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ABSTRACT. We consider transport networks with nodes scattered at random in a large domain. At certain local
rates, the nodes generate traffic flowing according to some navigation scheme in a given direction. In the ther-
modynamic limit of a growing domain, we present an asymptotic formula expressing the local traffic flow density
at any given location in the domain in terms of three fundamental characteristics of the underlying network: the
spatial intensity of the nodes together with their traffic generation rates, and of the links induced by the navigation.
This formula holds for a general class of navigations satisfying a link-density and a sub-ballisticity condition. As
a specific example, we verify these conditions for navigations arising from a directed spanning tree on a Poisson
point process with inhomogeneous intensity function.

1. INTRODUCTION AND MAIN RESULTS

For large-scale networks, where many network nodes simultaneously generate traffic of some kind, questions
of capacity become of central importance. Indeed, the traffic flow in the network can be seriously obstructed
if the amount of traffic that needs to be forwarded by a certain node becomes too large. The main results
presented here, Theorems [2land [4] provide asymptotic formulas that allow one to express the traffic density in
any given point through fundamental network characteristics: the spatial intensity of users, the traffic intensity
and the intensity of links in the network. We envision applications of these results in the study of traffic flow in
multi-hop communication and drainage networks.

Based on the general framework developed by Bordenave [4], we consider two types of routing schemes, or,
using his terminology, navigations. First, directed navigations, where the flow of transport is steered towards a
certain direction. This type of navigation has been studied rigorously in recent years and includes the directed
spanning tree [1,[19], Delaunay routing [2], the directed minimum spanning tree [3,[18] and the Poisson tree [8].
Second, navigations where the network nodes have a single site as their transport destination. For example,
the radial spanning tree introduced by Baccelli and Bordenave [1] falls into this second class.

1.1. Directed networks. In the following we assume without loss of generality that the direction is given by the
unit vector e; for a network on R?. We consider a random network model with a certain intensity profile in the
thermodynamic limit. More precisely, let D be an open, bounded and convex subset of R?. Then, for s > 1
let X (%) be a simple point process with intensity function A®) : D — [0,00), z +— X\ (z) = \(z/s) for
some continuous and bounded mapping A : D — [0, 00). Each node X; € X (%) generates traffic at rate
1) (X;) = u(Xi/s), where 1 : D — [0, 00) is also a continuous and bounded function.

Similar to the directed navigation scheme proposed by Bordenave [4], we think of a navigation as a function
mapping X ) to itself, where the function value of a node will also be referred to as the successor of that node.
In other words, a navigation makes formal the concept of a routing scheme in the current setting. Additionally,
we impose the property that successors always lie to the right. Let 7y : R? — R denote the projection to the
first coordinate and IN the set of all locally finite sets of points in R<.

Definition 1. A measurable function A : R% x N — R%is called directed navigation if the following properties
are satisfied.

(i) Az, p) € p,forallz € ¢,
(i) m1(A(z,p)) > mi(x)foralz € .

If there is no danger of ambiguity, we will often write .A(x) instead of A(z, o). In Figure [1] we present two
examples of directed navigation.

Suppose now that the nodes X ) generate traffic at rates given by the function u(s) and that the traffic is
forwarded in the e -direction according to the navigation A. Then, the traffic flow at a node X; can be thought
of as the sum of all rates associated with nodes whose route passes through X;. To be more precise, define the
k-fold iteration A¥ of A recursively by putting A*(z, ) = A* Y (A(z, ¢), p), k > 1 and A%(z, ) = =
Then we can trace the path of the traffic originating from a node X; € X by considering the trajectory
D(X;, X)) = {A*¥(X;, X)) . k> 0}. In other words, ['(X;) = I'(X;, X(®)) consists of all the iterated



FIGURE 1. Directed navigation based on a Poisson point process on the unit square. Each
node connects to its nearest neighbor which is also contained in a wide, respectively narrow,
horizontal cone starting at the node.

successors of X;. Let us also define I'(X;) = Ukzo[Ak(Xi)a AFTL(X;)] as the interpolated trajectory. We
define the traffic flow at X; € X ) a5
AX) =AX, XY = Y p(xy).
Xj! XiGF(Xj)
In the following, we analyze the asymptotic behavior of the spatial traffic flow density at any given location as s
tends to infinity. Here the spatial traffic flow density is understood as a spatial average of traffic flow in a certain

microscopic environment, whose diameter is of order o(s). In order to get a tractable limit result, we need to
impose some restrictions on the navigation A.

For a point 7 € RY let Bff(a:) denote the d-dimensional ball with radius 7 around z. First, we need to specify
a suitable notion of density of links induced by the navigation .4 passing through an ¢(s)-neighborhood of sz,
where ¢ : [1,00) — [1,00) is an unbounded increasing function with g(s)/s tending monotonically to zero
as s tends to infinity. More precisely, let

IP(z) = BZ(S)(Sa?) N{y e R%: m(y) = m(sz)}

denote the environment of x inside the hyperplane through x perpendicular to e1. Our first condition ensures
the existence of the asymptotic intensity of the point process

=D (2) = {X; € X : [ X3, AX))] N IP(2) # 0}

consisting of those points X; € X (%) such that the segment [X;, A(X;)] crosses IP (). More precisely, we
define the following link-density condition, where v4_1 denotes the (d — 1)-dimensional Hausdorff measure in
R,

(D1) There exists a function A4 : D — (0, 00) such that for every z € D,
Aa(z) = lim vg_y(IP(z)) TE#EP ().
§—00
In words, A 4 (z) denotes the intensity of network links crossing the surface 1P (z).

Second, we assume that the paths I'(X;), for all X; € X () satisfy a certain sub-ballisticity condition, to be
defined shortly, with high probability. Loosely speaking, when considering any trajectory I'(X;) away from the
boundary of sD, then the deviation from the horizontal ray starting from X; should be of order O(h(s)). Here



h : [1,00) — [1,00) is an unbounded increasing function with h(s)/s tending monotonically to zero as s
tends to infinity. More precisely, we write

D.={xe€D: B.z) C D}

for the points of distance at least € to the boundary of ID. Moreover, we denote by
ZP(x) =R x B4 (o) +z

the horizontal cylinder with radius 7 shifted to the point z € R?. We define

D D D
Es,s = Es,s,l nE

8,€,2
where

EP_ | = {A(X;) # Xiforall X; € X 0 (sD).s}

s,e,l —

is the event that, away from the boundary of s, there are no dead ends, that is, no points X; € X () satisfying
.A(X,L) = Xi, and
EP (D(Xi) N (sD)es) C Zpy oy (Xi) forall X; € X )}

$,6,2 T

is the event that, away from the boundary of sD, all interpolated trajectories remain in the h(s)-cylinder cen-
tered at their starting points. Let us now define the following sub-ballisticity condition.

(D2) Foralle > 0, we have 1 — P(EL,) € O(s24).

Note that this sub-ballisticity condition can be seen as a finite analog of the straightness condition introduced
by Howard and Newman [9].

Now we come to the main results for directed navigation, where formally A and p are extended by zero outside
of D.

Theorem 2. Letx € D be arbitrary. Assume that conditions (D1) and (D2) are satisfied with h(s) € o(g(s))
and that E[(#X (*))?] € O(s%?).

(i) Then,

E) x.e= A(X; 0
lim 571 2 xie29(om) A ):)\A( )_1/ Az + rer)p(z + rep)dr. (1)

500 E#2D(s2) R

(i) If, additionally, X ®) is either a Poisson point process or ju is constant on D and X ®) = X N sD for
some ergodic point process X, then

DX, €20 (sa) A(Xi) 0

. —1 {€EQ (sz) _ -1

Slggo s E£2D (s2) = () /_oo Mz + rep)p(z + req)dr (2)
in probability.

As an example, in Section [1.3] we illustrate how to prove the conditions in the case of the directed spanning
tree. Let us note that we only need to know existence of fluctuation functions g and h, but not their precise
form in order to compute the right-hand side (r.h.s.) of the above equations. Before providing a rigorous proof of
Theorem |2} let us give some intuition for the expressions appearing in and (2). First, as mentioned above,
the left-hand side (l.h.s.) can be interpreted as the rescaled traffic flows that are averaged over all nodes in
a microscopic environment around sz. In particular, the local traffic flow density grows asymptotically linearly
in s where the leading order coefficient is given by the r.h.s. For this coefficient, the sub-ballisticity condition
guarantees, that in the limit, only nodes inside a narrowing horizontal tube contribute to the traffic flow. This is
reflected by the fact that in the r.h.s. the integration is performed over the interval from —oo to 0, accumulating
the spatial intensities of sites and the associated traffic along the horizontal line.



1.2. Radial networks. In contrast to directed networks, here we consider navigations that create trees with
the origin o as their center. Similar to the setup for directed networks, we will study a large network of nodes.
As before, let D be an open, bounded and convex subset of Rd, which now includes the origin. The simple
point process X (), s > 1, has intensity 2 — A\*)(z) = A(x/s), where A : D — [0, 00) is continuous
and bounded. Additionally, each node X; € X(*) generates traffic at rate 1u(*)(X;) = u(X;/s), where
w: D — [0, 00) is some continuous and bounded function. Similar to navigations proposed in [4], we define
a radial navigation scheme as follows.

Definition 3. A measurable function A : R% x N — R% is called radial navigation if the following properties
are satisfied.

() Alo,9 U {o}) =o,
(iy A(z,p) € pU{o}foralz € ¢,
(i) #A(z, ) < |z|forallz € ¢\ {o}.

In Figure[2} we illustrate a radial navigation based on nodes distributed according to a Poisson point process. We
note that in [4], item (iii) is not part of the definition. Nevertheless, navigations with this property are considered
as the special class of navigations with positive progress. Trajectories and traffic flow are defined as in the
directed case. Again we have to introduce two conditions under which we prove an asymptotic traffic flow
density result.

FIGURE 2. Radial navigation based on a Poisson point process on the disc. Each node con-
nects to its nearest neighbor which is also closer to the origin, respectively additionally is
contained in a cone starting at the node and opening towards the origin.

First, for the link-density condition (D1), we need to adapt the definitions of IP and =P to the radial network
setting. More precisely, we fix two unbounded increasing functions g, h : [1,00) — [1, 00) such that g(s)/s
and h(s)/s tend monotonically to zero as s tends to infinity. Then, we put

I} (@) = B;l(s)(sx) N 9B, (0),

slz|
noting that the hyperplane surface in case of directed networks here becomes a spherical cap. Moreover, we
put
=R2) = {X; € X 1 [ X5, AX)] N IR(z) # 0}
for those points X; € X (*) such that the segment [ X, A(X;)] crosses IR(z).

(R1) There exists a function A4 : D — [0, 00) such that for every x € D \ {o},
Aa(z) = lim vg_ (IR (2)) "E#EZR(2).
5§—00



Second, we change the sub-ballisticity condition (D2) in such a way that the cylinders point towards the origin.
More precisely, we write & = v/|v| for v € R? \ {0} and define

R d a\ A
Zy(v) ={y e R": |y — (y,0)8| <7}
for the cylinder consisting of all points in R? whose projection onto the orthogonal complement of the direction
© € OB{(0) is of length at most r > 0. Moreover,
Ef = {7(Xi) C Zf (X;) forall X; € X}
is the event that the trajectory is contained in a narrow cylinder directed towards the origin.

(R2) 1 —P(ER) € O(s729).

Observe that in the definition of (R2), in comparison to (D2), there is no restriction regarding the boundary of
D. This comes from the fact that, in the radial case, trajectories are always directed towards the center and
therefore cannot enter the e-boundary from the e-interior. On the contrary, in the directed case, if a trajectories
enters the right e-boundary of D it is pushed further in the direction of that boundary and therefore cannot be
controlled.

Now we come to our second main result.

Theorem 4. Let x € D \ {o} be arbitrary. Assume that conditions (R1) and (R2) are satisfied with
h(s) € o(g(s)) and that E[(#X ))?] € O(s%%).

(i) Then,

oo

W / Nrd)u(ri)rd=Ldr. @)

|z

o E#2R(2)

(i) If, additionally, X ®) is either a Poisson point process or ju is constant on D and X ®) = X N sD for
some ergodic point process X, then

ZXETR( )A(X,») o
lim s~ ! St i = |z|" M\ 4 (2 _1/ A u(rd)rtdr (4)
B s R = BT @ [ At
in probability.

d—1 ‘fdJrl

Note that the additional factors r and ]a: , which are not present in the directed case, correspond to
the fact that in the radial network, the limiting integration domain is given by a narrowing conical frustum, with a
radius depending on |z| and not, as in the directed case, by a narrowing tube.

Theorem[4]is an extension of earlier results in the engineering literature [15][22], which provide formulas for the
average traffic flow passing through a macroscopic shell around the origin. Our result gives the asymptotically
precise value of the traffic-flow density averaged in a microscopic environment around any given point in an
inhomogeneous network.

1.3. Verification of (D1) and (D2) for inhomogeneous processes. In order to illustrate the applicability of
our main results, we verify the abstract conditions for a standard example of a directed navigation, namely the
directed spanning tree considered in [1} [4]. This navigation is defined as follows. If ¢ C R% s locally finite and
x € @, then A(x, ) is defined to be the point in ¢ N ((m1(x), 00) x RI~1) that is of minimal Euclidean
distance to . If the minimum is realized in several points, we choose the lexicographic smallest of them. If z is
the right-most point of ¢, then we put A(x, ¢) = x.

Starting from a homogeneous Poisson point process, it would not be difficult to deduce conditions (D1) and
(D2) from the results of [1}, 4]. However, one of the strengths of our asymptotic traffic density formula is its
validity under rather general assumptions on the underlying network, including, in particular, situations with
inhomogeneous node distributions. Therefore, we take a further step and show that these conditions remain
valid if we replace the constant intensity by a general inhomogeneous intensity function that is subject only to a
Lipschitz constraint. From now on, A denotes the directed-spanning tree navigation.



The link-density and the sub-ballisticity conditions are of fundamentally different nature. The link-density condi-
tion is often easier to verify since it only depends on the local behavior of the navigation.

Proposition 5. Let A be as in Section and locally Lipschitz. Further, let X (5) pe a Poisson point process on
sD with intensity function \5). Then, for every 0 < & < 1 condition (D1) is satisfied for the directed spanning
tree on X (%) together with the fluctuation function g(s) = s.

Let us comment also on the sub-ballisticity condition (D2). In [1, Theorem 4.10] a closely related property is
proved for the directed spanning tree constructed on the homogeneous Poisson point process. Moreover, the
fluctuation function is given by s1/2+¢ which indicates the diffusive character of the scaling. Using this result, we
can verify condition (D2) also for inhomogeneous Poisson point processes, provided that the intensity function
is Lipschitz.

As a simplification, we assume that the convex domain D is given by the unit cube in R,

Proposition 6. Let \ be as in Section (1.1 and assume additionally that D = [—1/2,1/2]% and that X is
Lipschitz. Furthermore, let X (5) be a Poisson point process on s with intensity function ), Then, there
exists 0 < & < 1 such that condition (D2) is satisfied for the directed spanning tree on X (s) together with the
fluctuation function h(s) = s.

In fact, in [4] sub-ballisticity is not only checked for the specific choice of the directed spanning tree, but more
generally for a class of regenerative navigations with certain additional properties. Similarly, Proposition|[6|could
be extended in this direction. However, to keep the presentation accessible, we restrict our attention to the
important special case of the directed spanning tree on inhomogeneous Poisson point processes.

1.4. Conjectures for navigation schemes based on bounded range radii. In the setting of wireless net-
works, much of the work by practitioners on routing algorithms has been done under the assumption that the
ranges or radii of the transmitters are bounded, which has led to a number of routing schemes being proposed
and studied [11],[12] [24].

In a radial setting the assumption of bounded radii has important consequences as it implies that dead ends
can occur. More precisely, a positive proportion of nodes is isolated in the sense that there is no node within
the range that lies closer to the origin. Since this violates condition (iii) in Definition [3] this condition must be
replaced by condition (iii-a) where < is replaced by <. More importantly, simply adding a radius constraint in
the radial spanning tree results in a highly disconnected network, where only a small number of nodes can
communicate with the origin before reaching a dead end.

Nevertheless, by implementing a global navigation algorithm, it is possible to build a working transport network
with bounded ranges. More precisely, we may consider all paths from a given node to the origin where every
step is closer to the origin and additionally the constraint of bounded ranges is not violated. If such a path does
not exist, the node is considered to be a dead end. In the other case, we may choose a path with a minimum
number of hops. The collection of all chosen paths gives rise to a navigation with condition (iii-a).

Is it possible, under link-density and sub-ballisticity conditions, to give a generalized version of Theorem 4] for
navigations with condition (iii-a)? Is it reasonable to believe that the conditions are valid for standard examples
in the class of navigations with condition (iii-a)? Regarding the first question, it is plausible that under Pois-
son assumptions the formula for the asymptotic mean-value in Theorem [4] only needs to be extended by an
additional factor in the integrand taking into account the probability of getting stuck in a dead end.

Regarding the second question, the link-density and sub-ballisticity conditions should be satisfied for minimum-
hop navigations. Indeed, in two dimensions, it is expected that in the thermodynamic limit, trajectories converge
to the uniquely determined semi-infinite geodesic with a certain direction [10, [13]. Moreover, again in two di-
mensions, it is conjectured that many first-passage percolation models are sub-ballistic with exponent 2/3,
see [5l [16]. However, up to now, partial results related to the link-density and sub-ballisticity condition have
only been obtained under restrictive assumptions such as isotropy and planarity. This makes it rather difficult
to provide a non-artificial type of bounded-range navigation where the two central conditions can be checked
rigorously.



2. PROOFS OF THEOREM[21AND [4]

Let us denote fimax = SUP,cp ((Z) and Amax = SUpep A(2) where fimax < 00 and Amax < 00 by the
boundedness assumptions. We will also write A€ for the complement of the set A.

2.1. Proof of Theorem|[2} Let us start with two lemmas giving estimates of the accumulated traffic flow under
the events ED. and (EL.)°, respectively. For this we need the following definitions. We write
Rf(x) = Z;?(SH,L(S)(S:I:) and

R{™ () = {sy € sDN RS (2) : m(y) < m(x)}
for the set of points in sD which lie in the microscopic cylinder Rj(m) to the left of sx. Further we write

R; (x) = Z!]D(S)fh(s)(sx) and

Re2™(x) = {sy € sDN RS (2) 2 (7 (e) < mily) < mfw)}
where (; (¢) = inf{mi(2) : z € D-N (RS (z)/s)} denotes the smallest first coordinate of points which are

in the e-interior of D intersected with the microscopic cylinder R; (z)/s, see also Figure[3]

d(sD)
9((sD)se)
h(s)

I2(x)

FIGURE 3. Construction of the cylinders R!f’;t_(x) (light gray) and Rl.seft’+(a:) (union of light

and dark gray) where 71 (z) = (; ().

Lemma?7. Lete > 0 andx € Do, be arbitrary. Further, let X () e EEE then

> X< Y A < > u(X;).

X;eEXONRET () X;€XNEL(2) X;eXNREYT ()

Proof. For the upper bound, the cylinder condition given by EEE ensures that we can estimate

Z A(X;) = Z p(X;) Z L (x;)(X5)

X;€X(INEL(x) X;eX () X,€20(x)
= > pOXG) Y Ly (X) < > 19 (X;).
X;€X()N REY (z) Xi€ED(x) X;€XON R ()

For the lower bound, since EES does not give control over nodes in sD \ (sD)se, those nodes have to be
excluded. O

Lemma 8. E[I(Egg)c > xezn(x) A(Xi)] € O(1).

Proof. Note that

YooAX) = Y 9K DD Lyx)(X0) < pma#X )

X, €20 (x) X;eX () X;€ED(x)
J



and hence using Cauchy-Schwarz,

EL (o) Z A(X <umax\/1— (ED \/ET #X )2 € O(1). a
X;€E0(x)

Now, we are in the position to prove Theorem |2| For convenience let us abbreviate i = sud,l(IE(x)),
. 0
Ny =471 X,ex()nzD(z) A(Xi) and S = o A+ rer)p(x + rey)dr.

Proof of Theorem[2 Part (i): By condition (D1) it suffices to show lim_,~, EN; = S. Using Lemmal7] Lemma
Campbell’s theorem for random sums and coordinate transformation we can estimate for the upper bound
ENg = E]]-EEENS + Eﬂ(Egs)ch
<i;'E > 1 (X;) + o(1)

X;eX)N R T (a)

=i /R( Ay + o)

= st / Lry(y)<m (z) (W) A(y)dy + o(1).
R} (x)/

Note that y € R} (z)/sifandonly if § = (y2,...,Yyd) € B( (s )+g(8))/5(x2, ...,xq). Hence, by Fubini’s
Theorem, we have

EN, < ¥ty Bg(sl / / p(z +rer + y)A(z + req + y)dydr + o(1).
Bligsyatsn /s(©)

Since 1+ and \ are continuous, the dominated convergence theorem implies that the last line converges to S,
as required.

As for the lower bound, assume s’ to be large enough such that g(s) — h(s) > 0 for all s > s’. Then, using
again Lemma[7]we can estimate

Elgo, Y AX)>E > P (XG) —Blgo e > AKX
X;€ED(z) X;eXNRET () X;€E2 ()

where the second summand is in O(1) by Lemmaand hence can be neglected in the scaling ¢5. Again using
Campbell’s theorem and coordinate transformation, for the first summand we can write

E > P (X;) = /R T p ()2 (y)dy

X;€eXONREY (2)
d d
=s 1, wxuykydy—S/ 1. — o (W) A(y)dy,
/RS_WS L) <m (@) () A(Y) e (ays PO ()AY)

where, as above y € R (z)/sifandonly if y = (y2,...,yq) € B?g’(;)_h(s))/s(xg, ...,xq). Hence, by
Fubini’'s Theorem, the rescaled first summand converges to .S as required. As for the second summand,
d—1

s Vd—l(Bd( )—h(s) ( )
- 1 ~ oMYA Y)Y < fmaxAmax
va-1(BY,(0)) /RS(:J:)/S 1)< @) T (Bl (0)

(G5 (e) = ¢5)s

where

¢, =inf{m(z): z€0DN (R, (x)/s)}
denotes the smallest first coordinate of points on the boundary of D intersected with the cylinder R, (z)/s. In
order to conclude that the r.h.s. of (5) tends to zero, first note that

i v (B 00 rar (B 0) = 1.



Second, let ™ denote the unique intersection of the negative horizontal ray x — (0, 00)e; with 9D, the
boundary of D, where uniqueness is a consequence of the convexity of D. Further, let ™ (¢) denote the
unique intersection of the ray x — (0, 00)e; with 9D.. Now, for s tending to infinity, ¢, tends to 71 (z ™),
(5 () tends to w1 (z~(g)) and it suffices to show that lim._,oz~(¢) = z~. But this is the case since
m(z7 (1)) < m(x~(e2)) for ey < eg and if limeyox ™ (¢) = o’ # a7~ then, since ' € 9D, the
uniqueness of the intersection would be violated, hence 2’ = x~.

Part (ii): Again by condition (D1) it suffices to show lim_,o, IN; = S in probability. Using Markov’s inequality
we can estimate P[| N — S| > ¢] < e 'E[|Ns; — S]], and it suffices to prove that the r.h.s. tends to zero as
s tends to infinity. We start by estimating E[| Ny — S|] < E[|Ns — ENg|] + |[EN, — S|, where the second
summand tends to zero by part (i). Further we can write

E[|N, — EN;|] = E[Lgo_|N; — EN,[] + E[1(go_yc|Ns — EN;]], 6)

where the second summand is in o(1) by Lemma Using Lemma and distinguishing between the cases
Ns; > ENg and Ny < ENG, the first summand in () can be bounded above by

E[INS — EN|] + E[|N; — EN]], (7)
where we write for convenience
Nt =it > p(X;) and Ny =i > ) (X5),
X;eXON RS (2) X;€X®N R (2)

and note that the dependence on € in N~ is omitted in the notation. Then, the first summand in (7) can be
bounded by E[|N;- — EN|] + |[EN;}" — EN;|, and similarly the second summand in (7) can be bounded by
E[|[N; —EN_ |]+|EN; —ENj|. In particular, the second summands in those expressions tend to zero when
first s is sent to infinity and then ¢ is sent to zero as proved in part (i). In order to prove that the first summands
in those expressions tend to zero as well, let us consider the two cases given in the theorem separately.

Part (ii) case 1: Let us start with the case of a possibly inhomogeneous Poisson point process X6 LetV
denote the variance with respect to the Poisson point process X (), Then, by Jensen’s inequality and Camp-
bell’s theorem for the variance we have

1/2 ._ s 1/2
B[N} —ENH) < (VIN) =it (v Y w9
X;eXEN R (2)

= igl (Sd/ :H-m(y)gm(x)u(y)2)‘(y)dy) 1/27
RE(2)/s

where the expression under the square root is proportional to 7 and hence the last line tends to zero as s tends
to infinity. The same argument also holds for N1 replaced by N .

Part (ii) case 2: For the case of ergodic point processes we use the ergodic theorem, see for example [6l

Theorem 6.2]. Let us abbreviate r (x) = Vd(RLeft’+(a;)). Then, by translation invariance,

#(X N Re™ (2))
T‘J(.’L‘)

E[|N; — ENS|) = pr (2)is 'E] = All,

where 7} () /is tends to f_ooo 1p(x + rep)dr as s tends to infinity. In order to apply the ergodic theorem, let

us first note that since X is translation invariant, RISE&’JF(:I:) can be replaced by

REf+ = [sy € s(D —2) N R (0) : m(y) <0},

which is a convex and compact set that also has the property of eventually containing arbitrarily large balls.

. lef . . .
However, due to boundary effects, it is not clear that RS;”L contains an increasing sequence of sets for some

left

s tending to infinity. In order to appropriately modify Rs,gfr, let us define, similarly to (; (¢), the quantity

Cow =sup{mi(z) : z€ (D —x)N (R (0)/s) and m1(2) < 0}



to be the largest first coordinate of points in the part of the boundary of s(D — x) intersected with the cylinder
R (o) which lies to the left of the origin. Then,

R'eft+ {sy € s(D—z)NRI(0): (o < m(y) <0}

pleft,+

is an increasing sequence of sets due to the convexity of D. In particular Rs, " is a sequence of convex

averaging windows as defined in [6]. Denoting 77 (z) = I/d(RIeft +) we can est|mate

#HEO RS gy @) @) | g #(X0 R

rs (z) 7 () 7 ()
where the second summand tends to zero by the ergodic theorem and the first summand tends to zero by
convexity of I, using arguments similar to the ones used in the final paragraph of the proof of part (i). An

analogous proof holds for the case where N T is replaced by N . O

E| +E| = Al

2.2. Proof of Theorem 4 Recall & = wv/|v|. For convenience we use the similar abbreviations as in
the directed case and write is(z) = svq_1(IR(z)), N, = (is(x))_lzx €X()NZR(z) A(X;) and

left, +( )

S = |z|7dH! f A(r@)p(ra)r?=1dr. Let us define the following analogs of the cylinders R and

Rfseft (x) used in the directed case. First,
CF () = {sy € sD\ Biy(0) : [z} — =] < (9(s) + 2h(s))/s}

is the set of points which lie in an extended cone around sx facing towards the boundary of D. Second, for s
such that g(s) > 2h(s)

Oy () = {sy € sD\ B, (0) : |lx|g — 2| < (g(s) — 2h(s))/s}
is the set of points which lie in an diminished cone around sx facing towards the boundary of D, see also
Figure [4

o)
FIGURE 4. Construction of the cones C; () (dark gray) and C (z) (union of light and dark gray).

The next two lemmas give estimates of the accumulated traffic flow under ER and (ER)e.

Lemma9. Letx € D and X(®) € E?, then

Y)Y Ax) s Y )

X;€XINCT (z) X;eX)NER(z) X;eXNCT ()

Proof. For the upper bound, the cylinder condition given by EE ensures that we can estimate

Y AKX = > G YT Ly (X)) < > p(X;)

X, eX(&)NER(x) X;eXGNCT () X;€=R(x) X;eXGNot (z)



where for the last inequality we note that in any trajectory there is either one or no node that crosses EE(&:) in

the consecutive step. In order to justify the first equal sign, let us sketch the elementary proof. First note that it

suffices to show that if ZE(S) (y) N IR(x) # 0, theny € CF(x). To show this, let z € Z,Ff(s)(y) N IR(z) and

note that, since (2, ) is close to one, by the polarization identity |2 — §| < 2|2 — (2, 9)9|. Therefore,

g =2 <[2—gl+ |2 -2 <2[2 = (5,90 + |2 - 2]
Since z € ZE(S)(y) N IR(z) we have |z| = s|z|, s|z||2 — #| < g(s) and s|z||2 — (2,9)9| < h(s) and
thus s|x||y — Z| < g(s) + 2h(s). For the lower bound, similar arguments apply. O
The following lemma is proved precisely as Lemma|g]
Lemma 10. /t holds thatIE[]l(Egs)c > xiezr(x) A(Xy)] € O(1).

Proof of Theorem[d. Part (i): By condition (R1) it suffices to show lim_,~, EN; = S. Using Lemmalg] Lemma
[T0]and Campbell’s theorem we can estimate for the upper bound

EN, = E1 s Ny + EL g N

<i@E Y a0 e =i [ A )y + o)
X;exncy (z) o5 (@)

For the integral we can further use coordinate transformations and the co-area formula [7] to rewrite

/C+( )u(s)(y))\(s)(y)dy = /]]-y|>|s:v|:n-|sz|gj§3§g(s)+2h(s)lu’(5)(y)>‘(8)(y)dy
d
=5 / Liyj>ja) Ljg—a1<(g(s)+2h(s))/lsal H(¥) A(y) dy
zsd/ / Lig—g<(g(s)+2h(s))/|se| (YA Y)va—1(dy)dr
1ol JoBd(o)

o0
= Sd/ it / Ljg—s|<(g(s)+2h(s))/ szl Ty ATy ) Va1 (dy)dr.
|| 9B{ (o)
Next, we identify i5(z) as the correct scaling for the inner integral above. More precisely,

is(z) = svg_1 (IR (7)) = Sdfvld‘l/ L5 <g(s)/|sx| Va1 (dy).
0B4(0)

Since h(s) € o(g(s)) and u, A are assumed to be continuous,
faBg(O) Lig—2|<(g(s)+2h(s))/|sz| LTYA (Y ) va—1(dy)
Jopi(0) Lig-al<g(s)/IsalVd—1(dY)

is uniformly bounded in s and r and converges to (7 )A(rZ). Hence we can conclude by dominated conver-
gence.

As for the lower bound, using the same arguments as above, we can estimate
o0
EN; > sdis(l‘)_l/| Td_l/aBd( )]-\g}—a?\g(g(s)—Qh(s))/\sz\:U’(Ty))‘(’ry)yd—l(dy}d’r —o(1).
X 1 (0]

Since h(s) € o(g(s)), the desired convergence result follows.

Part (ii): Again by condition (R1) it suffices to show lim,_,, N5 = S in probability and we can apply Markov’s
inequality as in the directed navigation case. Following the exact same arguments as in Theorem 2] replacing
the following definition N = i (z) ! ijeX@)mC}(x) u(®)(X), it suffices to show that E[| N;F — EN|]
and E[|N; —EN; |] tend to zero as s tends to infinity for Poissonian and ergodic point processes. The case of
a possibly inhomogeneous Poisson point process X ) canbe proved using Jensen'’s inequality and Campbell's
theorem for the variance as in the directed case.



For the case of ergodic point processes we have to construct a sequence of convex averaging windows as
required for the application of the ergodic theorem, see [6, Theorem 6.2]. Let us write 1 (z) = v4(C{ (z)).

Then, by translation invariance,
ri(z #(XNCH(z
BN — BN = g HE 0 C (@)
is() rs (x)

where 77 () /is(x) tends to ||+ f|;<|’ 1p(r2)r¢tdr as s tends to infinity as proved in part (i). Note

= All,

that Cf () has to be modified in order to become a sequence of convex averaging windows. Let us define
(o = Inf{(z,2) : z€ DN (C(x)/s)} to be the smallest component in the direction & of points in the
boundary of s D intersected with the cone C (). Then,

C’jx ={yeD:sycCf(r)and|z| < (y,2) < (su} — 57

indeed is a sequence of convex averaging windows, see also Figure 5]

d(sD)

FIGURE 5. Construction of the cone C’jz (gray area), where (z,2) = (7.

Denoting 7 () = v4(C (z)) we can estimate

#XNCH@) gy ri(@) =78 (@) | g X NG )
rs (z) - ¥ () P (z)

where the second summand tends to zero by the ergodic theorem. In the first summand there are two error
terms contributing. The first term, measuring the error made close to the boundary of D tends to zero by
convexity of D. This can be seen using arguments similar to the ones used in the final paragraph of the proof
of Theorem [2| part (i). The other term, measuring the error made close to the origin, also tends to zero by the

convexity of B, (s).

Ef +E[ — Al

Similar arguments apply for the case where N is replaced by N . O

3. PROOFS OF PROPOSITION[BIAND PROPOSITIONI[E]

In the following, we write A for the directed-spanning tree navigation and B, (x) (instead of the more verbose
B (z)) for the d-dimensional ball with radius 7 > 0 centered at = € R?. To begin with, we prove Proposition@
In a stationary setting, according to well-known results on intersection processes, the function A 4 exists and is
constant on D. In fact, one can derive an explicit formula for A 4 that depends only on the length intensity and
the directional distribution of the segment process of links, see [23, Theorem 4.5.3]. Now, the proof is based
on the observation that directed spanning trees are strongly stabilizing in the sense of [21], so that locally
around a given point sz € sD the process X ) can be replaced by a homogeneous Poisson point process
with intensity A(z).

In order to make this precise, we first recall the standard coupling of Poisson point processes with bounded
intensities. Let X be a Poisson point process in R? x [0, Amax) Whose intensity measure is given by vg41(+),



where Amax = maxzep M), If A* : R = [0, Amax] is any measurable function, then we define X "] =
{X; : (X;,U;) € XandU; < X\ (X;)} noting that X[*) is a Poisson point process in R with intensity
function \*. For instance, we can now express X () as X oA A* s a function that is constant and
equal to some A\, we also write X [Pol instead of X7,

To begin with, we state three auxiliary results (Lemmas 113) and explain how Propositioncan be derived

using these results. Afterwards, we prove Lemmas|11 First, we show that only points of X '*) which lie close
to Is(z) = IP(x) are relevant. More precisely, fixing some & € (max{¢,1/2},1) and putting I (z) =
I(x )@B 1 (0), we have the following result.

Lemma 11. Letx € D be arbitrary. Then,

0 Fypyz o Pl Al X U )] 0 L (a) £ OAO )y € olvar (T (2),
(i) S 1 (o) P, Ay, XROTU{y})] N Li(2) # 0)dy € o(vg-1(Ls(x))).

Second, we provide an elementary result showing that if we replace integrals over Ij(a:) with respect to the
intensity A(*) by integrals with respect to the constant intensity A(z), then the error is of order o(vy_1 (Is(z))).

Lemma 12. Letx € D be arbitrary and let f : I} (z) — [0, 1] be a measurable function. Then,

[ 1@y 2@ [ ] € ol (1),
I (@) I (@)

Third, we show that replacing the Poisson point process X (*) in the probability P([y, A(y, X*) U {y})] N
Is(x) # 0) by the homogeneous Poisson point process XP@)] jeads to a negligible error.

Lemma 13. Letx € D be arbitrary and assume that A is locally Lipschitz. Then,

/ﬁ( )!P([y, Aly, X ufyhIny(z) # 0)-P(ly. Aly, XPufy NI (z) # 0)|dy € o(va-1(Ls(2)))-

Using Lemmas[TTHT3] we can now prove Proposition 5]

Proof of Proposition[8. Let z € D be arbitrary. We claim that A 4(z) equals the intensity of the intersec-
tion process of the stationary segment process {(X;, [X;, A(X;, XA )])])}X cx[7 (=) With the hyperplane

{y eRY:mi(y) = mi(x)}.
First, using the Slivnyak-Mecke theorem [23] Theorem 3.2.3], this intensity is expressed as
) Jpa Py, Aly, XPET U {y})] 0 L(2) # 0)dy
va—1(Is(z)) 7
which is independent of s by stationarity. Moreover, again by the Slivhyak-Mecke theorem,

E#{X; € X : [X;, AX;, X N Ly(x) # 0} = / DIP([y, Ay, X U {y})] N I(z) # 0)AS (y)dy.

Therefore, by Lemmal(f] it suffices to show that the difference

/ Bl Al XOUGHIN () # DX )y / Bl Al XPOUGDINL () # DAy

is of order o(v4_1(Is(x))). Now, by Lemma|12|this assertion is reduced to the statement that
/ﬁ( | P(ly, Ay, X U {yD)] N Ls(2) # 0) = P([y, Aly, XN U {y})] 0 L) # 0) |dy.

is of order o(4—1(Is(x))). Hence, an application of Lemmal[13|completes the proof. O

Finally, we provide the proofs for Lemmas



Proof of Lemmaliil We only prove the first assertion, since the second may be deduced using similar argu-
ments. Let e > 0 be such that Bs.(z) C D. First,if y € sD\ Boc,(sz) is such that [y, A(y, X U{y})]N
I(z) # 0, then X (*) does not contain any points in the set

Bly—sz|—es (y) N Baes(sz) N ([m1(y), 00) x Rd_l)'
Now, an elementary argument shows that this set contains a half-ball of radius 2~ '¢s. Hence,
P(ly, Ay, X U {yN] N Ls(2) # 0) < exp( = Aminra2 ™' (27" e8)?), (®)

where Amin = mingep A(z) and k4 denotes the volume of the unit ball in R%. Hence, it suffices to show that

/ P(y, Ay, X U {y})] N L(z) # DA (0)dy € o(var (Is())).
Bgss(sx)\lj' (z)

In order to prove this assertion, we observe that

/ P(y, Ay, X9 U {y})] N L(z) # A (y)dy
Bocs (sa:)\[sJr

< / P(ly — Ay, X U {y})]| > s\ (y)dy.
BQES(Sx)

Proceeding as in (8), the probability in the integrand is at most exp( — )\m;nﬁ;d2_lsd_d5'), so that the proof is
concluded by noting that

/B Bl Al X0 U] 2 5N )y € ol (1(2) 0

Proof of Lemmali2. First, letting L denote the Lipschitz constant of \ in I (), we see that replacing () (y/)
by A\(z) leads to the error term

[ KO0 Ay < L6 s 1 @)

Since vg(I(x)) is of order vy4_; (Is(x))s' ¢, we conclude that after division by 41 (I5(z)) the last line
tends to zero as s tends to infinity. O

Proof of Lemmal[13 First, we put I " (z) = I (z) ® B,1_¢ (0) and a = (§' — &) /(2d). Hence, for every
y € IS (),
[P([y, Ay, X U {y1] N () # 0}) = P[y, Aly, XPOTU {yh)] 0 I(x) # 0})]
< P(A(y, X U {y}) # Aly, XM U {y})
< P(XPOIA Ba(y) # XN Bya(y)) + Py — Aly, XU {y})] = s%).

Now, as in the proof of Lemmal([T1] we see that
/+ P(ly — Aly, XPT U {y})] > s%)dy = (A0, XU {o})] > s*)va(I] (2))
13 (2)

is of order O(s~") for any given . > 1. Moreover, the symmetric difference (XA XP@)) N Boa(y)isa
Poisson point process with intensity function y — |A(¥) (1) — A(z)|. Now, the Lipschitz continuity implies that
SUP, ¢ 15+ (1) IAG) () — M(z)| < L(s + 25" ¢)s71. Hence,
IP)(X(S) N Bs“ (y) 7& X[)\(x)} N Bs“ (y)) S E#((X(S)A X[)\(x)}) N Bs"‘ (y)>
< L(s¢ + 25" ) s ug(Bsa ().
We conclude the proof by noting that by the definition of «, the right-hand side is of order

os¥ ) = o(valIF (2)) vt (L (@))) O



The main idea for proving Proposition @ is to first show, using the Lipschitz property, that locally X ) |ooks
like a homogeneous Poisson point process and then to apply known results from the homogeneous setting
considered in [1]. Before we start with the proof, we present an auxiliary result showing that with high probability
long edges in the directed spanning tree on X ) can only appear at far right points of sD. More precisely, as
observed in [1], the directed spanning tree clearly enjoys a strong stabilization property. In the current setting
this means the following. If ¢ C R? is any locally finite set such that X;, A(X;, X(*)) € ¢ and there does not
exist z € o with 7y (x) > m1(X;) and |X; — 2| < |A(X;, X)) — X;], then A(X;, X)) = A(X;, ).
Moreover, the following result shows that the maximal radius of stabilization

R_s= max 1 X — A(X;, X))
XiEX(S):ﬂj(Xi §5/2—51/(2d)

is small with high probability. More precisely, we let Eél) denote the event { R_ 5 > st/(4d)y,
Lemma 14. As s — oo, P(Egl)) € O(s724),
Proof. Forany x € [—s/2, s/2]% with 71 (z) < s/2 — 57/ (%) we have that

P(lz — A(z, X U {z})| > s"/UD) = P(X©) N By ja () N (11 (), 00) x RITH) = ()

< exp(—#42~ %4 min A(z)).

xeD
Hence, the claim follows from the Slivnyak-Mecke formula. O
In the following, we write
D,75 — [_g’ % _ 231/(2d)] > [_% + 281/(2d), % _ 251/(2d)]d—1

for the domain s D shrunk except for the left boundary. Furthermore, to simplify notation, we replace s1/(2d) by
s" and assume that s(s’) ! is an odd integer. This is not a restriction, since otherwise s’ can be adjusted in
such a way that it is of the same order as s1/(2d) Next, we quantify the local homogeneity of the Poisson point
process X () by comparing it to a homogeneous version using coupling. More precisely, for s > 1 and z € Z¢
we let H . denote the event that the point processes X () and X [s.2] agree on Q3¢ (s'z) N sD, where

As,z = max {/\(5)(3:) T € Qgs/(slz)}

denotes the maximum of the intensity )\(5)(-) in the cube Q3¢ (s'2) of side-length 3s’ centered at sz In other
words, under the event H ., the Poisson point process X ) cannot be distinguished from a homogeneous
Poisson point process with intensity A . ina 3s’-environment around s’z. Finally, we say that the site z (or the
associated cube @ (s’ z)) is s-good, if the event Hs,z occurs. Sites that are not s-good are called s-bad.

We use that locally, trajectories do not deviate substantially from the horizontal line. More precisely, let Hé,z
denote the event that for every path I" in the directed spanning tree on X[Ps2l Q3 (s'2) whose starting
point X is contained in Q«(s'z) and whose endpoint Xe,q satisfies 71 (Xeng) < m1(8'2) + s’ we have
I'cC Z(l?s/)s/s (Xo). Then, we say that the event E§2) occurs if there exists z € Z¢ such that s’z € sD_ ¢ and
H;Z fails to occur. In particular, [1, Theorem 4.10] gives the following auxiliary result.

Lemma 15. As s — 00, }P’(Ef)) € O(s72%),

Now, for any path I" in the directed spanning tree on X (*) we let
# T =#{zeZ%: X; € Qy(s'z)forsome X; € I'}

denote the number of s’-cubes intersected by I'. Similarly, we let #5 ¢l and #; pI" denote the number of good,
respectively bad cubes that are intersected by I'. Next, we provide an upper bound for the vertical displacement
of a path I in terms of #, ;1" and #, pI". To make this precise, if I" is a path in the directed spanning tree
on X ) starting from X € X (), then we let V(I') = maxy,er di,00(Xo, X;) denote the maximal vertical
displacement of I, where we write d; oo (X0, X;) = doo(Xo + Req, X;), for the do-distance of X to the
horizontal line Xy + Rej.



Lemma 16. LetI' C D_ , be an arbitrary path in the directed spanning tree on X (s), Then, almost surely
under the complement of the event Egl) U E§2),

V(D) <28 +3(5")%/ 844 g1 + 35'#4 b

Proof. By shortening the path if necessary, we may assume that the maximal vertical displacement V (I")
is achieved at the endpoint Xcn,q of I'. The proof proceeds via induction on the number of vertices in T'.
The assertion is trivial if V(I') < 2s’, so that we may assume that V(I') > 2s’. Fix the site 29 € Z¢
such that Q¢ (s'zg) contains the starting point X of I'. Then, we let Xo € T' denote the first vertex of
I" such that Xy € Qy(s'22) for some 2 € Z¢ with dy oo(20,22) > 1. We also let X; € T be such that
X5 = A(X1, X)) Thatis, X is the predecessor of X5 in . Similarly, we let X5 € T denote the last vertex
of ' such that X35 € Q(s'23) for some 23 € Z< with dy o (20, 23) < 1. Finally, we put X4 = A(X3, X)),
We refer to Figure 6] for an illustration of the construction.

r Xend
Xo /\ X/

’ X1 /)('3

Xo
FIGURE 6. lllustration of the induction step in the proof of Lemma

In particular, no s’-subcube is hit by both T'[ X, X1] and I'[ X4, Xend], where T'[Xo, X1] and T'[ X4, Xend]
denote the subpaths of I" from X to X and from X4 to Xeng, respectively.

Now, by the definitions of the point X3 and the event Eél),

V(T) < V(T[Xy, Xend]) + 25" + [ X3 — Xy| < V(D[Xy, Xend)) + 35"
Hence, using the induction hypothesis, we arrive at

V(T) < 26+ 3(5)°/ 54 g [X4, Xend] + 35 #pT [X1, Xend] + 55'.

In particular, the assertion follows if I'[ X, X ] hits at least one s-bad cube. Therefore, it remains to consider

the case, where I'[ X, X1 ] intersects only s-good cubes. Since the complement of the event Egl) U E§2’
occurs, it follows that

3 < dioo(Xo, X1) < V(I'[Xo, X1]) < ()% 845 gT'[Xo, X1].
Therefore, we complete the induction step by noting that
V(D) < 28"+ 3(5") %845 g T[ X4, Xend] + 35 #5 6L [ X4, Xend] + 55’
<25+ 3(5/)5/8(#8,gF[XOv X1] + #5670 [ X4, Xend]) + 35'#5,bT [ X4, Xend]
< 28"+ 3(5") /B4t gl + 35" #45 T, O
Hence, in order to prove Proposition @ we need to derive appropriate upper bounds on #s,gF(Xi) and

#spl'(X;) forany X; € X () First, we show that conditioned on the event that a path I' is not too long,
the number of bad cubes #; I is of order o(s/s") with high probability.

Lemma 17. Almost surely, for every path' C D_ , in the directed spanning tree on X (),

T{#.I < 3555(s') TP(#apD > 510D XC)) < exp(—/5).



A proof of Lemmawill be given below. Second, we use a percolation argument to show that #,I'(X;) is of
order O(s/s") with high probability. More precisely, we let I'_ ;(X;) denote the longest subpath of I'(X;) that
starts at X; and is contained entirely within D_7s. Then, we let ES”) denote the event that there exists a point
X; € X©) such that #,T_ 4(X;) > 3%H3s(s") L.

Lemma 18. As s — 00, P(E£3)) € O(s7%9).

Before proving Lemmas [T7]and[18] we show how they can be used to deduce Proposition [6]

D

Proof of Proposition[g The assertion involving E';’_ |

is clear since the unique dead end can only occur in
the right boundary of D. Indeed, the probability that X () does not contain points close to the right boundary

of s, decays exponentially in s. In order to deal with EE’S?Q, we first consider the auxiliary event EP-, =

8,€,2

I'_(X;) c Z8 (X;)foral X; € X () , where g(s) = s171/(644) ang assert that E°—, ¢ EP_, U
) g(s) $,€,2 8,€,2

. : c
U?:l ES). In order to prove this assertion, we assume that the event E2;2 N ( U?zl E@) occurs. It suffices
to show under this event that whenever X; € X () is such that X; € sD\ D_ 4, then T'(X;) N (sD).s = 0.

Suppose the contrary and let X;, € X () be the first point in I'(X;) such that X;, € (sD).s. Moreover, let
X, be the first point on I'(X;) such that I'[ X, , Xi,] C (sD).4/2. Then, the vertical deviation of the subpath

from X;, to X, is larger than e:s/4, which contradicts the occurrence of ESDE‘Q. This construction is illustrated
in Figure[7]

FIGURE 7. Behavior of trajectories close to the boundary of sD

Hence, by Lemmas and it remains to show that 1 — ]P’(ED_ ) € O(s~24). First, we observe that if

$,€,2
X; € X6)ND_ gissuchthat T 4(X;) ¢ Zle,l/(Md) (Xi), then V(T 4(X;)) > s' /329 Therefore,
Lemma[T6]yields that

1-P(E,z,) < IP’( sup  V(D_(X3)) > 81—1/(32d)>
o X;eXIND_ g

<EEDUED UBD) +P((EO) N  swp el (X0) 2 600 ),
X;eXIND_ s

By Lemmas and the first summand is of order O(s*2d). For the second, we may condition on X (%)
to deduce from Lemma[i7]that

]P’((Egg‘))C N {#sbe_VS(X,-) > ¢179/016d) tor some X; € X&) N D—,s})
<E(L{(ED)S} Y Pl (X > 50000 x(0))
X;€XGIND_ 5
< exp(—/s)E#X ).
Since for large s the last expression is of order O(s%exp(—+/5)), we conclude the proof. O
Now it remains to prove Lemmas|17/|and We begin with the first one. As an important auxiliary result, we

show that conditioned on X(s), sites are s-good with high probability. Let L denote the global Lipschitz constant
of \.



Lemma 19. Almost surely, for every z € 7. with s’z € D_ it holds that
1—P(H,.|X¥) < LVd3¥ts™ /4,

Proof. In the canonical coupling the event H . expresses that
X Nn{(z,u): z € Q34(s'z) and )\(S)(m) <u< At =0.

Conditioned on X (%) the number of points in the left-hand side is a Poisson random variable whose parameter
is bounded above by (As . — s 2.min)3%/5, where

As,z,min = Min {)\(S)(a:) 1z € Q3y(s'2) )
Since A is locally Lipschitz, we obtain that almost surely,
1 — P(Hs z|X(s)) < L\/g3d+18—1/2+1/(2d).
We conclude the proof by observing that —1/2 + 1/(2d) < —1/4. O

Now, we can complete the proof of Lemma[{7]

Proof of LemmaliZ First, we note that conditioned on X ) the process of s-good sites is 3-dependent with
respect to the sub-cubes with side length s’. More precisely, using a standard construction in dependent per-
colation, we let v = {z € Z¢ : Qy(s'2) NT # ()} be the discretization of I" and define M; = z; + 3Z¢,
where z; € Z% can be chosen such that {Mi, ..., Mg} is a partition of Z% for K = 3%

Hence, for every ¢ conditioned on X () the process of s-good sites is an independent site process on y; =
~ N M;. Moreover, by Lemma conditioned on X () the probability for a site to be s-bad is of order
O(s™/4). Let #,7 denote the number of bad sites in 7 then, having shown Lemma [19| we may now ap-
ply the Binomial concentration inequality [17, Lemma 1.1]. This implies that almost surely under the event
{#I" < 39*15(s")~1} we have that

K
P(#pl > 81 BV X)) <N Py, > K175/ 6D X)) < exp(—+/5). 0
=1

The proof of Lemma[18|is based on two main ideas. First, we use a percolation-type argument to show that
in most of the cubes that are intersected by a trajectory, the point process X (5) cannot be distinguished from
a homogeneous Poisson point process. Second, we use the fluctuation results from [1] to show that the total
number of such cubes is of order O(sl_l/(2d)).

From now on, we consider paths in the graph Z% with edges between sites of d.-distance 1.

Lemma 20. Let E§4) denote the event that there exists a finite connected set vy in 7% such that

(i) #v > /s,
(i) s’z € D_ 4 holds for every z € ~,
(iii) the number of s-good sites intersected by -y is at most #y/2.

Then limg_, oo IP(E§4)) =0.

Proof. Since the process of s-good sites is a 3-dependent percolation process, Lemma allows us to ap-
ply [14, Theorem 0.0]. Hence, the process of s-good sites is dominated from below by a Bernoulli site perco-
lation process with probability p € (0, 1) for open sites. Moreover, p can be chosen arbitrarily close to 1 if
s is sufficiently large, so that the claim reduces to a standard problem in Bernoulli percolation theory. For the
convenience of the reader, we provide some details on the solution of this problem. For a fixed connected set -y
the probability that ~ contains at least #7/2 bad sites is at most 2#7(1 — p)#7/2_ Moreover, by [17, Lemma
9.3], the number of connected sets containing k£ > 1 sites is bounded above by 4237k, Therefore,

P(E£4)) < 5@ Z 23dk2k(1 7p)k/2’
k>+/s



which is of order O(s_2d), provided that p is chosen sufficiently close to 1. O

Finally, we need an elementary deterministic result giving an upper bound on the number of s-good cubes of a
path in terms of its horizontal extent.

Lemma 21. Suppose thaz‘(E’Lgl)UEg))c occurs andlet X; € X'5) be arbitrary. Furthermore, let Xeng € X )
be the end point of I' _ 4(X;). Then, 71 (Xend — Xi) > 3_d_25’#3,gF,75(Xi).

Proof. Let v be a subset of s-good sites whose cubes are intersected by F_,S(Xi) such that every pair of
distinct sites in v is of d-distance at least 3 and #~ > 3_d#57gF_,5(Xi). Writing k = #v and v =
{z1,..., 2}, we now define subpaths I'1,... T of I', where the starting point X o of I'; is the first point
of I" that is contained in the cube Qs/(s’zj). Starting from that point, I'; is the longest subpath of I' that is

contained in the left half-space (—o0, 1 (s'2;) + s') x R4~1. Since the events EY and B2 do not oceur,
we conclude that these subpaths are disjoint and, moreover, that 71 (X end — Xj0) > s'/4, where X eng
denotes the endpoint of I' ;. Combining these lower bounds shows that

1 (Xend — Xi) > Sty > 37926/ 4, , T (X)), 0

Using Lemma[20]and Lemma|21] the proof of Lemma[i8|is now elementary.

Proof of Lemmal[18 We claim that E§3) C Egl) U ES(Q) U E§4). Indeed, assume that the complement of the

event Egl) U E§2) U E§4) occurs. In order to derive a contradiction, we assume that there exists X; € X ()
such that #T'_ (X;) > 39735(s’) L. Since the complement of the event EY oceurs, we obtain that

#s,gr—,s(Xi) > %#SF—,S(Xi) > 3d+23(3/)71-

In particular, Lemmawould then imply that 71 (Xeng — X;) > s. But this is impossible, since both X and
Xeng are contained in s, a cube of side length s. O

REFERENCES

[1] F. Baccelli and C. Bordenave. The radial spanning tree of a Poisson point process. The Annals of Applied Probability, 17(1):305—
359, 2007.
[2] F. Baccelli, K. Tchoumatchenko, and S. Zuyev. Markov paths on the Poisson-Delaunay graph with applications to routeing in mobile
networks. Adv. in Appl. Probab., 32(1):1-18, 2000.
3] A. Bhatt and R. Roy. On a random directed spanning tree. Adv. in Appl. Probab., 36(1):19-42, 2004.
4] C. Bordenave. Navigation on a Poisson point process. Ann. Appl. Probab., 18(2):708-746, 2008.
5] M. Bramson and R. Durrett, editors. Perplexing Problems in Probability. Birkhduser, Boston, 1999.
6] S. N. Chiu, D. Stoyan, W. S. Kendall, and J. Mecke. Stochastic Geometry and Its Applications. J. Wiley & Sons, Chichester, third
edition, 2013.
[7] H. Federer. Geometric Measure Theory. Springer, New York, 1969.
[8] P. A. Ferrari, C. Landim, and H. Thorisson. Poisson trees, succession lines and coalescing random walks. Ann. Inst. H. Poincaré
Probab. Statist., 40(2):141-152, 2004.
[9] C. Howard and C. Newman. Geodesics and spanning trees for Euclidean first-passage percolation. Ann. Probab., 29(2):577-623,
2001.
[10] C. D. Howard and C. M. Newman. Euclidean models of first-passage percolation. Probab. Theory Related Fields, 108(2):153-170,
1997.
[11] H. P. Keeler and P. G. Taylor. A stochastic analysis of a greedy routing scheme in sensor networks. SIAM Journal on Applied
Mathematics, 70(7):2214—-2238, 2010.
[12] H. P. Keeler and P. G. Taylor. Random transmission radii in greedy routing models for ad hoc sensor networks. SIAM Journal on
Applied Mathematics, 72(2):535-557, 2012.
[13] C. Licea and C. M. Newman. Geodesics in two-dimensional first-passage percolation. Ann. Probab., 24(1):399-410, 1996.
[14] T. M. Liggett, R. H. Schonmann, and A. M. Stacey. Domination by product measures. Ann. Probab., 25(1):71-95, 1997.
[15] G. Mao and B. Anderson. Capacity of large wireless networks with generally distributed nodes. Wireless Communications, IEEE
Transactions on, 13(3):1678-1691, 2014.
[16] C. M. Newman and M. S. T. Piza. Divergence of shape fluctuations in two dimensions. Ann. Probab., 23(3):977-1005, 1995.
[17] M. D. Penrose. Random Geometric Graphs. Oxford Univ. Press, Oxford, 2003.
[18] M. D. Penrose and A. R. Wade. On the total length of the random minimal directed spanning tree. Adv. in Appl. Probab., 38(2):336—
372, 2006.



[19] M. D. Penrose and A. R. Wade. Limit theorems for random spatial drainage networks. Adv. in Appl. Probab., 42(3):659—688, 2010.

[20] M. D. Penrose and J. E. Yukich. Limit theory for random sequential packing and deposition. Ann. Appl. Probab., 12(1):272-301,
2002.

[21] M. D. Penrose and J. E. Yukich. Weak laws of large numbers in geometric probability. Ann. Appl. Probab., 13(1):277-303, 2003.

[22] G. Rodolakis. Information theoretic cut-set bounds on the capacity of Poisson wireless networks. In Information Theory Proceed-
ings, 2013 IEEE International Symposium on, pages 1451-1455. |[EEE, 2013.

[23] R. Schneider and W. Weil. Stochastic and Integral Geometry. Springer, Berlin, 2008.

[24] H. Takagi and L. Kleinrock. Optimal transmission ranges for randomly distributed packet radio terminals. Communications, IEEE
Transactions on, 32(3):246-257, 1984.

20



	1. Introduction and main results
	1.1. Directed networks
	1.2. Radial networks
	1.3. Verification of (D1) and (D2) for inhomogeneous processes
	1.4. Conjectures for navigation schemes based on bounded range radii

	2. Proofs of Theorem 2 and 4 
	2.1. Proof of Theorem 2
	2.2. Proof of Theorem 4

	3. Proofs of Proposition 5 and Proposition 6
	References

