo as long as
0 < v < k—3 whenever p, < oo for x integer. By applying twice the Holder inequality, if v > 2,

2 -2y 1-2
Ep, ([Ep, (Xex(ne(t) > 2))[P) < (Epy (Br, (1X:]"))) " (B, (Pe(ne(t) > 2) 72 ) 7.
Let us take (4.12) to the power /(v — 2), multiply the result by (4.11). This yields

2 3y—4 2y=2 3y 4 3y—4
Ep, (Pf(n*( ) = 2)77_2) < tﬁ Ep, (AO(O ()‘ o (&1 ))) = tﬁ Ep, ()‘07_2 ) :
Hence, by Lemma 2, if p, < oo is satisfied for integer K > (4y — 6)/(y — 2), there is a finite
constant C > 0 such that

4

By, ([Bp, (Xox(n.(t) > 2))[F) <Ct77 (4.25)

One concludes the proof by choosing v > 4 and by combining (4.22), (4.24) and (4.25), as long
as kK > T7.
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(ii) One follows the same strategy. The first term in the equation corresponding to (4.22) can
be dealt with in exactly the same way. In the argument for the second term, |X;| is replaced by
| X;|2 so that one needs 2y < k — 3, hence x > 11. O

Proof of Theorem 1. All statements in this theorem follow from [DFGW, Theorem 2.2] and
from (4.17). Actually, we have already checked all the relevant hypothesis, namely (i) the random
variables X[, s, 0 < s < t, satisfy the properties (P1) to(P5) described in Section 4.4 and are in
LY(Np, Po) (see Proposition 2); (ii) the Markov process (£;)s>0 with distribution P is reversible
and ergodic (see Proposition 3); (iii) the mean forward velocity exists (see Lemma 4(i)); (iv) the
martingale X; — fot ds (&) is in L2(E,P). The last point is a consequence of Proposition 2
assuring that X; € L2(E,P) and the fact that fot ds (&) € L%(E,P), which can be proved by
means of the Cauchy-Schwarz inequality, the stationarity of P and the property ¢ € L2\, Pp).
One can deduce from [DFGW, Theorem 2.2] that ¢ - a € H_; and (see [DFGW, Remark 4,
p. 802] together with Lemma 4(ii)) that the rescaled process (e Xy.2)t>0 on (E,P) converges as
e — 0 (in the sense specified in Theorem 1) to the Brownian motion W, with covariance matrix
D given by

(a-Da) = Ep,((a-va)) — Q/OOOdt <g0-a,et£<p-a>730 .

Invoking (4.14) and (4.15), this gives

dt(p-a,ep-a), =  sup 2(p-a, fipy — (f, (=L)f)p, ) -
-/0 < >P0 FEL>(No,Po) ( 0 0)
Using (4.7), (4.18), (4.20) and Lemma 1(i), a short calculation yields (3.10). O

5. BOUND BY CUT-OFF ON THE TRANSITION RATES

The variational formula (3.10) is particularly suited in order to derive bounds on the diffusion
matrix D. For example, due to the monotonicity of the jump rates ¢z, (§) in the inverse tem-
perature 3, one deduces that the diffusion matrix is non-increasing function of 3. The aim of
this section is to obtain more quantitative bounds. Throughout this section, we suppose that
the random environment satisfies the assumptions of Theorem 1, but we do not suppose that P
is a v-randomisation of a SSPP.

Given an energy 0 < E, < 1, we define the map ®,: N — N := N (R?) as follows:

(®0))(A) = E(Ax[-E,E)), AcB®Y). (5.1)

Note that P¢ := P o ®-! is the distribution of a point process on R? with finite intensity

pe = Ez.(£(C1)) < p, and in general
E;(£(C1)") < pe, VY& >O0. (5.2)

In what follows, we assume that p. > 0. It can readily be checked that P¢ is an ergodic SSPP on
R?. We write 755 for the Palm distribution associated to P¢. Finally, note that in the case where
P is obtained by v-randomisation of a SSPP ¢ on R?, the distribution P¢ is the d,~thinning of
¢, with 6. := v([—E,, E.]). The relation between the Palm distribution Py and 753 is described
in the following lemma.

Lemma 5. For any Borel set A € B(Np),
PEA) = o PolBo| < B, @e(6) € 4)

c
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Proof. Comparing the identities

~

P(A) = pi /N Pedd) [ éldaa(si)

and
Po(|Bo| < Boy do(e) €4) = / P(de) / £(do) x(|1 Bl < Bo) xa(®a(Se))
PJIN C1
1
- 2 /N P(de) /C (2:(6) ) xa(2(526), (5.3)
following from (2.4), proves the assertion. O

Proposition 5. Fiz a distance r. > 0, an energy 0 < E. <1 and let 755 be as above. Moreover,

define
0. () = / £(dz) éop (a-p.(€)a) := / £(dz) éop (a-z)?, (5.4)

as functions on Ny where ¢oe = X(|lz| < 7). Then the diffusion matriz D for the process
(Xf)tzg in Theorem 1 admits the following lower bound

D > &e_rc_4ﬁEC Dc("'c;Ec)a

)
where -
(a-Dc(re, Ec)a) == Eﬁg ( (a- ¢ca)) -2 /0 dt {pc-a, e’ .- a>758 , (5.5)
and L. is the unique self-adjoint operator on LQ(N0,75§) such that
(D@ = [Ed) aVas®, V1 L2 P5). (5.6)

One can prove by the same arguments used in the proof of Proposition 4 that the above operator
L. is well-defined and self-adjoint. We will write Pe¢ for the probability measure on the path space
2 := D([0,00), Np) associated to the Markov process with generator £, and initial distribution
755. If the initial distribution is 65, with é € ./\70, then we will write f’g One can prove that

these Markov processes are well defined (in particular, f’z is well defined for ﬁg—almost all f)
and exhibit a realization as jump processes by means of the same arguments used in Section 3
(note that, for a suitable positive constant ¢, [ &(dz)éy, < cAo(§) for any € € Ny, thus allowing

to exclude explosion phenomena from the results of Section 3.1). Finally, given § €8, Xt(§ ) is
defined as in (4.16).

Proof. Note that
coz(€) > e TP Gy (6),
where
Ery(€) == X(|Bal < Be, [By| < Eey [ —y| <70).
Then (3.10) implies
(a-Da) > e T4 Ec g(a)

where

9(@) = anf / Po(d€) / £(dz) & () (a-:c + fo(g))Z >0.

By the same arguments used in the proof of Proposition 4 one can show that there is a unique
self-adjoint operator £ on L?(Ny, Pp) such that

(LA)E) = / E(de) eoal6) Vof(€), Y f € L®(No,Po).
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Moreover, L>(Np, Py) is a core of L and

. (~£) / Po(de) / E(de) @0a(€) (Vaf(€))2, YFeL®WoPy). (57)

Next let us introduce the functions
- / Ede) @0,@) e, (a-$(E)a) = / E(de) 804() (a- z)°

Then, we obtain by means of straightforward computations and the identities (4.14), (4.15) and
(5.7) that

o@) = Br((@da)) =2 sup (2050 Np, ~ (1 (-D))m)

feEL™> (./\/0,7)0

po((aw;a)) — Z/OOOdt <<p a et£¢-a>%.

At this point, in order to get (5.5), it is enough to show that

B (fa:60)) = 28y (0 )

and

~ L ~ _ P Le
(50,6200}, = & (v, gl

This can be derived from Lemma 5 and the identities

¥ = Xx(|Eo| < Eo)teo®,,
) P = X(|E0|§EC)SOCO‘I)ca
L(fo®.) = x(|Eo| < Ec)(Lef)o @,

where @, has been introduced in (5.1). O

6. PERIODIC APPROXIMANTS AND RESISTOR NETWORKS

In this section, we compare D.(r., E.) to the diffusion coefficient of adequately defined periodic
approximants, which then in turn can be calculated as the conductance of a random resistor
network. There have been numerous works on periodic approximants; a recent one containing
further references is [Owh]. Still, we merely suppose that the random environment satisfies the
assumptions of Theorem 1 as well as the isotropy property of Remark /.

6.1. Random walk on a periodized medium. Let us choose a given direction in R?, say,
the direction parallel to the axis of the first coordinate. Given a fixed configuration £ € A and
N > r., we define the following subsets of R?

Qév := supp(€) N Can Fﬁ = 290 {z: 2" =xN, |zV)| < N for j =2,...,d},

Vy = QyUrfuly, BV = Q\nBx,
where as before Coy = (=N, N)? as well as By = {z € Coy : 2 € (=N,—N + r.]} and
Bl ={z € Coy : M) € [N -7, N)}.

Next let us introduce a graph (VN,EE ) with set of vertices VN and set of edges 8 v Two
vertices z,y € Qg are connected by a non-oriented edge {z,y} € &5 ~ if and only if |z — y| < r¢;
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moreover, all vertices ¢ € Bf\;r (respectively z € B]E\,*) are connected to all y € I'}; (respectively

y € I'y) by an edge {z,y} € E?V and the points of Fﬁ are not connected between themselves.

We now define another graph (Vlg;,, c‘:]{]) obtained from (Vf\,,éﬁv) by identifying the vertices
T = (—N,x(2),...,x(d)) and T, = (N’;,;(Q),___,x(d))_

Let us write 7 : va — V]EV for the identification map on the sets of vertices. Hence n(I'y) =

m(T'};) and  restricted to va is the identity map. The set va = W(V?V) represents the medium
periodized along the first coordinate.

Now a continuous—time random walk with state space V]{, and infinitesimal generator [,fv is
given by
L5N@ = Y ey (Fw) - @), vYeeVy,

yEVfV : {z,y}egfv

where the bond-dependent transition rates ¢({z,y}) are defined for any {z,y} € Efi, by

( ) B 1 if:c,yEnga
c({z,y}) = o ifeenTy)oryen(y).
N

(6.1)

Clearly the generator Lg\, is symmetric w.r.t. the uniform distribution mgv on V]Ev given by

= e Xk
‘VN‘ a:EVf;,

Hence the Markov process with generator Ei, and initial distribution m?v is reversible. Note

that it is not ergodic, however, if there are more than 1 cluster (equivalence class of edges). In
the latter case, the ergodic measures are the uniform distributions on a given cluster and this is
sufficient for the present purposes.

We write Pi, (respectively Pt;vz) for the probability on the path space Qt;v = D([O,oo),VIEV)

associated to the random walk with initial distribution mi, (respectively ) and generator Ei,.

Let us introduce an antisymmetric function dy(z,y) on va such that

g — ) ifgye @l
di(z,y) = ¢yM 4+ N ify e Qf\,, yW <0, z e T(Ty),
yO N  ifye Q’;i,, y >0, zen(Ty).
Finally, given t > 0, we define the random variable

X (w) = > di(we,ws),

s€[0,t]: ws Fws—

where (ws)s>0 € Q?v It is the sum of position increments along the first coordinate axis for

all jumps occurring in the time interval [0,¢]. Clearly, X](\})f gives rise to a time-covariant and

anti-symmetric family so that, as in Section 4.5, [DFGW, Theorem 2.2] can be used in order to
deduce the following result.
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Proposition 6. Given N € N, N > r., and é eN

.1 (D€y2 é
H‘IE.I.} 2 Epi]((XN,t) ) = DN7

where the diffusion coefficient D?v is finite and given by

~ ~ ~ oo ~ é
Df = mb(uh) =2 [ Tae i @b (6.2
with ¢§V, go?v (scalar) functions on va defined as

(@) = Y. c{zy)) dilz,y)?, oiy(@) = Y. c{zy)) dilzy) . (63)

y: {y,c}ees, y: {y,z}c€

6.2. Link to periodized medium. Here we show that the diffusion matrix (5.5) can be
bounded below in terms of the average of the diffusion coefficient associated to the periodized
random media. Our proof follows the arguments of [DFGW, Prop. 4.13], but additional techni-
cal problems are related to the randomness of geometry (absence of any lattice structure) and
possible (albeit integrable) singularities of the mean forward velocity and infinitesimal mean
square displacement.

Proposition 7. Suppose that for 1 <p <8

I pcL(Can)
m ———
Ntoo £(Con) + aan

where p. := Eﬁc(f(Cl)) and asy = |F%| = (2N —1)%L. Then, for any t > 0,

=1, in IP(N,P°), (6.4)

Mm B (m$ @h) = Bp (), (6.5)
. 3 & ¢
J{rlgo Es. ((‘P?v, LS 90§V>m§\,> — <90((;1)a otLe 90‘(31)>733 , (6.6)

where ¢§”) and gof(;l) are the first diagonal matriz element of the matriz 1. and the first compo-
nent of the vector ¢, introduced in (5.4), respectively.

Since D, is given by (5.5) and is a multiple of the identity (cf. Remark 4), the identities (6.5)
and (6.6) combined with Fatou’s Lemma immediately imply:

Corollary 1. Under the same hypothesis as above,

Du(re, B.) > <1imsupE75c (Di,)) 1, (6.7)
N*Too

where 14 is the d X d identity matriz.

Before giving the proof, let us comment on its assumptions. Due to (5.2), p, < oo implies
E;5.(£(C1)P) < oo for any p > 0. As Pe¢ is ergodic, this implies the following ergodic theorem,
an extension of [DV, Theorem 10.2]. We recall that a convex averaging sequence of sets {A4,,} in
R? is a sequence of convex sets such that A, C A,;+1 and A, contains a ball of radius r, with
Ty, — 00 as N — 00.
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Lemma 6. Suppose that p, < oo, p > 1. Then, given a conver averaging sequence of Borel sets

{4,} in R4,

7[)5(5(42)) — 1 in LP(N,P%),
and
pg(éz(éljz)) — 1 PCoa.s

We will also need a bound on Eﬁc((ét (An)/€(Ap))P), uniformly in n, for a sequence of sets that
does not satisfy the assumptions of Lemma 6. To this aim we note that, given a Borel set
B C R? which is a union of k non-overlapping cubes of side 1, one has

B (L)) < B (6@P) < 0y V1, 65)

where C is the closed cube [—%, %]d. This follows from the stationarity of P¢ and the convexity
of the function f(z) = zP, x > 0.

Proof of Proposition 7. Without loss of generality, we assume r. = 1. A key observation
in order to prove (6.5) and (6.6) is the following identity, valid for any nonnegative measurable
function h defined on Nj. It follows easily from (2.5):

By, ( [ €anhs.)) = pol®Byh), v BeBED, (69
From this identity we can deduce for any h € L2(Ng, P§) that
1 A R
lim Ez, A—/ E(dz)h(SzE) | = Ej.(h). (6.10)
Ntoo P <§(CZN) +azn JCon 2 K

In fact, due to (6.9), it is enough to show that

1 1 . R
a <(£(02N)+am B pce(CZN,g)) /CzNzé(dw)h(Sx§)> 1o, as N 1 oo. (6.11)

By applying twice the Cauchy-Schwarz inequality and by invoking (6.9), we obtain

2

(Lhs. of (6.11))
R pcl(Con—2) )2 £(Can_2) 1 s 2
o (G o (ot wmeso))

5 pl(Con 2) |\ &(Con 2) (B2
= <(£(02N) + asn 1) pcg(02N2)> EPg(h ).

At this point, (6.11) follows by applying the Cauchy-Schwarz inequality to the first expectation
above and then applying (6.8) and the limit (6.4) for p = 4.

Let now h"jtv be a function on va such that for some constant ¢ > 0 independent of N

A

Bi@) ifzeqf,
B,

B, ()] < ¢

azN

otherwise ,



where B]EV = vaf U Bf\;r and Bj(z) is the closed unit ball centered in z. Note that @bfv and goi,
satisfy this inequality. We claim that the mean boundary contribution vanishes in the limit:

1 ~
limEs, (—— I, (z)P) = 0, for 1 <p<4. (6.12)
Nioo 7 (§(C2N) + asn EZE N )
z€EVR\Qy_1

In fact, the sum in (6.12) can be bounded by

PP TP I e, (6.13)
asN D 1\ . .

Aon ] £
xEQN\QN_l

By the Cauchy-Schwarz inequality
Bé P 1 2 1 Bé 2p
Eﬁc(A aa2N | éV| ) S E2 ( _ aon )EZAC(| ]2\;| )
§(Con) +aan  Gopn (E(Con) +aan)?/ PN agly
The first factor on the r.h.s. is negligible as N 1 oo because of the limit (6.4) for p = 2, while

the second factor is bounded, uniformly in N, because of (6.8). For the second summand in
(6.13), we use twice the Cauchy-Schwarz inequality and invoke (6.9) to deduce

Bz Y BEY)

£(Con) + azn —.
( ) xEQ%\Q%,l

1 €(Can \ Can—2) \ 1 Bl 2
< Ef)c ((E(C2N) + a2N)2)E756 (E(CQN \ CQN_2) (EEQ%E f(Bl( )) ) )

< (Pc £(Con \ Can—2)Ejp. (gfgl; 52:;;2))2) ) : Eflsc (S(TW))Z”) :

The last factor is bounded by hypothesis, the first one converges to 0 as N 1 oo because of
Lemma 6 and (6.4).

In order to prove (6.5) observe that 1/)((;11)(Sz£) = ¢§V(:c) ifre Qi,_l. Therefore we can write

Efy = 1 ey (5,6) & $(x) .
() £(Can) + aon /CzNz ldejge(5:0) + £(Can) + asn xev’f% vi(@)

Now (6.5) follows easily from (6.10) and (6.12) with ht;v = '(/)fv. Note that by the same arguments
one can prove

lim Ep{m{ [Ih@F |} = Bp(elF) < o0, 1<p<d, (619

which will be useful below.

In order to prove (6.6), we fix 0 < o < 1 and set M = 2N — 2[N?], where [N*] denotes the
integer part of N*. Moreover, we define the hitting times

w = (w)sz0 € 04 = D([0,00),V%) . (6.15)

T]&;’(g) = inf{s Z 0: Ws ¢C2N_2} y
Recall the definitions of the distribution f’g, va , and va given in Sections 5 and 6.1. Thanks

to the identity (etﬁ?v <p§v)(:c) = EP% ( gv(wt)), we can write

,T
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where

A5 = miy(x(e € On) (@) B (x(rie > 1) iy(w) )
Then (6.6) follows from
: 3 _ . ¢ _ . 3 ) tLe (1
lim B (41 y) =0, lmBEp(d;y) =0,  lim By (4;y) = (P, ete o) 5, .

(6.16)
Let us first prove the first limit in (6.16). By several applications of Cauchy-Schwarz inequality
and due to the identity va = fmf\,(da:)Pg\,m we get

B (45 4)| < B2 {m& (Vi \ Cue) } B2 {mé [ o (@B (w(w0?) 1}

where the last identity follows from the stationarity of f’?v w.r.t. m?v. Due to the dominated
convergence theorem, the first expectation on the r.h.s. goes to 0, while the second expectation
is bounded due to (6.14).

In order to prove the second limit in (6.16), we apply twice the Cauchy-Schwarz inequality in
order to obtain the bound E . (Ag N) by

Bl {m[ 4@ 1 }BL B [ @) B {m§ [x(e € ) PRL(§ < 0]} (67)

Again, because of stationarity and (6.14), the first two factors on the r.h.s. are bounded while
the last one converges to 0 due to Lemma 7 below.

Finally we prove the last limit in (6.16). To this aim, given § € 2 = D([0,00),Np) and = € Cyy,
we set

TN,z(g) = inf{s >0:z+ Xs(g) 3 CQN,Z} , (6.18)

where Xs(g) is defined as in (4.16). Note that for z € C; N supp(€),

Pyle) = oV(8:6),  Bpe (X(rf > 0)¢fy(@) = Bpe (X(rwe > 1) 0lV(&))

Sz €
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On the other hand, by applying the Cauchy-Schwarz inequality as in (6.17) and due to Lemma
7, we obtain

lim By {mf [x(@ € On) |6 (S:6)| By, (x(rwva <0 (€)D)]} = 0.

The last two identities imply

},i{{}oEﬁc(Ag,N) = }}goEﬁc{mé [x(x € Cur) oV (S4€) B A(Sogl)(ét))]} . (6.19)

Observe now that (6.10) remains valid if the integral is performed on C}; in place of Con 2 (the

arguments used in the proof there work also in this case) and the function h(£) is defined as

~

h(é) = ¢M(€) Elsg(wﬁl)(é)) = oM (€) (e M) (€) .

Note that h € L?(Np,P§). Therefore we can conclude that the r.h.s. of (6.19) is equal to

((pgl) Le Lpgl)) . 0O

t
) € Ps

Lemma 7. Let 7']‘5;, and Tn 5 be defined as in (6.15) and (6.18), and let M = 2N —2[N*]|. Then

lim By {miy [x(z € Ca) P4 (7§ <1)|} = o0, (6.20)
gg)Eﬂ{mﬁﬁﬂxecM)P;gTMzgtﬂ}::o. (6.21)

Proof. One can check by a coupling argument that the two expectations in (6.20) and (6.21)
coincide: for each N € N;, € € N and z € Cjs Nsupp(€), one can define a probability measure
4 on Qi, x 2 such that

uAXE) = P§,(4), w(@yxB) = P

© {(B), VAeB@Y), VBeBE),

and such that, p almost surely, Tlé;/v(g) = TN’E(g) and w, = = + X (g) for any 0 < s < Tf:,. Such
a coupling p implies f)fng(TN:z < t) = P?\,’%(TIEv < t). Thus we need to prove only (6.20).

Moreover, without loss of generality, we assume r, = 1.

To this aim let us cover Can—2 \ Car by disjoint cubes Cy ; of side 1, ¢ € I, so that Coy_2\Cyr =
UierCh,i (the boundaries of these cubes are suitably chosen for them to be disjoint). Finally,
given a positive integer n, we set

I} = {(l,....ln) €eI™ : [; #1 ifj#k}.

It is simple to verify that, given £ € N and z € Cyr N supp(f), Tf:,(g) < oo for Pt;v,z almost

all w € Qt;v For such paths w we we define k£ = k(w) as the number of different cubes C,

i € I, visited by the particle in the time interval [0, TIEV (w) ) and moreover we define by induction
(21, . ,Zk) € I,:, (:L‘l,. .. ,:L‘k) € (C2N_2 \ CM) with xj € Cl,i]- Vi:1<j3<k,and (tl, . ,tk)
as follows: Let z; be the first point reached in Cony_2\ Cis and ¢1 be the time spent in 21 before
jumping away. The index ¢; is characterised by the requirement that z; € Cy;,. Suppose now
that 41,...,%;, 1,...,2; and ¢1,...,t; have been defined and that j < k. Then z;; is the first
point in Con_2 \ (CM UuCy; U---U C1,ij) visited during the time interval [0, T]‘{,(g)) and t;1
is the time spent at ;41 during such a first visit. Moreover, ¢;; is such that z;,; € Cl’in.
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Now let Tié, i € [ and é e N , be a family of independent exponential random variables (all

independent from the above random objects) and such that Tl-é has parameter ¢ ( 5’175 ), where
él,i = {ye R? dist(y, C1,) <1}.

Since, given &, k and (1,...,2k), tj (1 < j < k) are independent exponential variables and ¢;

T
has parameter non larger tha é ( 01 i ) and since k > kyin := [N®] — 1, we obtain
Eﬁc{mf\, [X(:c € Cuy) P§V,m ( T]&;’ < t)} }
7]

=YY Y m{mdxe e Pl <t k= = e =)}

n:kmin lEI;" EEH;LZIC]_,[].

||

> Y Bsdm ’;*\,[ (z € Cy) P&, b =nin =1, i =) - (6.22)

n= kmln lEIn

IN

where the last inequality follows from the bound

Pi,,z(rfvgﬂk:n,:cl:yl,...,mn:yn) < Prob (Tfl-i——i-Tli <t).

Let us define m := Eﬁc(f(al) ), where C; = {y € R4 : dist(y,C;) < 1}. Given k >0 and [ € I?
as above, we define A = A(k,!) as follows

:{EEN:‘{j:1§j§nandf(51,lj)>ﬁm}‘>g}.
Then, by the Chebyshev inequality and the stationarity of Pe,
Se 2 . . c0 N —
P (A) < - Eﬁc(‘{] 1<y Snandf(CLlj) >nm}‘) < 2P (f(C’l) >nm) - 0,
as k — oo. Note that the complement A® of A can be written as

= {éeN i |{i1<j<nandé(Cy) <hm} = [2],},

where [n/2], is defined as n/2 for n even and as [n/2] + 1 for n odd. If £ € A° then at least

[%]* of the exponential variables Tl&;, ... ,Tli have parameter non larger than k m. Then, by a
coupling argument (e.g. the proof of Proposition 2), we get for all £ € A°
N o o r
Prob(Tfl +"'+Tl€, <t) < e rm Z (KT:!t) — é(k, ).
r=[n/2]«

Due to the above estimates and since n > kuyin = [N®] — 1, we get
r.hs. of (6.22) < 2 756(5(5'1) >km) + ¢(k,N%).

The lemma follows by taking first the limit N 1 co and then the limit x 1 oo. |
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6.3. Random resistor networks. We conclude this section by pointing out that the diffusion
coefficient D‘f of the periodized medium can be expressed in terms of the effective conductance
of the graph (V € N) when assigning sultable bond conductances. More pre(nsely, consider the
electrical network given by the graph (V Ny € N) where the bond {z,y} € g5 ~ has conductivity

c({m(z), n(y)}) with e({,-}) defined in (6.1). Then, the effective conductance G?v of this network
is defined as the current flowing from I'y, to I'f, when a unit potential difference between T'y to
FE is imposed. It can be calculated from Ohm’s law and the Kirchoff rule as follows. Let the
electrical potential V'(z) vanish on the left border I'y, be equal to 1 on the right border Fﬁ
and satisfy:

S {m@),m@)}) (V) = V(@) = 0 forany @€ Q.

y:{yz}ey

Then the effective conductance is given by the current flowing through the surfaces {z €
[-N,N]¢: 2(t) = £N}:

&= Y V)= 3 (1-V(@). (6.23)

zEBi; zEvaJr

By a well-known analogy it is linked to the diffusion coefficient D]EV (see e.g. [DFGW, Proposition
4.15] for a similar proof):
Proposition 8. One has

. 2 .
¢ _ 8N
DS =

Vil

(6.24)

7. ESTIMATES FOR SSMPP OBTAINED BY RANDOMISATION

The purpose of this section is to prove Theorems 2 and 3. The random environment with
distribution P is the v-randomisation of a SSPP with distribution 7 and density p. Furthermore
is P¢ the dc-thinning of P with 8, = v([—E., E.]). Thus p. = d.p. We also assume that the
Main Hypothesis holds, that p1a2 < oo and that the dimension d is larger than 1.

7.1. Point density estimates. Here we show how the ergodic properties of Lemma 6 combined
with the Main Hypothesis imply (6.4).

Proposition 9. Suppose that pg < oo and that the Main Hypothesis holds. Then for 1 <p <8

lim " =1, in LP(N,P°), (7.1)

where ay = (N —1)%1

We will first prove the following criterion.

Lemma 8. Property (7.1) holds if one has, for some 0 < p’ < p,

lim NP P (é(CN) <4 Nd) = 0. (7.2)
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Proof. We first check that (7.2) implies that, for some 0 < p” < o4,

. p P [ £ /1 ard _
Jim NP P (g(CN) <p N) = 0. (7.3)

If 8. = 1, this is clearly true so let us suppose that 0 < 6. < 1. Set 6, = 1 — 8. If C]’-“ denotes
the binomial coefficient, we have

[pHNd] 00 k
Pe(éCn) SANT) = D PECK) =k + > PECNK) =k Y Chier
k=0 k=[p" N4]+1 j=k—[p" N4]
['Ne] k o
< PE(Cn)=k) + sup > crbisk
k=0 k>[p' Nd] j=k—[p''N4]

< P (&Cn) <PN) + exp(—cl! NI(6c — 0"/p)?)

where the last inequality, given p” < é.p', follows from a standard large deviation type estimate
for Bernoulli variables with some ¢ > 0. Multiplying by N?, (7.2) thus implies (7.3).

Now set Ay = {€ : £(Cn) < p"N?%}. Then, for some ¢’ > 0 independent of N,

p

p£(Cn) < NP x4y (€) + Fn(€) xag (€) -

— 1
E(Cn) +an

v =

Integrating w.r.t. P¢, the first term vanishes in the limit N 1 co because of (7.3). For the second,
let us first note that Lemma 6 implies that limy fnxag = O holds P%a.s.. Furthermore,
|fnxas| < ¢ < oo uniformly in N so that the dominated convergence theorem assures that

limyto Epe (fnxas,) = 0. 0

Proof of Proposition 9. Due to Lemma 8 we only need to show that (7.2) is satisfied for some
p' < p. This is trivially true if P has a uniform lower bound on the point density. Hence let us
consider the other case where (3.13) holds. This implies

Es(f | Fra) —Bp(f)| < Iflooriry ' h(re —11),  P-as., (7.4)
where f is a bounded F¢, —measurable function.

Let Cny = UieINC{' be a disjoint union of cubes of side 1 such that C{ is centered at i € R%.
Hence |Iy| = N?. Given M > 0, set Y;(§) = min{£(CY), ¥} and V; = Y; —E;(Y;). Note that ¥;
is centred, Fi—measurable and ||Yjl[oc < M for any i € I. We choose M large enough so that

p" = Ez(Y;) > p' which is possible because p’ < p and limps1o E5(Y;) = p. Now

> (p" _ p/)Nd

{€em) <on?} c YT <pN'y C (Y W)

iEIN iEIN

Hence it is sufficient to show that, for a > 0,
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. N - d _
Jim N7 P \iEZINY,\zaN =0. (7.5)

By Chebyshev inequality, one has for any even g € N:

. 1
PLID_Yi|>aNT ) < ——0 > Ep(YaYi,) . (7.6)

iEIN il,...,inIN

Let us introduce the notation i = (i1, . . .,4,) as well as the norm ||z|| = max{[z(F)| : 1 <k < d},
z € R?. Moreover, we introduce the integer r;(i) = ming_.; ||i; —ix||. Since the expectation inside
the sum on the r.h.s. of (7.6) is invariant under cyclic permutation of the indices i1, ...,44, one
may assume that g is such that ri(¢) > r;(3) for j = 2,...,q. If r1(d) = 0, then use the bound

E.-

»(Yi Y

lq

) < M9,

If r1(2) > 0, let A(z) be the complement of the cube centred at i; with side of length 2ry(z) — 1.
Then Yj; is F4(j)-measurable for any j = 2,...,q. Using conditional expectation, (7.4) and the
fact that Y;, is centred imply that

E.-

5(Yi, Y

iq

) < MU Es(

Es(Yi,|Faw)|) < M2h(2ri(i) —2) (2r1 (i) — 1t

It remains to estimate the number n(r) of configurations i € Iy such that r1(2) = r. If r1(2) =0,
then each point ¢; appears at least twice. Setting s = %, the number of these configurations is
bounded above by ¢; N4 for some ¢; depending on ¢ through a combinatorial factor. In order
to deal with arbitrary =, let us regroup the points iy,...,%, (treated as distinguishable) into
clusters according to the relation z ~ y iff ||z —y|| < r. We denote these clusters by By, ..., Bk
and set ny = |Bg|. Hence ny + ...+ ng = q and ng > 2 (since r1(i) = r) so that K < s.
Moreover, since ||z — y|| < ngr for any z,y € By, the number of the possible configurations of
the cluster By under the constraint |Bg| = ng can by bounded by o Ndpd(ni—1)
constant co depending on q. Hence we get:

for a suitable

K
n(r) < e Y NEJ[rim D < Nt N pdaK) < gy Nl pdaD)

N1y VK k=1 N1, NK

where c3 contains a g-dependent combinatorial factor counting the number of possible cluster
configurations. Combining the above,

> Ep(Yi, - Yi) < N¥MT {ep + g Y h(2r—2)r? 1) (7.7)
i€ly reNg

In order to derive (7.5) from (7.6) and (7.7), we need dq > 2p for p < 8, hence g needs to be the
smallest even integer larger than 16/d. In particular, dg < 2d + 16. For such g, the sum on the
r.h.s. is indeed bounded by the Main Hypothesis. |

7.2. Percolation and domination. Due to Proposition 9, we may apply the results of Sec-
tion 6 so that combining with Proposition 5
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8N2 .

D > v([-E.E.]) e " ~Ee imsup E;. GE . (7.8)

In order to bound the conductance va for N > r. from below, we will discretize the space
R? using cubes of appropriate size and spacing. Given ro > r; > 0, let us then consider the
following functions on N:

o;(€) == x(&(Cpy +12§) >0), jezt. (7.9)

They form a random field ¥ = (0;) ¢z« on the probability space (N, P°). If P is a PPP, the o
are independent random variables. For a process with finite range correlations, this independence
can also be assured by an adequate choice of r; and r3, but in general the o; are correlated. The
side length r; and spacing ry are going to be chosen of order O(r.) in such a way that all points
of neighbouring cubes have an euclidian distance less than r, and they are thus connected by

an edge of the graph (VN,EE ).

Next note that the o; take values in {0,1}. We shall consider the associated site percolation
problem with bonds between nearest neighbours only [Gri]. For this purpose, we shall compare
¥ with a random field Z? = (2} ?) ez of independent and identically distributed random variables
with Prob(2} = 1) = p and Prob(zj ) = 1—p. In this independent case, it is well-known that
there is a critical probability p.(d) € (0,1) such that, if p > p.(d), there is almost surely a unique
infinite cluster, while for p < p.(d) there is almost surely none [Gri]. We will need somewhat
finer estimates for the super-critical regime. A left-right crossing (LR-crossing) with length k£ —1
of Con of a configuration (z p)]ezd is a sequence of distinct points yi,...,ys in Con N Z? such

that |y,~—y,-+1|:1f0r1§z<k,zyi—1forlgzgk,yp——N,y,(c):N,—N<y(1)<N

(2

for 1 < ¢ < k and finally ygs) = y](-s) for any s > 3 and for 1 < ¢ < j < k. Two crossings are called
disjoint if all the involved y;’s are distinct. In the same way, one defines disjoint LR-crossings
for (0);cza. Note that this definition of LR-crossings for d > 3 uses LR-crossings in 2d-slices
only. For the random field Z?, the techniques of [Gri, Section 2.6 and 11.3] transposed to site
percolation imply that, if p > p.(2), there are positive constants a = a(p) and b = b(p) such

that for all N € N

Prob(Z” has less than bN¢ ! disjoint LR-crossings in Con) < N&2eal, (7.10)

In order to transpose this result on ZP to one for ¥, we will use the concept of stochastic
dominance [Gri, Section 7.4]. One writes ¥ >, ZP whenever

Epe(£(2) > Bows(£(27)), (7.11)

for any bounded, increasing, measurable function f : Z% — R (recall that a function is increasing
if £((2j)jeza) > f(( z;)jez4) Whenever z; > 2} for all j € 7%). As the event on the Lh.s. of (7.10)
is decreasing, Y > Zp with p > p.(2) 1mphes that for all N € N

ﬁc((aj)jezd has less than bN?~! disjoint LR—crossings in Coy) < N% 2V, (7.12)
Moreover, let us call the configurations é in the set on the 1.h.s. N-bad, those in the complemen-

tary set N-good. For every N—good configuration { , let us fix a set of at least bN9! disjoint
LR—crossings in Cop for (0] (f))]ezd and denote it CN(§) Given an LR—crossing v in Coy, we
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write L(7) for its length. In particular, due to Jensen inequality, for any N—good configuration

3

s Cx@F | N2

>
= A = d
~ecn (@) L() Z,yecN G) L() 2

(7.13)

This will allow us to prove a lower bound on (7.8). Hence we need the following criterion for
domination.

Lemma 9. ¥ >, ZP holds with ry = r, 7o = 2r if P and r > 0 satisfy either of the following
two cases:

(i) E.=1 and

73(5(6;) >0[F) > p, P-a.s. . (7.14)

(ii) There exists p' > 0 such that

ry([~E,, B]) > —ln(‘z,m, (7.15)
and
P(EC) < pr?|Far) < 1 - %p ,  P-as. . (7.16)

Proof. The proof is based on the following criterion [Gri, Section 7.4]: if for any finite subset
Jof %, i € 74\ J and z; € {0,1} for j € J satisfying

~

Pc(dj:Zj VjEJ)>0,

one has

Ploi=1|o; =2 YjeJ) > p, (7.17)
then 3 >, ZP.
Hence let J, i, z; be as above and set 6c:=1—6; and
Jo == {jeJ: z =0}, Ji={jed:z=1}.
Moreover, given k € N0 and s € Nil, let
Wi(k,s) = {£€N : £(Cr+2rj) =k; Vi€, §(Cr+2rj)=s; Vi€ }.
Then

A

Pc(a'i:(] |0’j = zj VjE J)
502 . n kj zs;
ZEENJO Z§ENil ZnENP(S(CT +2ri) = n, W(k, §)) o¢ Hjejo oc’ Hje,]l(l —dc’)
= A "’k]' ’“s]- )
ZEeNJo ZﬁeNil 'P(W(E,Q) HjeJO dc HjeJl(]- —6c")

Within this, we can, moreover, replace

A LA

P(E(Cy +2ri) =n, W(k,s)) = P(E(C, +2ri) = n|W(k,s)) P(W(k,s)) .
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Finally, note that W (k,s) € F4 where A = R? \ (Cgr + 2ri).

(i) If E. =1, then 6. = 1 and

Y PE(C +2ri) =n|W(k,s))6; = P({(Cr+2ri) =0|W(k,5)) < 1—p,

neN
where the inequality follows from (7.14) and the stationarity of P. Due to the above computa-
tions, this inequality implies (7.17).
(ii) As b, < e %, we obtain the following bound

S P(EC, +2ri) =n|W(k,5))d7 < P(E(C, +2ri) < p'r? | W(k,s)) + o—depr
neN

Due the stationarity of P, (7.15) and (7.16) imply (7.17). O

Proof of Theorem 2. We fix p > p.(2) and verify that (7.14) holds if r is large enough. This
is trivial for a process with a uniform lower bound (3.12) on the point density. For a mixing
point process satisfying (3.13), one has

75(éc(cr) <p'r? ‘-7:27«) < 75(5(01«) < p'?‘d) + rd(2r) L h(r), P —as..

Due to the hypothesis on h, the second term converges to 0 in the limit r T co. If p' < p, the
first one can be bounded by the Chebychev inequality:

/ 1 A
>p—p) < p_p,/P(df)

By Lemma 6, the expression on the r.h.s. can be made arbitrarily small by choosing r sufficiently
large, thus implying that (7.14) is satisfied for r sufficiently large. In conclusion, due to Lemma
9, (7.12) holds for r large enough. We fix such a value r satisfying (7.12) and call it 7.

(Cy)
(e, "

PEC,) < p'r?) < Eﬁ< b

£Cy) _ p‘ |

Consider the variables (0;);c7a defined for r1 = 7,79 = 27, and choose r. = (d + 8)%7";,,. This
assures that, if neighbouring sites j and j’ in Z¢ have aj(f) =oj (€) =1, then Cy, + 2jrp and
Cr, + 2j'rp contain each a point and these points are separated by a distance less than r.. Two
neighbouring sites j and j’ in Z? such that o; (é) =oj (é) = 1 define a bond of the site percolation
problem. To such a bond one can associate (at least) two points z € suppé N (Cr, +2jmp) and
Yy E supp§C N (Cy, 4 2j'r,) separated by a distance less than r.. Given N integer, we define

N :=max{n €N : Cy, +2rj C Cy,n], Vi € Con NZ%}.

Note that N = O(N). If j,j' € Cyr NZ2, then the above associated points = and y are linked by
an edge of the graph (Vﬁp N},g[grp n)) defined in section 6.1. Each LR-crossing of C, 5 for the site

percolation problem gives in a natural way a connected path of edges of the graph (V[r,, N]» 8 [rp N})
which connects the boundary faces Fﬁ.

For a ]\Affgood configuration ¢, we now bound the conductance Gfr N from below. For this
L P
purpose, let us consider the random resistor network with vertices Q[Erp N U {F}, 'y} where unit

conductances are put on all edges in E[ETP n] With vertices in er N 38 well as between the two
p
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added boundary points f‘ﬁ and all points of B[iiN]. This new network is obtained from the
P

one of Section 6.1 upon placing superconducting wires between all vertices of F[J; N and F[; N
P P
so that they can be identified with a single point f"']\', and f’l_v The conductance g?v of this
new network (defined as the current flowing from IA“& to f‘} when a unit potential difference is
imposed between these two points) is precisely equal to G[Erp N because all points of F[j;p N have

the same potential (0 or 1 respectively) and each has links to all points of B[Erim with equal
P
conductances summing up to 1.

In order to bound gN from below, we now invoke Rayleigh’s monotonicity law which states
that ehmmatlng links (i.e. conductances) from the network always lowers its conductance. For
a given N-good configuration ¢, we cut all links but those belonglng to the family of disjoint
paths associated to Cj (§) Each of these paths « connecting It N and F has a conductance

bounded below by 1/L(vy). As all the paths of CN(E) are disjoint and they are connecting F"A}
and f’l_v in parallel, g?v is the sum of the conductances of all paths and it follows from (7.13)

that g]Ev > ¢(b)N9=2 for some positive constant ¢(b) depending on b. We therefore deduce that

N g rN]? :
E; _’éinTpN] > c(b) Ep pf N4 2y(éis N-good)
Vil |V il
Due to (7.12) and Lemma 6 the r.h.s. converges to a positive value. a

Proof of Theorem 3. This is a variation of the above proof, using the second criterion in
Lemma 9. In what follows, we fix p > p.(2) and p’ < p. Then, given E., we choose 7. such that
(7.15) is satisfied, i.e. r, = c(E2t1)~1/4 for some constant c. As we will have r, T oo in the
limit of low temperature, the condition (7.16) also holds by the same argument as in the proof
of Theorem 2. Following further the argument of the last proof,

a+1

D > Cu(-E.,E.]) e ™ P > C'EY® exp(—cE. ¢ —48E,),

d
where C and C’ are positive constants. Optimising the exponent leads to E, = ¢’ 8~ a+1+d which
completes the proof. O

APPENDIX A. PROOF OF LEMMA 1

Note that the statements (ii) and (iii) of Lemma 1 are proved in [FKAS, Corollary 1.2.11 and
Theorem 1.3.9] in dimension d = 1. The proof below is valid for any dimension d.

Proof of Lemma 1. (i) Let h(&,¢') := k(§,&') — k(¢',€). By the definition (2.4) of the Palm
distribution Py, VN > 0, VA € B(R?) and for any non negative measurable function f

[Puae) [ éamriesie) == [Pae) [ dan [ éanrsese. @

The antisymmetry of h(£,£') and the identity above imply
. 1 . .
[Poiae) [ éamnesee) = — [Pag) [ &) [ Eanncs, s, (a2)
R4 p. Cn Rd\cN
Let us split the last integral into two integrals over R? \ Cy,yw and over Cy . & \ Cn. Using

(A.1) again,
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pN4

[Pae [ dan [, é(dw)h(sys,sms)‘
N N+vN
< [P [ o, @) (e S.01 (6,0

which converges to zero as N — oo by the dominated convergence theorem. The same holds for

/ Pe) [ éa) /C ) bS8, 529
N N4vN\CN

since, due to (A.1), it can be bounded by
1 A R
v [P [ - [ & (k(5,8,5:)] + k{526, 5,6))

d
(NJM/];; - N /’po de) / E(dy) (1k(Sy€, )| + [k(E, S,€)]) -

Letting N — oo in (A.2) leads to the result.

pN?

(ii) Since I' € B(N) is translation invariant,

XFO(Szg):XF(g), VgEN,V.'L'Eé.
The above remark together with (2.4) gives

Ay = L [pia [ &y (5.) - - [ Puaeé

Comparing with (2.2), this yields Py(I'g) = 1 if P(I') = 1. Reciprocally, always due to (2.2), if
Po(Ty) = 1, one gets f(Cl) = 0 for P-almost all £ € N'\T', and by translation invariance £ = 0
for P-almost all £ € N\ T, thus implying that P(T") =

(iii) Let us suppose that Py(A) = Po(B) > 0. and set I' := [ J,.ga SeB. This is a translation-
invariant Borel subset of A/ (see Lemma 10) and B C ' N Ny C A. In particular, P(T") € {0,1}
by the ergodicity of P. Since

XB(SyS)SXF(g), V§€N,Vy€Rd,
if follows from (2.4) that

Po(B) = % /N Pe) [ &nxn(s,6) < % /F POE(Ch) -

Therefore, P(I') = 0 would imply that Py(B) = 0, in contradiction with our assumption. Thus
P(T) = 1. But ' NNy C A, therefore the statement follows from (ii).

(iv) The thesis follows by observing that (2.4) implies

k k k
- 1 1 . o
Bo([[é040) = [ Pla) [ élam) [Tét+) < [ pagien TTé)
i=1 PN j=1 pIN i=1
and by applying the estimate a; --- a1 < e(k + 1) (a’lngl + .4 aZi}), a,...,ags1 > 0. ad

Lemma 10. Let A € B(Np). Then |Jycra SzA € B(N).

Proof. Let us introduce the following lexicographic ordering on R%: z < y if and only if either
lz| < |y| or |z| = |y| and there is k, 1 < k < d, such that 2z(®) < y(*) and 2® =y for [ < k
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(here (*) is the k-th component of the vector ). Given ¢ € N, one can then order the support
of £ according to <:

supp(€) = {yl(g)aw(é), Ly} N = E(RY) < 00,

{y;(&) }ien, otherwise ,

where y; < yr whenever j < k. For any n € N, let z,, : N — R then be defined as

Tn = 2 . >

yn(€) ifn > N :=¢R7).
Using an adequate family of finite disjoint covers of R? and the fact that f eN — f (B) is a
Borel function for every Borel set B C R?, one can verify that 2, is a Borel function for each n.
Moreover, supp(€) = {z,(€) : n € N} for all £ € N.

Due to the definition of the Borel sets in A and N, the map 7 : N — N given by m(£) = £ is
Borel, and by [MKM, Section 6.1] the function F : R x N' — N given by F(z,£) = S;¢ is even
continuous. Hence we conclude that

H, :N_>N07 Hn(g) = F(CL‘n(é),é_) = Szn(é)ga

is a Borel function. Its restriction fIn : Ny — Ny is then also a Borel function. Now given a
Borel subset A of Ny, we conclude that ®(A) :=J,>; H_1(A) is a Borel subset in y. One can
check that

P(A) = {£: & = Syn forsomen € Aand z €7 }.

Since N is a Borel subset of A, it follows that ®(A) is a Borel subset of A as is H; ' ( ®(A))
since H; is a Borel function. The identity

H'(®4)) = [ sS4,
zER4
now completes the proof. a
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