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Abstract

We prove existence of solutions to an anisotropic Cahn-Hilliard-type equation with de-
generate diffusional mobility. In particular, the mobility vanishes at the pure phases, which
is typically used to model motion by surface diffusion. The main difficulty of the present
existence result is the strong non-linearity given by the fourth-order anisotropic operator.
Imposing particular assumptions on the domain and assuming that the strength of the
anisotropy is sufficiently small enables to establish appropriate auxiliary results which play
an essential part in the present existence proof. In addition to the existence we show that
the absolute value of the corresponding solutions is bounded by 1.

1 Introduction

In this paper we consider the existence of weak solutions to an anisotropic phase field model,
which may be identified as an anisotropic version of the Cahn-Hilliard equation. The correspond-
ing isotropic version, the classical Cahn-Hilliard equation in the form

U~ v (m(u) V). (1a)
p=F'(u) — &yAu, (1b)

is probably one of the most well-known examples for phase separation and was originally intro-
duced by Cahn and Hilliard to study phase separation of binary fluids [4, 5]. In this paper the
phase field function u is defined such that © = 1 denotes the solid phase and © = —1 denotes
the vapor phase, € is a small parameter that describes the interface width, ' is the homoge-
neous free energy and -y is the surface energy between film and vapor. In order to model motion
by surface diffusion, we need to assume that the diffusional mobility m(u) is a non-negative
function which is sufficiently strong degenerated at the pure phases, see for example [10]. On
the one hand, this constitutes a mathematical difficulty since the a priori estimates, such as
are commonly used in existence results, loose their information at points where the mobility
degenerates. On the other hand, a degenerate mobility may be beneficial in order to show that
solutions which initially take values in the interval [—17 1] will do so for all positive time. Note
that this is is not true in general for fourth order parabolic equations without degeneracy since
there is no comparison principle available.

Considering present existence results for Cahn-Hilliard with degenerate mobility (1), the tech-
niques introduced in the papers by Elliott and Garcke [7], Grin [9] and by Bernis and Fried-
man [2] have proven to be extremely useful. In each of these papers the general procedure is
to replace (1) by a family of regularized problems with smooth solutions wus, establish particular



a priori bounds and show that the approximate solutions us converge to solutions of the original
problem as 6 — 0. In [7], for example, the degenerate mobility () is approximated by a
strictly positive mobility ms(u) which satisfies ms — m, as 6 — 0. The resulting parabolic
problem is non-degenerate and provides global and smooth solutions us. With the help of ap-
propriate a priori estimates it is then shown that the integral of us in the region where |u| > 1
converges to zero as m, approaches m, which yields |u| < 1in the limit. In fact, it can be shown
that solutions to (1) with sufficiently strong degenerated mobility preserve the strict inequalities
|u| < 1 forall times ¢ > 0.

In particular, Elliott and Garcke [7] exploit the dissipation of two particular functionals by solu-
tions to (1) which provides the required regularity estimates. The first is the free energy func-
tional

E(u) := / F(u) + 62%|Vu|2 dx. )
Q
and the second the functional defined by
1
Uln) = / B(u),  where ®"(u) = — @)

also referred to as entropy functional. In particular, the functional {/ has become a key tool in
order to provide the bound |u| < 1.

We note that there is an alternative approach to existence, proposed by Lisini, Matthes and
Savaré [12], which exploits the variational structure of (1). A major advantage of this newer ap-
proach is that essential properties of the solution, such as the bound |u| < 1, are automatically
provided by the construction from so-called minimizing movements in the energy landscape,
where the terminology minimizing movement is due to De Giorgi [8]. Observing that (1) is in the
shape of a gradient flow for £ with respect to a Wasserstein-like transport metric, weak solutions
may be obtained as curves of maximal slope. Unfortunately, the main assumption in [12] is that
the mobility is a concave function of u which is not satisfied by the bi-quadratic choice

m(u) = (1 —u®)?, (4)
which we will apply in the following.
The Cahn-Hilliard equation, even with degenerate mobility, has been studied intensively in the

past [1,2,7,9,12,13], but little mathematical analysis has been done for the case where the
surface energy is anisotropic, i.e.

% = div (m(u)Vu), (5a)

p=F'(u) — e div (A(Vu)Vu), (5b)
e O/ (Ba)(00)
_ Y\Un —7 (Un)Y(Un

AW = 00100 (0 ©

and 6, denotes the angle between the z-axis and the vector n. The function y(#) is given by

¥(0) =1+ G cos(nb), (7)



where (7 is a positive constant and n an integer corresponding to the number of orientations
in the symmetry. An existence result for a different model which also includes (6) is provided
by Burman and Rappaz [3]. They consider an anisotropic phase field model for the isothermal
solidification of a binary alloy due to Warren-Boettinger which in the special case of only one
concentration can be identified as an anisotropic version of the well-known Allen-Cahn equation

% = F'(u) — & div (A(Vu)Vu). (8)
Burman and Rappaz [3] show that the behavior of the anisotropic second-order operator is
strongly depending on the size of GG. In particular, for small values of GG the anisotropic free
energy functional
< o 27(9Vu)2 2
(u) := / F(u)+e T|Vu| dx 9)
Q

is convex with respect to Vu which implies monotonicity and hemicontinuity of the Eulerian
operator. Exploiting the literature, see for instance [15], the existence proof is then essentially
based on the theory for monotone operators. Note that the physical interpretation of small val-
ues of (7 is that no corners or sharp edges develop on the surface.

In this paper we consider the anisotropic Cahn-Hilliard-type equation (5) on an open, bounded
domain 2 C R? with homogeneous free energy

1
F(u) = 5(1 — u?)? (10)
and biquadratic diffusional mobility (4). As shown in a previous paper, this combination recovers

motion by pure surface diffusion in the sharp interface limit, i.e. when € — 0.

We assume that -y is a smooth 27-periodic function and exploit that in two space dimensions 6
can be written in terms of the arctangent function

u
0 = arctan —2. (11)
Uy

Moreover we will require the interface energy to be only weakly anisotropic, i.e.
v(6) +"(0) > 0, (12)

for all @ € [—m, 7], to avoid ill-posedness of the resulting evolution equations. To be more
precise, if 72| Vu|? is not convex then the term Vu may be backwards diffusive for some initial
data [6, 16] and in the two-dimensional case, which we consider here, this corresponds to the
case if and only if v(0) + " (0) < 0, which is referred to as strongly anisotropic.

Motivated by [3], we exploit the properties of the anisotropy operator (6), but since our equa-
tion is of fourth order, we additionally need some higher order bounds on div(A(Vu)Vu). All
necessary properties are collected in Section 2.1. In Section 2.2 we then present an existence
theorem for the anisotropic Cahn-Hilliard-type equation (5) with biquadratic diffusional mobil-
ity (4). The proof of the theorem is divided in two main steps. The first step is to consider the



regularized problem, i.e. with a mobility which is bounded away from zero by a small param-
eter 0, and apply a Galerkin-approximation for this auxiliary problem. We prove the existence
of solutions to the approximate problem and derive appropriate a priori bounds, which are in
particular independent of the regularization parameter . All the results, which correspond to
the approximate problem are given in Subsection 2.2.1, for a better overview. The second step
of the proof, given in Subsection 2.2.2, is to pass to the limit in the approximate problem and
deduce existence of solutions to the degenerate problem.

2 Existence of solutions to the anisotropic degenerate Cahn-
Hilliard equation

The main difficulty in the present existence proof, compared to the result in reference [7] or [9],
resides in the strongly non-linear fourth-order operator. Motivated by [3], we will exploit that the
impact of the anisotropy depends on the size of ( and that for small values of G the energy
functional (9) stays convex with respect to Vu. This implies monotonicity and hemicontinuity of
u — (div(A(Vu)Vu), V-), which will be very useful in situations where we have to identify
limits of approximate problems. Furthermore, since the differential equation (5) is of fourth order
we will additionally need some higher order bounds on div(A(Vu)Vu). These are in particular
necessary in order to recover the energy estimates (or a priori estimates) as posed in [7] for the
anisotropic case.

In the following section we collect all the crucial properties of the anisotropic operator. Note that
the former may also be found in [3].

2.1 Properties of the anisotropic operator

Notation Throughout this and the following sections of this chapter we assume that €2 is an
open, bounded domain in R, with a Lipschitz boundary 9€). The L?(2)-scalar product will be
denoted by (-, ) and Q7 = Q x (0,T") will denote the space-time domain for some 7" > 0.
For brevity we write ! instead of Hl(Q) in the indices of corresponding norms or scalar prod-
ucts. We omit the differential "dz" at the end of an integral in order to save space. Furthermore,
unless otherwise stated, C' > 0 denotes a constant.

The results of this section refer to the particular representation (7) of the anisotropic surface
energy and the corresponding matrix representation (6) of the anisotropy in the partial differen-
tial equation. We recall that (G represents the strength of the anisotropy and n corresponds to
symmetry type.

First of all we repeat the key lemma from Section 4 in the paper by Burman and Rappaz [3].

Lemma 2.1 /f



then

(i) the functional

is strictly convex inv, Vv € [L*(Q))%.

(ii) the Gateaux derivative of the potential

B = [ 20w

exists for eachu € H'(Q) and is given by

E'(u)v = / A(Vu)Vu - Vo
Q
(iii) the anisotropic operator satisfies the following upper and lower bounds

(1— GPlufp < / AV Vul dr < (14 G)luf.
Q
Proof. See Section 4 in [3].

Properties (i) and (i7) turn out to be useful in order to prove the following lemma.

Lemma 2.2 The mapping
Uu E V — <A(Vu)vu, V >(H1)’,H1 6 (Hl(Q)),

is monotone and hemicontinuous.

Proof. From Lemma 4.8 in [15], we know that u € H'(Q) — (A(Vu)Vu,V-) € (H'(Q)Y
is monotone and radially continuous in the sense of Definition 2.3 in [14]. Using Lemma 2.16
in [14] then gives hemicontinuity as well.

Since equation (5) is of fourth order, we additionally need some higher order bounds on
div(A(Vu)Vu). This requires the assumption that G is sufficiently small such that at least
(13) holds true. The second assumption is that the considered function u satisfies

/ uiy — Uy Uyy = 0. (14)
Q

This assumption may look artificial at first sight, but realizing that phase field functions « which
are constant on 0S2 naturally fulfill (14) according to partial integration, we conclude that this re-
striction is reasonable. In particular the eigenfunctions of the Laplace operator on a rectangular



domain {2 with Neumann boundary conditions obviously satisfy (14), which will be applied in the
main proof.

The following lemma states the particular bounds on div(A(Vu)Vu).

Lemma 2.3 Letu € C?*(QQ) and assume that (14) is satisfied. Then there exists 0 < Gy <
1/(n® — 1) such that for all G < G| there exists a constant C'(n, G) > 0, only depending on
n and G, such that

0< /Q(diV(A(Vu)Vu))2 < C(n, G)/QdiV(A(Vu)Vu)Au.

Proof. Exploiting the particular representation of 6, i.e. (11), we have

o uyxu:c - uyu:caz

0, =
[Vul?

UyyUg — UyUgy

Q =
’ ’ [Vul?

On the one hand, we obtain

—Uu 1
\YR ( uxy) — W (—2uymuxuy + uium + uyyui) ,

where "-" denotes the standard Euclidean scalar product of two vectors and we exploited that

Uy = Uy
On the other hand we have
IVO|*|Vu|* = |V1u|2 ((uyﬁuz — uyum)2 + (uyyty — uyuxy)z)
s (P U 2, o)
— ﬁ (—2uypuzuy, + uzum + uyyul) Au + uiy — Uy Uy,

which together reveals the relation

VO | Vul* = (Vé’ : <_uzy)) A+ U3, — Uggllyy.
Moreover, denoting the angle between V6 and Vu by «, we have
(VO - Vu) = cos(a) |[VO||Vul,
(ve : (‘uuy» - Cos(g — ) |V8||Vu| = sin(a) [V6||Val,

which gives
(IV8]|Vu|)? = sin(a)Au [VO||Vu| + U2, — Uy



and consequently

1 1
(IVO||Vul), , = 3 sin(a)Au + \/Z sin® (@) (Au)? + U2, — Ugaliy,.

Observing that |V6||Vu| is positive and real and z € R? — || is a surjective mapping we
may conclude that only

1 1
(V0| Vu| = 5 sin(a)Au + \/Z sin® (o) (Au)? + U2, — Ugalyy (16)
is a reasonable solution.

Consider now div (A(Vu)Vu) and apply the representation (15)

v (A(V0) V) = div(? V) + div (1/( )

Uy

= 2Au+ 297 (VO - V) + ((7)? +7") <v9 ' <_uuy>)

T

=7*Au+ | 297 cos(a) + ((7)* +77") sin(a) [ [VO]|Vul

=:c1(,0,G)

where ¢1(a, 8, G) is uniformly bounded and satisfies

v+ ei(a, 0,G) sina = 42 + 297/ cos(a) sin(a) + ((7)? + 77" sin®(a)

= (ycos(a) 4 7/ sin(a))? + + ")) sin*(a) . 17
(€] ()V’Y (@) +(y(y +7")) sin”(e) (17)
>0 >0 >0
Consequently we have
2
72—1—%(&,9,G)sina2%>0, (18)

which we keep in mind for the following estimates.

Exploiting (16) and applying short forms, i.e. ¢1 for ¢1 (v, 8, G) and ¢; for ca(cv, 0, G), we then
have c
div (A(Va)Vu) = (1 + 5 sin(a) ) Au

1 (19)
+ \/Z sin? () (Au)? + u2, — Ugaliy,.

Multiplying (19) with Au € H'(Q) and integrating over €2 we have

/Qdiv (A(Vu)Vu) Au = / <72 + %sin(a)) (Au)?

Q
1
+ /chAu\/Z—1 sin® (o) (Aw)? + U2, — Ugallyy
2, G . 2
2/ (fy + sm(oz)) (Au)

Q
1
— /Q \clAu\\/Z sin® () (Au)? + 12, — Ugaliy,.

(20)

7



Concerning the last integral we may deduce by applying Young’s inequality with ey- > 0

1
/ |01Au|\/l—l sin® (@) (Au)? + 12, — Ugalyy < €y/ ey Aul?
Q Q
1

1
. i 1 sin?(a)(Au)? + uiy — Uz Uy (21)

1
S <6yCl + —> / |A’U,‘2,
86Y QO

where C} := maxq g, ¢} and we exploited that 12, — Uy, has zero mean value.
Introducing the function

1
Y(ey) = ey Cy + —,
(ev) yC1 + Sey
and calculating the derivative with respect to ey
Y'(ey) :=C !
€y) == - —,
Y 1 86%,

reveals that Y has a minimum at 1/4,/C'; and

1 3
Y () =2/ = e >0
(4@) v T = h

so that we can choose at least €y, = € in (21). Then, considering C'; and exploiting the
particular representation of v, i.e. (7), we have

Vi = max (277" cos(a) + ()" +77") sin(a))

<1297+ (V)2 + ||
< Gn((2+4+n) + Gn),

which basically reveals that C'; tends to zero for sufficiently small G. On the other hand, (18)

implies boundedness from below of 72 + %1 sin(«) by a positive constant. Now, going back to
(20), we are in the position to deduce that for (G sufficiently small we may choose ¢ such that

c
0<eq < (72 + 51 sin(a))
for all v, @ and consequently

/Q div (A(Vu)Vu) Au > /

g (72 + %sin(a)) (Au)? — eq /Q(Au)2 > 0. (22)

We now consider the right hand side of the inequality in Lemma 2.3. Multiplying (19) with



div(A(Vu)Vu) and integrating over €2 we obtain
0< / (div (A(Vu)Vau))?
0

— /Q (72 + %sin(a)) div(A(Vu)Vu)Au

+ /Qdiv(A(Vu)Vu)cl \/i sin® (o) (Au)? + U2, — Ugaliyy (23)
< / (72 + 4 sin(a)) div(A(Vu)Vu)Au
Q 2
+ Ey/ | div(A(Vu)Vu)e |* + L 1Sir12(oz)(Au)2,
9} 4€Y o) 4

where we again exploited that uiy — Uz, Uyy has zero mean value. Choosing €y = 1/(C’1 + 1)
and observing that from (22) we know that there exists a constant C' > 0 such that

/|Au|2§0 /div(A(Vu)Vu)Au,
Q Q

we obtain from (23)

0< /Q (div (A(Va)Vu))?

S/C’div(A(Vu)Vu)Au+ %
Q

Cy+1

/Q | div(A(Vu)Vau)|?.

Note that C' > 0 is now a different constant which we still denote the same to simplify matters.
Finally we conclude that

011“ /Q (div (A(Vu)Vu))® < /Q C div(A(Vu)Vu)Au,

which completes the proof.

Remark: In Appendix A it is shown that G can be at least as big as 1/5 G in order to satisfy
Lemma 2.3.

We are now in the position to attempt an existence result.

2.2 Existence theorem

In this section we formulate the existence result which will be proved in the following. The result
refers to the anisotropic Cahn-Hilliard equation (5) on a rectangular open subset 2 C R? with
boundary conditions

ng - Vu = 0, (24a)
m(u)ng - Vi =0, (24b)



on 02, where ng, is the unit outward pointing normal vector onto ). Note that A(n) is the
anisotropy matrix defined by (6). We recall that we consider the polynomial homogeneous free
energy (10) and the bi-quadratic degenerated mobility (4). The energy of the system is hence
given by (9) and in order to derive appropriate energy estimates similar as in the proof by Elliott
and Garcke [7] we introduce the function

d:(-1,1) - Ry,
defined by
@//(u) —

®'(0) =0, and®(0)=0.

The following theorem states the existence of a weak solution to the anisotropic Cahn-Hilliard
equation with doubly degenerated mobility on an arbitrary interval [0, 7], for some T' € R*.

Theorem 2.4 Suppose that (14) holds true and that G is sufficiently small, according to Lemma
2.3. Letug € H*(Q) with |ug| < 1 a.e. and

/(F(uo) Fdu) < C,  CeR.

Then there exists a pair of functions (u, 1) such that
w € L0, T; H'(Q)) N C([0, T]; L*()),

up € L2(07 Tv (Hl(Q))/)7

u(0) = ug,

we L0, T; HY(Q))

which satisfies (5) in the following weak sense:

T
| OO gy = [ @i ve 25
0 Qr
forall¢ € L*(0,T; H'(Q)) and
— / 2 .
/Q;LQS—/QF(U)QH—/QE A(Vu)Vu-Vo (26)

for all ¢ € H* () which fulfill ngV¢ = 0 on 9 x (0,T') and almost all t € [0, T.

The proof of Theorem 2.4 consists of two main steps. The first step is to consider (5) with
a mobility which is bounded away from zero by a small parameter 9, and apply a Galerkin-
approximation for this regularized problem. The existence of solutions to the approximate prob-
lem is stated in Lemma 2.5 and appropriate a priori bounds are given in Lemma 2.6. These
are in particular independent of the regularization parameter ¢ and the corresponding proof ba-
sically exploits the dissipation of two energy functionals. For a better overview, we collect the
results corresponding to the approximate problem, or the first step, respectively, in the following
subsection.

The second step of the proof, given in Subsection 2.4, is to pass to the limit in the approximate
problem and deduce existence of solutions to the degenerate problem.

10



2.2.1 Step 1: Galerkin approximation of the regularized problem

Consider the anisotropic Cahn-Hilliard equation (5) with the regularized mobility 1m,5(«) defined
by

m(—1+0) for u<-—-1+9,
ms(u) == ¢ m(u) for uw<1-—4,
m(l—40) for u>1-4,

where § < 1 and define ®s(u) such that

We point out that ®5(u) = ®(u) when |u| < 1 — 0. In a similar way we define Ws(u) such that

1

—t s(0) =0, and ¥s(0) =0, (28)

W5 (u) =
which will prove usefull in order to derive appropriate bounds for the anisotropy operator.
We observe that ms € C(R, R™") and there exist my, M; > 0 such that

my < |mg(u)| < My

for all u € R.

We now apply a Galerkin approximation to the regularized problem. Let {¢; }icn be the eigen-
functions of the Laplace operator with Neumann boundary conditions which is an orthogonal
basis of H'({2). We suppose that the ¢; are normalized in the L*({2) scalar product, i.e.
(¢, qéj)Lz(Q) = 0;; and that without loss of generality the first eigenfunction ¢; corresponds to
the eigenvalue \; = 0, i.e. A¢; = 0.

Consider the following Galerkin ansatz for v and p

N N
uN(t,x) =) e (O)i(x), pN(tx) =D dY(t)di(x) (29)
=1 =1
/GtuN¢j = — / ms(u™)Vu? - V¢; forj=1,..,N, (30)
Q Q

/,uNgbj = / eZA(VuN)VuN Vo, + / F'(uN)ngj forj=1,..,N, (31)
Q ]i[z Q
UN(O) = Z(Uo, ®i)12(0) iy (32)

=1

11



which leads to an initial value problem for a system of ordinary differential equations for (¢, .., cy)

N

Ol = — Zd{j / ms (Zc ) Vor - Vo, (33)
N

v / €A (Zc t)Vi(x ) > ()Ver(e) - Vo,
k=1

- (34)
+/QF’ (Zl Cfv(t)cbi(fr)) ?j
¢ (0) = (uo, 65)12(0) (35)

which has to hold for j = 1, ..., V.

Lemma 2.5 (existence of approximate solutions) Let uy € H'()). Then the initial value
problem (33)-(35) admits a global solution (u , 1Y) forevery j = 1, ..., N, such that

W € L0, T; H())
Oruy € L*(0,T; (HH(Q))),
pug € L*0,T; H ().

Furthermore the solution u} satisfies
V (div (A(Vu))Vu))) e [L2(Q)]° . (36)

Proof. Recalling that the mapping
u € HY(Q) — (A(Vu)Vu,V-) € (HY(Q))
is hemicontinuous implies that
teR— (AV (u+tv)V (u+tv), Vw)
is continuous for all u, v, w € H'(§)). We then conclude that

CL > <A ((uﬁk + ckV(bk)) (u;ékc ()Voi(z) + cngbk) ,V¢j> ,

where
N

uy= Y M OVew),

i=1,i#k
is continuous for every ci, which reveals continuity of the right hand side of (33) and therefore

existence of a local weak solution to (33)-(35) due to the Peano existence theorem. In order to
provide that this solution exists globally in time we need to show that the energy stays bounded

12



uniformly in ¢. For this purpose, consider the time derivative of the energy £

_5<) Ci/(F<uN)+e27(9VT“N)2|VuNP>

= / F'(u™M)ou™ + € (770, [Vul* + v*Vu V)
Q

(o Ny, N | 2 —0yu’ 2 N
= [ Fl(uMu, +€ (v P +4*Vul ) - V!
Q
= [0 == [ sy vu P
Q Q

where we exploited the particular representation of 6, i.e. (11).
Integrating over [0, ¢] then reveals

/QeQMIVUN&)IM/QF(uN(t)H ms(u)| V|

:/QEZ%NU (0 )|2+/QF(UN(O)) <C,

where C'is a constant which is independent of IV, and t. From (30) with j = 1 we deduce
that 9, |, u"" = 0 and since 7 is bounded uniformly we obtain from Poincaré ’s inequality

(37)

ess supy; o [[u” (1)) < C, (38)

which implies that ¢}, ..., ¢ are bounded uniformly and therefore a global solution to (33)-(35)
exists, which we denote by

(ug', 13,
and u) € L>(0,T; H()).

Let now IT) denote the projection of L?(€2) onto span{¢y, ..., ¢ }. Considering an arbitrary
function ¢ € L*(0,T; H'(£2)) then reveals

atUéVQS = @u(];VVHN(b

Qr

Qr

ms(ug ) Vg VIng
Qp

< (f memst) (] o)

gco( - !w?\) 2.
Qr

< C1||V L2 p)

where Cy and C are independent of NV, and t. Note that we exploited (37) for the last in-
equality. Consequently we have d;u € L2(0,T; (H*(Q))).

13



We now show the boundedness of 1. Since

(A(B)€)" - (A(6)€)

( V2 ()& — 7' (0¢)y (&)@)t - (ﬂ@& - 7’(95)7(95)52)
"(0c) (95)51 +7%(0)&2 Y (0e)y(0e)&1 + 72 (0e)&s

=7 (0e) (v (0e) + (7'(0¢))*) (&5 + &)
< C(n,G)I¢)* (39)

we obtain as a direct consequence
[ v e < cwe) [ 1va (40)
Q Q

Due to (38), the right hand side in the last inequality is uniformly bounded and hence A(Vuf;v)VuéV
is uniformly bounded in L?().

Then, exploiting (40) together with the uniform boundedness of F'(ul (¢)) for t € [0,T), we
first obtain that fﬂ u5 < (C'(0) and consequently, including (37), Poincaré s inequality leads
to

115 | 220712 02)) < C(6).

Note that in order to apply (37) in Poincaré s inequality it is necessary to assume that ms > 0,
so that C' in this case is independent of /N but not of .

In order to show (36) we first show div (A(Vuy )Vuy') € L?(Qr). From (31) we have

/ (F () — 1)y + CATuY)Val - Vo, = 0, @)
Q

for y = 1,..N. Exploiting the projection 11 we then have

/ezA(Vuf;V)Vuév - VIIyy
Q

< / (s — /()T
< C x| 2o
< C[¥] 2

which implies that
Y EAVU VU - VI, € OF(Q) (42)

is a linear and continuous functional on C'°(Q) with respect to the L?-norm. Since C°(12)
is dense in L?((2), this functional can be extended uniquely to a linear and continuous func-
tional on L*(2). From the Riesz representation theorem we then obtain existence of a unique
function v € L?(£2), such that v corresponds to the weak divergence of A(Vu} )Vu} and
consequently

div (A(Vuy )Vuy') € L* (). (43)

We may now apply the identity ;15 = F'(uy )—€? div (A(Vu))Vui') and since VF'(uf) =
F"(u)Vud e [L2(Qr)]” and Vi € [L2(Q7)])° we obtain that also

14



V (div (A(Vud)Vud)) € [L2(Qr)]”. This completes the proof of Lemma 2.5.

Therefore we can apply the weak form

T
/ (TINC, Opus ) g1 (ny = —/ mg(uf;v)V(F’(uf;V) — 2 div (A(W?)W?)) - VIIN,
0 ’ Q
! (44)
forall ¢ € L*(0,T; H'(Q)).
In the next step, we prove the essential energy estimates which provide in particular uniform
bounds independent of J.

Lemma 2.6 (energy estimates) Suppose that (14) holds true and that GG is sufficiently small,
according to Lemma 2.3. Letug € H'(Q) with |ug| < 1 a.e. and

l/WW”+M%»SC’ C e R*

Then there exists a 0y such that for all 0 < 0 < dq the following estimates hold for the pair of
solutions (u}’, uY') with a constant C' independent of N and §:

(a) ess Sup0<t<T/ @5(uf3v(t)) <C
Q

(b) ess SUP0<t<T/ | div (A(VuéV)Vuf;V) ‘2 <C
Qr

© esssupeer [ (o] - 12 < 08
Q

(d) IYP?P <O, where JY :=ms(ul)Vuy.
Qr
Proof.

To prove (a), we consider the function ®s(u2’) defined by (27). Since ®%(u)') is bounded
uniformly in ¢, we have ®%(u}) € L?(0,T; H*(Q)) and therefore ®(u)) is an admissible
test function in (44). On the one hand, we have that

/Ot <<I>£;(uf;v),8tuf;v>H1’(Hl), I/QCD(;(uf;V(t))—/@(S(ugV(O))

Q
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is true for almost all ¢ € [0, T']. On the other hand, we have

t

t
/ (O5(uy ), Oy Yerr ey = / <HN‘I):5(U?)7@U§V>H17(H1)/
0 0

= [ —ma(u ) - VML)
Q¢

1/2

< ( 5 ms(u ()| VY \2>1/2( 5 me(ug ()| VI @5 (ug’ )\2)

<6 ([ mistnene) ([ mt e )

Q4

1/2
= ([ matw e ) ([ mstao)pes)va)
t 1/2 t 1/2
= ([ matwonwn®) ([ 1var)
Qt Qt
(45)
where the right hand side is bounded due to (a). It follows that there exists a constant C' which
is independent of d such that

/(IJ(;(uf;V(t)) §c+/©a(u?(0)>,
Q

Q

which proves (b).

Consider now W defined by (28). Similar as in (45) we obtain

/Q Wy (1)) — / W (0)) = / )9 ) -

Q

= / — div(A(Vud ) Vu ) Aud — F"(ud)|Vud %,
Q
which again implies that there exists a constant C' which is independent of § such that

/ \Dg(UéV(tD +/ ¢ div(A(VuéV)VuéV)Auf;V + F”(uf;v)|Vuf;V|2
Q

Q

sm/ﬂ%(uf!w)).

Realizing that U5 and F” are both convex functions which are bounded from below and taking
Lemma 2.3 into account, we conclude that there exists another constant, which is independent
of ¢ such that

/|div(A(vugV)vugV)|2 §C—|—/\If5(uN(0)),
Q Q

which proves (b).
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We will now use the bound for [, ®5(u}) to derive a bound for [, (|uy’| — 1)3.1f z > 1 and
0 < 1, then we have

Ds(2) = B(1 - 8)+ ' (1 —8) (2 — (1 —4)) +%c1>"(1 — )z — (1—8))

>0 >0 >0

1 1 1

> "1 =0z —12 ==——v (7 —1)2
Z 5 ( )(z—1) 5 m(l—é)(z )
1 1

— = (1) >C7572%(r— 1),
21—(1—5)2<Z A Gt

It follows that (2 — 1)? < C'§?®4(2). Similarly we obtain (—z — 1)2 < C'§2®(z) for 2 < —1.
This implies

/ (| — 12 < C5 / Ba(u) < OF,
Q

Q
which proves (c).

Assertion (d) follows easily from the energy estimate (37), and this finishes the proof of Lemma
2.6.

2.2.2 Step 2: Convergence of the approximate problem

We are now in the position to prove Theorem 2.4 by passing to the limit in the approximate
problem.

Proof. Due to Lemma 2.5 the initial value problem (33)-(35) admits a global solution (u2, %),
satisfying (36) and the uniform bounds of Lemma 2.6.
Exploiting the compact embeddings

{u e 12 (0,T; H(Q)) |9y € L? (O,T; (H%Q))’)} < L2(0,T;L2(Q)),  (46)
(see [11], p. 57) and
{u e L (0,T; H(Q)) |0 € L? <O,T; (HI(Q))’)} = C ([0, T LA(Q)),  @7)

(see [17], p. 422) we are in the position to deduce that there exist subsequences (which we still
denote by u}’) such that

ud 5w weak — * in L>(0,T; H(Q)),
ud — u strongly in C([0,T); L*(2)),
oy — du weakly in L*(0,T; (H'(9))), and
ud — u strongly in L*(0,T; LP(£2)) and a.e. in Qp,
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where p < %

According to the bounds of Lemma 2.6 together with standard compactness properties, we
obtain that there exists a function J such that

Iy =37 in [L2(Q0)]°. (48)

Moreover by the boundedness of div(A(Vul )Vul) in L?(Q7) we have that

2

A(Vuf;v)VuéV — Y in [HI(Q)} ,

for some function y € [HI(Q)]Q. At this point we apply Minty’s Trick in order to identify x as
A(VuéV)Vuf;V. Adding and subtracting elements we obtain, due to the monotonicity property,
that

(x — A(Vv)Vv, Vu — Vo) > (x — A(Vuy ) Vuy', Vu — Vo)
+ (A(Vuy )Vuy — A(Vv)Vu, Vu — Vuy')

for all v € H'(£2), and passing to the limit § — 0 reveals
(x — A(Vv)Vv,Vu — Vo) >0 forallv € H'(Q). (50)
We are now in the position to apply Minty’s Trick (Lemma 2.13 in [14]) and deduce that
x = A(Vu)Vu. (51)

Since H'(2) is compactly embedded in L?((2) the weak convergence
AVuM)Vul = A(Vu)Vuin [H(Q)]? implies

AV )Vl = A(Vu)Vu in [L2()]”. (52)

Passing to the limit in
[ -1z <c
Q

yields |u| < 1 a.e.in Q.
It remains to show that u fulfills the limit equation. The weak convergence of 9,u} and JY' gives

in the limit .
| €0mm iy = [ 3-ve
0 Qr

forall £ € L?(0,T; H'(£2)). Now we have to identify J. Therefore, we want to pass to the limit
in the equation

[t = [ ms(d) V(=€ dv(ATa)Tud) + P Dlln. (69
QT QT

where n € L?(0,T; H'(Q,R")) N L>®(Q7, R™) with 7 - ng = 0 on 92 x (0, T). Note that
the projection operator is applied component-wise in this case. Realizing that IIyn — 7 in
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L?(0,T; H'(Q,R™)) and taking (48) into account implies that the left hand side converges to
Jo, 3 - 0. Since V div(A(Vuf)Vug') may not have a limit in L?(Qr), we integrate the first
term on the right-hand side of (53) by parts to get

ms(uy )V (=€ div(A(Vul ) Vud Ny
Qr

_ / & div(A(Vu )V yms (u) )V Ty
Qr

+ / e div(A(Vu ) Vuy Yyms(ud )Vl - Tyn
Qr
=1+
Using the fact that for all z € R

ms(z) —m(z)| < sup |m(y)| =0 asd 0,
1-5<[y|<1

it follows that ms — m uniformly.
Hence we have
ms(uy) — m(u) ae.in Q.

Exploiting that div (A(VuY )Vul') is uniformly bounded in L?(27), we may deduce that there
exists p € L?(Qr) such that

div(A(Vu)\Vud) = p  in L*(Qp). (55)
From the definition of the weak divergence and the already established convergence (52), we
then have that for any test function ¥ € C'°(Qr)
/ div(A(Va )Vl )T = — / AV )V - VT
QT QT

- — A(Vu)Vu - VI (56)

Qr
= / div(A(Vu)Vu)W.
Qr
Since the weak divergence is unique we immediately obtain
div(A(Vu)Vu) = p. (57)

Recalling that mg is uniformly bounded, we conclude
/ & div(A(Vul )Vl yms (u )Wy — | € div(A(Va)Va)m(u)Vr,
QT QT

as 0 — 0, which equals the convergence of | in (54) . Now we pass to the limit in Il. As for m,
we have ms — m/ uniformly, which gives

ms(u)) — m/(u) ae.in Q.
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By using
A(Vui )\Vu) — A(Vu)Vu in L*(Qr) anda.e.in Qr,

and the fact that m/ is uniformly bounded a generalized version of the Lebesgue convergence
theorem yields
mi(up )Vuy — m'(u)Vu in L*(Q).

Hence
/ e div(A(Vuy ) Vud ymj(u )Vul - Ty
Qp

— e div(A(Vu)Vu)m/ (u)Vu - n,
Qp

as 0 — 0, where we used the fact that n € L>°(Qr).
Finally the strong convergence of v in C/([0, T']; L*(Q2)) proves u2 (0) — wuq in L*(2), which
shows that u solves the Cahn-Hilliard equation in the sense of Theorem 2.4.

3 Discussion and outlook

We have proved the existence of weak solutions to the anisotropic Cahn-Hilliard equation (5)
with degenerate mobility under the assumption that the strength of the anisotropy is sufficiently
small (see Lemma 2.3). The main difficulties arise in establishing the estimates of Lemma 2.6,
in particular in view of the degenerate mobility and the non-linear anisotropy function. The limita-
tion to sufficiently weak anisotropy enables to apply Lemma 2.3 given in the preliminary results
of Section 2.1 at this point, which turns out to be of essential importance for the present exis-
tence proof. In addition to existence, we show that solutions || are bounded by one without
having a maximum principle.

There are still many open questions. The most important is whether the assumptions of Lemma
2.3 may be relaxed in order to obtain existence of solution in a more general case. In particular,
the existence of solutions on different domains would be desirable.

Furthermore, it would be interesting to know if there exists a unique solution. We note that
already in the isotropic case, studied by Elliott and Garcke [7] or Griin [9] , this remains an open
question. Since so far no uniqueness result for fourth order degenerate parabolic equations has
been established, a corresponding existence result for the present problem is less obvious.

Besides studying the question of uniqueness we are also interested in the qualitative behavior
of solutions, for example as |u| — 1. Just as in the isotropic case we expect that for the
present degenerate mobility the sets {u = —1} and {u = 1} develop an interior which implies
a free boundary problem for 9 {u = —1} and 9 {u = —1}, respectively. In addition, it would
be interesting to study the asymptotic behavior of solutions in the case as ¢ — oo.
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A Sizeof G

Recalling inequality (22) we know that GG has to be chosen sufficiently small such that
2 C1 .
0<eq < (7 + 5 sm(a)) . (58)

Realizing that on the one hand we have

e = %*/Cl < %Gn((Q + 1) +Gn)

and on the other hand
72 2 (G
0< 5 <7 —|—§s1n(oz),

implies that if (7 is sufficiently small such that

> Gn((2+n)+Cn) < (1- 0P <7

then (58) clearly holds true as well.
Defining
H(G) = ; Gn((2+n) + Gn) — (1 — G)?,

and calculating its zeros reveals that H(G) has a positive zero at G = G, = G.(n), where

_ —4—6n—3n*+ /30 (16 + 28n + 12n% + 3n3)

G:(n) 2(—2 + 3n2)

This means, that if G < G, < Gy = 1/(n* — 1), then (58) is satisfied as well. Realizing that
G.(n)/Go(n) is a monotonically increasing function in n, we obtain

G.(n)/Go(n) > G.(2)/Gy(2) >

o] =

which provides a greatest lower bound for GG, (n), i.e. we may at least choose
1
G.(n) = = Go(n).

in order to satisfy condition (58).
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