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ABSTRACT. We show that the rescaled maximum of the discrete Gaussian Free Field (DGFF) in dimension
larger or equal to 3 is in the maximal domain of attraction of the Gumbel distribution. The result holds both
for the infinite-volume field as well as the field with zero boundary conditions. We show that these results
follow from an interesting application of the Stein-Chen method from Arratia et al. (1989).

1. INTRODUCTION

In this article we consider the problem of determining the scaling limit of the maximum of the discrete
Gaussian free field (DGFF) on Zd, d > 3. Recently the maximum of the DGFF in the critical dimen-
sion d = 2 was resolved in Bramson et al. (2013). In this case, due to the presence of the logarithmic
behavior of covariances, the problem is connected to extremes of various other models, for example the
Branching Brownian motion and the Branching random walk. In d > 3, the presence of long-range de-
pendence decaying polynomially changes the setting but the behavior of maxima is still hard to determine
(Chatterjee, 2014, Section 9.6). This dependence also becomes a hurdle in various properties of level
set percolation of the DGFF which were exhibited in a series of interesting works (Drewitz and Rodriguez
(2013), Rodriguez and Sznitman (2013), Sznitman (2012)). The behavior of local extremes in the critical
dimension has also been unfolded recently in the papers Biskup and Louidor (2013, 2014).

We consider the lattice Z, d > 3 and take the infinite-volume Gaussian free field (@a) 4z With law P

d
on RZ". The covariance structure of the field is given by the Green’s function g of the standard random
walk, namely E [¢,¢g] = g(a — B), fora, B € Z“. For more details of the model we refer to Section 2.

It is well- known (see for instance Lawler (1991)) that for & # B, g(a — B) behaves likes ||« — B[|>~¢
and hence for ||« — B|| — o0, the covariance goes to zero. However this is not enough to conclude
that the scaling is the same of an independent ensemble. To give an example where this is not the case,
when V) is the box of volume N, ZaeVN @4 is of order NV2+1/d ynjike the i. i. d. setting (see for
example Funaki (2005, Section 3.4)).

The expected maxima over a box of volume N behaves like 1/2¢(0) log N. An independent proof of this
fact is provided in Proposition 4 below; this confirms the idea that the extremes of the field resemble that
of independent AV (0, g(0)) random variables. In this article we show that the similarity is even deeper,
since the fluctuations of the maximum after recentering and scaling converge to a Gumbel distribution.
Note that in d = 2 the limit is also Gumbel, but with a random shift (see Bramson et al. (2013, Theorem
2.5), Biskup and Louidor (2013)). The main results of this article is the following.

Theorem 1. Let A be a subset of Z* with |A| = N?®. We set centering and scaling as follows:

by = 1/<(0) [leogN _ loglog N “Og(‘m)] and ay = g(O)(b)" (1)

2y/2log N
so that for all z € IR

—b
i (B ) e

and the convergence is uniform in z.

Note that scaling and centering are exactly the same as in the i. i. d. AV'(0, ¢(0)) case, see for example
Hall (1982). As in d = 2, the argument depends on a comparison lemma. We show that in fact the proof
is an interesting application of a Stein-Chen approximation result. Not only does the result depend on the
correlation decay, but also crucially on the Markov property of the Gaussian free field. We use Theorem 1

8| A| denotes the cardinality of A.
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of the paper by Arratia et al. (1989) which approximates an appropriate dependent Binomial process with
a Poisson process, and gives some calculable error terms. In general showing that the error terms go to
zero is a non-trivial task. In the DGFF case, thanks to estimates on the Green’s function and the Markov
property, the error terms are negligible.

The techniques used for the infinite-volume DGFF allows us to draw conclusions also for the field with
boundary conditions. For > 0 let N := n?; we consider the discrete hypercube Vy := [0, n— 1]d N
Z" . We define therein a mean zero Gaussian field ($a) yz¢ Whose covariance matrix (SN (a, B))a, pevy
is the Green’s function of the discrete Laplacian with Dirichlet boundary conditions outside V (again for
a more precise definition see Section 2). The convergence result is the following:

Theorem 2. Let V) be as above and (’700‘)04 <74 be a DGFF with zero boundary conditions outside VN
with law Py, . Let the centering and scaling be as in (1). Then for allz € IR

~ —b
lim Py, (maxmevN o = N < z) =exp(—e ?).

N—+o0 aN

The core of the proof is an application of Slepian’s Lemma and a re-run of the proof of Theorem 1.
The structure of the article is as follows. In Section 2 we recall the main facts on the DGFF that will be
used in Section 3 to prove the main theorem.

2. PRELIMINARIES ON THE DGFF

Letd > 3 and denote with || - || the feo-norm on the lattice. Let ¢ = (), be a discrete Gaussian

d
Free Field with zero boundary conditions outside A C Z% . Onthe space Q) := R?" endowed with its
product topology, its law P 5 can be explicitly written as

ﬁA(dtp):zl—Aexp i X v | [Tdwe T[T afdyo)

o, ez |a—pl=1 €A aczi\A

In other words 1, = 0 Pp-a.s.ifa € Z%\ A, and () xc is a multivariate Gaussian random variable
with mean zero and covariance (ga («, ﬁ))a,ﬁezd’ where g, is the Green’s function of the discrete
Laplacian problem with Dirichlet boundary conditions outside A. For a thorough review on the model
the reader can refer for example to Sznitman (2012). It is known (Georgii, 1988, Chapter 13) that the
finite-volume measure ¢ admits an infinite-volume limit as A 1 Z% in the weak topology of probability
measures. This field will be denoted as ¢ = ((P“)zxezd' It is a centered Gaussian field with covariance
matrix g(a, B) for &, B € Z%. With a slight abuse of notation, we write g(a — ) for ¢(0, « — B) and
also ga(a) = ga(a, a). It will be convenient for us to view g through its random walk representation: if
P, denotes the law of a simple random walk S started at o« € Z¢ then

g(a, B) = Eq Z Ls,—py

n>0

In particular this gives ¢(0) < +oo ford > 3.

A key fact for the Gaussian Free Field is its spatial Markov property, which will be used in the paper. The
proof of the following Lemma can be found in Rodriguez and Sznitman (2013, Lemma 1.2).
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Lemma 3 (Markov property of the Gaussian Free Field). Let® # K & 7% U .= z7¢ \K and define
(92) ez bY

Pu = Pu+ Hay ¥ EZ°
where i, is the (g, B € K)-measurable map defined as

,MDLZZ]PDL(HK<+OOI SHK:‘B)QD[;, wezt. (2)
BeK

Here Hy :=inf{n > 0: S, € K} . Then, under P, (¢s) .4 is independent of c(¢g, B € K) and
distributed as (), zd under Py.

As an immediate consequence of the Lemma (see Rodriguez and Sznitman (2013, Remark 1.3))

P ((¢a) yezt € "lo(9p, B €K)) = Pu (Yo + pa) yegu € ) P—as.

where 11, is given in (2), Py does not act on (Ha) ezt and (Yu) oz has the law Pu.

2.0.1. Law of large numbers of the recentered maximum. Although this can be obtained directly by The-
orem 1, we think it is interesting to insert an independent proof of the behavior of the maximum of the
DGFF.

Proposition 4 (LLN for the maximum). Let Viy := [0, n — 1]2 N Z¥%, n := N? > 0. The following limit
holds:
E Imax
lim [ aeVy qoa] _

= ¢(0).
N—+eo  /2logN $(0)

Proof. Observe first that under the assumptions of the theorem g(0) > 1 (Lawler, 1991, Exercise 1.5.7).
The upper bound follows from Talagrand (2003, Prop. 1. 1. 3) with T := ¢(0) and M := N. As for the
lower bound, we will use Sudakov-Fernique inequality (Adler and Taylor, 2007, Theorem 2. 2. 3). We first

need a lower bound for d(a, B) := \/E [((pgé — (pﬁ)z] : we will apply here the bound

d—2
cvd
gla) < (W) , el >4 3)

whose proof is provided in Sznitman (2011). The key to obtain the result is to use a diluted version of

the DGFF as follows. Consider VIE]k) := VN NkZ“ where k := |logn| € {1,2, ...} is a constant,
Without loss of generality we can assume also that 7 is large enough so that

v\ Vi
0 () >0 =z o (55) ;

E [max (p(oc)] > E | max @ . (5)

KGVN aevlslk)

Note the fact that

PA € B means that A is a finite subset of B.
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Now fora, B € T := Vls,k) andk > d

o Vi d—2
d(a, B) = /28(0) — 2g(a — B) > V2 g<o>—( - )

l = B

[log 7]

Notice also that limy_, ;0 v(11, d) = /2¢(0). Hence by (5) and an application of Sudakov-Fernique
inequality

d—2
> /2 g(O)—(C d) ::v(n,d)(;)o.

Efmaxacy, gl o floglT]
ViegN  — 7 logN
We obtain log |T| = dlog |%| (1+0(1)) = dlog LMWJ (14 0(1))C It follows that —llzgg@ =
1+0(1) and

lim E [maxyev, @al

N—+oo I1og N

2¢(0).

3. PROOF OF THE MAIN RESULT

The proof of the main result is an application of the Stein-Chen method. To keep the article self contained
we recall the result from Arratia et al. (1989).

3.1. Poisson approximation for extremes of random variables. The main tool we will use relies on
a two-moment condition to determine the convergence of the number of exceedances for a sequence
of random variables. Let (sz)rxeA be a sequence of (possibly dependent) Bernoulli random variables of
parameter py. Let W := 3" - 4 Xy and A := E [W]. Now for each a we define a subset B, C A which
we consider a “neighborhood” of dependence for the variable X,, such that X, is nearly independent from

Xpif B € A\ By. Set
bi:i=>_ Y papbp

aEA ﬁGBzx
b= Y E[XeXp],
a€A a#BEBy
b3 := Z E HE [Xoc — Pa | Hl”]

acA
where

Hy:=0(Xg: B A\By).
Theorem 5 (Theorem 1, Arratia et al. (1989)). Let Z be a Poisson random variable with E [Z] = A and
let dTvy denote the total variation distance between probability measures. Then

drv(L(W), L(Z)) < 2(by + by + b3)
and
‘P(W =0) - e*A‘ <min {1, A7} (b + by + bs).

W(l) means limy_, ;o f(N) = 0.



Let A € Z“ with N := | A|, un(z) := anz + by, and define for all &« € A

Xa = Vg, >uy(z)y ~ Be(p)-

A standard tool to determine the asymptotic of p is Mills ratio:

1\ e /2 N e t2/2
1— =) S— <PW(0,1) > 1) < , t>0. 6
(1-7) S P D=0 < ®

This yields p ~ N~1exp(—z)% We furthermore introduce W := S | X, and see that E [W] ~
e %. Of course W is closely related to the maximum since {maxyc4 @o < un(z)} = {W =0}. We
will now fix z € R and A := e~ %. We are now ready to prove our main result.

Proof. Our main idea is to apply Theorem 5. The proof will first show that the limit is Gumbel, and in the
second part we will prove uniform convergence. To this scope we define, for a fixed but small € > 0,

Bo = B (, (logN)**) N4

where B(«, L) denotes the ball of center « of radius L in the {o-distance. We draw below examples of
such neighborhoods when & € dA := {'y cA:3BcZ\A |B—1| = 1} andw € int(A) =
A\ dA.

7° 74
A A
A\ B,
A\ B, 5.
,,,,,,,,, al| B, o
(A) By when & € int(A). (B) By when & € 0A.

FIGURE 1. Examples of B,

df ~ ¢ means that limy . 0 f(N)/g(N) = 1.



6

Convergence. The method is based on the estimate of three terms (cf. Subsec. 3.1).
b1 = Y 4ea X pep, P*- Using Mills ratio we have

—%@)MN(Z)Z 2
b < cN(logN)d(”ze)( g(0)e 2 )

V2mun(z)
— N—l(log N)d(2+2€) e—2Z+0(1) =0 (1) ) 7)
ii. by = 3" pea Darpen, E [XaXp]. First we need to estimate the joint probability

P (¢a > un(z), ¢p > un(2)).

Denote the covariance matrix
5, = { 8(0)  gla— ﬁ)}
gla—p) g(0)
Note that, for w € le, one has
1

g(0)? — g(a — B)?
Using 1 := (1,1)! we denote by

._ 1) _ un(@)(@0)—gw—p) _  un(z) .
b=l (1%1), = o B = s@ s B =72

Exploiting an easy upper bound on bi-variate Gaussian tails (see Savage (1962)) we have

W' lw = (g(O) <w% + w%) —2¢(a — ﬁ)w1w2> :

P(ga > un(z), g > un(z)) < % | det22|11/2A1A2 exp (_ uNéz) 1t22—11)
_ 1 (8(0) +g(a—pB)) exp (_ un(z)*2(g(0) — g(w — ﬁ)))
27 ((0)> — g(a — B)*)1/2un(2)? 2 g(0)2—gla—p)?

1 <1+g("‘5)>3/2N_ 2¢(0)

(0) 29(0)z

= 4rrlog N o 1/2 s0)+(=p) (47Tlog N) g(O)f—g(a—ﬁ) e_8(0>§g(a—ﬂ) +o(1)

7T Og _ 8(“—[3))

(15l
3/2

1+ g(a—ﬁ)> ) o

S < 8(0) 12 N_g(O)fg(a,/;) e_g(O)fg(afﬁ) +O(1)
_ g(ﬂc-ﬁ))
(1 (0)

where in the second-to-last inequality we used 1y (z)? = b3, +2¢(0)z 4 ¢(0)?z% /b3, and the bound
of b%; (Hall, 1982, Equation 3)

g(0)(2log N —loglog N — log4r) < b3, < 2¢(0)log N.

Also note that for x # 0, g(||x||)/g(0) < g(e1)/g(0) = 1 — x where k := P (ﬁo = +oo> €
(0,1) and Hy = inf {n >1: S,, = 0}. Hence we have that

8(0) S 1 gla—p)
and <1-—«xk.
g0)+gla—p) ~ 2—x g0)+g(x—y) ~
We obtain thus
2 _ 3/2 ) B 7 B
P (% > uN(Z),(P/s > uN(Z)) < (Kl—};gN (2=%) max <e % Iiz<0p.e 22/(2x) IL{z>0}> :



We get finally for some constants ¢, ¢’ > 0 depending only on d and x

2 _x 3/2 2 B 3 B
b, < cN(log N)d(2+26)%]\] -9 max (e 2z Ij.<q) @ 2z/(2—x) 1{Z>0}>
< C/N_in") (log N)d(2—|—2€) max (e—Zz ﬂ{zgo}le—ZZ/(Z—K) l{z>0}> ) (8)

Since k /(2 — k) > 0 we have that b, = o (1).
ii. b3 = >4 E[|E[Xa — pa | H1]]. 1t will be convenient to introduce also another -algebra which
strictly contains H1 = 0 (Xg: € A\ By), thatis
Hy=0(¢p: p€A\By).

Using the tower property of the conditional expectation and Jensen’s inequality

E[[E[Xe —p| Ha]l] = E[|E[E[Xa — p[ H2] | Ha]l]

<E[E[E[Xa —p| Ho]| | Hal] = E[|E[Xa — p[ Ha2][].

At this point we recognize, thanks to Corollary 3, that

E [X,x ’ Hz] = ﬁZd\(A\B(X) (lp(x "‘ ]/l(x > uN(Z)) P —a.s.

where (zpa)aezd is a Gaussian Free Field with zero boundary conditions outside A \ By. In addi-
tion, observe that gy, («) < g(0) (Lawler, 1991, Section 1.5). We will write more compactly U, :=
Z"\(A\ By).

We will make use of the fact that j1, is a centered Gaussian, and apply the same estimates of Popov and
Rath (2013): first we make use of the strong Markov property. Denoting by S. o0 8, = Sy, the time shift
by m of the random walk, we observe that for B € A \ B,

ga,B) = Ea|Y Us—py| =Ea || D Lis,=p) | @Ok,

_nZO n>0
= [, ]ESHA\B“ Z I[{S,,:IB} = Eq [g (SHA\BD/'B> ’ HA\Ba < F
n>0 i
= Z P, (HA\B,X < +00, SHA\B,X = 7) g(’)// IB) (9)
')/GA\Boc

We can plug this in to obtain

Var [py]

= > P, (HA\Ba < 400, SHyy = /3) PP, (HA\Ba < +00, Sp = 7) 8B )
B, vEA\By

©)

@ 3" Pu(Hayg, < +00, S, =) 3(a, B) < sup gla, p)
ﬁEA\Ba ,BEA\Ba

C
S (log N)Z(H—e)(d—z)

by the standard estimates for the Green’s function

calla = BI> " < g(w, B) < Cylla — B> (11)
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for some 0 < ¢; < Cy < +o0 independent of @ and B (Lawler, 1991, Theorem 1. 5. 4). Using the
estimate

2
P(N(0,1)] >a) <e /2, a>0 (12)
we get that there exists a constant C > 0 such that

P (Imal > (un(2)) ) < Cexp (—(log N) 2=+ (13)

Note that this quantity goes to zero since d > 3. Hence
€ |[Pu.(pn+ o> un(2) = pf| = € Uﬁ““(""" + o> un(2) = p Ll <tun(z) )

+E U'F‘ua(% + o > un(z)) - P! ﬂ{w|><uN<z>>—1—f}] = h+th

By (13) and the fact that d > 3, we notice that NT, = o (1). Therefore it is sufficient to treat the term
T7.

- “ﬁuw(“’“ +iia > () p) ﬂ{uus(uN(z))“}]

=E

(Pu (9 + > une(z)) — p) i< ) 1{P<5ua(%+ﬂa>u1\1(z))}}

+E [(p — P, (o + o > uN(z))) L (2 1{p<ﬁua(%+wgulv(z))}}
= T1,1 + T1,2- (14)

We will now deal with T7 ». The first one can be treated with a similar calculation using an upper bound
for the Mills ratio. We have on the event {|pta| < (uN(z))_l_e}

P = Pu, (Yu + po > un(2))

uy (2)2  (un(2)-pa)?
V3e #0 Vau@ 7\ Vew(@e ur
<V lT  _|1- . x
V2mun(z) un(z) — Ha V27 (un(2) = pa)
(22 (1, £(0) )m(z)z NG
2¢(0) Suy (@) ) 28000 7 gy, (@) 28y, (@)
< g(0)e = 1= (1+0(1)) Vau, (@)un(z)e
V2muy(z) 8(0)(un(2) — pa)
up(2)? (1, 8(0() )) “é\ligiz “N(ZET 7“1&(2)7(27)26
00 Z/ Suy (& 8 Uy (& 8L, (&
— g(O)e $ 1_(1+O<1)) guvc(a)uN(Z)e 5 .(15)
V27 (z) §(0)un(z)(1 —un(z)=27¢)
Since the bound is non random, by bounding the indicator functions by 1,
E |:<p N Pu‘x(lpa T V(X = uN(Z))) 1{|lla‘§(MN(Z))717€} ]l{p<i5Ua(1sz+]/‘tx<MN(Z))}:| S (15)
Now
(13)
b3< > (i+T) <> Ti+o(l)=) Tii+> Tia+o(l). (16)

anEA aEA aEA aEA



Then

2
uy(2)? 1_ 20 )umz) +o(1)

_ V/g(0)e O o \/M”N(z)e( $Uy (@ ) 250)
2= o |10 et

Observe that 1 — gi((()t)x) < 0since g(0) > gy, («). We observe further that (and we will prove it in a

moment)

Claim 6. sup,, . 4 <1 — %) un(z)> =0(1).

Hence

(1_ 5(0) )m(z)Z
e su, @ ) 280 _ 4o(1)
Therefore T1 ; = o (1) uniformly in a. This yields that

uyn(2)?

g(0)e 0 —2t0(1)
T, < N 1) = 1). 17
o; T Vamuy () oll)=e o) 7

Analogously, > ,c 4 T1,1 = o(1). Plugging (17) in (16), one obtains b3 = o (1). In particular, a
standard computation yields b3 < c(log N)~112(@=2)(1+€) for some ¢ > 0.
We now only need to show Claim 6. By the Markov property we know

gu (@) =g(0) = Y Pa(Hup, < +00, Sy, =7) 8(1,0).
This shows that
SUP,cA\B, g(r, a)
8u, («) '

(11) H
Note that g(7,a) < Cy(log N)~2@-2)(14€) Also, g1 (1) = I, [Znic\f“ ﬂ{s”:a}] > 1 and
hence we have

g(0) —2(d—2)(1+e)
0< —1<c(logN (18)
qu,w = closN)

from which it follows that

<1 - 20 > un(z)? < c(log N) 220+ (log N +z +0(1)) =o(1).  (19)
8u, («)

Therefore the claim follows.

Uniformity of the estimates. We will now show our bound is uniform over z € IR considering separately
three regions: (—oo, zy), [z4, z;| and (z,, +0o0) forsome z; = z;(N) and z, = z,(N) to be explicited
below.
In first place we consider z; := —logloglog N. We could have chosen any other function going
sufficiently slowly to co with N in order to accommodate our previous estimates. In particular it is important
that

un(z)?> =2¢(0)log N(1+0 (1)), z€{zyz}. (20)
We evaluate then the error bound b1 + by, + b3 at z := z, considering each summand.

i. by < cN~1(log N)4(2+2¢) =2zt0(1) — (7).
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ii. by < ¢/N~*/(279) (Jog N)#(2+2€) =22t — ¢ (1),
iii. b3 requires some more care. We recall that by = szeA T, + szeA T5>. (13) remains true because

of (20), 50 >, 4 T2 = 0 (1). Consequently we look at ), T; evaluated at z = z;.

uy (z) $(0) \unGp?  unG) € un(z) 2%

g(0)e %0 1—(1+0(1)) Veu, (@)un(z) e < XUN‘)) 2O su 2,
V2N (zy) V80 un(ze) (1 —un(zg)27¢)

2
1—_80) )”N(Z/i) +o(1)

— N 1e—zto(1) (1 -1 ~|—0(1))e( 8u, (@) ) 28(0) (1 +o(1))) )

The estimate (19) is still valid, therefore

(o

Now the order of b3, exactly in the same fashion as before, yields

b3 < cN <N—1 e—Zg+O(1)) (log N)—1+2(d—2)(1+6) =0 (1) .

This in turn yields that

=o0(1). (21)

P <max Pu < uN<Z£)> —exp (—e )

nEA

For z < z, we notice that

<P <ma£<o¢ c A< MN(Z)> +exp (—e ™)
ac

’P (maﬁ‘ Puc = “N(Z)> —exp(—e?)

[AS

<P (maj( Py < MN(Zg)> +exp (—e %)
S

= (P (I&aj Pa < UN(Zg)) — exp (—e_zé)) +2exp (—e %),

By (21) we are able to conclude |P (max,ca ¢x < un(z)) — exp (—e™?)| — 0 uniformly over z <

Zy.

On the other hand for z, := logloglog N observe that the same uniform estimates hold as above,

with an obvious change in the sign in the power log log log N. In particular by, by and b3 all go to O for

N — 400 and this entails
lim =0. (22)

N—-+o0

P (ma{i( P < uN(zr)> —exp (—e™™)

S

Therefore if z > z;

'P (max(pa <un(z )) —exp (—e?)| = ‘1 —exp(—e ) +P (r&a{% - uN(z)> _1‘

neA

<(l—exp(—e?))+ (1 —P (IDICIEaZ( Pu < uN(z))>
<2(1—exp(—e™))+ (exp (—e™®)—P (max Pu < uN(zr))> :

aeA
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The first bracket goes to 0 and the second one, by (22), is 0 (1) as well. We are therefore left with
z € [zy, z¢|. The uniformity in this case holds by the inequality

exp(—z) < exp(|z|) <loglogN, =z € [z, z/]. (23)

Plugging this in (7) and (8), this shows the uniformity for the terms by and b,. As for the term b3, we
observe that (19) still holds, so that Claim 6 is valid and we are able to conclude inserting (23) in (17). [

3.2. DGFF with boundary conditions: proof of Theorem 2. The idea of the proof is to exploit the
convergence we have obtained in the previous section. We will show a lower bound through a comparison
with i. i. d. variables, and an upper bound by considering the maximum restricted to the bulk of Vy;,
concluding by means of a convergence-of-types result. We abbreviate gN(~, ) = gVN(-, ) Foréd >0
define (recall that Viy = [0, n — 1]% N Z4, with N = n)

Ve = {oc EVN: |la—7] >N € zd\vN}.

We begin with the easier lower bound.

Proof of Theorem 2: lower bound. We will need a lower and an upper bound on the limiting distribution of
the maximum. Let us start with the former. We use the shortcut Py := PVN. First we note that since the
covariance of (gl)a) is non-negative, we can apply Slepian’s lemma for the lower bound. Let (Za)aevN
be independent mean zero Gaussian variables with variance gy (); then by Slepian’s lemma it follows
that

Py (max Zy < uN(z)) <Py (max P < uN(z)> ,

aeVyn aeVy

where uN(z) = anz + by as before. Then we want to analyze P(max,ca Zy < un(z)). First fix
z € R. Take N large enough such that —g(0)b3%; < z (this is possible as b3, — -+00). Now note that

P (maxZe <un()) = T[ (1= Pu(Za > un(2))
aeVy

up (2)2 _un(2)? N

6 e 28N e 200
> - —o—=——\Jan(@) | 2 | 1= —=——1/3(0)
agN V2mun(2) V2mun(2)

-~

The last term converges to exp(— e~ %) as N — +-00. This shows that for any fixed z € RR,

liminf Py <max P < uN(z)> > exp(—e ?).

N—+c0 aeVy
0
We need some preliminary Lemmas for the upper bound. We begin with
Lemma 7. Foranyd > 0 anda, € VI‘\S, one has
2—d
8(a,B) = Ca (SNV1)" " < gn(w, B) < g(w, ). (24)

In particular we have, gn(«, B) = g(a, B) (1 +0 (N(z_d)/d>> uniformly in o, B € V5.
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Proof. It follows from Sznitman (2012, Proposition 1.6) that

an(@,8) = g(w,B) = Y Pa(Hyeyy, <005, =7)8(r.B).
yeIVy

Note that gy («, B) < g(a, B). Take any &, B € V: using the bounds (11),

2 Pu (Hyiyy, <o05m,,, =7)8(1.6) < sup g(v,B) < Ca sup |l — B>

YEIVN r€dVN YEIVN
which gives that
1/d 2—d
gn (e, B) = gla, B) — Cg (ONVH) ™. (25)
Hence the proof follows. O

The next Lemma will allow us to derive the convergence of the maximum in V}; from that of the maximum
; 6
in VY.

N

Lemma 8. Let N > 1, Fy be a distribution function, and my = (1 — 25)?N. Let ay and by be as
in (1). IFiMN_, o FN(my2z + by ) = exp(—e™7), then

Nl_ig_loo FN(!ZNZ + bN) = exp (— e—Z—|—dlog(1—2§)> )

Proof. The proof follows from a convergence-of-types theorem (see Resnick (1987, Proposition 0.2)) if
we can show that

AmN 1 and by —bN — dlog(1 — 24). (26)
an an
It is easy to see that
a dlog(1—26)\"?
ZMNC <1 + —) — 1.
an log N

To show the second asymptotics note that

\/Zg(O) log my — \/Zg(O) logN = {%@3&25) +0 (m)} 2¢(0)log N. (27)

Also observe that as N — +-c0 one gets

m loglog(4nN) loglog(4rtmy)
$ 2,/2logN 2\/2logmy

3O 10g 1+ 18L20) 4o )]

) 2logN log N

So using the above equation and (27) we get that

by —bn _ bmy — b 2¢(0)log N(1+ 0 (1)) — dlog(1 — 25).
an 5(0)

We have now the tools to finish with the upper bound.
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Proof of Theorem 2: upper bound. For the upper bound, we again use Theorem 5, but this time on V{\S].
We first observe that for any § > 0

ﬁN (max Yo < uN(z)> < ﬁN max P, < upn(z) | .
acVy aEVﬂ

We claim that

Claim 9. Forany fixedz € R andd > 0, setmy := |V{| = (1 —26)N. Then

N—+o0 aeVy

lim Py <max P < umN(z)> =exp(—e ?).
Note that by Lemma 8 and Claim 9 one can conclude that

ﬁN <max Py < uN(Z)> = exp (_ efz+dlog(172(5)>

rxGVIf,
and thus
lim sup Py <max Po < uN(z)> < exp (— e*ZerlOg(l*z‘s)) :
N—)—‘,—OO (XGVN
Letting & — 0, the result will follow. To complete the proof of the Claim 9 we apply Theorem 5 and show
that b1, by and bz — 0. To this end, define Y, = IL{% (2)} and W = Zaeva Y,. We see that
using Mills ratio and Lemma 7 it follows that

>umN

As before we define for a fixed but small € > 0,
B, := B (oc, (logmN)2+2€> , eV

We notice that for N large, B, C V. Recallthat p, = Py (1, > Umy(z))and by = Zaeva Z/Beﬁa PaPp-

Exploiting the fact that for fixed z one can choose N large enough so that 1 (z) > 0, from Lemma 7 it

again follows that
oy (2)?
e %(0)

Po S = —1/8
V27U, (2)

By previous calculations and | V| = my we get that

(0).

_umy ()2
)d(2+2€) e %0

Nee) 8(0)

b1 < my(logmy < cemy! (log my) 2426 =22 = 0 (1) .

As for by we consider the covariance matrix of (1[7,,(, 1p,3)

_ | gn(a)  gn(a,B)
2= {81\1(“//3) gn(B) }

and hence we have
15,11 = gn(w) +gn(B) —28n(w, ) _ 2

2—d
140 (NT)) .
gn(@)gn(B) —gn(a, B)?  g(0) +g(a—p) (
Here the last line follows from an application of Lemma 7 again. Repeating the calculation of b, as before
it follows that b, — 0 as N — +o0.
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For b3 we use the Markov property which follows by the representation of gn. Observe that b3 =
> e En HEN[Y,X - p,X|H1]H where Fy = o (Yp : € V& \ Ba) .ForFy = o (5 : p € Vi \ B 2
7‘~(1 we can write for all &« € Vi

Yo = (% —En [¢a|ﬁ2D +En [¢a|ﬁ2] =:Cq + Iy

where ¢, is a DGFF on E,x and h, is independent of ¢,, measurable with respect to P~12 and has the
random walk representation (Sznitman, 2012, Proposition 2.3)

he= 3" Pa(Hyp, <+ Su, o =B) s «€Vy,
ﬁGVNV%

This yields also that Py ((%)aeVN € -| ﬁz) = 5§a ((Ca +ha)aevy € -) Py-a. s. and that

bs < > En [[Pu (¥ > (2 | Hz) = paf | = 37 B [P, (6o + 0 > 1y (2)) = p

5 5
aeVy aeVy

|

Mimicking the previous section, we have b3 < Zaer@ T, + ZaeV;@ T with

Ty 1= [Py, (6 ha > () —pa 1

{|ha|§(”mN (Z))lg}} ’

T:=E U (Gt o > sy (2)) = pa IL{|ha|>(u,m<z>)”}} '
By means of the Markov property, one can proceed as in (10) to have
Ca
(log mN)2(1+e)(d—2) ’

Var [hy] < sup gn(a, B) < (28)

ﬁEVN\gzx
thus, the conclusion that szevg T, =o0 (1) follows as before combining (12) with (28). As for Ty, we

again break it into two summands, Tl,l and T1,27 similarly to (14). It is possible to control these two terms
by means of Mills ratio (6), Lemma 7 and following line by line the steps done for the infinite-volume case
with B, instead of U,. ]
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