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Well-posedness and regularity for a

generalized fractional Cahn—Hilliard system
Pierluigi Colli, Gianni Gilardi, Jirgen Sprekels

Abstract

In this paper, we investigate a rather general system of two operator equations that has the
structure of a viscous or nonviscous Cahn—Hilliard system in which nonlinearities of double-well
type occur. Standard cases like regular or logarithmic potentials, as well as non-differentiable po-
tentials involving indicator functions, are admitted. The operators appearing in the system equa-
tions are fractional versions of general linear operators A and B, where the latter are densely
defined, unbounded, self-adjoint and monotone in a Hilbert space of functions defined in a smooth
domain and have compact resolvents. In this connection, we remark the fact that our definition
of the fractional power of operators uses the approach via spectral theory. Typical cases are
given by standard second-order elliptic differential operators (e.g., the Laplacian) with zero Dirich-
let or Neumann boundary conditions, but also other cases like fourth-order systems or systems
involving the Stokes operator are covered by the theory. We derive in this paper general well-
posedness and regularity results that extend corresponding results which are known for either the
non-fractional Laplacian with zero Neumann boundary condition or the fractional Laplacian with
zero Dirichlet condition. These results are entirely new if at least one of the operators A and B
differs from the Laplacian. It turns out that the first eigenvalue A1 of A plays an important und
not entirely obvious role: if \q is positive, then the operators A and B may be completely unre-
lated; if, however, A1 equals zero, then it must be simple and the corresponding one-dimensional
eigenspace has to consist of the constant functions and to be a subset of the domain of defini-
tion of a certain fractional power of B. We are able to show general existence, uniqueness, and
regularity results for both these cases, as well as for both the viscous and the nonviscous system.

1 Introduction

Let 2 C R? denote a bounded, connected and smooth set and H be a Hilbert space of real-valued
functions defined on 2. We investigate in this paper the abstract evolutionary system

Oy + A¥ =0, (1.1)
1Oy + B*y + f'(y) = p+u, (1.2)
y(0) = yo, (1.3)

where A%" and BQ", with » > 0 and o > 0, denote fractional powers of the selfadjoint, monotone
and unbounded linear operators A and B, respectively, which are densely defined in H and have
compact resolvents. The above system can be seen as a generalization of the famous Cahn—Hilliard
system, which models a phase separation process taking place in the container €2 (the list [14,16,18,
21,22,30,35,38] combines basic references with some recent contribution on Cahn—Hilliard systems).
In this case, one typically has A" = B?° = —A with zero Neumann boundary conditions, and
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P. Colli, G. Gilardi, J. Sprekels 2

the unknown functions y and p stand for the order parameter (usually a scaled density of one of
the involved phases) and the chemical potential associated with the phase transition, respectively.
Moreover, f denotes a double-well potential. Typical and physically significant examples for f are
the so-called classical regular potential, the logarithmic double-well potential, and the double obstacle
potential, which are given, in this order, by

Jreg(r) := 411 (r*—1)*, reR, (1.4)
Jiog(1) == ((1+7“)1n(1+7‘)+(1—7") ln(l—r)) —cr?, re(-1,1), (1.5)
faors(1) := —cor? if [r| <1 and  fous(r) := 400 if |r| > 1. (1.6)

Here, the constants ¢; in (1.5) and (1.6) satisfy ¢; > 1 and ¢; > 0, so that flog and foups are
nonconvex. In cases like (1.6), one has to split f into a nondifferentiable convex part B (the indicator
function of [—1, 1], in the present example) and a smooth perturbation 7. Accordingly, one has to
replace the derivative of the convex part by the subdifferential and interpret (1.2) as a differential
inclusion or, equivalently, as a variational inequality involving [ rather than its subdifferential. Actually,
we will do the latter in this paper. We also note that 7 is a nonnegative parameter, where for the
classical Cahn—Hilliard system one has 7 = 0 (the nonviscous case); in this paper, we will handle
both the nonviscous case 7 = 0 and the viscous case 7 > 0 simultaneously. Of course, better
regularity results are to be expected in the latter case.

Fractional operators are nowadays a very hot topic in the mathematical literature, and it occurs that
different variants of fractional operators may be considered and tackled. Let us perform some review
of contributions and results. The paper [32] deals with several definitions of the fractional Laplacian
(also known as the Riesz fractional derivative operator), which is a core example of a class of nonlocal
pseudodifferential operators appearing in various areas of theoretical and applied mathematics. In
connection with such fractional operators, fractional Sobolev spaces are revisited and discussed in
[19]. The contributions by Servadei and Valdinoci deserve some attention: in [40], a comparison is
made between the spectrum of two different fractional Laplacian operators, of which the second one
fits in our framework; the paper [41] discusses the regularity of the weak solution to the fractional
Laplace equation; the existence of nontrivial solutions for nonlocal semilinear Dirichlet problem is
established in [39]; a fractional counterpart to the well-known Brezis—Nirenberg result on the existence
of nontrivial solutions to elliptic equations with critical nonlinearities is provided in [42].

The paper [2] presents a construction of harmonic functions on bounded domains for the spectral
fractional Laplacian operator having a divergent profile at the boundary. In the contribution [13], a
nonlinear pseudodifferential boundary value problem is investigated in a bounded domain with ho-
mogeneous Dirichlet boundary conditions, where the square root of the negative Laplace operator
is involved. Regularity results and sharp estimates are proved in [15] for fractional elliptic equations.
A nonlocal diffusion operator having the fractional Laplacian as a special case is analyzed in [20]
on bounded domains, with respect to nonlocal interactions. Fractional Dirichlet and Neumann type
boundary problems associated with the fractional Laplacian are investigated in [28], by demonstrating
regularity properties with a spectral approach; this analysis is extended to the fractional heat equation
in [29]. Obstacle problems for the spectral fractional Laplacian are studied in [34]. By using the Caputo
variant of an integral operator with the Riesz kernel, the authors of [36, 37] prove regularity up to the
boundary for a Dirichlet-type boundary value problem and study the extremal solutions by extending
some well-known results on the extremal solutions when the operator is the Laplacian. Some nonlo-
cal problems involving the fractional p—Laplacian and nonlinearities at critical growth are examined
in[11].
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Well-posedness and regularity for a generalized fractional Cahn—Hilliard system 3

Fractional porous medium type equations are discussed in [8—10]. The paper [9] deals with exis-
tence, uniqueness and asymptotic behavior of the solutions to an integro-differential equation related
to porous medium equations in bounded domains; the problem does not have a separate boundary
condition, since zero boundary data are implicitly assumed in the definition of the operator. A priori
estimates for positive solutions of a porous medium equation are shown in [10], where the spectral
fractional Laplacian with zero Dirichlet boundary data is considered; it turns out that the results are
influenced by the first eigenvalue and eigenfunction. A quantitative study of nonnegative solutions of
the same equation is provided in [8], where the regularity theory is addressed: decay and positivity,
Harnack inequalities, interior and boundary regularity, and asymptotic behavior are investigated. Also
fractional Schrédinger equations are receiving a good deal of attention, see, e.g., [7] and references
therein.

There exist already quite a number of contributions dealing with nonlocal variants of the Cahn—Hilliard
system. In [1], the problem of well-posedness for a nonlocal Cahn—Hilliard equation is established
by interpreting the problem as a Lipschitz perturbation of a maximal monotone operator in a suitable
Hilbertk space. A fractional variant of the Cahn—Hilliard equation settled in a bounded domain and
complemented with homogeneous Dirichlet boundary conditions of solid type is introduced in [4]: ex-
istence and uniqueness of weak solutions to the related initial-boundary value problem are proved
and some significant singular limits are investigated as the order of either of the fractional Laplacians
appearing in the system approaches zero. Moreover, in the recent paper [5], for fixed orders of the
operators the convergence as time goes to infinity of each solution to a (single) equilibrium is proved.
In [3], the authors derive a fractional Cahn—Hilliard equation by considering a gradient flow in the neg-
ative order Sobolev space H~“, a € [0, 1], where the choice &« = 1 corresponds to the classical
Cahn-Hilliard equation, while the choice & = 0 recovers the Allen—Cahn equation; existence and
stability estimates are derived in the case where the nonlinearity is a quartic polynomial, as in (1.4).
The paper [26] addresses the nonlocal Cahn—Hilliard equation with a singular potential and a con-
stant mobility: among a class of results, in particular the authors can establish the validity of the strict
separation property in two dimensions. Another interesting analysis of a nonstandard and nonlocal
Cahn—Hilliard system can be found in [17]. Next, in [24] a non-local version of the Cahn—Hilliard equa-
tion characterized by the presence of a fractional diffusion operator, and which is subject to fractional
dynamic boundary conditions, is studied. The articles [23, 25] treat a doubly nonlocal Cahn—Hilliard
equation with special kernels in the operators: well-posedness results, along with regularity, long-time
behavior, and global attractors, are investigated in connection with the interaction between the two
levels of nonlocality in the operators.

In our approach, which we develop in the subsequent sections, we work with fractional operators
defined via spectral theory. This position enables us to deal with powers of a second-order elliptic
operator with either Dirichlet or Neumann or Robin boundary conditions, allowing us a wide setting
in this respect. Moreover, other operators, such as fourth-order ones or systems involving the Stokes
operator, can be covered by the theory.

The aim of the present paper is to prove general well-posedness and regularity theorems that extend
the corresponding results known for either the non-fractional Laplacian with zero Neumann boundary
condition or the fractional Laplacian with zero Dirichlet condition (cf. [3, 4]). In the development of the
theory, one realizes that the first eigenvalue A; of A plays an important und not entirely obvious role.
Indeed, it turns out that if \; is positive, then the operators A and B may be completely unrelated.
On the other hand, in the case when \; = 0, then we have to assume that )\, is a simple eigenvalue
and that the corresponding one-dimensional eigenspace consists of constant functions, on which the
proper fractional power of B should operate. This set of assumptions looks like a heavy restriction,
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P. Colli, G. Gilardi, J. Sprekels 4

but let us notice that the framework is strongly related to the structure of the Cahn—Hilliard system with
the natural Neumann homogeneous boundary conditions (that exactly imply conservation of mass).
In conclusion, it will turn out that we are able to show well-posedness and regularity results for both
the abovementioned situations, as well as for both the viscous and the nonviscous system, under very
general assumptions for the convex parts of the potential f (see (1.4)—(1.6)).

Here is a brief outline of the paper. Section 2 contains a precise statement of the problem along with
assumptions and main results; some remarks commenting the results and introducing examples of
operators are also included. Section 3 is intended to present some auxiliary material about relations
among the involved spaces and properties of the operators; all this turns to be a useful toolbox for
the following analysis. Section 4 deals with the continuous dependence of the solution on the data,
while Section 5 introduces an approximating problem based on the Moreau—Yosida regularizations
of the convex functions and on an implicit time discretization of the system, which is fully discussed
concerning existence of the discrete solution and uniform a priori estimates for it. Section 6 brings the
existence proof, which is carried out by taking the limits with respect to the approximation parameters.
Finally, Section 7 is devoted to show the proper estimates ensuring the regularity properties for the
solution.

2 Statement of the problem and results

In this section, we state precise assumptions and notations and present our results. First of all, the set
) C R? is assumed to be bounded, connected and smooth, with outward unit normal vector field v/
on I' := 0f2. Moreover, 0, stands for the corresponding normal derivative. We use the notation

H = L[*(Q) (2.1)

and denote by || - || and (-, -) the standard norm and inner product of H. Now, we start introducing
our assumptions. We first postulate that

A:D(AYCH—H and B:D(B)CH—H are

unbounded monotone selfadjoint linear operators with compact resolvents. (2.2)

This assumption implies that there are sequences {\;} and {/\;} of eigenvalues and orthonormal
sequences {e; } and {¢} of corresponding eigenvectors, that is,

Aej = Njej, Bely = Ne; and (ej,e;) = (ej,¢;) =6y fori,j=1,2,... (2.3)

with 9;; denoting the Kronecker index, such that
0<AM<XA<... and 0< N <X, <... with }i_}nolo)\j :jli_{(r)lo)\;:%—oo, (2.4)
{e;} and {€);} are complete systems in H. (2.5)

The above assumptions on A and B allow us to define the powers of A and B for an arbitrary positive
real exponent. As far as the first operator is concerned, we have

Vi=DA") = {v €H: Z N (v, e)]* < +oo} and (2.6)
j=1
A"y = Z Ni(v,ej)e; forv e Vy, (2.7)
j=1
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Well-posedness and regularity for a generalized fractional Cahn—Hilliard system 5

the series being convergent in the strong topology of H, due to the properties (2.6) of the coefficients.
In principle, we endow V'; with the (graph) norm and inner product

||U||3T’A7T = (0,0)gra, and (v,w)ga, = (v,w)+ (A"v, A"w) forv,w e Vi. (2.8)

This makes V; a Hilbert space. However, we can choose any equivalent Hilbert norm. Later on, we
actually will do that. In the same way, starting from (2.2)—(2.5) for B, we can define the power B of
B for every o > 0. We therefore set

V5 = D(B?), withthe norm | - ||z, associated to the inner product
(v,w)ps = (v,w) 4+ (B%v, B°w) forv,w € Vg. (2.9)

If r; and o; are arbitrary positive exponents, it is clear that

(A"F729 ) = (A™v, Aw) foreveryv € Vi and w € V32, (2.10)
(Bal+02U,’lU) — (BULU, BUZw) for every v € V§1+02 and w € VgQ- (211)

From now on, we assume:
r and o are fixed positive real numbers. (2.12)
Accordingly, we introduce a space with a negative exponent. We set
V= (Vy)* forr >0, (2.13)

and use the symbol (-, -) 4, for the duality pairing between V', " and V. Moreover, we identify H
with a subspace of VA”’ in the usual way, i.e., such that

(v, w)a, = (v,w) foreveryv € H andw € V}. (2.14)
Next, we make the following assumption:

Either A\ >0 or 0= A\; < Ay and ¢; is a constant. (2.15)
If A1 =0, the constant functions belong to V5. (2.16)

Remark 2.1. Let us comment on the assumptions (2.15). The meaning of the first case is clear, and
such a condition is satisfied by the more usual elliptic operators with Dirichlet boundary conditions
(however, also mixed boundary conditions could be considered, with proper definitions of the do-
mains of the operators), for instance: 7) A is the Laplace operator —A with domain D(—A) =
H?(Q) N HY(Q); ii) A is the bi-harmonic operator A? with domain: D(A?) = H*(Q) N HZ().
The second case of (2.15), where the strict inequality means that the first eigenvalue A\; = 0 is sim-
ple, happens in the following important situations: 7) A is the Laplace operator —A with Neumann
boundary conditions, which corresponds to the choice D(—A) = {v € H*(Q) : d,v = 0};i1) A
is the bi-harmonic operator A? with the boundary conditions corresponding to the following choice
of the domain: D(A?) = {v € H*(Q) : d,v = 9,Av = 0}. Indeed, (2 is assumed to be bounded,
smooth and connected.

Remark 2.2. We point out that (2.16) is the only condition that involves both operators A and B,
ie., if Ay > 0, these operators are completely unrelated. However, we notice that the assump-
tion on the constant functions is rather mild. Indeed, it holds for many operators whose domain
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P. Colli, G. Gilardi, J. Sprekels 6

involves Neumann boundary conditions. This is the case, for instance, if B is the Laplace operator
with domain D(—A) = {v € H*(Q) : J,v = 0}. On the contrary, if B = —A with domain
D(—A) := H?*(Q) N H}(Q), then D(B) does not contain any nonzero constant functions. How-
ever, V§ does contain every constant function provided that ¢ € (0, 1/4), since it coincides with the
usual Sobolev-Slobodeckij space H2?(£2). Indeed, the spaces V} and V5 can be seen in the frame-
work of interpolation theory. However, we prefer to avoid this check and deduce all the results we
need from our definitions.

Remark 2.3. We have chosen to take H := LQ(Q) once and for all, for simplicity. However, it is
clear that our assumptions are rather close to an abstract situation and can be adapted to other choices
of the space H as well. For instance, one could deal with the Stokes operator with Dirichlet boundary
conditions, by taking for H the space of vector-valued functions v € (L?(2))? satisfying divv = 0
in the sense of distributions and defining the operator A as follows: an element v € H belongs to
D(A) if and only if v € (H}(2))? and Av := (Av;) € (L*(2))3; for v € D(A), Av is the
L2-projection on H of —Aw. In this case, the first assumption of (2.15) is satisfied. Of course, the
hypotheses on the structure of the nonlinear terms to be introduced below would have to be adapted
to this new situation.

We use assumption (2.15) to define a different Hilbert norm on V;. We set, for v € V},

JA™[1* = [N (v, e) P i A >0,

=1
o]l = ’ . (2.17)
(v, e)]” + [A™])* = [(v,e) > + D [N (v,e)P it =0.
=2

In the next section we will show that this norm is equivalent to the graph norm defined in (2.8), and we
always will use the norm (2.17) rather than (2.8). Of course, we will also use the corresponding inner
product in V; and norm in VV;". They are given by

(v, w)a, = (A"v,A"w) or (v,w)a, = (v,e1)(w,er) + (A"v, A"w),
depending on whether Ay > Oor \; =0, forv,w € V}, (2.18)

| - |la,— is the dual norm of || - || 4. (2.19)

Remark 2.4. We notice that in the case A\; = 0 of (2.15) the constant value of e; is equal to one of
the numbers Q| ~/2, where |Q| is the volume of (2. It follows for every v € H that the first term
(v, 61)61 of the Fourier series of v is the constant function whose value is the mean value of v, i.e.,

meanv := (2.20)
“ah

and that the first terms of the sums appearing in (2.17) and (2.18) are given by
[(v,€1)]* = |Q| (meanv)® foreveryv € H,

(v,e1)(w,e1) = || (meanv)(meanw) forevery v,w € H.

For the other ingredients of our system, we postulate the following properties:

T is a nonnegative real number. (2.21)

B:R— [0, +00] is convex, proper and I.s.c. with B(O) =0. (2.22)
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Well-posedness and regularity for a generalized fractional Cahn—Hilliard system 7

7:R — R isofclass C'" with a Lipschitz continuous first derivative. (2.23)

B(s) + 7(s)

. > 0. (2.24)

It holds lim inf
|s| /oo S

We can suppose that 7 < 1 without loss of generality. We remark that the assumptions (2.22)—(2.24)
are fulfilled by all of the important potentials (1.4)—(1.6). We set, for convenience,

B:=0B, =:

7', L. = the Lipschitz constantof 7, and L/ := L.+ 1. (2.25)
Moreover, we term D(A) and D(3) the effective domains of B and 3, respectively, and, for 1 € D(5),
we use the symbol 5°(r) for the element of 5(7) having minimum modulus. Notice that /3 is a maximal
monotone graph in R x R.

At this point, we can state the problem under investigation. On account of (2.10)—(2.11), we give a
weak formulation of the equations (1.1)—(1.2). Moreover, we present (1.2) as a variational inequality.
For the data, we make the following assumptions:

ue HY(0,T; H) (2.26)
Yo € Vg and B(yo) c L'(Q) (2.27)
if \y =0, mg:=meany, belongs to the interior of D(f3). (2.28)

Notice that no condition on my, is required if A\; > 0. Then, we set

Q:=0x(0,T) (2.29)
and look for a pair (y, i) satisfying
ye€ H'(0,T;V,;"YNL®(0,T;V5) and 7y € L*(0,T; H), (2.30)
pe L*0,T; V), (2.31)
Bly) € LY(Q), (2.32)

and solving the system
(Owy(t),v)ar + (A"u(t), A"v) =0 foreveryv € Vi and ae. t € (0,7), (2.33)
(O (t), y(t) - U) (B7y(t), B (y(t) —v))

+ [ Blote) + () = ule). ) =) < ()00 =) + [ Bo)
foreveryv € Vg and ae. t € (0,7), (2.34)
y(0) =yo. (2.35)

Of course, it is understood that
/B\(v) = +o00 whenever B\(v) ¢ L'(Q).
Q

A similar agreement also holds for integrals of the type fQ ) whenever v € L2(Q) but B(v) ¢
LY(Q).
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Now, let us notice that (2.34) is equivalent to its time-integrated variant, that is,
T T
r [ @)~ o) e [ (BB (0 - ole) di
0 0
T
+ [ B+ [ o) =) o)
T ~
< / (n(t),y(t) — v(t)) dt + / B(v) foreveryv € L*(0,T;V3). (2.36)
0 Q

We also remark that, if A\; = 0, then A”(1) = 0 by (2.15), so that (2.33) implies that

d

pr y(t) =0 foraa.t€ (0,7), ie, meany(t)=my foreveryt e [0,7]. (2.37)
0

Finally, let us note that if A\ = 0, then the condition (2.28) on mg ensures the existence of some
dp > 0 satisfying
[mo — 0o, mg + 8] C D(). (2.38)

Remark 2.5. According to the definition of subdifferential (cf., e.g., [12] or [6]), the precise meaning
of the inequality (2.34) is that there exists some element X € L?(0,T’; (VZ)*) such that

X :=pu—T10y— B*y—7(y) +ue€ ddb(y) ae.in(0,7),

where 09 is the subdifferential of the convex function ¢ : V5 — [0, +0oc] defined by
O (v) := / Bv) if B(v) € L'(Q), ®(v):=+o0o otherwise,
Q

and actually the subdifferential 0 is a maximal monotone operator from V3 to (V,Z)*. In this sense,
(2.34) turns out to be a slight generalization of (1.2).

Here is our well-posedness and continuous dependence result.

Theorem 2.6. Let the assumptions (2.2), (2.12), (2.15)—2.16) and (2.21)—2.24) on the structure of
the system, and (2.26)—2.28) on the data, be fulfilled. Then there exists a unique pair (y, j) satisfying
(2.30)—<2.32) and solving problem (2.33)—2.35). Moreover, this solution satisfies the estimate

H?JHHl(O,T;V;T)mLoo(o,T;Vg) +[lpll z20,mvpy + 18W) @) + H7'1/2aty“L2(0,T;H) < Ki, (2.39)

with a constant K that depends only on the structure of the system, the norms of the data corre-
sponding to (2.26)—(2.27), the width &g satisfying (2.38) if \1 = 0, and T". Moreover, if u;, 7 = 1,2,
are two choices of u and (y;, j1;) are the corresponding solutions, then we have

1 — y2HLoo(UyT;VA*T)mLQ(O’T;VBg) + |72 (s — Y2) || oo 0,50y < Kalluy — ual| L2001y,  (2.40)
with a constant K, that depends only on the operators A” and B, the Lipschitz constant L., and T

Remark 2.7. More generally, we could take two different initial values yo 1 and ¥ 2, by assuming

that they have the same mean value if \; = 0. Then, the right-hand side of (2.40) has to be modified

by adding two contributions involving dy := yo1 — Yo 2, which are proportional to ||do|| 4, and to
V2| do|

T ol]-
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Well-posedness and regularity for a generalized fractional Cahn—Hilliard system 9

Under additional assumptions on the data, we have stronger regularity results in both the viscous and
nonviscous cases. Namely, we also assume that either 7 > 0 and

Yo €V and B°(yo) € H (2.41)

or7=0and
Yo € VE and ||y ()|l ar < My, where (2.42)
o (t) == B*7yo + (Bx + ) (y0) — u(t), (2.43)

for some constant M and every sufficiently small A > 0 and ¢t > 0, (3 being the Yosida approxi-
mation of 3 at the level A (see, e.g., [12, p. 28]). More precisely, it is assumed that the element ué(t)
(which is well defined by (2.43) due to the first assumption on /) belongs to V; and satisfies the above
estimate. Of course, this assumption is very restrictive. However, we can give sufficient conditions for it.
One possibility is to assume that each of the four contributions to the right-hand side of (2.43) satisfies
bounds like (2.42), separately, and that A" is a local operator in order to deal with the term (3, (yo)-
For instance, if A" is the Laplace operator with Dirichlet boundary conditions and /3 is single-valued
and smooth in the interior of its domain, then one can assume that yo € H?(Q2) N H} () and that
min yo > inf D() and max yy < sup D(/3). These assumptions keep (3, (yo) bounded in H?(),
indeed.

Theorem 2.8. In addition to the assumptions of Theorem 2.6, suppose that either T > 0 and (2.41)
ort = 0 and (2.42)—(2.43) are fulfilled. Then the unique solution (y, 1) also satisfies the regularity
properties
Oy € L0, T; V)N L*0,T;V5) and pe L>(0,T;V}) ift >0, (2.44)
Oy € L=(0,T;H) and p € L>¥(0,T;V3") ifr >0, (2.45)

as well as the estimate

||atCUHLoo(o,T;V;T)mL?(o,T;vg) + ||M||L°°(0,T;V£)
+ 1720l L~ 0,70 + H7'1/2MHL00(0,T;V3T) < Kj, (2.46)

with a constant K5 that depends only on the structure of the system, the norms of the data, the width
0 satisfying (2.38) if \; = 0, the constant M, satisfying (2.42) if T = 0, andT'.

The remainder of the paper is organized as follows. The next section collects some notations and tools
that will prove to be useful in the sequel. The uniqueness and continuous dependence result is proved
in Section 4, while the existence of a solution and its regularity are proved in the last two Sections 6
and 7 and are prepared by the study of the approximating problem introduced in Section 5.

3 Auxiliary material

Here, we add some comments on the spaces defined in the previous section. Moreover, we introduce
some new spaces and operators, as well as some notations and properties concerning interpolating
functions. First of all, we stress the following facts:
The embeddings V4> C V' C H are dense and compact for 0 < 71 < 5. (3.1)
The embeddings H C Vi ™ C V" are dense and compact for 0 < r; < rs. (3.2)
The embeddings V5> C V' C H are dense and compact for 0 < oy < 0.
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Let us comment on just the first embedding of (3.1), since the second one and (3.3) are similar
and (3.2) follows as a consequence of (3.1). The density is clear. For compactness, notice that
lim;_,, A7 7" = 0, so that the mapping that to each {c;} € (* associates {A]' "c;} is compact
from ¢ into itself.

From the continuous embedding H C V" and the compact embedding Vg C H given by (3.2)—
(3.3), it follows that, for every & > 0, there exists a constant c; such that

|v]|* < 6 || Bv|* + c(;||v||%/_T for every v € V3. (3.4)
A

Proposition 3.1. The norms (2.8) and (2.17) on V' are equivalent.

Proof. Take any v € H. Then, v can be represented in the form

o0
v = chej in H, wherec; := (v,e;) forall j € N,
j=1

and where the sequence {c;},;>1 belongs to ¢2. On the other hand, by the definition of V}, A"
and || - ||4r.4.-, We have, for every v € H,

o oo
veEVL ifandonlyit Y [Nl <400, and (]2 4, = 0]+ [Niel*
j=1 j=1

Therefore, by recalling (2.17), we conclude that

[ollar < [[v]lgr.as-

Now, suppose that \; > 0. Then we have

oo

o
AP =AY Lol < Y Nl = (1A,

j=1 j=1

since \; > \; for every j, whence immediately

1 1
[0, = ol + 1472 < (55 + 1) 147002 = (5 + 1) ol
1 1
If, instead, A; = 0, then we recall that A”(1) = 0 and thus
||U||37',A,7' < 2||meanv||g2]7',A,7' + 2”U - meanv”?]r,A,r

= 2|lmeanv||* + 2(|lv — meanv||* + ||A"(v — meanv)||?)
= 2|Q| | mean v|? + 2||v — meanv||* + 2||A"v|]*.

Thus, on accout of Remark 2.4, the desired inequality follows if we prove that, for some constant
¢ > 0, it holds the Poincaré type inequality

||| <€||A™v|| for every v € V] with meanv = 0. (3.5)

This is an easy consequence of the compact embedding V; C H (see (3.1)). However, we prove it
for the reader’s convenience. By contradiction, there exists a sequence {v,,} in V} satisfying

|lvnll > n||A™v,]| and meanwv, =0 foreveryn > 1.
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Clearly, we have that v,, # 0, so that we can define w,, :=
1/n and mean w,, = 0 for every n. In particular, {w, } is bounded in V', whence we have

wy|| <

n, — W weakly in Vy

for some subsequence and some w € V. By the compact embedding Vi C H, we infer that w,,,

converges to w strongly in H, whence ||w|| = 1 and meanw = 0. On the other hand, we also
have that A"w = 0 since || A"w,|| < 1/n for every n. Therefore, w is a constant. Hence, the above
conclusions ||w|| = 1 and mean w = 0 yield a contradiction. O

At this point, we introduce the Riesz isomorphism R, : Vi — V" associated with the inner prod-
uct (2.18), which acts as follows:

(Ryv,w)a, = (v,w)a, foreveryv,w e V}. (3.6)
Moreover, we set
Vo :=V4 and V=V, " if A >0,
Vi ={veV): meanv=0} and Vy " :={veV " : (v,1)a, =0} ifA\=0. (3.7)

Proposition 3.2. The Riesz isomorphism R, maps V" onto V;”". Moreover, R, extends to V|J' the
restriction of A*" to V"

Proof. Let us deal with the first assertion. If A\; > 0, there is nothing to prove. Thus, assume that
A1 = 0. Then, on account of Remark 2.4, we have that

(Ryv,whar = (v,e1)(w, e1) + (A"v, A"w) = || (mean v)(mean w) + (A"v, A"w)

for every v, w € V. In particular, if v € V{J, then we have mean v = 0. Moreover, A"(1) = 0 since
A1 = 0. Hence,
(Ryv, 1), = (A", A"(1)) =0 forevery w € V.

This shows that R, v € V" for every v € V{J'. Now, we fix any f € V" and prove that the element
v:=R'f of V] belongsto V. We have, indeed,
0= (fDa, = (Rv,1)4, =] (meanv)(mean 1) + (A"v, A"(1)) = || meanv.

This concludes the proof of the first assertion of the statement. The second one means that, for
every v € V2", the elements R,v € V," and A?"v € H coincide in the sense of the embedding
H C V" Thus, wefixv € VOQ’" and w € V}. In both cases Ay > 0 and A; = 0 (in the latter since
mean v = 0), we have by the definition (2.18) of the inner product that

o0

(Ryv,wha, = (A"v, A"w) = Z()‘;(Uv e;)) ()\g(w, e;))
j=1
Z A (v,e5)) (w, €5) = (A% v, w) = (A¥ v, w)a,

As w € V7 is arbitrary, we conclude that R,v = A%y, O
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Due to the above result, it is reasonable to use a proper notation for the restrictions of R, and iR;l to
the subspaces V] and V;; ", respectively. We set

AT = (R and A= (R (3.8)

T

where the index 0 means nothing if A\; > 0 (since then Voi’" = Vfr), while it reminds the zero mean
value condition in the case A; = 0. We thus have

AT € L(Vg Vo), A e L(Vg " V) and A5 = (A7), (3.9)
(A, wya, = (V,w) 4, = (A"v, Aw) foreveryv € VJ andw € V} (3.10)
(F A% Far = AT fIIA, = If 1% -, forevery f € Vi (3.11)
Notice that (3.11) implies that
(f' A fa, = ; jt 1f%,_, aein(0,T), forevery f € H'(0,T; V). (3.12)
Proposition 3.3. We have
(A"AG*" f,A™v) = (f,v)a, forevery f € Vy" andv € Vj. (3.13)

Proof. We first notice that (e;,¢;)a, = (Ajes, Njej) = A370y for i, > 2, so that the system
{A;"ej}j>2 is orthonormal in V3. It follows that

the series > 7", cje; = 377, (Niej)(A;"e;) convergesin Vi

ifandonlyif 7%, [Nicj|* < +oo or 37 [Nig[* < +o0.

On the other hand, if v € V}, we have both

J=1

(v, e;)> < 400 and v,e;)e; =v in H.
J J 7)€j
=1

We conclude that

[e.e]
Z(v,ej)ej =wv inV}) foreveryv € V}. (3.14)
j=1

In particular, if we set, for convenience,

j():l If/\1>0 and j0:2 |f)\1:(), (315)
then we have that
o
Z(v, ej)e; =v inVy foreveryv e V. (3.16)
J=Jjo

Next, notice that e; € Vi NV = V" if j > jo, whence, by Proposition 3.2,
Aire; = Roe; = A% e = )\?Tej for every j > jo.

Now, take any f € V, " and set z := A;?"f. Then z € VJ so that (3.16) holds for z. Therefore,
since A2 € L(V],V; "), we deduce that

o
f=Az= E (z,e;) A e; = E A (z,e5)e; inVyT,
J=jo J=jo
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whence also
[e.e] [e.e]
(frei)ar= Z A?T(z, e;){ej, ey ar = Z A?T(z, ej)(ej,e;) = A2 (z,e;) foreveryi > j.
J=jo J=jo

Hence, the above series expansion becomes

f= Z cej)are; inVy" forevery fe V. (3.17)

J=Jo

At this point, we can easily conclude. Indeed, on the one side, the formulas (3.17) and (3.14), combined
with Ag?" € L(V; ", VJ) and A" € L(V}, H), ensure that

(A7 A 1, Aro) = (AT AG™ 52, (F eibaes, AT 5 (v, e5)e;

= (X5 (o eidbar AT AT s, 3 (v, Ae; )

= (Salh e ardymes v, eXe ) = S5, (frehan(v,e;)
= (f, 2252, (v ej)ej)a, forevery f € Vi, ve V]

On the other hand, the last expression is equal to (f, U>A7,« in both the cases A\; > 0 and A\ = 0,
since the assumption f € V" implies that (f, 1) 4, = 0 in the latter. O

Proposition 3.4. The operator A*" € L(V3?", H) can be extended in a unique way to a continuous
linear operator, still termed A", from V} into V;”". Moreover,

|A* V|| s < ||AT0|| foreveryv € V. (3.18)

Proof. Forv € V3" and w € V7, we have that

o0

<A2rvv w>A,r = (vav w) = Z()‘ir(u 6]'))(10, ej)

j=1
=Y (N(v,e)) (N (w, e5)) = (ATv, Aw) < o]l aplwlar -
7j=1

We deduce that
|A* V|4 < ||V|la, foreveryv € V3.

This shows that the mapping V3" 2 v — A*v € V" is continuous if V3" is endowed with the
topology induced by V5. On the other hand, V3" is dense in V} (see (3.1)). Thus, the existence of a
unique extension A%" € L(V, V) follows, and we have

(A v, w) 4, = (A"v, A"w) for every v,w € V}. (3.19)
We immediately infer that
(A% v, w) 4] < [[A™|| [|A™w]] < [|A"0]| ||w]| 4, for every v, w € V},

whence (3.18) clearly follows. Thus, it remains to verify that A*"v € V, " forevery v € V} if A\; = 0
(since there is nothing to prove if Ay > 0). For every v € V}, we have

(A?0, 1) 4, = (A"v, A"(1)) = 0,

since A\; = 0 implies that A"(1) = 0 by (2.15). Hence, it turns out that A*"v € V;; ", as claimed. [
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Proposition 3.5. Forevery f € V", we have the representations

=) N e adl? it >0, (3.20)
j=1
= |(fre0)arl>+ ) INT(fre)anl® ifA =0, (3.21)
=2

Proof. Assume first that \; > 0 and set w := R ! f. Then the definition (2.17) yields that

o0
lwl%, =D 1N (w,e)?
Jj=1

On the other hand, by the definition of the Riesz operator R,., we have that
o0
(Row, vy, = (w,0) 4, = (A"w, ATv) = Z A2 (w, e;) (v, e;) foreveryv € V.
j=1
In particular, it also holds the identity
(fre) ar = A" (w,e;) foreveryi > 1.

Therefore, by recalling (2.17), we deduce that

o0

o0
15 = Tl = Y NG el =D I A (F ) anl” Z A7 e anl”

7=1 7j=1

that is, (3.20) is valid. If, instead, A\; = 0, then the same calculation with \; replaced by 1 yields that
oo
15 = Hwoen) P+ Y I (frep)anl®
j=2

On the other hand, we have that
<f7 61>A,r = <:Rrw7€1>A,’r = (w>€1)A,r = (w,el)(el, 61) + (ArwaArel) = (wﬂ?l),
since A"e; = 0. Therefore, (3.21) follows as well. O

Proposition 3.6. Foreveryn > 0 andv € V!, there holds the interpolation inequality

r
7"+77'

loll < llvlld, Ilvlls2,,  where ¥ = (3.22)

Proof. Setc; := (v, e;) for j > 1, for brevity, and first assume that \; > 0. Then we have

o0 o0
[, =D N and ol =D 1A gl
j=1 j=1
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thanks to (3.20). Therefore, by using the Hélder inequality for infinite sums and noticing that (1 —
)r /9 = n, we find that

oo 00
]2 = Zcf — Z A?(lfﬁ)rcgﬁ)\jﬂ(1719)7«65(1719)
J=1 j=1
[oe) 19 e
< (Z |>\?(1—19)rcqu9|%) (Z |)\;2(1_ﬂ)rcjg(1—ﬂ)|ﬁ>
Jj=1 j=1
- 0 1-9
-r 2(1—9
— (ZD\?@'IQ) (Zp\j cj|2) — [Jo]|2, [lv] 25
J=1 j=1

Assume now that A\; = (. Then the same calculation with \; replaced by 1 yields that

1-9

[o.¢] (o] 19 o0 1719
_ 21—
Il = > < (@ + D0 INe ) (S + Do ITel) = el IS,
j=1 j=2 j=2
Hence, the inequality (3.22) holds true in any case. O

Remark 3.7. By simply applying the above result and owing to the Holder inequality, we deduce that

[oll 20,0y < HUHgQ(O,T;V}") [v] ig(%,T;VA’T) for every v € L*(0,T; V), (3.23)

with the same 9 as in (3.22).

Now, we introduce some notations concerning interpolating functions.

Notation 3.8. Let IV be a positive integer and Z be one of the spaces H, V, V. We set h := T /N
and I,, :== ((n — 1)h,nh) forn = 1,..., N. Given z = (2, 21, ...,2n) € ZN*!, we define the
piecewise constant and piecewise linear interpolants

Zn € L®(0,T;7), 2z, € L®0,T;Z) and %, € W->(0,T; Z)

by setting
Zu(t) = 2" and z,(t)=2z""' foraa.t€l,, n=1,...,N, (3.24)
n __ n—1
Zn(0) = 29 and Oyzu(t) = : hZ foraa.tel,, n=1,..., N. (3.25)

For the reader’s convenience, we summarize the relations between the finite set of values and the
interpolants in the following proposition, whose proof follows from straightforward computation:

Proposition 3.9. With Notation 3.8, we have that

IZnll e msz) = max 2]z, llzplli=oriz) = max (2”7, (3.26)

1020l Lo,z = max [[("F = 2")/hl|z, (3.27)
n=0,...,N—1
N N-—1

2l 200 = 2 D _N2"1% 0 lzallZeomz =B D _12"1%, (3:28)
n=1 n=0
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N—-1
1020172002y = 1 D _II(2"TH = 2")/RI% (3.29)
n=0
IZellzoemi2) = max max{][2" "z, 112"z} = max{[|zo0l|z, IZall L0520} (3-30)
N
12013202 < 2> (12"7H1% + 12"13) < Rllzoll% + 2020l F207.2) (3.31)
n=1

Moreover, it holds that

1Zn = Znllz0mi2) = n_ma’]f,, 12" = 2"z = h[|0Zn | Lo 0132) (3:32)
1 , I 2
1z — Zh“LQ 0,T;2) ZHZWr 2z = 3 HachHL?(O,T;Z) g (3.33)

and similar identities for the difference z, — z. As a consequence, we have the inequalities

1Zn — 2zl 0,m2) < 20 ||0iZh]| Los 0,1 2) (3.34)
_ 4h?
1z — ZhHL2 0.1:2) = 3 ||achHL2 (0,T32) * (3.39)

Finally, we have that

hZH =2 /h]g < ”atZHLQ(OTZ)

/fz € H(0,T;Z) and z" = z(nh)forn=0,...,N. (3.36)

Throughout the paper, we make use of the elementary identity and inequalities

1

ala —b) = 5 a®+ = (a—b)? — = b* > b*> foreverya,b € R, (3.37)

1
ab < da? + o b foreverya,b € Randd > 0, (3.38)

and quote (3.38) as the Young inequality. We also take advantage of the summation by parts formula

~1 k—1
Z an—i—l(bn-‘rl - bn) - akbk - Cl1b0 - Z(an—H - an)bn 3 (339)
n=0 n=1

which is valid for arbitrary real numbers a, ..., a; and by, ..., bi. We also account for the discrete

Gronwall lemma in the following form (see, e.g., [31, Prop. 2.2.1]): for nonnegative real numbers M
and a,,b,,n=20,..., N,

k—1
akSMJernan fork=0,...,N implies
n=0
k—1
akgMeXp< bn> fork=0,...,N. (3.40)
n=0
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In (3.39)—(3.40) it is understood that a sum vanishes if the corresponding set of indices is empty.

Finally, we state a general rule that we follow throughout the paper as far as the constants are con-
cerned. We always use a small-case italic ¢ without subscripts for different constants that may only
depend on the final time T, the operators A™ and B?, the shape of the nonlinearities 5 and 7, and the
properties of the data involved in the statements at hand. Thus, the values of such constants do not
depend on T, nor on the regularization parameter A or the time step h we introduce in Section 5, and
it is clear that they might change from line to line and even in the same formula or chain of inequali-
ties. In contrast, we use different symbols (e.g., capital letters like M in (2.42)) for precise values of
constants we want to refer to.

4 Continuous dependence and uniqueness

This section is devoted to the proof of the uniqueness and the continuous dependence stated in
Theorem 2.6. More precisely, we prove just the continuous dependence, since uniqueness follows as
a consequence. Moreover, we consider only the case of the same initial datum, for simplicity. However,
the case of different initial data sketched in Remark 2.7 could be treated in the same way with only
minor changes.

We pick two data u;, i = 1,2, and the corresponding solutions (y;, 14;), and set for convenience
U= Uy — U, Y 1= Y1 — Yo and i := 11 — to. Now, we write equation (2.33) at the time s for these
solutions and take the difference. Then, we test it by v = Ay *"y(s) by observing that y(s) € V5"
since y € L?(0,T; H) and meany(s) = 0 if \; = 0 by the conservation property (2.37), so that
v is a well-defined element of V. Moreover, A;*"y € L>(0,T;V}), since y € L=(0,T; V")
by (2.30). Integrating over (0, t) with respect to s, where ¢ € (0, T') is arbitrary, we obtain the identity

[ 0w A5y 0 s+ [ (A0nts). A4 s = 0.

Now, we apply (3.12) and (3.13), noting that € L?(0, T’; V). Thus, the above identity becomes

3O+ [ ) p(s)) ds =0 (1)

where the duality product of (3.13) has been replaced by the inner product here, since both y and u
are H-valued. At the same time, we write (2.34) for w; and (y;, 14;), ¢ = 1, 2, test them by y> and yj,
respectively, add the resulting inequalities to each other, and integrate over (0, t) as before. Then, the
terms involving Bcancel out, and we obtain (after rearranging) that

SO+ [ 1B ds = [ () 0s) ds
< /0 (u(s),y(s)) ds —/0 (W(y1(8)) —W(yz(s))>y(5)) ds.

By adding this to (4.1), and accounting for the Lipschitz continuity of ™ and the Schwarz and Young
inequalities, we deduce that (with L’ given by (2.25))

1 T A 1 [ '
SO+ 510 + [ 157w Pds < 4 [l as+ 2 [ Iyl as w2
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At this point, we recall the compacness inequality (3.4). Thus, we have that

/||y J2ds <+ /HB" ||2ds+c/||y 2 ds.

By combining this with (4.2) and applying the Gronwall lemma, we conclude that the desired estimate
(2.40) holds true with a constant K5 as in the statement.

5 Approximation

In this section we deal with an approximation of problem (2.33)—(2.35) and solve it by a time discretiza-
tion procedure. We first introduce the Moreau—Yosida regularizations (3, and 3, of $ of 3 at the level
A > 0 (see, e.g., [12, p. 28 and p. 39]). By accounting for assumptions (2.22)—(2.24), we have

B s) = / Br(s)ds" and 0< B\A(s) < 3(3) for every s € R. (5.1)
0

Ba(s) +7(s) > as® — C

for some constants a;, C' > 0, every s € R and A > 0 small enough. (5.2)

Moreover, we recall that 3, is Lipschitz continuous, so that BA grows at most quadratically, and that
the following properties hold true:

By(s) > Bar(s) N <N and lim Ba(s) = B(s) foreverys € R,  (5.3)
[BA(s)| < |B°(s)| forevery s € D(J). (5.4)
By replacing 3 in (2.34) by BA, we obtain the following system:
(8tyA(t),U>A7r + (A" (t), A™v) =0 foreveryv € V} andfora.a.t € (0,T), (5.5)
70 (t), A(lf) - U) (B (1), B (4 (t) — v))

# [ B+ (5 0) a0 — 0
< (1), yME) —v) /ﬁA forevery v € Vg andfora.a. t € (0,7), (5.6)
y(0) = wo. (5.7)

We stress that (5.6) is equivalent to both the time-integrated variational inequality

. / (O (.5 (8) — o(t)) dt + / (Boy (), B (4 (t) — v(t))) dt
/ By / (T (1) — ult), v (1) — v(t)) dt

< / (1 (1), v (t) — v(t)) dt + / Bx(v) foreveryv € L*(0,T;Vg), (5.8)
0
and the pointwise variational equation (since BA is differentiable and (3 is its derivative)

(BT (1), B7v) + (B (1) + 7y (1) — u(t),v) = (u*(t),v)

foreveryv € V§ andfora.a.t € (0,7). (5.9)
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Theorem 5.1. Under the assumptions of Theorem 2.6, problem (5.5)—5.7) has a unique solution
satisfying (2.30)—2.31).

Uniqueness follows from Theorem 2.6, since B, and BA satisfy the properties we have postulated
for 5 and . So, we just have to prove the existence of a solution, and the remainder of the section
is devoted to this proof. To this end, we solve a proper discrete problem and take the limits of the
interpolants as the time step tends to zero.

The discrete problem. We fix an integer N > 1 and set h := T'/N. Then, the discrete problem
consists in finding two (N + 1)-tuples (y°,...,4y")and (1, ..., u?) satisfying

W=vo, p°=0, (,....y")e (V)" and (u',....px") e (Vi (5.10)

+/Ln+1 +A2r,un+1 — ,un7 (511)

T (L I+ BY 4 o m) () = Loyt ™ (812)
forn=0,1,...,N —1,where [ : H — H is the identity, L] is given by (2.25), and
u" :=wu(nh) forn=0,1,..., N. (5.13)

This problem can be solved inductively for n = 0,..., N — 1 in the following way: let (y", u™) be
givenin Vg x V3". We first rewrite the above equations in the form

(I + A+ g™ =y et (5.14)
(Lr + (r/I) + B* + B+ m)(y") = (L + (r/h)y" + p" +u™ . (5.15)
Next, we observe that the operator Ay := L,.I+ 3\+7 : H — H is monotone and continuous. On
the other hand, the unbounded operator B2° is monotone in H, and I + B is surjective, whence
it follows that B2° is maximal monotone. Therefore, the sum A\ + B?? is also maximal monotone
(see, e.g., [6, Cor. 2.1 p. 35)). It follows that (1 + (7/h))I + Ay + B*, i.e., the operator that acts

on y"*1in (5.12), is surjective and one-to-one from V27 onto H. Therefore, (5.12) can be rewritten in
the equivalent form

yn+1 — (Lh[ + BZU +B)\ _i_ﬂ_)fl (Lhyn +,Mn+1 +Un+1), (5.16)

where, for brevity, we have set L;, := L’ +(7/h). By accounting for (5.14), we conclude that problem
(5.11)—(5.12) is equivalent to the system obtained by coupling (5.16) with the equation

h([+A2r)ILLn+1+(Lh[+BQU+6A+W)71<Lhyn+un+l+un+l) — yn+hun (5_17)

Arguing as before, we see that the operator acting on ,u”“ on the left-hand side of (5.17) is surjective
and one-to-one from V2" onto H, so that the equation can be uniquely solved for p" ! in V3.
Inserting the solution in (5.16), we directly find that 4" € V27,

Once the discrete problem is solved, we can start estimating. According to the general rule stated
at the end of Section 3, the (possibly different) values of the constants termed c¢ are independent
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of the three parameters h, A and 7. Moreover, we also express the bounds we find in terms of the
interpolants. According to Notation 3.8, and recalling that 4° = 3, € V3 and that .° = 0 (see (2.27)
and (5.10)), we remark at once that the discrete problem also reads

gn € WE(0,T;VE), y, € L¥(0,T;Vg) and g, € L=(0,T;V57), (5.18)
t, i, € L0, T; Vi), (5.19)
Oign + iy, + A, = p, ae.in (0,7T), (5.20)
TOGn + (LI + B* + B+ m)(yy) = Liy, + 1, +un ae.in (0,7), (5.21)
Yn(0) = yo - (5.22)

First a priori estimate. We test (5.11) and (5.12) (by taking the scalar product in H) by h,u”+1 and

y™ 1 —y", respectively, and add the resulting identities. Noting an obvious cancellation, we obtain the
equation

n n n T, n n 7— n n
P = ) AT T ) £ 2y =y

+(B*y" Ly =yt + (LR + B+ m) (") ™ =)

= LL(y" g™ —y") + (@ =),
Now, we observe that the function r +— LQ—;“ r? + BA(T) + 7(r) is convex on R, since /3, is convex
and |7’| < L. Thus, we have that

(LRl + B+ m) (™ ),y —y")
L ~ . L ~ N
> 21+ [ G+ 76 ) = F W - [ B + 7))

By using this inequality and formulas (2.10)—(2.11), and applying the identity (3.37) in two terms on
the left-hand side and in the first one on the right-hand side, we deduce that

h n h n n h n T n
7 e 1?2+ 7 Il )P - 7 e 12+ || A" "2

+ 5 lly oy H2+§HB y“!l2+§HB (y"t—y )I!2—§HB y"|I”

IR+ [ Gl + 70 = F P - [ (Bl +76)
<< lly HHQ—?HQ HQ—?HZ/ g @y ).

Then, we first rearrange and then sum up forn = 0, ...,k — 1 with & < N, employing summation
by parts (see (3.39)) in the last term. Using (5.3), we then arrive at the inequality

L kel k—1
I D05 ™t = P 4 Y AT
n=0

n=0

—y"2 1 o, k|2 k_ll o, n+l ny||2
e SIBhIR + Y 5 1By = )
h 2 ol
, k=1

+/Q(3x(yk)+%(y’“)) —/Q(B(yo)+7?(yo)) +%;Hyn“ —y"?
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k—1

< (b)) — (ul yo) = D (W =y, (5.23)

n=1

Now, we observe that (5.2) implies that
~ - 1 ~ - «
LG+ 7600 2 5 [ (B +705) + 5 1P -

for sufficiently small A > 0. In particular, the above integral is bounded from below. We treat the right-
hand side of (5.23) by using the Young and Schwarz inequalities for finite sums, as well as (3.36). We
obtain
k-1
(ukvyk) - (ulv yO) - Z(un-i—l - un,yn)

n=1

(0%
< 1P+ ella® I + llyoll” + flu' |1

k—1
a n
< I+ Dol + e lluliEoe o ey + 100l 2oy + Y Blly" (1%

n=1

By combining the last two estimates with (5.23) and (2.27) and recalling that L, > 1, we infer that

h k|12 — h 1 2 12 n+1 n 2
5 b2+ 30 S It = | +ZhuAT gl +Tzh)
n=0
| R -
PB4 / (Brt) + 7(5")
kol
+ D5 1B =P + ZHy”+1 Y|
n=0
k—1
<> hlly|P +e.
n=1
Since this holds for £ = 0,..., N, and as the last integral on the left-hand side is bounded from
below, we can apply the discrete Gronwall lemma (3.40) and conclude that
k—1 h n+1 n
P20 5 = 2+ ZhuA* R +TZh\
n=0
+ ||yk?||%7a + / (5/\( + ZHBJ n+l n)||2 + ZHyn-H _ ynHQ
n=0
<c fork=0,...,N. (5.24)

In terms of the interpolants, by neglecting the first contribution and recalling that ;2° = 0, we have on
account of Proposition 3.9 that

172 = w2y + A B 20,0 + (A", 200,
+ ly, llz=o.1vg) + Unllzeorvg) + [[Unll e 0.1vg)
+ 7|0 | 2oz + 1BATn) + R @) | o.m521 )
+ b B @G — )l + b7, — y 2o < e (5.25)
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Due to (2.23), we easily infer that || 7(7/,) || Lo 0,721 () < c(Hthiw(QT;H) + 1) < ¢, whence we
deduce that R
||5A@h)||Loo(o,T;Ll(Q)) <c. (5.26)

Second a priori estimate. By recalling (5.20) and applying Proposition 3.4, we immediately obtain
~ — Ur—
||8tyh||L2(o,T;v;T) < ||Eh - Mh||L2(o,T;v;’“) + A TMhHB(O,T;V;’“)
<c ||Eh = Iinllzmm) + A L2 0,750 -
Hence, (5.25) implies that

||at/y\h||L2(o7T;V;T) <ec. (5.27)

Consequence. By combining (5.25) and (5.27) with the application of (3.33) and its analogue to 7,
y, and Y, we deduce that

17, — @LHB(O,T;V;T) + 1y, — @\hHLQ(O,T;VA_T) <ch. (5.28)

Third a priori estimate. We want to improve the estimate for A"z, given by (5.25) and show that

||ﬁh||L2(O,T;Vg) + ||Eh||L2(o,T;Vg) <c. (5.29)

By recalling (2.15) and (2.17), we see that there is nothing to prove if A\; > 0. On the contrary, if
A1 = 0, we have to estimate the mean value of 1;,. Thus, we assume A\; = 0 and first derive an
estimate of 3,(7,,). To this end, we recall that my € V3 by (2.16) and that we have postulated the
interior assumption (2.28). Then, we test (5.12) by y"*! — mg (see (2.28)) and use the inequality

Ba(s)(s —mg) > do|Br(s)| — Co, (5.30)

which holds for some Cy > 0 and every s € R and A € (0, 1), where d; is the same as in (2.38)
(cf. [33, Appendix, Prop. A.1]; see also [27, p. 908] for a detailed proof). By partially using (5.24) as
well, we have

/ (BolBy™Y)] — o) < / Br(y™ ) (™ — mo)
Q Q

yn+1 . yn
— _T<T’yn+1 . mO) o L;<yn+1 o yn’ynJrl . mg)

- (Bzoyn+17 yn+1 - mO) - (7T<yn+1)7 ynJrl - mO) + (:unJrl + un+17 ynJrl - mO)

<o |JZ T 4 1) el 7+ D)+ e )+ 1)
4 ‘(BchynJrl’ yn+1 _ mo)‘ 4 (IunJrl’ yn+1 _ mO)
< CT‘ ynJrlT_yn +cllu") + e
+ |(B*y" Ly = mo) | + (0" YT = ). (5.31)

We now estimate the last two terms. For the first one, we owe to assumption (2.16) just mentioned
and property (2.11). By recalling (5.24) once more, we see that

‘(BQOyn+1’yn+l _ m0)| _ ‘(Bayn+1’Bayn+1 _ Bomo)| <c.
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We deal with the other term by first observing that (5.11) and the assumption A; = 0 in (2.15) imply
that

- o AL =0

forn =0,..., N —1,whence mean(y" ™! + hu"*!) = my for every n, since u° = 0 (see (5.10)).
Hence, by taking advantage of the the Poincaré inequality (3.5) and (5.24), we obtain the estimate

mean(y" ™! + hp ™) — mean(y" + hy") =

(1" Y™t —mg) = (" — mean p" Ty —mg) + (mean ",y —my)
< A Iy = mol| + (mean gt —hpt)
< e AT — Q) A (mean p)? < ¢ || AT
Therefore, (5.31) becomes
n+1 yn+1 — yn n+1 r, n+l
18 (™ I zrey < e (7 || T || + l" I+ A" + 1) (5.32)

Now, we square (5.32), multiply by 2 and sum up over n = 0, ...,k — 1 with £ < N. We deduce
that

k—1
ZhHﬂA(y"“)Hil(m

n+1
< CThZ)

Thanks to (5.24), the right-hand side is bounded, and we conclude that

_y H +Chz‘|un+lH2+ChZHAr n+1H2_'_C

8@ | 20,021 () < € (5.33)

At this point, we simply integrate (5.21) over 2 and have a.e. in (0, 7))

QY mean i, = T/atyh+L /( —y,)+ (B, B7(1))

/5Ayh / (yh)_/gﬂh'

Thus, mean Ji, is bounded in L?(0, T'), thanks to (5.25), (5.33) and (2.26). This completes the proof
of the desired estimate (5.29) as far as 7i;, is concerned. Since A”u® = A"0 = 0 and 71;, — M, is
bounded in L?(0, T'; H) by virtue of (5.25), the same estimate holds for i, - Hence, (5.29) holds also
in the case \; = 0.

Limit. Collecting the estimates (5.25)—(5.29), and using standard weak and weak-star compactness
results, we see that there are functions y’\ and M such that

Uy, oy, oy, and Gy =yt weaklystarin L°(0,T; V),  (5.34)
On — Oy weakly in L2(0, T; V"), (5.39)
Oifin — O weaklyin L2(0,T; H) it 7> 0, (5.3
T, — 1 weaklyin L2(0,T; V}), 537
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as h ™\, 0 (more precisely, as N — o0), at least for some (not relabeled) subsequence, provided
that A > 0 is small enough. By letting & tend to zero in (5.22), we see that i satisfies (5.7). Now, we
prove that

w, = p* weakly in L*(0,T; V5). (5.38)
By (5.25) and (5.37), it suffices to check that
for every v belonging to a dense subspace S of L?(0,T; V"), where we can take § = C}(0,T’; H)

since H is dense in V" (see (3.2)). So, we fix v € C!(0,T; H) and choose § > 0 such that
v(t)=0fort € [0,T)\ (6, T — ). 1t h € (0,5/2), then we have

|L2(0,T;V;")<U7ﬂh - Eh>L2(0,T;Vg)| = ‘/ (i, — Hh)(t) v(t) dt‘

T—h
]/ u(t) — Fnlt — dt\—\/ mt e de = [ oo+ h)as
0

T—h
| ) 00 = vt + W) ] < Wlzoan 19 o B2,
h

and (5.39) follows. Therefore, (5.38) is proved and the pair (y*, /ﬁ) solves (5.5). In order to deal with
the nonlinear terms of (5.21), we owe to the compact embedding Vg C H (see (3.3)) and to well-
known strong compactness results (see, e.g., [43, Sect. 8, Cor. 4]). From (5.34)—(5.35) we deduce
that

Un — y* stronglyin L=(0,T; H). (5.40)
This and (5.25) (see the last term on the left-hand side) imply that
7, =y stronglyin L*(0,T; H). (5.41)
By Lipschitz continuity, we infer that also
(B + ) (@) — (Br +m)(y*) stronglyin L2(0,T; H).

Moreover, as we can assume that 7, converges to y* a.e.in  and 3, grows at most quadratically,
we can also apply (5.26) and Fatou’s lemma to deduce that

/BA ) < hmmf/ Br(@,(t) <c¢ foraa.te (0,7T), (5.42)

whence
HﬁA(CUA) ||L°°(O,T;L1(Q)) <c. (5.43)

Therefore, we can pass to the limit in the time-integrated version of (5.21) (written with time-dependent
test functions) and deduce that the pair (yA, /ﬂ) also solves (5.8), which is equivalent to (5.6). This
concludes the proof of Theorem 5.1.
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6 Existence

This section is devoted to the proof of the existence part of Theorem 2.6. Just by the semicontinuity of
the norms, all of the uniform estimates we have established for the interpolants of the discrete solution
hold true for the (unique) solution to the approximating problem. Therefore, from (5.25)—(5.27), (5.29)
and (5.43), we deduce that

||y)\”HWO,T;VX’")(TLOO(O,T;VE) + ”NA“L?(O,T;VQ)
+Tl/2\|3t3/AHL2(0,T;H) + 1B W) ooz @) < € (6.1)

for A > 0 small enough. We infer that there exist a strictly decreasing sequence \,, \, 0 and a pair
(y, ) satisfying, as n " 0o,

y™ —y weakly starin H*(0,7; V") N L>(0,T;Vg), (6.2)
M — o weakly in L2(0,T;VY), .
O™ — Oy weaklyin L2(0,T; H) if1 > 0. (6.4)

Then, it is immediately seen that (y, ;) solves (2.33) and that y satisfies the initial condition (2.35).
Now, we prove that the variational inequality (2.34) holds true as well. To this end, we first owe to the
compact embedding V5 C H (see (3.3)) and, e.g., to [43, Sect. 8, Cor. 4]), and deduce that we also
have, at least for another subsequence, that

y™ — y stronglyin L>°(0,T; H) and a..in Q. (6.5)

This implies that ﬂ(y’\“) converges to 7(y) in the same space, by Lipschitz continuity. Now, we use
(6.5) once more to show that

/ B(y) < limint / B (") < +o0. 6.6
Q Q

n—o0

We notice that the right-hand side of (6.6) actually is finite thanks to the bound for EA(yA) given
by (6.1). In particular, the requirement B(y) € L'(Q) (see (2.32)) is fulfilled once the first inequality
of (6.6) is established. In order to prove it, we take arbitrary indices m and n with n > m. Then
An < A\, and we can apply (5.3). We deduce that

BAm (y)‘") < B,\n(y’\”) a.e.in , for every n > m,
whence also (since BAm is continuous)
EAm(y) = lim E)\m(yA") = liminf 3,\7” (y)‘") < lim inf B)\n (y)‘") a.e.in Q.
n—oo n—oo n—oo

On the other hand, we have, by virtue of the second property stated in (5.3),

Bly) = lim B, (y) aeinQ. (6.7)
Thus, N N
Bly) < lini)inf B, (™) ae.inQ, (6.8)
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and (6.6) follows from Fatou’s lemma. Next, we have that

/0 (B7y(t), B (y(t) — v(t))) dt

T T
< liminf / (B7y(t), Boy™(t)) dt — lim [ (B y™(t), B7v(t)) dt
0

n—oo n—oo 0

n—o0

_ liminf /0 (Boy™ (1), B (™ (1) — v(t)) dt

for every v € L?(0,T;Vg), since By converges to By weakly in L2(0,T’; H) by (6.2). At this
point, we can let n tend to infinity in (5.8) written with A = \,,. By also accounting for (6.3), (6.5)
and (5.3), we see that, for every v € L*(0,T; Vg), we have

o~

B)+ [ (B0 B (ote) — w(e))

< liminf [ By, (™) + liminf /OT (B7y(t), B (y™(t) — v(t))) dt

Q

liminf( [ By (y™ ! Boy M (t), B (y™ (1) — (1)) d

< tmint ([ B+ [ (B @), B0 ofe)) )

< lim (/0 (— O™ (1) — w(y™ (1)) +u(t) + p (1), y™ (t) —U(t)) dt + /QB\/\"(UD
—/0 (= 70wy(t) — m(y(t)) + u(t) + p(t), y(t) — v(t)) dt—l—/QB(v).

Thus, (2.36) holds true. Since (2.36) is equivalent to (2.34), the proof of Theorem 2.6 is complete.

7 Regularity

This section is devoted to the proof of Theorem 2.8. Coming back to the proofs of Theorems 2.6
and 5.1, we see that it is sufficient to establish some estimates on the solution to the discrete problem
in one of the forms (5.11)—(5.12) and (5.20)—(5.21), uniformly with respect to both & and \. Of course,
we can account for the estimates proved in Section 5.

First regularity estimate. We prove the uniform estimate

| A" || Loo 0,11y + || B Oyl L2 (0,1 1) + 7—1/2||8t/y\h||L°°(U,T;H) <c, (7.1)

with a constant ¢ that does not depend on h, A and 7 (like the constant K5 in the statement of the
theorem). We test (5.11) by u™** — ™. On account of (2.10), we obtain

n+1 n
) -y n n n n ron r(, n n
<—h ,u“—u)—i—HuH—uHz—i-(Aqul,A(uH—u)):O. (7.2)

Now, we perform a discrete differentiation on (5.12). Precisely, we write it for both (y™, u") and
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(y"1, u~1), take the difference, divide by / and rearrange. We have for 1 <n < N

1 yn+1 _ yn yn _ yn—l , yn—l-l _ yn yn _ yn—l
— — L —
G T ) (s )
20 yn+1 B yn 1 n+1 n "
#5205 - )
n+l _ , n un+1 —ut 1
1% h 1% + h . h(ﬂ_(yn—i—l) ﬂ_(yn))

and test this equality by y*1 — 3™. On account of (2.11), we obtain

T(yn—H . yn yn+1 . yn B yn - yn—l)
h ’ h h
+L/h<yn+1_yn yn—i-l_y _y _yn—1>

T h ’ h h
n+l yn

y
hHB"—
+ I

<’un+1 _ Mn yn+1 B yn71>
h ?

un—‘rl —u
P
h

Now, we add this to (7.2) and notice that two terms cancel each other and that the term involving (5,
is nonnegative by monotonicity. Thus, thanks to the identity (3.37), applying the Schwarz and Young
inequalities to the remaining terms on the right-hand side, and accounting for the Lipschitz continuity
of 7, we deduce that

2

1

=(ry™™) = 7(y"), " =), (7.3)

n+l _  n\
Y y) h

n n 1 T, n 1 ' n n 1 T, n
| = P + SIAw E+ 5 147k =P -5 5 147k I
N Z (\ ynJrl . yn 2 B ‘ yn - ynfl ) ‘ n+1 yn B yn . ynfl 2
2 h h 2 h
h n+l _ ,mn 2 n __ ,n—1,2
B (I - )
2 h h
h yn+1 . yn yn - ynfl 2 yn 1 _ yn 2
R . h HB"—
LS h * h
h n+1 —um2 h n+l _ ,n 2 Lﬂh n+l _ ,n 2
< A -y [
2 h 2 h 2 h
Summing up forn = 1,..., k — 1 with £ < N, and omitting a number of nonnegative terms on the
left-hand side, we infer that
1 Yk — yk 1,92 -1 yn—f—l _ yn 2
R e S W
AT+ > -
<1 ¥ — o v — o
e e R |
< Sl + 5 + L3
k-1 n+1 n 92 R n+1 n
u"t —u L Yyt =y |12
P ey
2T+ Sl
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At this point, we use (3.36), the compactness inequality (3.4) and the estimate (5.27), to control the
last two terms on the right-hand side:

n+1 — a2 L/ k-1 yn+1 _ yn 2
W=+ h!
> O B
) y n+1 n
< HatuHLQ(O,TH ZhHBU Zh‘ A
k-1 k—
1 YTy ~ 1 YTy
SAEPM Lanr e RS 3 .
n=1 n=1
Therefore, on account of Proposition 3.9, the above inequality becomes
||Ary'h”L°°(OTH +7 ‘ 6tth A + ||Bgat§h”%2(o,T;H)
— — 2
R e R B B 7

and (7.1) will follow whenever we estimate the right-hand side of (7.4). To this end, we write (5.11)
and (5.12) with n = 0. We also rearrange the latter, recall that y° = 3 and x° = 0, and set for
convenience Ay := LI + [\ + 7. We have

1_
yl — Yo
T + Ax(y") — Ax(wo) + B* (y" — o)
= '+ (u' = B*yo — Ba(yo) — 7(v0))- (7.6)
Now, we test (7.5) by u' and (7.6) by (y' — o)/h = —(u' + A*" '), by choosing the first or

second expression according to our convenience. In view of (2.10)—(2.11), and noting that (AA(yl) —
Ax(yo), y* — yo) > 0 since 3 is monotone and L is the Lipschitz constant of 7, we obtain

Z/l — Y 1 112 12
(22 m0) + 12+ A2 = 0 7.7)
first, and then
y
7] (v — o)
yl — Y yl — Yo
< (1 5) + (u! = B30 — Ba(wo) — 7lwo) T2 78)
or, alternatively,
y
T‘ (v' — wol?
?Jl — Y
< (ul, T) — (u' = B*yo — Br(yo) — m(yo), ' + A7) . (7.9)

Now, we distinguish the two cases of the statement of Theorem 2.8. We first assume 7 > 0 and
(2.41). Then, we add (7.7) and (7.8), by noticing that two terms cancel each other. Moreover, we
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omit a nonnegative term on the left-hand side and use the Schwarz and Young inequalities on the
right-hand side. We then have that

yl—yo
h

By accounting for (2.26), which implies that [|u!|| = ||u(h)]] < ¢, (2.41) and (5.4), we see that the
last norm is bounded uniformly with respect to \. Therefore, the right-hand side of (7.4) is bounded,
too. Now, we assume 7 = 0 and (2.42)—(2.43). Then, we add (7.7) and (7.9) and similarly have that

I + JAT Rt ? < = (u! — B*yo — Ba(yo) — m(yo), u* + A* )

1 1
< 3 [t + 3 |ut = B*yo — Bx(vo) — m(yo)]?

L _ 2 2 1
r ) Yo T o
It 2+ A7 )2 || < 2 et = B — Ba(we) — )1

1 1
S AT+ S ATt = B0 — (o) — mlao)) I

Hence, the sought bound is ensured by (2.42)—(2.43), since u' = u(h). Therefore, (7.1) is established
in any case.

Consequence. By applying the compactness inequality (3.4), we obtain
1059 (0N < I1B0gn()* + c 0G5, -, foraa.t € (0,T).

On the other hand, we have that ||0,Ja | 12(0,7577) < ¢ by virtue of (5.27). Therefore, we deduce
from (7.1) that

10N 220,71y < N B OGN 120,700y + € 10T 20 0y < €4

as well as
”atth%%o,T;vg) = “at@\hH%?(O,T;H) + ”Boat@\hH%Q(O,T;H) <c.

This implies that
6ty S L2(07T, VE) and ||aty||L2(0,T;V§) S C,

which is a part of (2.44) and (2.46).
Second regularity estimate. We now prove the inequalities
[Bnll e orsmy < ¢ and g, ([ orim) < ¢, (7.10)

the latter being a consequence of the former since 11° = 0. If \; > 0, then ||v|| < [|A"v|| for every
v € V}, so that (7.1) also implies that

172, || oo 0,1:1) < e[| ATy || oo 0,mm) < €,

and the first claim of (7.10) is proved for the case A\; > 0. In the case A; = 0, we only have (see
(2.17) and Remark 2.4)

[Fe, — mean 7y || o< 0,10y < ¢ [|A"By || 2o om0y < -

Thus, in order to achieve (7.10), we have to estimate the mean value. To this end, we recall (5.32),
which can be written in the form

1Bx@n () |20y < (T 10O + T O] + [ AR (Bl + 1) < ¢ foraa.t € (0,7).
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From (7.1) and (2.26), we deduce that

187G ) o< 0,21 (2)) < €

At this point, we simply integrate (5.21) over €2 to obtain, almost everywhere in (0, T'),

2| mean 1z, —T/@tyh—i—l) /( —y,)+ (B, B’ (1))

/BAyh / @h)—/gﬂh-

Thus, mean i, is bounded in L>°(0, T") thanks to (5.25) and (2.26). This concludes the proof of (7.10).
Conclusion. From (7.1) and (7.10), we infer that

pe L*0,T;Vy) and ||M||LOO(O7T;VA‘) <ec,

which is another claim of (2.44) and (2.46). Moreover, by recalling (5.20) and Proposition 3.4, we
deduce that

Hatgh”Loo(o,T;V/;’“) < ||A2TﬁhHL°°(0,T;VX’“) +c Hﬂh - ﬁhHL"O(OvT;H)
< [|A"in || Lo 0,131y + ¢ < €,

which yields that

Oy € L>(0,T5V,") and ||aty||L°°(0,T;VXT) <c
Now, we assume that 7 > 0, in addition. Then (5.21), (2.46) and (7.10) give that
1/2 1/2

1/2||A2r

#h||L°° OT:H) ST Hat?JhHLoo orH) T ||Mh ﬁh”L‘X’(O,T;H) <c,

whence
@y c LOO(O, T, H), n e LOO(O, T, VIZT) and H7'1/28tyHLoo(07T;H) + H7-1/2:U’HL°°(O,T;V§r) <ec.

This concludes the proof of Theorem 2.8.
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