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We consider the parabolic Anderson model (PAM) on the n-dimensional hy-
percube with random i.i.d. potentials. We parametrize time by volume and study
the solution at the location of the k-th largest potential. Our main result is that,
for a certain class of potential distributions, the solution exhibits a phase tran-
sition: for short time scales it behaves like a system without diffusion, whereas,
for long time scales the growth is dictated by the principle eigenvalue and the
corresponding eigenfunction of the Anderson operator, for which we give pre-
cise asymptotics. Moreover, the transition time depends only on the difference
between the largest and the k-th largest potential.

One of our main motivations in this article is to investigate the mutation-
selection model of population genetics on a random fitness landscape, which
is given by the ratio of the solution of PAM to its total mass, with the field cor-
responding to the fitness landscape. We show that the phase transition of the
solution translates to the mutation-selection model as follows: a population ini-
tially concentrated at the site of the k-th best fitness value moves completely
to the site of the best fitness on time scales where the transition of growth
rates happens. The class of potentials we consider involve the Random Energy
Model (REM) of statistical physics which is studied as one of the main examples
of a random fitness landscape.

1 Introduction and main results

1.1 The Model.

Consider the n-dimensional hypercube %, = {—1,1}", n € N. For z € %,,, we use the
notation = (), ..., (™), where () denotes the spin of z at spin site 7. The Hamming
distance on 2, is defined by

d(z,y) = #{i: 29 #£ 4O} (1.1)
We declare that = and y are neighbours, denoted by x ~ vy, if d(z,y) = 1.

Our model is described through a system of differential equations with random potential,

avn(zﬁ, z,y) = kAU (t, x,y) + & ()op(t, z,y), >0, x€X, (1.2)
with the localized initial condition v, (0, -, y) = d,(+). Here, K > 0 is the diffusion constant
and A,,, acting on the second coordinate, denotes the Laplace operator on X,

Auf(r) == 37 (f(2) ~ (@), w €, (1.9
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where f is a function on X, and §,, := {{,(z) : x € X, } is the random potential.

The solution of (1.2) admits a Feynman-Kac representation

vnlt,2,) = Ealexp( / £.(X)ds)1{X, = y)] (1.4

where (X : s > 0) is distributed as a simple random walk on ¥,, with the generator kA,
and [E, stands for its expectation when the walk starts at x, i.e., Xy = x. Since the simple
random walk on Y, is time reversible, we can conclude from (1.4) that

vn(t, z,y) = va(t, y, ). (1.5)

We also deal with the de-localized model. Let v,,(t, -) be the solution of (1.2) with the initial
condition v, (0, -) = 1. Itis trivial that v,,(t,y) = > cx. vn(t, 7, y) and v,(t, y) admits
the Feynman-Kac representation

(1) = e [ 6a(X)d5) (16)

Equation (1.2) and its variants are often called the parabolic Anderson model. PAM originates
as the parabolic version of the Anderson localization problem and has found a wide range
of applications such as chemical kinetics, magnetism, turbulence and population dynamics,
the last being one of the motivations of this article. PAM is also attractive for mathematicians
since it yields precise solutions based on the Feynman-Kac representation and the spec-
tral analysis of the Hamiltonian operator kA + £. We refer the readers to the recent book
[15] and the references therein for the applications of PAM and a survey of mathematical
results. The main feature of (1.2) is the competition between the diffusion term that flattens
the solution and the potential part that creates peaks. A feature of this competition is the
intermittency effect, namely, the total mass of the solution v,, is carried by a few separated
regions with small diameters. Indeed, the rigorous mathematical research on PAM started
with the seminal paper [12] in which intermittency was proved under minimal conditions on
the potential. In a follow-up paper [13] the same authors gave a description of the shape of
relevant islands in terms of a variational problem in the growth rate. The potentials consid-
ered in [13] consisted of distributions with upper tails that are double exponential or slightly
heavier/lighter. The asymptotic size of the islands are finite for double exponential tails that
and shrinks to a single site for heavier tails. This geometric picture was made precise in [11].
The growth of the solution for much heavier tails has random first order terms, and results
in this direction was achieved in [19] for potentials with Pareto and exponential distributions.
Later, [16] proved single site localization for the same kind of potentials and The evolution of
the localization point was investigated in the context of aging in [18].

In this work we consider PAM on the n-dimensional hypercube for class of potentials that lead
to single site localization. We will describe the growth of the solution and provide localisation
results. Our point of view focuses on solutions starting from the site of an extremal potential
and how the growth and localisation change with time, observing a phase transition in time.
Moreover, we will explore the fact the normalized solution of PAM corresponds to a mutation-
selection model and explain our localisation results in term of the latter.



We want to mention that the state space for all the results we have mentioned from the
literature is the d-dimensional lattice. There are only a few work about PAM on different
graphs, one being [7] where the authors study PAM on complete graph with exponentially
distributed random potential. This work has been an inspiration for us as it also proves a
phase transition on the growth depending on the time scales. One big simplicity of working
on the complete graph is that the exact asymtotics of the whole spectrum of eigenvalues and
eigenvectors is readily available.

Let us now briefly explain the results of this article. Our first main result is an exact de-
scription of the behaviour of the solution at the location of the k-th largest potential. Let
T19n,Ta2n, ..., Ton on denote the locations of the largest potential, second largest potential
and so on. We denote by \; the principle eigenvalue of the operator kA,, + &,,. For the po-
tential we essentially assume that, for any k € fixed, almost surely &, (SEan) ~ On for some
¢ > 0 and the gap between the extremal points &, (1 .9n) — &, (zx2n) stays order of (ran-
dom) constant (see Section 1.2). The behaviour of v,,(,, ) 2n) goes through a transition
on time scales of order nlog n. To this end let ¢, = inlogn and let ¢, /c, — a € [0, 00].
We prove that (see Section 1.3) for v < (£(@1.9n) — &(Tg2n)) ™"

Un(tn, Tan) ~ exp {(E(ran) — K)tn ], (1.7)
and for o > (f(l’l,gn) — g(ﬂfkgn))il
Up(tn, Ton) ~ exp {Altn} exp { — (14 0(1))}. (1.8)

Hence, in the short time regime the solution at all the high peaks grows like a system with-
out diffusion, more precisely, when the potential is shifted down by x and the diffusion is
removed. However, on the long time regimes, with the observation that (see Lemma 2.1)

)\1 = fLQn — K+ O(l/n2), (19)

we see that the growth is much higher. We also mention that the second term in (1.8) is the
decay of the principle eigenfunction at x o~. The class of potentials we consider involves
the Random Energy Model (REM) of spin glasses introduced in [4], where the potential field
is formed by i.i.d. Gaussian random variables with mean 0 and variance n.

Now we describe the mutation-selection model on the hypercube with random fitness land-
scape and explain how it is connected to PAM. The mutation-selection model is given by the
solution u,,(t, -, ) of the following PDE

un(t, 2,y) = A (t, 2,y) + [§a(7) = EO)] un(t,z,y), t20, €T, (1.10)
with the localized initial condition u,(t, -, y) = &, (-), where £(t) is the mean fitness
1) = un(t,z,y)&(2). (1.11)
TEX,

Let us briefly explain the biological meaning of the mathematical objects appearing in (1.10).
Haploid genotypes are identified with linear arrangement of n sites = (1), ..., (™)
with each site taking values —1 or +1. In the multilocus context sites correspond to /oci and



the variables () to alleles. In the context of molecular evolution, corresponds to a DNA
(or RNA) sequence where the nucleotides are lumped into purines (say, +1) and pyrimidines
(say, —1). In biology literature the hypercube >, is usually called the sequence space. Then
the mutation-selection model given in (1.10) describes the evolution of an infinite population
of haploids that experience only mutation and selection. The population evolves in continu-
ous time (non-overlapping generations) with mutation and selection occurring independently
(parallel). &,(x) is the Malthusian fitness of type = and form a fitness landscape, which in
our case is random. Site mutations happen with rate x/n (hence, a total rate of k). From
(1.11) it follows that > u,(t,z,y) = 1, and u,(t,z,y) corresponds to the frequency of
type x under this evolution. Finally, note that the localized initial condition means that initially
the population consists of only type y. The competition between diffusion and potential dis-
cussed in PAM translates as competition between mutation and selection, two driving forces
of Darwinian evolution. The mutation-selection model dates back to Wright [20]. We refer
readers to the classical book [2] for an introduction to population genetics and to [10] for an
excellent survey that involves the statistical physics methods used to solve mutation-selection
models for a wide range of landscapes.

The motivation to consider a random fitness landscape is the following. Realistic landscapes
are expected to be complex with structures such as valleys and hills [3]. Random fitness
landscapes naturally form a class of complex landscapes. The first obvious choice, that is an
i.i.d. landscape, is also known as the House of Cards model and was introduced by Kingman
[14].

It is well-known that (see e.g. [17]) the linear system v,, can be transformed to wu,, via nor-
malization by its total mass, that is,

Un(t7 x? y)
vn(t, y)

Inaway v, (t, x, y) can be thought as absolute frequencies. Hence, behaviour of the mutation-
selection model is related to the localization properties of the PAM model. Indeed, we will
prove that (see Section 1.4) the phase transition occurring exhibited in growth rates of v,,
translates to the behaviour of u,,. Namely, on short time scales un(tn, Thon, xmn) — 1,
whereas, on long time scales , (,,, 21 2n, T 2n) — 1. In other words, a population initially
consisted of , o» type individuals stays that way for a certain threshold in time, after which
it is invaded by the best fit type xj, on.

un(t, x,y) = (1.12)

The coupled model where the reproduction events are followed by mutation is known as
quasispecies model, introduced by Eigen in [5]. Main feature of this model is the existence
of a error threshold, that is, for a single peak landscape (a master sequence has a fitness
o > 1 and the rest has the same fitness of 1) in the limit as the genome length n — oo
and time ¢ — oo the population is essentially randomly distributed over the space if the
mutation rate is above a certain value, whereas for the mutation rates below this critical
value the population consists of individuals close to the master sequence, what Eigen calls a
quasispecies. Similar results were proven in [9] and [8] for the REM landscape. We have to
emphasize that our model is actually not in the direction of these results. In the quasispecies
models we have mentioned the mutation rate and the fitness at highest peak is on the same
scale. In our case the fitness of the highest peak is on the scale of n while the mutation rate



is kept at constant. Hence, we do not have the quasispecies picture. Instead, what we focus
on is studying the evolution in intermediate time scales, that is, before the equilibrium. The
phase transition we observe is on the time scale of observation rather than on the mutation
rate.

In the rest of this section we describe precisely the potentials we use, then we state our main
results on the growth rates and localisation, and finally we quickly show that REM landscape
satisfies our assumptions on the potential field.

Notation. Throughout the paper we use the notations o, O, ©, <, >, ~ for any two se-
quences [, g, as follows. We write f,, = 0(gy,), fn < gn Or gn > fuif fu/gn — 0
asn — 00; fn, = O(gy) if imsup,,_, o fu/gn < 00; fr, = ©O(gy) if there are positive
constants C, C5 such that C' g, < f, < Csg, for all n large enough; and f,, ~ g, if
fn/gn — 1 asn — oco. Moreover, For constants in our estimates we use the letter C' freely
as long as it does not appear at the end result.

1.2 The potential

Foreachn, &, = {&,(x) : x € ¥, } is a collection of i.i.d. random variables whose common
cumulative distribution function is denoted by (7,,. We assume that (=,, is continuous, i.e.
&n(x) has no atoms. We define

1
n =log ———, € R, 1.13
oulr) i=log g 7 (1.13)
and its left-continuous inverse
Un(s) :=min{r : p,(r) > s}, s>0. (1.14)

Let n, = {n.(z) : x € X, } be an i.i.d. field of mean 1 exponential random variable. Then

Un(nn) 2 &,, and from now on we assume without loss of generality that &, = ,(1,,). Note
that since 1, is strictly increasing the sites ordered according to their potentials coincide for

the two fields. More precisely, we can label the vertices of Y2, by 1 9n, ..., Zan 9n SO that
En(Tron) 1= Eran > E(waan) 1= Eaon > -+ > &y (@an gn) = Eon on (1.15)
and
Nn(T19n) == Mran > Np(T29n) 1= Noon > -+ > Np(Xan 9n) = Non on. (1.16)

Note that the above inequalities are strict because (,, is continuous. Let 0;, i € N, be
an independent sequence of random variables where o; is exponentially distributed with
intensity <. It is well-known that (see e.g. Section 1.6 of [6])

d
(771,7]2,...,772n) = <01+"'+O'2n,0'2+“'+O’2n,...,0’2n). (117)

From now on we describe the field 77,, (and in turn the field £,,) through the sequence (o, i €
N). Namely, ,, is given by its order statistics (1) on, 72,27, - . . , 7Jan 2n ) coupled to (o;, @ €



N) via n;on = 0; + - -+ + 0. We denote by P and E the distribution and expectation in
this common probability space, respectively.

Since
Pz = nelog2) <2770, ¥e> 1, (119
and
P(ipzn < nelog2) < exp(—2"079), Ve <1, (1.19)
by an application of Borel-Cantelli lemma P-a.s.
lim 2" = log2. (1.20)

n—oo M

We have 7y gn — 1 on = 01 + - -+ + 0%—1. Hence, P-a.s. forany &k € N

lim 7%2% _ jog 2. (1.21)

n—oo N

Therefore, the extremes of the field 7),, all grow like n log 2 and the gap between extremal
points are (random) constants, i.e.,

Migon — Miogn = O + - --01—1, forany k <. (1.22)

We now list our assumptions for the field &,,. The first set of assumptions is about the ex-
tremes of the field and concerns only the right-tail of the distribution of &, in terms of /,,.
The following assumption identifies the growth rate of the extremes.

Assumption (R1) Forany a > 0
Ynlan) ~ fla)n (1.23)

where f : Rt — R is a strictly increasing function. We define 6 := f(log 2).

Hence, by (1.20), &1 2» grows like n. The choice of this growth rate is arbitrary but it makes
the representation cleaner and this is the actual case for REM.

Our second assumption on the right-tail is more crucial, it guarantees that, like in the expo-
nential field, the gaps between extremes are order of (random) constants.

Assumption (?2) For any sequence s,, ~ On, forany ¢ € R,

¢(Sn + C) - ¢(3n) - g(c), (1-24)
where g : R — Ris such that g(c) # 0 for any ¢ # 0.
Therefore, by (1.20) and (1.22), P-a.s.

Epon — &on = g(og + -+ 01-1) +0(1), forany k <. (1.25)

Recall that g(c¢) > 0 for ¢ > 0, that is, the gap above does not vanish. For convenience we
define
ka = g(0k+---+01_1), fork <1, (1.26)

and set §,; = O for & > [. Note that &, ; does not depend on n.

For further reference, we sum up the implications of Assumptions (1) and (R2) in a lemma



LEMMA 1.1. Let assumptions (R1) and (R2) be satisfied. Then P-a.s. forany k,l € N
(i)
lim 2" 0; (1.27)

n—oo n
(ii)
Ekon — Eon =&y +0(1), foranyk < 1. (1.28)
Our last assumption concerns the left tail of the distribution of &,,.
Assumption (L) There exists a sequence [,, < n for which

> nGu(—1,) < 0. (1.29)

neN

Essentially, above assumption yields that there are enough path between extremal points
that avoid sites with potential smaller than —[,,. Moreover, it guarantees that the neighbours
of extremal points also have potential not smaller than —[,,.

Now we are ready to formulate our results rigorously.

1.3 Growth Rates

Let 1
Cp = Enlog n, (1.30)
and consider time scales t,, such that
tn
- — a€l0,00]. (1.31)
Cp M—00

We denote by \; the principle eigenvalue of the operator kA, + &,,. Note that with a slight
abuse of notation we do not use n in ;.

THEOREM 1.2. Let Assumptions (R1), (R2) and (L) be satisfied. Then P-a.s. for any k €
N\ {1} asn — o

exp { (gmn — /{)tn} ifao < 1/&y,
U (tn, Ton) ~ (1.32)

exp {)xltn —cn(1+ 0(1))} ifao > 1/& .
Moreover, for any « € [0, 00|

U (tn, 1) ~ exp {Altn}. (1.33)



So on the short time scales the solution grows by the single peak, which can be seen as the
model with no diffusion and potential {;, 2» — k, and on the other hand, for longer time scales
the growth is larger which is determined by the principle eigenvalue and a correction term
given by the decay of the principle eigenfunction at x, o» (see Lemma 2.2 below). We also
mention that (see Lemma 2.1 below)

)\1 = fl’gn — K+ @(1/712) (134)

Let us consider the time scale of phase transition and for simplicity take ¢,, = ac,,. Then
the growth rate, to be precise the ratio of the term in the exponentials to the time scale
o, is Eon — K fora < 1/& p and §19n — K — 1/a 4+ o(1) for @« > 1/& . Since
&1 om — Epon = &1k + 0(1) the phase transition is second order, see Figure 1.

Ve, @

Figure 1: Plot of growth rate with respect to time. a-axis is time normalized by ¢, that is,
t, = ac,. r-axis is the growth rate shifted by On. Here r; = §12n — Kk and

T = fk’gn — K.

1.4 Localization

THEOREM 1.3. Let Assumptions (R1), (R2) and (L) be satisfied. Then P-a.s. for any k €
N\ {1} asn — oo

(I) ifa < 1/517]€
un(tnwrk,Q"uxk,Q") - 17 (135)

(i) if o > 1/51,;€
un(tn,xmn,ka) — 1. (136)

Moreover, for any o € [0, 00| P-a.s. asn — 00

un(tn,xlygn,xlygn) — 1. (137)



1.5 REM landscape

Our main application is the REM landscape, that is, &, is a collection of i.i.d. Gaussian
random variables with variance n.

PROPOSITION 1.4. The REM landscape satisfies Assumptions (R1), (R2) and (L).

Proof. Let Z denote a standard normal random variable. Then

1 > 2
1-Gu(r)=P(Z>r/V/n)=—= e = 2dx. (1.38)
AVE NG
We use the following trivial bounds
1 1 o0 1
e /2 (— — —3) < / e 2 dy < e_r2/2—, Vr > 0. (1.39)
ror - r

Using the above and the definitions of ,, and v,,, we get that for any sequence s,, ~ an,
a>0andce R

c B log v/2m B log /25, L
V280 /n \/28./n \/2s,/n

Setting ¢ = 0, Assumption (R1) follows with f(a) = v/2a. Then by definition § = /2 log 2.
Moreover,

Un(8n 4 ¢) = V218, + o(1). (1.40)

Un(sn +¢) = P(sn) = ¢/V2a +o(1), (1.41)

which yields, for a = 6, Assumption (R2) with g(c) = ¢/+/26. Using (1.40) we have
Go(—l,) < et/ Cn) (1.42)
Setting 1, = n¢, for some ¢ € (1/2,1), Assumption (L) is satisfied. O

In the rest of this paper we prove the main results in Section (2) using two lemmas on spectral
properties of the operator kA, + &,,, which are proved in Section (3).

2 Proof of Theorem 1.3 and Theorem 1.2

We describe the growth of v,, (¢, -, Ik,gn) by using spectral properties of the operator kA, +
&, with zero boundary conditions on certain vertices of extremal potential. To this end we
have two main ingredients: firstly, precise descriptions of principle eigenvalue, spectral gap
and localization of the principle eigenvector for the aforementioned operators; secondly, a
general mechanism allowing us to turn these spectral properties to estimates for v,,. For the
latter, we follow the general framework established in [11].

We introduce the spectral objects we use for our estimates. For[ € NsetI'; = {LULQn, R 3717271}.
Forz;on € I'j, i € {1,...,l}, consider the principle eigenvalue and (positive) eigenfunc-
tion of the operator kA, + &, with zero boundary conditions on I'; \ {z; 2» }, denoted by



Ai; and v;, respectively, where v;; is normalized so that v; ;(z;9:) = 1. Let g;; denote
the corresponding spectral gap, that is, the difference between the principle eigenvalue and
the second largest eigenvalue. We write \; and v; for )\,-71- and v; ;, respectively. Note that as
before we do not use 7 in the notation for eigenvalues and eigenvectors. Finally, for A C 33,
we define the hitting time

Ta:=inf{t >0: X, € A}, (2.1)

and write simply 7, for 7(,}.

We have a probabilistic representation for v; ; given by
Ta; on
vi(z) =E, {exp </ [6(X) — )\“}ds)]l{mmn < 1, }] : (2.2)
0

The following two lemmas contain the main spectral results. We postpone their proof until
the next section.

LEMMA 2.1. Let Assumptions (R1), (R2) and (L) be satisfied. Then P-a.s. forany k € N
foralll <:<[<k
Nig = &Eion — K+ O(1/n?) (2.3)

and
Gig = Eion — &ip1,0n- (2.4)

LEMMA 2.2. Let Assumptions (R1), (R2) and (L) be satisfied. Then P-a.s. forany k € N
the followings are true:

() 3w, Vit () — 0 and [y |5 — 1, forall 1 <i <1<k
(i) viy(zgon) = exp(—c,(1+0(1))), foralliforalll <i <1 < k.

Now we describe a general mechanism that allows us to use these spectral properties to get
certain estimates. For the following randomness is not relevant and one can take a general
connected graph X with A denoting the generator of the nearest neighbour simple random
walk. Consider a potential V' : ¥ — R and subsets T, A C X such that T N A = (.
Let A, be the principle eigenvalue of the operator kA + V on (£ \ (T U A)) U {2} zero
boundary conditions (this is same as setting V' to —oco on (Y U A) \ {z}). Forz € T, let
v, be the corresponding (positive) eigenfunction normalized so that ,(z) = 1. Then v, has
the probabilistic representation

vn(o) = Exlexp (| V) = Ads)1{r. = 7 < 7o}l 25)
Define 0
wt,z,y) =E, {exp (/Ot V(X)ds)1{X; = y}1{ry <t}U{ma >t}|.  (2.6)
LEMMA 2.3. Foranyt > 0
wit,z,y) <> wlt, z,y)va(@)||v[3: (2.7)
=

10



This lemma is a version of Theorem 4.1 in [11] but since the results in [11] are written for Z°
for the sake of completeness we give a proof.

Proof. We claim that for any v € [0,¢]and z € T

vall3 w(t, 2, ).
(2.8)

E, {exp ( /0 o VI(X,)ds)1{X_, = y}1{rp >t — u}} < e
We have the following lower bound for w(t, z, y)
Wt 2,y) = E. [exp (/Ot V(X,)ds)L{X, = y}1{rs > t}}
> E, {exp ( /0 V(X)) L{X, = 2} {m > u}l{rng > u}} 2.9)

« E. {exp ( /0 VX)) T X — 1 > £~ u}} |

In the first equality above we used the fact that z € T. By the spectral decomposition

E, {exp (/ V(Xs)ds)]l{Xu = 2} {7y > u}l{r\(2y > u}} > e“>‘2||yz||2_2,
0
(2.10)

which implies (2.8) through (2.9). Since we use the type of estimate in (2.10) throughout the
rest of this section, here we explain it in detail. Let

h(t,x) :=E, {exp (/OtV(Xs)ds)]l{Xt = 2}1{1p > t}1{rr\(2} > t}} . (211

Then h solves the parabolic equation

%h(t,x) = kAL (L, x) + & (2)h(t,z), t>0, z€ (Z\(TUA)U{z} (212

with initial condition (0, -) = 6. () and boundary conditions
h(t,x) =0, Vt>0, x € TUA\{z}. (2.13)

Therefore, h can be given using the spectrum of KA + & with zero boundary conditions on
T U A\ {z}. We already defined A, and v, as the principle eigenvalue and eigenvector,
respectively. Let () and v, i = 2,...,2" — |A| — |T| + 1 := L, denote the the
rest of eigenvalues and the corresponding eigenvectors, respectively, in the spectrum. Here,
eigenvectors have the usual I, normalization: ||(?||2 = 1. Then, with the initial condition
h(0,-) = 0,(-), we get

L
h(t,z) = e)‘zt% + E R Nz (2). (2.14)
* i=2

For x = z all the coefficients in the second sum becomes (v (z))?, thus, non-negative.
Since we chose v, (z) = 1, we arrive at that h(t, z) > ¢+ ||v.||5 . Then, (2.8) follows.

11



Now we continue with the proof of (2.7). By the definition (2.6) we have

T
w(t,z,y) = ZEI [ exp (/ V(X,)ds)1{ Xy = 2}1{ry < t}1{7p >t}
zeY 0
t—1y
E, {exp (/ V(X,)ds)U1{ X,y = y}L{rp >t — TT}H
’ (2.15)
Since on 1{X,, = z} we have v = 7, we can replace 1{X, = z} by 1{7, = 7},

and 7y < t < T, implies that 7y < 7, and we get a upper bound if we replace 1{7y <
t}1{rp >t} by 1{mr < 75 }. Hence,

w(t,z,y) < ZEI[eXp (/OTZ V(Xs)ds)]]-{TZ =7y < Ta}

zeY

x E,[exp (/0 - V(Xs)ds)]l{Xt_Tz =ytl{rn >t —7.}]]

<Y Bilew ([ VXU = < rabe 7 o olt, 20

zeY
= wlt, z,y) w3 va(x).
zeY
(2.16)
For the inequality on the second line we used (2.8) and for the equality on the third line we
used the representation of v, given in (2.5). O

We divide the expectation in the Feynman-Kac representation (1.4) of v, (t, , xk,zn) into
two parts: expectation along the paths that visit [';_; and those that do not. Namely,

V(t, 7, Tpon) = wWi(t, v, Tpon) + Ok(t, 7, T 2n) (2.17)

where .
wnlt,z,y) = B, |l ODLIX, = yyi{m, , <1}, (2.18)

and .
Otz y) = E, [efﬂ SnXodsq £ X, = 931 {mp,_, > t}] : (2.19)

We first prove the following.

LEMMA 2.4. P-a.s. foranyk € Nasn — oo

O (b, Thon, Tpgn) ~ ek (2.20)

Proof of Lemma 2.4. Using the spectral decomposition of the operator kA, + &,, with zero
boundary conditions on I';,_1, as discussed before, and part (i) of Lemma 2.2 we get

O(tn, Tron, Tpan) > 0 ||u]|52 ~ eMetn (2.21)
We use the spectral gap to get the upper bound

Ok (tny Than, Tpon) < M ||lvgllg? + eMime 9mntn| 5, ||3. (2.22)
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Since |[0z, ,n |2 = 1, using Lemma 1.1 part (iii), Lemma 2.1 and Lemma 2.2 part (ii) we are
finished with the proof. O

Note that for k = 1, &1 (¢, z,y) = v,(t, z, y). Hence, the above lemma gives

Un (b, T19n, T19n) ~ e (2.23)

We need the following result. Recall that we have defined c,, = %n logn.

LEMMA 2.5. P-a.s. foranyk € Nandforany:=1,...,k —1asn — oo

Un(tn, Tion, Tpon) < eMin exp (—2cn(1—|—0(1))> +eitn exp (—Cn(l—l—O(l))). (2.24)

Proof of Lemma 2.5. We prove (2.24) using strong induction. For & = 1 there is nothing
to check. Now assume that (2.24) is true for 1,... .k — 1. Leti € {2,....k — 1}. We
use Lemma 2.3 with T = I';_; and A = (). In this case the corresponding w defined in
(2.6) coincides with w; defined as in (2.18). Note that we have w;(t,z,y) = v,(t, x,y) if
x € I';_1. Hence, using Lemma 2.3
i—1

_ 2

W;i(tn, Tign, Tpon) = Wi(tn, Tron, Tign) < Zvn(tm%‘pn, Tion )Vjio1(Tr2n ) ||Vji-1]2

j=1
(2.25)

By part (i) of Lemma 2.2, since i < k, we have v, ;_1(zj2n) = exp ( —cn(1+ 0(1))) for
j=1,...,4— 1andby part (i) of the same Lemma we have ||v;;_1||3 ~ 1. By the strong

induction step we have v(t,,, Zjan, T;9n) < €M™ exp ( —cn(1+ 0(1))). Hence,

Wi (tn, Tign, Tpon) < Mt exp ( — 2¢,(1+ 0(1))). (2.26)

Now we use Lemma 2.3 with T = {z;on } and A = I';_;. Since 1{X; = w00 }1{75,,, <t} =
1{X: = x;9n },w(t, -, x; 2n) defined in (2.6) coincides with &; (¢, -, ; on ), and using Lemma
2.3 we get

(I)i(tn, x, QTZ',Qn) S (Dz (tn, X om, ZEi72n)Vi ([L’) ||I/1||g (2.27)

Hence, by parts (i) and (ii) of Lemma 2.2 and Lemma 2.4 we have
Qi(tn, Tpon, Tion) < €M exp ( —c,(1+ 0(1))). (2.28)

Since v,, = w; + w;, we have proved that (2.24) holds true fori = 2,...  k — 1. Fori =1
recall that v,, = ;. Similar to how we arrived at (2.27) we get

Un (b, @, T197) < Vb, 1,2m, 2190 )01 (2) 4[5 (2.29)
Hence, using once again part (ii) of Lemma 2.2 and Lemma 2.4 we have
U (tn, T19m, Tpon) < €M exp ( — (14 0(1))) (2.30)

This completes the proof.
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LEMMA 2.6. P-a.s. foranyk € Nasn — oo

Uty Thon, Tpon) < eMin exp ( —2¢,(1+ 0(1))) + eMwtn, (2.31)

Proof of Lemma 2.6. Using Lemma 2.3 with' = I';_; and A = () we get

N

1
Wk (tn, Tron, Tpan) < U (tn, Tion, Tppon )V -1 (Thon ). (2.32)

=1

Hence, using part (ii) of Lemma 2.2 and Lemma 2.5 we have
Wk (tn, Thon, Tpon) < eMin exp < — 2¢c,(1+ 0(1))). (2.33)

Finally, Lemma 2.4 finishes the proof. O

LEMMA 2.7. P-a.s. foranyk € Nasn — oo
U (tn, T1n, Tpon) > eMin exp < — (14 0(1))). (2.34)
Proof of Lemma 2.7. Note that the description in (2.2) gives

v(z) =E, [exp ( /O e (6 (X,) — ]ds)} : (2.35)

Hence, using the Feynman-Kac formula, the spectral decomposition of kA, + &,, we get

Up(tn, x, 21 0n) = E, efotn 5"(X5)ds]l{th = $172n}:|
_E ef(;rzl o2n Xs)dSE [efgnfml,zn §n(X5)ds]l{X = }]
— g Z1,2n tn—TILQn — 41,27
>E, [eh fn<XS>dSeM<t"-w>||u1||;2]
= 7, [ (O] o 70,0,
(2.36)
Then, part (i) and (ii) of Lemma 2.2 finish the proof. O

Note that, Lemma 2.5 and Lemma 2.7 yield that P-a.s. forany k € N\ {1} asn — oo
Up(tn, T1.9n, Tpon) = €M exp ( —cn(1+ 0(1))) (2.37)
Now we are ready to prove the main results.

Proof of Theorem 1.3 and Theorem 1.2. We first prove the statements for k& = 1, namely,
(1.37) and (1.33). Recalling (2.29) and that v, (¢, 1 9n) = erzn v(t, x, z1 9n ) We have

Z Un(t, 2, T19n) < Uy (t, 21 20, 21 2n) Z v () (2.38)

m;ﬁxl’gn $7£$1’2n
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Hence, using part (i) of Lemma 2.2 as n — oo we have vy, (ty,, 1.9n) ~ Uy (tn, T12n, T 2n),
that is, (1.37). Finally, (2.23) finishes the proof of (1.33). Now we assume k& € N\ {1}. Using
Lemma 2.3 with Y = I';,_; and A = () and Lemma 2.5 we have as n — oo

k—1

Wi (tn, T, Tpon) < Uy(tn, T12n, Tpon V1 g1 (2) + Z U (b, Tion, T on )V -1 ()
i—2

TL(t'I’H I1’2n’ .Tkan)yl’k_l(x)—i_

<wv
[N exp (= 2e(1+ (1)) ) + € exp (= ea(1+0(1)) )]

k-1
X V@k_l(l’).
i=2
(2.39)
The same reasoning we used to get (2.27) yields
D (b, @, Tpzn) < Db, T m, T2 Vi () || ][5 (2.40)
We separate the short and long time regimes.
Short time regime: The key point is that in this time regime, by Lemma 2.1,
Mt exp ( —c,(1+ 0(1))> < eMin, (2.41)
Recall that v,, = wy, + @. Due to (2.41), Lemma 2.4 and Lemma 2.6 yield
U (b, Thon, Tpon) ~ ekt (2.42)

For the second item on the right hand side of the last inequality in (2.39), (2.41) gives

[e’\lt" exp < —2¢, (14 0(1))) + 2 exp ( —cn(1+ 0(1)))] < M. (2.43)

By part (i) of Lemma 2.2 we have > S"F ) v, 1 () < k(1 4 o(1)). Via Lemma 2.5 and

(2.41) we get v, (t, T19n, Tpon) K eMktn Hence, applying again part (i) and (i) of Lemma
2.2 we have

Zwk(tn, T, xg) K Up(ty, T, 1) (2.44)

Hence, by part (i) of Lemma 2.2

Z Op(tn, T, Tpon) < Ok(tn, Tion, Tion) Z V(@) | vell3 < @k (tn, Tron, Thon)
TAT on TAT on

(2.45)
and we get vy, (tn, Tpon) ~ Wk(tn, Tpon, Tpon). Since Wk (t, Tk, ) < v,(t, Tk, T1) We
reach at
U (tn, T,on, Tion)

Up(tn, Tp,on)
This finishes the proof of the statement in Theorem 1.3 concerning short time scales. By
Lemma 2.4 we have @y (t,, Txon, Tpan) ~ e and by Lemma 2.1 A\, = & — K +

U(tp, Tpon, Tpon) = — 1. (2.46)
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©(1/n?). Since on short time scales ¢, < n? we have e*+2"2" ~ ¢lér.22 =%t Hence, we
are finished with the proof Theorem 1.2 for short time scales.

Long time regime: In this time regime, by Lemma 2.1,

M exp ( —c,(1+ 0(1))) > eMin, (2.47)

By Lemma 2.1 and part (ii) of Lemma 1.1 there exist random positive constants C' and C’
such that Ay — Ay > C'and \; — A\, > C’. By the latter and Lemma 2.1, in this regime we
have t,, > C"nlogn for some random positive constant C". Therefore, for some ¢,, — 0,

e*2tn exp ( —c(1+ 0(1)))

At exp ( — (14 0(1>))

< G_Ctnegnnlogn < 6—(Clln_€n)n10gn‘ (2.48)

By part (i) of Lemma 2.2 and Hélder’s inequality

k—1
S vigoa(x) < 26272 (2.49)

TEX, 1=2

Then, since n < nlogn, using (2.37) we get

Z (e’\lt" exp ( —2¢c,(1+ 0(1))) + M exp ( —cp(1+ o(l)))) kz_i Vip—1()

T

<L U (b, T19n, Tron).
(2.50)
Using part (i) of Lemma 2.2 we have

Z UTL(tTH .r172n, .xk’Qn)Vl’k_l(x) << Un(tn, .ILQH, xk,2n)7 (251)

m#xl,gn

and conclude through (2.39) that > wy,(tn, Z, Tgon) ~ Uy (s, T12n, T 2on ). Once more
using part (i) of Lemma 2.2, Lemma 2.4 and Lemma 2.7 we have

Z@k(tmx, Tpon) < Wk(ty, Ton, Tpon) Z V(@) ~@k (tn, Thoon, Tpon) ~ e
X

xT

< Un<tn7 .T1,2n7$k;72">'

(2.52)
Hence, vy, (tn, T on) ~ Up(tn, T19n, T 2n ), and (2.37) finishes the proof for the long time
scales. 0

3 Proof of spectral results

In this section we prove of Lemma 2.1 and Lemma 2.2. For proving the results about eigen-
values we first give a general result for a given potential on 32,, which is similar in spirit to the
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cluster expansion result given in [13] (Lemma 2.18, on page 45). Let V : ¥,, — [—00, 00)
be a potential and A C X,, be such that

dmin(A) = min{d(z,y) : 2,y € A,z # y} > 2. (3.1)
We set
N :=maxV, M :=maxV. (3.2)
A 2o\A
LEMMA 3.1. If
M < N — &, (3.3)
then
N—-—r< XM\ <7y (3.4)
forany v > N — Kk with
K n(y — M)
< . 3.5
v — (N — k) K (3:5)

Proof of Lemma 3.1. The lower bound in (3.4) follows easily by replacing V' with —oo ev-
erywhere expect at the site in A where the maximum value NN is reached and using the fact
that \; is non-decreasing in V.

For the upper bound we will show that any v > N — k that satisfies (3.5) is in the resolvent
set of kA, + V. This is enough because if v > 0 satisfies (3.5) then so does any 7' > ~.
We denote by R, the resolvent at . Using the probabilistic representation of the resolvent,
since we are on a finite space, it is enough to check that

Ryl(x) = ]Ex[/ dt efg(V(XS)_”)ds] < 00 (3.6)
0

for any x € X, where 1 denotes the constant function of 1. We define hitting times 0 <
O <Tg<o1 <11 <---by
oo =inf{t >0: X(t) € A}, (3.7)
andfori € NU {0}
7, =1inf{t >0, X(t) ¢ A}, 3.8
Oi+1 = mf{t 2 T; - X(t) S A} .

Note that, since dpyin(A) > 2, 7, — 0y, @ = 0,1,..., is an independent sequence of
exponential random variables with rate . Using these stopping times we can write

o0 . o Oit1 .
R1(z) = By / dt B VX)) LSO | / dt BVED)E) (3
0 =0 i

Note that V(z) < M < N — k < yforxz ¢ A. Since X(t) ¢ Afort € [0, 00)

Ex[/ao dt efot(V(Xs)—’Y)dS] < /OO dt ef(f(M—V)dS = /OO dt e_t(W_M) = L < 0.
0 0 0 T .
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Fori =0,1,... we have

B [/07;—0—1 I efO )ds] —E, [efoao(v(xs)—y)ds
% EX(GO)[efgi(V(Xs)—v)ds] (3.11)

o1 .
X EX(UZ-)[/O dt elo (V(XS)—’Y)ds]].

Since V(X,) < 7 for s € [0,00) we have efo"(V(Xs)=ds < 1 By the strong Markov
property

z€EA

EX(UO)[efogi(V(XS)—V)dS] < <maXE [ Jo i ( W)ds]) ) (3.12)

Hence,

TEA

]Ex[/ i1 dt efot(V(Xs)*“/)ds] < (maXE [ef (V(Xs)—y )ds]>

g o (3.13)
X maxE, dt elo(V(Xs)=7ds|
T€EA 0
Therefore, to finish the proof of (3.6) it is enough to check that
majc]Ex[efong(XS)*WS] <1 (3.14)
S
and o
maXEz[/ dt efg(V(XS)_”)dS] < 00. (3.15)
z€EA 0
For the former we write
E,[efi (V(X)-mds) — [ PV X)=dsy o edo (VX)) | (3.16)

Since dyin(A) > 2 any z ¢ A has at most one neighbour that is in A. Hence, oy, for
the walk starting from any z ¢ A, is stochastically bounded from below by an exponential
random variable with rate x/n. Hence, using once again that V' < M < ~ on A€, we can
conclude that for any z ¢ A

E, [0 (V(X)=0ds) o | _[o=(=M)oo] < K/ _ K
[ | e ]_m/n—i—v—M n(y — M)

Also, recall that starting from = € A, 7 is distributed as an exponential random variable with
rate k. Hence,

(3.17)

I?ea,i( E, [ef(;fl(V(Xs)—v)ds] _ l?eaj( E, |:€ OTO(V(XS)—W)dsEX(TO)[e TO(V(Xs)—v)ds

<maxE, [ oWV X)-yds| K
€A n(y — M) .
K K .
max
By V@ - D
R K

kK+v—Nn(y—M)
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By (3.5) the last quantity above is less than 1 and thus, (3.14) is satisfied. Now it remains to
check (3.15). To this end we write

o1 : ) 00 :
E,| / dt eJo VX)) — [ ( / + / )t o (VX)=ds]. (3.19)
0 0 T0

Forany x € A fora c > 0 appropriately chosen V' (z) — v < N — v < ¢ < k. Hence,

70 t e —1
E,| / dt eloVX)=0ds] < [ ]. (3.20)
0

c

Now since 7 is distributed as an exponential random variable with rate kK and ¢ < k the
above quantity is finite. The second integral on the right hand side of (3.19) is equal to

E, [l V- / b VX (3.21)
0
SinceV < M < ~yonA°forany z ¢ A

oo 0
E.[ / dt elo(VX)=ds) < / dte”t0~M) < oo, (3.22)
0 0

We have already seen in (3.18) that max,¢ 4 E[efo” (V(Xs)=ds] — v Thus, (3.21)

is finite and (3.15) is satisfied. This completes the proof of the lemma.

The key ingredient of the proofs of Lemma 2.1 and Lemma 2.2 is the next result. For €
(0, 1) define
A% = {x :n(x) > ndlog2}. (3.23)

Let
I(z) :==zlogx + (1 —x)log(l —z) +log2, =z €]0,1] (3.24)

be Cramer’s rate function.

LEMMA 3.2.

(i) Letd > 1/2 and w® be the unique solution of I (w’) = 2(1 — &) log 2. Then P-a.s.
forany ¢ < w°

dmm(Az) ‘= min {d(m, y)xz,y € A‘fb,x =+ y} > cn, (3.25)

for all n large enough.

(i) P-as.foranyi, k € Nwithi # k
d(zi,xy) ~n/2, (3.26)

for all n large enough.
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Proof of 3.2. Since P(n(z) > ndlog2) = 27" the statement of part (i) is same as part
(i) of Lemma ?? on page ?? of [1] with ¢ is replaced by -y in the notation used in the afore-
mentioned article. For part (i) note that for any i, k the distribution of d(x;, z;) is that of
a Binomial random variable with parameters n and 1/2, conditioned to be non-zero. Hence,
the result follows from strong law of large numbers. O

Proof of Lemma 2.1. Ford € (1/2,1) let
A = {x:n(zx) > ndlog2} (3.27)
Then by Lemma 3.2 for some ¢ € (0, w°), P-a.s.
Ainin (A°) := min{d(z,y) : =,y € AS,x #y} > cn (3.28)

for all n large enough. We use Lemma 3.1 with V givenby V' = on X, \ I, U {z; 2 } and
V =—ocoonl\ {z;9:}. Part (i) of Lemma 1.1 and the fact that f in Assumption (R1) is
strictly increasing imply that PP-a.s. x; on € Afl for n large enough. This yields

N =maxV =& on. (3.29)
A9,

Hence, with v = & on — K + €5,

Aig < &iomn — K+ ep (3.30)

;L' n - n - M

AN (& — K FE ). (3.31)
En K

By the definition of A° and Assumption (1) we have M < ,(nélog2) < §,6n for some

91 € (0,1). By Lemma 1.1 & > d20n for some d5 € (d1, 1). Thus, (3.31) is satisfied if

Ko (83 — 61)0n? — rn

- (3.32)
En K
Hence, we can choose the sequence ¢, so that ¢,, = C/nZ. Therefore,
Aig < &ion — K+ O(1/n?). (3.33)

Now we prove the lower bound for \; ;. Let [,, be as in Assumption (L ). We first claim that
P-as.
En(y) > —ln, Yy~ xpon, Yk € N. (3.34)

Note that the random variables &,,(y), y ~ x 2n, are independent and have the distribution
of &, conditioned on not being the k-th largest. We have the following obvious bound for the
latter

P(gn(y) < _ln| Y F# fk,Q") =

P& (y) < —ln, y # xk,zn) < Gn(—ly)
P(y # p2n) = Py # wgan)
_ Gn(_ln)
C1—1/27

(3.35)
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Consequently,
P<E|y ~ T,on s.t. gn(y) S _ln) S CnGn(_ln) (3-36)

By Assumption (L) the last quantity above is summable in 7, and an application of Borel-
Cantelli lemma proves (3.34). Using (3.34) we have ), ; is bounded below by the principle
eigenvalue, /N\ of KA, +V onx;on U{y : y ~ x; 20 } with zero boundary conditions, where
V(wion) = &on and V(y) = —l, for y ~ x;9n. Since & o0 — k > —lI,,, the principle
eigenvalue of the operator one gets by collapsing the neighbours of ;. o» to a single state
with potential —[,, is same as . The matrix representation of the the states operator is

52'7277. — K K

K/n —k(1 = /n)—1, (3:37)

Using the fact that [, < n (by Assumption (L)), a simple calculation shows that the principle
eigenvalue of the above matrix is

KZ

& — K+ +o(n7?). (3.38)

ngi,?”

Finally, since &; on ~ 0n we have the right upper and conclude that

Xig = &ion — K +0(n7?). (3.39)

For the spectral gap, using the min-max formula, we have that the second largest eigenvalue
is bounded above by the principle eigenvalue of kA, + &, with zero boundary conditions on
I';. With the same exact proof above we get that this principle eigenvalue is &1 2n — k+o(1)
(since [V in this case is {41 2n). Hence, we are finished with the proof of the spectral gap.

O

Proof of Lemma 2.2 part (i). Since v; ; is the principle eigenfunction of a symmetric operator,
by Perron-Frobenius theorem its values are non-negative. Therefore, recalling that v; ; (x;) =

1, Zx#l vi(z) — 0implies ||v;]]2 — 1.

Now we showthat > . vii(z) — 0.Ford € (1/2,1) let A? and w° be as in Lemma 3.2.
We again set £ = oo on I'; \ {z;}, and define B,, := B(z;,cn — 3) for some ¢ € (0,w?).
We will first prove that

ma vy (x) < exp (= ea(1+0(1))). (3.40)

where as before ¢,, = %n log n. We write

%mpmﬁm%;’@&ymmmu%ﬂzmnhmmﬂ>mwn

+E, [eXp(/ TE(X) = N)dS) I Tay = 7o T4 fape} S Tagn 1
0
(3.41)
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Since X(s) ¢ AS forany s € [0,7,,,.) on the event TASN{wian} > Ta;on» USING the
definition of A% and Assumption (1) we have £(X,) < 6'n on the same event, for some

0" < 6. Hence, the first expectation on the right hand side of (3.41) is bounded above by

E, [exp( / O = A)ds)] (3.42)
0

By Lemma 2.1 we have \;; = & on — k + 0(1). As a result, via Lemma 1.1, \;; > 0'n.
Finally, since x ¢ B,, Tz, on 1S Stochastically bounded below by the sum of cn — 3 i.i.d.
exponentials with rate x, and this yields

Tz: on cn—3
Ex[eXP(/O - (0'n — Nig)ds)] < [m} . (3.43)
Using the fact that \;; = &; on — k + 0(1) and Lemma 1.1 we get
. en—3
{m] = exp (—cnlogn(l+o(1))). (3.44)

On the event 1{74s\ (2, n} < Ta, on }> fOrany s € [0, 745\ (4, ,n}) We have {(X) < 0'n <
Aiy - Hence, using the strong Markov property the second term on the right hand side of
(3.41) is bounded above by
max  v;(z). (3.45)
x€AS\{z;}
Since dpin(A%) > cn and z; € A2 for n large enough, if z € A% \ {z;} then for any
y ~ xwehavey ¢ A° and d(y, B,) > 1. Hence,

K K

max vi(x) < max v; (x
veAR\{wion} (@) < K+ Ny — &y1on £+ Ny — 0'n 2gB, ) (3.46)

< —maxv; ()

n z¢By
for some positive constant C'. For the first inequality in the above display we used the fact
that £(x) < &q10n forz € AS\ {20} and &(x) < @'nfor x ¢ A2, and for the second
inequality we used both parts of Lemma 1.1 and Lemma 2.1. Hence, together with (3.41)
and (3.44) we get

C
(z) < —cnlogn(l + o(1 = (). 3.47
max () < exp (—enlog (1 +o(1))) + - maxx v (x) (3.47)

Then
max v;;(z) < (1 —C/n) texp (—cnlogn(1l 4+ o(1)))
¢ Bn (3.48)
= exp (—cnlogn(l+o(1))).

Since w’ — 1/2as § — 1, by part (i) of Lemma 3.2, as § — 1, we can choose c as close
to 1/2 as we wish. Hence, we are finished with the proof of (3.40). By (3.40) we have

Z Vi (r) < 2"exp (—%nlog n(l+ 0(1))> — 0. (3.49)

rEBS
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Hence, it remains to prove that

> vi(x) 0. (3.50)

z€Bp\{zi}

As before £(x) < 0'n < A\ forz ¢ AS, and B,, N AN = {x; 5n}. Therefore, by (3.40)
and the strong Markov property, for any x € B, \ {x;on}

T on
Ex[exp(/ (f(Xs)_)‘i,l)dS)]l{Tmiygn == TFZ}IL{TB% < Txmn }] S €xXp <_Cn<1+0(1))>
‘ (3.51)
As a result, it is enough to check that

S Eufesp / ) — AU {my, 0 = 1o} s > 7, 0] — O
2€By\{zin} 0
(3.52)

We now construct a stochastic lower bound for 7;, ,,, through the Coupon collector’s problem.
Let & be such that d(:zci72n, x) = r. Without loss of generality we can assume that Tion =
(+1,+1,...,41). Then the number of —1’s in the configuration of x is exactly 7. Now we
reject all the jumps that switches a +1 to a —1, in other words, we consider only the spin
sites with —1 and wait for all of them to become +1. Then this waiting time, denoted by
7/, is a lower bound. Observe that the first time a —1 becomes a +1 is distributed as an
exponential random variable with rate xr/n (recall that per spin the jump rate is x/n); after
this event there are now r — 1 spins with a —1 sign and the first time one of them becomes
a +1 is distributed as an exponential random variable with rate <(r — 1) /n; proceeding like
this we wait finally an exponential time with rate x/n for the last —1 sign to become a +1.
Hence, 7’ is given by

R e SR (3.53)
o e — .
kr/n  k(r—1)/n K/n
where a, ... is an i.i.d. sequence of exponential random variables with rate 1. Hence, for
any x s.t. d(z;on,x) =71
Tmizn
Bulexp( [ (€0X) = ML (Faan = T} > 7o)
0
< E[exp(—7'(Aiy — 0'n))] (3.54)
_ H . Kj/n < H J
ey Kj/n+ X —0'n ey Cn?

for some positive constant C'. Note that for the last step once again we used that \; ; ~ On.
For the last term above we use the following upper bound

T j ) T .
—— = —2rl + 1
jl;[l 2 exp( rlogn Z ogj) 055)

j=1
< C"exp (—2rlogn+rlogr) = C"'n "
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for some positive constants C”, C”. Since

r

{z: d(zign,2) =1}| = <”) (3.56)

in order to finish the proof it is enough to check that

S nE (n) —0 (3.57)
T

r=1

Since ¢ < 1, using Sterling’s approximation we get

cn n cn n
2 n—2rrr‘ § C 2 n—2r7,,7"—e—7"

r (n—r)n=rrl
r=1

— C’Zn "—' [1+ — T}""’e‘r (3.58)

Since " < r!e” forany r € N we get

Zn —<Zn TeT<Ze/n l—e/n_lr:oo' (3.59)

Hence, we are finished with the proof of part (i). O

Proof of Lemma 2.2 part (ii). Since i # k and xj on € A? for n large enough, Ton ¢ B,
where B, = B(.flfi’gn, cn — 3) as described in the proof of Lemma 2.2 part (i). Hence, via
(3.40) we have the right upper bound for v; ; (y 2n ).

For 1,, given in Assumption (L) for some ¢ € (0, 1) we define
L,={zxeX,: =1, <&(z) <¢p(ndlog2)} (3.60)

and
pn = P& (x) ¢ Ly). (3.61)
For x # x; on we denote by H (x) the number of nearest neighbour paths © = yo — v —
- — Yg = X;on, Where d = d(z, z; 9n), such that, &, (y,) € L, forall j =1,...,d— 1L
It is understood that H(z) = 1 for x such that d(x,x;2») = 1. Note that H(x) and
H (z) have identical distributions for any x, z with d(z, z;9n) = d(z,x;2n). We label the
expectation of any such distribution by H(d), that is, H(d) = E[H(x)] for some x with
d(x,x;9n) = d. Finally, we define

S(x) ={y~z:dy,z;) =d(z,z,97) —landy € L, }. (3.62)
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Any nearest neighbour path from z to x; o» of length d(x, x; on ) that stays in L,, in between
should move to a vertex in S(x) in its first step. Hence,

H(z)= > H(y). (3.63)
y€S(x)
Since 1{y € S(x)}, y ~ x,and H(y') are independent events for any y’ ~ x we get
E[H(z)] = E[|S(z)[ E[H(y)] (3.64)

For x, with d = d(z,z;), |S(x)| is a Binomial random variable with parameters d and
(1 — py). This yields

H(d) = d(1 — p,)H(d - 1), (3.65)
From H(1) = 1 it readily follows that
H(d) = d!(1 — p,)* . (3.66)

Since H(z) < d!, forany 6 € (0,1) we get
H(d) = E[H(x)] = E[H(2)1{H (z) < 0H(d)}] + E[H (2)1{H (z) = 0H(d)}]

< OH(d) + d'\P(H (z) > OH(d)).
(3.67)
Hence,
H(d)
d!
Letf = 6, = o(1). Since d(x,x;) < nforany xz € 3,
P(H(z) < 0,H(d)) <1 = (1= 0,)(1 = pn)" " < C(On +npp + Ounpn).  (3.69)

Recalling (3.61)

P(H(z) = 0H(d)) = (1 -0) =1 =01 -p)"" (3.68)

pn = G(=1,) + P(§u(7) > Pn(ndlog2)). (3.70)
The second term above decay as 2% for some &' > (0. Hence, using Assumption (L) we
have Zn np, < 0o. Now we choose 6,, = n~'7% for some a > 0 and get

> (6n + npn + Ounp,) < 0. (3.71)
Hence, by an application of Borel-Cantelli lemma we reach at that P-a.s. H(x) > 60, H(r).
Assumption (R1) and part (i) of Lemma 1.1 imply &, (x;9n) > 1, (6 log 2n). Thus, P-a.s.
L, NT'; = () for n large enough.
Let d = d(xp9n, T;2n). Since H(zp20) > n 1 7H(d) = n~'7%d!(1 — p,)?"" and the
probability of any nearest neighbour path of length d is =%, using the probabilistic repre-
sentation of v; ; we get that P-a.s. for n large enough

Tzi,Qn
vitena) = Buplop [ (606) = M) {7z = )
0

—1—a (1 _ » \d—1d=1
> n= 7%l (1 — py) H K 572)
nd o R A= Galy) '
S n=17ad!l(1 — p,)?t K { K rl
- nd K+ >\i,l - fkgn K+ )\u + 1,
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d = dist(x;, x) ~ n/2 by part (i) of Lemma 3.2. This and the fact that p,, — 0 yield for

the first term above
n—l—ad!(l B pn)d—l
d

- = exp(—0(n)). (3.73)

Aig + K =& an + 0(1) by Lemma 2.1; & on ~ On by part (i) of Lemma 1.1; by part (ii) of
Lemma 1.1 §on — & on = C+ 0(1) for some random positive constant C'. Hence, using
the fact that d = dist(x;, x)) ~ n/2 and [,, < n we can conclude that

Via(wnan) = C'exp (= dlog(§an + (1) + 1) + O(n))

n (3.74)

= exp ( —3 logn(1+ 0(1))).
This gives the right lower bound and we are finished with the proof of part (ii) of Lemma 2.2.
O
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